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Abstract This paper considers formation control of
snake robots. In particular, based on a simplified lo-
comotion model, and using the method of virtual holo-
nomic constraints, we control the body shape of the
robot to a desired gait pattern defined by some pre-
specified constraint functions. These functions are dy-
namic in that they depend on the state variables of
two compensators which are used to control the orien-
tation and planar position of the robot, making this
a dynamic maneuvering control strategy. Furthermore,
using a formation control strategy we make the multi-
agent system converge to and keep a desired geometric
formation, and enforce the formation follow a desired
straight line path with a given speed profile. Specifi-
cally, we use the proposed maneuvering controller to
solve the formation control problem for a group of snake
robots by synchronizing the commanded velocities of
the robots. Simulation results are presented which il-
lustrate the successful performance of the theoretical
approach.
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1 Introduction

Snake robots are a class of biologically-inspired robots
which are inspired by structural characteristics of bi-
ological snakes. In contrast to the traditional locomo-
tion tools, such as legs and wheels, snake robots of-
fer interesting locomotion properties which make them
capable of carrying out tasks in narrow and unstruc-
tured environments where wheels and legs might get
tangled in the irregularities in the terrain. Furthermore,
their hyper-redundant structure which is characterized
by many degrees of freedom to perform a given task
enables them to keep their mechanical stability even
during the failure of some of their actuators.

The principal goal of this work is to design a model-
based feedback control strategy for a group of snake
robots such that each individual robot converges to and
maintains its position in the formation, while the for-
mation as a whole follows some pre-defined path with
a desired velocity profile. To this end, we first design a
dynamic feedback control law which controls the body
shape of the robot to a desired gait pattern. Further-
more, we use the parameters of this gait pattern in the
form of a static and a dynamic compensator which will
be used in order to control the orientation and posi-
tion of the robot in the plane. Moreover, by using a
formation control strategy, we make the group of snake
robots converge to and keep a desired formation, at the
same time as the formation follows a desired straight
line path with a given speed profile.

A variety of locomotion control problems for snake
robots have been considered in previous works. The ma-
jority of these works consider snake robots with non-
holonomic velocity constraints, which is inspired by the
world’s first snake robot developed in 1972 [1]. Non-
holonomic constraints are in the form of sideslip con-
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straints on the links of the robot, i.e. where each link
is constrained from moving sideways. These nonholo-
nomic constraints allow the control input to be defined
directly in terms of the desired propulsion, which is
employed in [2-4] for computed torque control of the
position and orientation of snake robots. In [5], posi-
tion and path following controllers are proposed for the
case where some of the snake robot links are subject
to sideslip constraints. These constrained links can be
lifted from the ground, which provide the system with
more degrees of freedom that can be utilized to follow a
trajectory while simultaneously maintaining a high ma-
nipulability. In [6-7], based on a dynamic model, a con-
trol law for cooperative task of wheeled snake robots is
derived. In [8], a Lyapunov-based path following control
design for a snake robot subject to nonholonomic ve-
locity constraints is proposed. Path following control of
snake robots without nonholonomic velocity constraints
is only considered in a few previous works. In [9], path
following control of swimming snake robots is achieved
by moving the joints according to a predetermined gait
pattern while introducing an angular offset in each joint
to control the orientation of the robot. Methods based
on numerical optimal control are considered in [10] for
determining optimal gaits during positional control of
snake robots. In [11], a control strategy is proposed
for sinus-lifting during lateral undulation by solving a
quadratic optimization problem. In [12], the conditions
for optimality of lateral undulatory locomotion of snake
robots is studied using numerical simulations. In [13-14]
cascaded systems theory is employed to achieve path
following control of a snake robot described by a sim-
plified locomotion model. In this simplified model of the
snake robot, the motion of the links is approximated as
translational displacements instead of rotational mo-
tion. This model is valid for small joint angles. In [15],
a dynamic feedback controller are proposed which con-
trol the orientation of the robot to an angle defined
by a path following guidance law and the theoretical
approaches are validated through experimental results.
In [16], using an input-output stability analysis, it is
shown that the solutions of the dynamic compensator
used in [15] for orientation control remain uniformly
bounded. In [17], a direction following controller is pro-
posed, which regulates the orientation and the forward
velocity of the robot to constant references. A similar
approach is used in [18-19], where the design is based
on the simplified dynamic model for the snake robot
which resolves the singularity in the control law de-
rived in [17]. In [20], a maneuvering controller for the
snake robot is derived using singular perturbation the-
ory. In [21], controllability and stability analysis of pla-
nar snake robot locomotion is considered, and the sta-

bility results for a path following controller based on
numerical investigations using Poincare maps are pre-
sented.

The main contribution of this paper is to design a
model-based formation control strategy for a group of
snake robots. Formation control is an attractive topic in
control systems research, and many formation control
strategies have been employed for various bio-inspired
robotic systems and vehicles, see e.g. [22-25]. To our
best knowledge, however, a similar formation control
problem has never been considered for snake robots.
Nonetheless, both in terms of theoretical developments
and practical aspects, this is an important step forward
for locomotion control of snake robots. In particular,
the theoretical control challenges which arise due to the
complicated dynamic model of snake robots, which have
at least three degrees of underactuation, can contribute
to an increased understanding of motion control of un-
deractuated mechanical systems. Moreover, in terms of
real-time applications, there are many advantages for
mechanical systems which move in formation instead of
using a single unit, since this can increase the robust-
ness and efficiency of the operation, reduce costs, and
also provide flexibility, agility, and more degrees of free-
dom for the system to perform more complex tasks, see
[26-28]. These advantages can significantly empower the
applications of snake robots in industrial operations.

The approach that we present here uses the theoret-
ical results of [29] by application of reduction theorems
for asymptotic stability of closed sets with application
to backstepping control design. Path following and ma-
neuvering control approaches for a single snake robot
have previously been considered in e.g. [13], [20] and
[39]. In particular, here we adapt the results and ideas
of [20] which used a similar technique for addressing
the maneuvering control problem to a different dynamic
model of the snake robot. This resolves the singularity
problem associated with the control law proposed in
[20]. Moreover, as the main contribution of this paper
we present a formation control strategy to make a group
of snake robots follow a desired formation.

The paper is organized as follows. In Section 2, we
present a simplified dynamic model of the snake robot
that we will use for the model-based control design. In
Section 3, we formulate our control design objectives. In
Section 4, we design a dynamic feedback control law for
the body shape of the robot. In Section 5, we present
an orientation controller for the robot. In Section 6,
we solve the maneuvering control problem for a sin-
gle snake robot. In Section 7, we present our forma-
tion control strategy. Finally in Section 8, we present
simulation results which show the performance of the
proposed control strategies.
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2 Modelling

In this section, we present the simplified dynamic model
of a snake robot without nonholonomic velocity con-
straints which moves on a horizontal and flat surface.
Here N, [, and m denote the number, length and mass
of the links, respectively. Based on the illustration of
the robot in Fig. 1, we choose the generalized coordi-
nates as & = [¢1,...,on_1,0,pz, py]T € RNT2 where
¢; denotes the i-th joint coordinate, § denotes the ori-
entation, and (pg,p,) denotes the planar position of
the center of mass (CM) of the robot. We denote the
vector of the joint coordinates of the robot with ¢ =
[1,...,¢n_1]T € RN~L The elements of ¢ are called
the body shape variables, which define the internal con-
figuration of the robot. The vector of the generalized
velocities is defined as the time-derivative of x as & =
[Vgrs -+ s V15 V0, Py Py]T € RVT2. We denote the vec-
tor of the joint velocities with vy = [Vg,, ..., Ven 4]t €
RN-1. The simplified model of the snake robot can be
represented as [13]

¢ = vy (1)

6 =g 2)
Dt =y (3)
Pz = v cos(f) — vy, sin() (4)
ﬁy = v sin(f) + vy, cos(d) (5)
by =T (6)
g = —A 2 et 7

o 109 + i ve ¢ (7)
by = —%vt - %vné% - Nc—pmqﬁTAﬁ% (8)
B = Xvg — YT (9)

where {vt,v,} € R denote the tangential and normal
components of the inertial velocity of the CM mapped
into the direction of motion of the robot (see Fig. 1),
respectively, and {c,,c;} € Rso denote the viscous
friction coefficients in the normal and tangential di-
rection of motion of the links, respectively. Further-
more, {1, A2} € Ry are used to describe the mapping
from the rotational motion to the prismatic motion (see
[13]). These coefficients are chosen such that the simpli-
fied model quantitatively behaves similar to the more
complex model of a snake robot which is described in
[13]. Furthermore, ¢, = ©2% > 0, X = e (2 — )y),

m
Y =% and e = —%. Note that (6) represents

the partially feedback linearized dynamics of the joint
angles, where @ = [ty,...,un_1]7 € RV~1 denotes the
control input to the joints. Moreover, p, is the pro-
jection of p, along the y-axis to a point where body
shape changes of the robot generate a pure rotational
motion and no sideways force. According to [13] this

Nn
(vapy)&/\L\

Fig. 1: Tllustration of two coordinate frames used in the sim-
plified model. The x — y frame is fixed, and the ¢ — n frame
is always aligned with the snake robot.

projection significantly simplifies the dynamics by re-
moving the coupling between the dynamics of the joint
and sideways motion. Finally, D, A, and € are constant
matrices and vectors which we refer to [13] for their
definitions due to space restriction.

3 Control Design Objectives

In this section, the control design objectives for each
snake robot will be defined. In order to solve the forma-
tion control problem, we need to solve the maneuvering
control problem for each snake robot. Maneuvering con-
trol consists of two tasks [33]. The first task, called the
geometric task, is to converge to and follow a desired ge-
ometric path. The second task, called the dynamic task,
is to satisfy dynamical constraints, e.g. a desired veloc-
ity profile, along the desired path. In the following, we
state the maneuvering control objectives for each snake
robot, which stabilizes the motion of each robot w.r.t.
a formation reference point (FRP).

I. Given a desired gait pattern which produces forward
locomotion ¢per : R — RY 1, we aim to asymptoti-
cally stabilize ¢ — ¢rer = 0.

II. Given a desired orientation 6, we aim to asymp-
totically stabilize 8 — 0,.s = 0.

III. Given a desired straight line path & = (pyq,pya) €
R?, and assuming that the global z-axis is assigned
such that it is always aligned with the desired straight
path, i.e. pyqg = 0, we aim to make the robot con-
verge to the path such that the normal distance to
the path, i.e. the cross-track error, converges to zero,
ie. p, = 0.

IV. Given a desired velocity along the path v;,.s and
a desired position py ref(t) = fot Vg ref (T)dT We aim
to asymptotically stabilize p; — p;rer = 0 and v, —
Ut,ref = 0.

Furthermore, we require that all solutions of the
controlled system remain uniformly bounded. Note that
when Objective I is achieved the robot performs for-
ward locomotion and 6, will be designed such that
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when Objective II is achieved the robot will be headed
towards the path. Furthermore, when Objective III is
achieved the normal distance of the robot to the path
converges to zero, and Objective IV gives that the robot
will move along the path, following a desired velocity
profile, i.e. the tangential position and velocity errors
will converge to zero.

The above control objectives will be achieved for
each snake robot in the formation. Moreover, the ul-
timate goal for each robot is to maintain its position
in the formation, i.e. w.r.t. the FRP, which will be
achieved by synchronizing the desired velocity profiles
of the robots, as we will see in Section 7.

4 Body Shape Control

In this section, we propose a feedback control law for
the body shape of the snake robot. In particular, we
stabilize a desired gait pattern for the body shape vari-
ables, which induces lateral undulatory locomotion on
the robot. Virtual holonomic constraints (VHC), see
e.g. [30-32], are relations in configuration space Q of
the form @ : @ — R which are called constraint func-
tions, and they have the property that they can be made
invariant by the actions of a feedback controller [31].
Inspired by the sinusoidal lateral undulatory gait in-
troduced in [20], we define the following VHC, as the
reference for the i-th joint angle of the robot:
¢ref,i()‘7 ¢o) = asin ()\ + (Z - 1)5) + @0 (10)
where a denotes the amplitude of the joint oscillations,
and ¢ is a phase shift which is used to keep the joint out
of phase. Moreover, A € S and ¢, € R are the solutions
of two compensators which we will design to control the
forward velocity and orientation of the robot, respec-
tively. Note that S denotes the one-dimensional sphere,
i.e. the circle.

In particular, associated with the constraint func-
tions (10), is the following constraint manifold

Ly = {(2,%, ¢o, Poy A, A) € REVFE .

_ ) 3 a(bref,i ] a¢ref,i
¢1 = ¢ref,z(/\a¢)o)7 Vo, = A O\ + ¢o a¢o

}
(11)

where i € {1,..., N — 1}. The blueprint of our control
design approach is given in the following five steps:

1. In the first step, we use the control input @ in (6) to
globally exponentially stabilize the constraint man-
ifold (11) for the solutions of the dynamics of the
body shape variables ¢ of the robot. This induces
a forward motion based on the gait pattern lateral
undulation on the robot.

2. In the second step, we reduce the dynamics of the
system to the globally invariant constraint manifold
(11). On this manifold, we use ¢, as an additional
control term, which will be used to control the ori-
entation of the robot.

3. In the third step, we use the frequency A of the pe-
riodic body motion, i.e. the gait pattern (10), as an
additional control term to control the tangential po-
sition p; and the tangential velocity v; of the robot.
This addresses the dynamic task of the maneuvering
control.

4. In the fourth step, we find conditions for the con-
trolled system such that the desired path is stabi-
lized for the position p, and the normal velocity vy,
of the robot. This addresses the geometric task of
the maneuvering control.

5. In the fifth step, we define a FRP, and we stabilize
the desired position of each snake robot w.r.t. this
point, such that the group of snake robots moves in
the desired geometric formation.

In order to enforce the VHC for the shape variables,
i.e. to stabilize the constraint manifold for the shape
variables ¢, we define the following input-output lin-
earizing feedback control law:

u = ¢ref - Kdd) - Kpd) (12)
where ¢ = [¢1 — Grer1, - -, dN-1 — Gror.v—1]" € RV,
K, = diag{ky,}N7' and K, = diag{kq,} X' denote
the positive definite diagonal gain matrices. By insert-
ing (12) into (6), tracking error dynamics of the joint
angles takes a globally exponentially stable form:

6+ Ko+ Kpd = 0. (13)

Thus, control objective I will be achieved.

5 Orientation Control

In this section, we control the orientation of the robot to
a reference orientation angle defined by a path following
guidance law. We will do this by choosing ¢, as an
additional control term through a static compensator
on the exponentially stable constraint manifold.

We define the LOS path following guidance law, giv-
ing the reference orientation for the robot, as a function
of the cross-track error as

0.of = — atan <pAy> (14)

where A > 0 is a design parameter that is called the
look-ahead-distance. This parameter can be used to ad-
just the rate of convergence of the robot to the desired
path, i.e. a smaller A gives a faster convergence to the
path. The idea of the LOS guidance law (14) is that
steering the orientation of the snake robot such that
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it is oriented towards a point located at a distance A
ahead of the robot on the desired path, will make the
position of the robot converge to and follow the desired
straight path.

To stabilize the reference orientation, we define the
orientation error as § = 0 — 6.ot. The orientation error
dynamics evaluated on the constraint manifold is
0 =20 — \bres +

Ore (15)

0TS + dady
where S = [asin()),...,asin(A+ (i — 1)8)]7 € RN L
We define the following orientation control manifold,
which we aim to exponentially stabilize relative to I':

F3 = {(evév(bovéoavt;)\) S F4 .
(é7 é) = (0,0)7 ”[(bméo]ll < €¢>}

where €4 > 0 is a positive constant. Note that stabiliz-
ing I's relative to I'y implies that the orientation error
converges exponentially to zero on the constraint man-
ifold, and control objective II will be achieved. Further-
more, we will show how this implies the boundedness of
the solutions of the static compensator which controls
the orientation of the robot.

In order to stabilize the origin (8,8) = (0,0) of (15),
we define the additional control input ¢, as

1 A . . ~
¢o = g <—N 2 1'UtéTS+ )\19ref + eref - k09) (17)
. _

where kg > 0 denotes the proportional orientation con-
troller gain. Note that on the constraint manifold, where
a lateral undulatory gait is stabilized, the tangential
velocity v; is bounded away from zero and thus (17) is
well-defined. By inserting (17) into (15), the orientation
error dynamics of the robot evaluated on the constraint
manifold takes a globally exponentially stable form:

6+ M6 + kel = 0. (18)

Thus, control objective II will be achieved.

(16)

Remark 1. Provided that vi has no finite-escape
time (see Proposition 2), it can be shown that the static
compensator (17) will be uniformly ultimately bounded
by ||¢oll < « where a denotes the amplitude of the ref-
erence joint angles (10).

Remark 2. Inserting (10) into (12), it can be seen
that the second order time-derivative of the control in-
put ¢, is needed for the joint control law (12). However,
bo and ¢, are complicated functions of time that can-
not be easily computed analytically. In order to compute
these terms, we take the approach given in [34], by us-
ing a second order low-pass filtering reference model. In
particular, we compute these time-derivatives by pass-
g ¢o through a low-pass filter of the form

0 1

. 0
e —zwfwn] o M v 1

with natural frequency wy, and damping ratio vy. This
filter is an input-to-state stable system, see e.g. [30].
This implies that the output gf)o remains bounded. Con-
sequently, for the two other dynamical subsystems which
govern the dynamics of the position of the CM of the
robot, we take q-So as a bounded exogenous signal which
will be cancelled through the action of a dynamic com-
pensator given by (35) which will be designed to control
the position of the robot in the next section.
Proposition 1. The control law governed by the
solution of the static compensator (17), asymptotically
stabilizes I's relative to I'y. Furthermore, provided that
v has no finite-escape time, see Proposition 3, the so-
lutions of the static compensator (17) remain uniformly
ultimately bounded by the ultimate bound €4 = c.

6 Maneuvering Control

In this section, we address the maneuvering problem
by utilizing the idea of velocity control for snake robots
given in [20]. To this end, we derive a dynamic com-
pensator which controls the velocity and position of the
robot along the desired path by using the frequency of
the joint oscillations as an additional control term. In
particular, we define a wvelocity control manifold which
we aim to exponentially stabilize relative to the con-
straint manifold Iy for the closed-loop system as

F2 = {(evévptvvtavna(bovéoaAa}‘) € F4 :
(év é) = (0a0)7 (ﬁt:ﬁt) = (Oa0)7 ||UnH S €n (20)
16o: dolll < €, [ ANl < ex}

where €, > 0, €4 > 0, and €y > 0 are constants. Thus,
stabilizing I relative to the constraint manifold I
implies that the robot will follow the reference orien-
tation defined by (14), and a reference velocity which
will be defined below. Furthermore, the static compen-
sator (17) which controls the orientation of the robot re-
mains bounded. Moreover, the solutions of the dynamic
compensator which will be designed in this section to
control the forward velocity of the robot will remain
bounded. We start by showing the boundedness of v,,.
In particular, since the normal velocity v, is coupled
with the dynamics of the tangential velocity v, then we
need to investigate the boundedness of this variable, in
order to ensure that while we control the tangential ve-
locity to a reference signal, the normal velocity remains
stable, i.e. we need to analyze the stability of internal
dynamics.

Theorem 1. Under the joint controller (12) and
the orientation controller (17), the normal velocity vy,
of the robot is uniformly bounded.
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Proof: we start by selecting a Lyapunov function
candidate V = 192%. Taking the time-derivative of V'
along (9) we get V = X®,v9 — Y?2. Using Young’s
inequality we get V < (=Y + ~|X|/2)72 + |X|v2/27,
where v is any positive constant. From the stability
result of the previous section, and assuming that v; has
no finite escape time (see Proposition 2) we conclude
that |X|v3/2y < (1 where i is a positive constant.
Furthermore, by choosing a sufficiently small v we can
show that V' < —B,V + f1, where 8, is a sufficiently
small positive constant. Now, by Comparison Lemma
[35] it is straightforward to show that ||v,|| < €, for
some €, > 0. This bound is governed by the friction
coefficient ¢,,.

6.1 Maneuvering Control: The Dynamic Task

In this subsection, we address the dynamic task by con-
trolling the position and velocity of the robot along the
desired path. In particular, motivated by [20], we use
the frequency of the joint angle oscillations as an addi-
tional control term in order to control the forward ve-
locity of the robot to a reference velocity. To this end,
we define the tangential position error p: = p; — P ret
and velocity error 9, = vy — V¢ rer. Furthermore, we de-
rive the position and velocity error dynamics evaluated
on the constraint manifold (11) as

Pt = Ut
* Ct , . 2c . .
By = — — Ty + Vg ref) + o 2VnE" Pref + 1) (/\C + ¢oé>
m Nm
- '[}t,ref
(21)

where C, ®,of and 7 are defined as:

C = Jacos(N),...,acos(A+ (i —1)§)]F e RN ?
Dot = [cﬁref LreeosGretn—1]’ € RNT!

"__Nf T AD e RV L.

In the following, we use uy = )\ as the control input to
stabilize the origin (p¢, o) = (0,0) of (21). In partic-
ular, we iteratively introduce Control-Lyapunov func-
tions (CLF) borrowing the techniques of backstepping
(see e.g. [36]). We select the first CLF of the form
1 72

Pt

Taking the time-derivative of (22) along the solutions
of (21) yields Vi = pupr = pr (ve — vy rer). We take vy
as a virtual control input which we utilize to make V;
negative. In particular, we define

kzoﬁt (23)

Vi = (22)

Ut = Ut,ref —

where k,, > 0 is a constant gain. We define the error
variable

21 = Ut — Vg ref + Kz Dt (24)
that we aim to drive to zero. Thus, we can rewrite:
Vi = —k=y; + 215t (25)

To perform backstepping for z;, we write the error dy-
namics for the error variable which has the form

21 = Uy — Vg ref + kzoﬁt = ét + kzoﬁt (26)
We choose an augmented CLF of the form

1
w:m+§ﬁ. (27)

Taking the time-derivative of V5 along the solutions of
(21) yields

Vo =— kzoﬁ? + 21 (ﬁt + ¥ + kzoﬁt)

Ct

c c

~92 ~ t t ~

— k2D +21(Pt — —21 — —Vpref + —Fkzo Dt
m m m

2¢c _ : . . *
+ Niﬁbvneéref + T}C/\ + 776¢0 — Utref + kzopt)-
(28)

We denote 61(do, A) = nC'. Due to the phase shift be-
tween the link references in (10), it can be numerically
verified that 01 (+) is uniformly bounded away from zero.
We take A as a virtual control input that we use to make
(28) negative:

: 1 Ct

A= N L5, — P ed,
51( —Dt + Ut ef — m zo Pt vane ef (29)
- néd)o + Ut,ref - kzoﬁt - kzl Zl)

where k,, > 0 is a constant gain. For simplicity, we
denote

52(¢Oa d.)ov A y Dty Ut) =

1 c - 2c _
51 ( pt + Ut ref — Etkmpt - ﬁvrbe@ref (30)
- 775% + Ut,ref - kzoﬁt - kzl Zl)~

Note that we could have chosen A to be given by the
compensator in (29). However, since (29) represents the
frequency of the lateral undulation motion given in (10)
it is desirable from a practical implementation point of
view to smooth the frequency function. We thus in-
troduce an extra step of backstepping, and define the
second error variable as zo = A — do which we aim to
drive to zero. Inserting A = 2 + 05 into (28) yields

‘72 = (% + kzl) Z% + 212251. (31)

To perform backstepping for z5, we write the error dy-
namics for the error variable zo which has the form

kzop% -

2':2 = U\ —52. (32)
We choose the augmented CLF in the form

1
V3 V2 722 (33)
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The time-derivative of V3 along the solutions of (21) is

V3 = —]{;Zoﬁf — (% + kz1> Z% + 25 (2’1(51 + uy — 52> .
(34)

We define the velocity control input uy in the form

(35)

where k., > 0 is a constant gain. Inserting (35) into
(34) yields

. N c
Vi3 = —k‘ZOpf - (Et + k‘zl) z% - szzg.

From (36), it can be shown that Vs < —B5V5 where
B3 € Ry is a sufficiently small positive constant. This
implies that the origin (p¢,7¢) = (0,0) of (21) is expo-
nentially stable and the control objective IV will be
achieved. Furthermore, since A = zo + 02 where 29
converges to zero and dg is uniformly bounded, then
A remains uniformly bounded. We denote the bound
on the solutions of the dynamic compensator (35) with
”[)" /\}H < é€x.

Proposition 2. Under the the controllers (12), (17),
and (35), with the augmented state vector

xr = [pta U, Py Uns Poy Pos A, )\] €R®
the closed-loop tangential and normal position dynam-
ics along with the dynamics of the compensators take
the form & = f(x). Since throughout our stability proof
we showed that all the functions in the closed-loop Te-
main bounded, then it can be shown that ||f(x)]|
K(1+ ||z||) where K € Ry is a constant. This linear
growth condition implies that none of the components
of the state vector x have finite escape time, which val-
idates the results presented in this section which were
derived based on this assumption.

Proposition 3. Using the controllers (12), (17) and
(85), the velocity control manifold I is asymptotically
stable relative to the constraint manifold I'y.

uy = —2101 + 52 — ki222:2

(36)

6.2 Maneuvering Control: The Geometric Task

So far we have controlled the body shape, orientation,
and the position of the robot along the tangential axis
of the ¢ — n frame. The last step of our maneuvering
control design is to stabilize the normal position p, of
the robot to the desired path. Note that this will imply
the convergence of the cross-track error to zero. Also
note that we have already proved the boundedness of
the normal velocity v,, of the robot in the previous sec-
tion.

Also we define the path following manifold, i.e. the
manifold on which the geometric task is achieved, as

Fl :{(979.7pt7vtaﬁyavn7¢oa(b07)‘ax)€F2: T)ygep}

(37)
where €, € R0 is any constant. In order to make p, —

0, and thereby achieve control objective III we consider
the dynamics of the position of the CM given by

f)y = v sin(6) + v, cos(6) (38)
which in the error coordinates can be written as
ﬁy = (Vg + V¢ rer) sim(9~ + Orof) + Up, cos(é + Oret) (39)

The reduced dynamics of the position of the CM evalu-
ated on the exponentially stable manifold I, is of the
form

ﬁy = Ut vet SIN(Oret) + Vn, COS(Orer). (40)
By using the relations
sin | — atan Py =D (41)
a)) =
cos ( atan <IZ’)> = 75;_& (42)
we can rewrite (40)
v ,re

. \/py+A2 \/p rar

We select a Lyapunov function candidate of the form

1
V= 7p3 (44)

2
Taking the time-derivative of (44) along the solutions
of (43), and utilizing the stability results above, yields

. _ Vg, refp A
V = Dy Y
\/py + A2 \/p + A2
Vt,ref _ _
S
p, + A2
< - + (45)

% Py +€n <WQ)U 21 )
/Py + A v
where we used Young’s inequality, and where v, de-
notes the minimum forward velocity of the robot. Note
that according to the results of [20], a snake robot with
zero forward velocity is not controllable. Finally, we
have

V< |——mmin D0 52y

S\ yRrar 2

where n = €, /2. We investigate two possible scenarios
for the time-derivative of V in (46).

(46)

1. In the first scenario, it can be seen that for given pa-
rameters (Vmin, 4, €,,), we can always choose a suffi-
ciently small v such that the coefficient of ]55 in (46)
is negative. In this case, we conclude that there exist



Ehsan Rezapour et al.

a sufficiently small positive constant 8 € R+, such
that V < —BV + 1. Using the Comparison Lemma,
we have

n

V(t) < V(0)e Pt + 3 (47)

This implies that V' converges to a ball of radius %
Furthermore, because of (44), we can conclude that

p, converges to a ball of the radius i.e. the

B )
equilibrium p,, = 0 of (43) is stable.

2. In the second scenario, we would like to drive the
cross-track error p,, to an arbitrary small neigh-
bourhood of zero which we denote by €, € R for
any positive constant €, i.e. we seek practical sta-

bility for the origin of (43). In this case, we choose

€n

v = 55 (48)

Substituting (48) into (47) yields

V() <V(0)e P+ e (49)

which implies that p, converges to a ball of the ra-

dius €p. In this case we must have the following con-
ditions on the parameters (vmin,€,) such that the
coefficient of 1512/ is negative.

(a) The minimum tangential velocity vmin should be
sufficiently large.

(b) The upper-bound on the normal velocity of the
robot v, should be sufficiently small. From The-
orem 1, this implies that the friction coefficient
in the normal direction of motion ¢, must be
sufficiently large.

The above conditions guarantee that the path fol-
lowing error p, converges to an arbitrarily small neigh-
bourhood of the origin, which readily implies that we
will solve the geometric task. Fig. 2 shows the structure
of the proposed maneuvering controller. Finally, we col-
lect all the established stability results in the following
theorem, which states that the proposed maneuvering
controller solves the dynamic and geometric tasks.

Remark 3. The path following set I} is a com-
pact set. This is due to the fact that all the variables
(0, 6, p:, Uty Dys Un, Do bo, A, )\) used to define this set were
proved to be bounded, which implies the compactness,
i.e. boundedness, of the set.

Theorem 2. Consider the positively invariants sets
Iy, I's, and Iy and Iy in (11), (16), (20), and (87), re-
spectively. Note that I'T C Iy C I3 C Iy C Q, where Q
denotes the configuration space. The set I is a compact
set. For i = 1...3, the set I'; was asymptotically sta-
ble relative to I';11. Consequently, according to Propo-
sition 14 in [29], the set I is asymptotically stable for
the controlled system. This implies that all the control
objectives I-1V will be achieved, and all the solutions of
the controlled system remain uniformly bounded.

A LOS Py, 0

Guidance

b, &, v

Orientation
Controller

Tracking
Controller

b,9,0,0,p,Dy, Ve, Vn, O, Un

Body Shape

Controller Bimello vkt

Fig. 2: The structure of the maneuvering controller

7 Formation Control

In this section, we address the cross-track formation
control of a group of snake robots. To this end, for each
snake robot we use the proposed cross-track controller
for which we showed that the control objectives I-IV
will be achieved. Furthermore, following the formation
control strategy in [38] we use the desired velocity of
each robot as the control term for synchronizing the
motion of the robots along the desired paths. Since in
this section we are dealing with multiple snake robots,
we will use the superscript j € {1,...,n} to denote the
robot’s number.

Under the controller (35), the velocity dynamics of
the j-th robot in closed-loop is given as
Ug = vi,ref - kzoﬁi (50)
We showed that the cross-track control goal is achieved
provided that the desired speed for each snake lies in-
side the set (Vmin, Vmax ). Thus, here we assume that the
desired speed profile is within (Vimin, Umax ), 1-€. there ex-
ists @ > 0s.t. Uy ref € [Umin+a; Vmax—al, ¢ > 0. To solve
the formation control problem, each snake should ad-
just its speed to asymptotically converge to the desired
geometric formation and move according to the desired
velocity profile vg € Rsg. Thus, by adapting the re-
sults of [37-38] to our proposed maneuvering controller,
we define the following formation control law defined
through the reference velocity of each snake vf’mf:

Ut ref — Ud +9 (Z ’Yﬂ x dﬂ)

where j = 1,...,n. Here dj; = Dy, — D, correspond to
the desired distances along the z-axis between the j-th
and i-th snakes in the formation. The linkage parame-
ters y;; are nonnegative and satisfy v;; = ~v;i, vii = 0.
The function g(z) is a continuously differentiable non-
decreasing function with a bounded derivative satis-
fying ¢’(0) > 0, g(0) = 0 and g(z) € (—a,a), where
a was the parameter defined above. Following [36-37],
the function g can be chosen, for example, equal to
g(x) = (2a/m) atan(x). Inserting (51) into (50), the ve-

(51)
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locity dynamics of the robot takes the form

vl =va+g (Z V(P — p) dji) — ko] (52)

Using the change of coordinates pJ, = pl—D,, —fot vq(s)ds,

we can rewrite:

p] =g (Z '7]1 pa; ) - kzoﬁ{' (53)
Using the notations p, = [p2,...,p7]|T,
g(ﬁw) = [g(f)glc)v "'ag(ﬁg)]T7 and p; = [ﬁ%’ ’i)?]T
have
x = —9 (Fﬁw) — koDt (54)
where the matrix I' is given by
2?21 Y15 TNz —Yin
—721 Z;‘L:1 Y25 -+ TV2n
I'= (55)
—Vnl —Tn2 . Z?:l Tnj

The matrix I' has the property I'vy = 0, where vy =
[1,1,...,1]7. This implies that I" has one zero eigen-
value, for which v; denotes the corresponding eigenvec-
tor [38]. For some constant ¢ € R, the formation control
objective for the system (54) can be given as

Pz(t) = cvy,  t— +00 (56)
Using the results of [37-38], we present the following
theorem which considers the achievement of the desired
formation.

Theorem 3. Consider system (54) coupled with the
error dynamics of every snake robot through k,,p. Sup-
pose that the conditions of Theorem 2 hold for every
snake robot and that the zero eigenvalue of matrix I" has
multiplicity one. Then the control goal (56) is achieved
exponentially.

The proof is based on cascaded systems theory and
follows along the same lines as for [38, Theorem 2].

8 Simulation Results

To illustrate the performance of the proposed forma-
tion controller, we present simulation results for three
snake robots which should move in a given triangular
formation. In particular, we aim to make three robots
achieve a triangular formation where both the normal
and tangential distances between the robot (j = 2) -
which is initially located on (p%,pZ) = (0,0) - and two
robots (7 = 1,3) is 1 m, i.e. we require d1o = —1, dj3 =
0, dos = 1. The simulation parameters were N = 10,
[ =0.14 m, m = 1 kg, and friction coefficients ¢; = 1
and ¢, = 3, Ay = 0.5 and A2 = 20. The gait parame-
ters were a = 0.045 m and 6 = 407 /180. The controller

[

18] [rad]

Timelsl

Fig. 3: Exponential stability of the joints tracking errors.
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Fig. 4: Orientation reference tracking and orientation error.
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Fig. 5: Forward and sideways velocities with references.

gains were k, = 20, kg =5, kg =0.1, k., =5, k., = 0.5
and k., = 0.1. The tangential velocity of the FRP along
the path was vy = 0.2 m/s, and the position reference
Was Diref = f Vg rerdt. The look ahead distance was
A = 2.8 m. To avoid singularities the initial tangential
velocity was set to v:(0) = 0.1 m/s, see the arguments
after (17). All the other states were set initially to zero.
The simulation results are presented in Fig. 3-7 for one
snake robot as an example. In particular, these figures
show that the robot successfully achieves control Objec-
tives I-IV. Furthermore, Fig. 8-11 present the results of
the formation control, and show that the group achieves
the desired triangular formation by synchronizing the
reference velocity of each snake robot.
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Fig. 6: The joint oscillation frequency A converges to a posi-
tive constant and the joint offset ¢¢ is bounded and becomes
Zero.
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Fig. 7: Snake robot j = 1 converges to p), = 1 and follows
the reference position.
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Fig. 8: The reference velocities converge to the desired speed
profile of the formation vg = 0.2 m/s after compensating the
formation error
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Fig. 9: The cross-track errors of all snake robots converge to
zero
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Fig. 10: The synchronization errors defined in (51) converge
to zero
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Fig. 11: Snake robots move in the desired geometric forma-
tion

9 Conclusion and Future Work

This paper considered maneuvering formation control
of planar snake robots, using the method of virtual
holonomic constraints. We first proposed a maneuver-
ing controller for a planar snake robot, which was de-
rived based on the simplified model of snake robot lo-
comotion presented in [13]. The maneuvering controller
was hierarchically designed in two steps. In the first
step, we used the control inputs due to the actuator
torques in order to control the body shape of the robot
to a desired gait pattern. This induced a lateral un-
dulatory motion on the robot. In the second step, we
used the gait pattern parameters in the form of two
compensators which controlled the orientation and pla-
nar position of the robot. Furthermore, we used the
maneuvering controller to solve the formation control
problem for a group of snake robots by synchronizing
the commanded velocities of the robots. Generalization
of the stability proofs to cluttered environments where
the surface is not flat remains as a topic of future work.
Also an extension of this work can be achieved by tak-
ing into account the possibility of collision between the
robots during the convergence to their desired path.
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