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Abstract. We consider the problem of minimizing a polynomial over a set defined by polynomial equations
and inequalities. When the polynomial equations have a finite set of complex solutions, we can reformulate
this problem as a semidefinite programming problem. Our semidefinite representation involves combinato-
rial moment matrices, which are matrices indexed by a basis of the quotient vector space R[xy, ..., x,1/1,
where [ is the ideal generated by the polynomial equations in the problem. Moreover, we prove the finite
convergence of a hierarchy of semidefinite relaxations introduced by Lasserre. Semidefinite approximations
can be constructed by considering truncated combinatorial moment matrices; rank conditions are given (in a
grid case) that ensure that the approximation solves the original problem to optimality.

1. Introduction

A central problem in combinatorial optimization and other areas of mathematics con-
cerns the optimization of a linear or, more generally, polynomial function over a basic
closed semi-algebraic set. It can be formulated as

pfi=inf f(x)st.hi(x)=0, ..., h(x) =0, hpi1(x) >0, ..., ~hpak(x) >0

)]

where f, hy, ..., btk € Rlxg, ..., x,]. Set
Vi=kel | hx)=0,...,~h,x) =0}, 2)
S:=VNR", F:=5N{x|hpt1(x) >0, ..., hpir(x) > 0}. 3)
We assume throughout the paper that the set V is finite and we let I denote the ideal
generated by the polynomials 41, ... , h;; thus V is the complex variety associated to 7.
In typical combinatorial applications, V = {0, 1}", which corresponds to the case when
the polynomials A1, ... , hy, are the quadratic polynomials xl.2 —x;(i=1,...,n),and

F is determined by imposing additional polynomial constraints. For example, in the
maximum stable set problem, F is the set of 0/1 points satisfying x; x; = 0 for all pairs
ij € E,where E is the set of edges of a graph; alternatively, F is is the set of 0/1 points
satisfying x; + x; < 1 for all edgesij € E.

Write the polynomial f(x) as f(x) = ) ,cg , Sfax®, where d is its degree, and let
f = (fa)aes, denote the vector consisting of the coefficients of the polynomial f (x).
Here and below, S; denotes the set of sequences o € Z’jr with || := Z?:l o; <d and
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2 M. Laurent

Z is the set of nonnegative integers. Given an integer ¢ > d, one can also view f as a
vector in RS by setting f, := 0 foralla € S; \ Sy.

A classical approach for solving problem (1) is to linearize the objective function
by introducing variables y, = x* for the monomials x* present in the problem. This
allows us to write f(x) = fTy. Given an integer t > deg(f), the set:

P :=conv((v¥)ges, | v € F). 4

is a polytope as F' is a finite set. Therefore, problem (1) can be reformulated as the
problem: mig f T y, of minimizing the linear objective function fTy over P. Various
€

methods have been proposed in the literature for constructing relaxations of the polytope
P; that is, for generating new valid constraints from the given constraints 4 ;(x) = 0,
hj(x) = 0.

Combinatorial methods. Consider the 0/1 case, when the equations: xl.2 —x;i =0
(i =1,...,n)are present in the description of F. A possibility for generating new con-
straints is to multiply the inequalities 4 (x) > 0 by certain products of the variables x;
and 1 —x;; then linearization is applied, after having replaced each occurrence of a square
)ci2 by x;. In this way, hierarchies of linear relaxations: P € ... C P" C ... C P' C ...
for the original problem are obtained. The lift-and-project method of Balas, Ceria and
Cornuéjols [1], the matrix-cut method of Lovasz and Schrijver [19], and the reformula-
tion-linearization technique of Sherali and Adams [29] can all be cast in this framework.
Lovész and Schrijver [19] propose moreover a stronger hierarchy of semidefinite relax-
ations. We do not give here the exact details of applicability of these methods; see [14]
for a comparative presentation of these methods. A common feature is that the original
problem (1) is solved exactly at step + = n as a linear programming problem over
a 2"-dimensional simplex, and that each intermediary relaxation gives an efficiently
computable bound for any fixed ¢ (under some assumptions).

Algebraic methods via moments and sums of squares of polynomials. Several other
authors have proposed methods for constructing semidefinite relaxations of the problem
(1), based on results about moment sequences and (the dual theory of) representations
of nonnegative polynomials as sums of squares. See Nesterov [21], Lasserre [11], Par-
rilo [22, 23], Parrilo and Sturmfels [25], Shor [30] and the recent papers of Marshall
[20] and Schweighofer [28]. It turns out that, in the 0/1 case, these constructions yield
relaxations that are at least as strong as the relaxations obtained via the above mentioned
combinatorial methods. Moreover, they apply to the case when F is an arbitrary compact
semi-algebraic set. Details about the links between the various methods can be found in
[14].

Contents of the paper. The paper considers the problem of minimizing a polynomial
function f(x) over the semi-algebraic set F' from (3), assuming that the equations in
the description of F have a finite set V of complex solutions. One possibility would
be to solve the problem using the theory of quantifier elimination (with a polynomial
running time for a fixed number n of variables; see [2]). One can also compute all the
points of V using the eigenvalue method sketched in Section 1.2 (together with exact
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symbolic computations using univariate representations for algebraic real numbers, see
[2]), and then evaluate f (v) forall v € F. In this paper, we propose an alternative - more
elementary - method, which does not need the enumeration of the points of V. Instead,
we will reformulate problem (1) as a semidefinite program. As this program involves
matrices of size |B| > |V|, it can be solved in practice only for small |B|. However,
one can define (in the grid case) a hierarchy of semidefinite relaxations of the original
problem whose low order members yield efficiently computable bounds to the original
problem; some results in this direction are given in Section 4.

The paper is organized as follows. Section 1.1 contains some algebraic preliminaries
about polynomial ideals and Section 1.2 recalls some well known results for the related
problem of solving a system of polynomial equations. We present in Section 1.3 the
method of Lasserre [11]. In particular, we introduce the hierarchy (15) of relaxations for
(1), involving trucated moment matrices, and the dual hierarchy (16), in terms of sums
of squares of polynomials with bounded degrees. We observe that, under the assumption
that V is finite, problem (1) can be reformulated as (10) (involving infinite moment
matrices) or (12) (involving sums of squares). We also introduce some results by Curto
and Fialkow (Theorem 9), Putinar (Theorem 10) and Parrilo (Theorem 11), which play
a central role in the paper.

In Section 2 we present the new semidefinite representation (22) for problem (1). It
involves combinatorial moment matrices Mg (y), which are matrices indexed by a basis
B of the quotient space R[xy, ... , x,]1/1. Roughly speaking, this representation can be
seen as a finite analogue of the program (10), obtained by ‘factoring through the ideal
I’ generated by the polynomial equations entering the description of the semi-algebraic
set F. The new formulation does not contain any semidefinite constraint for the equa-
tions h;(x) = 0 (j < m), as they are used for the construction of the combinatorial
moment matrix Mg(y). The ideas underlying this construction were already mentioned
in the grid case ([13—15]). The equivalence of (1) and (22) follows using the result of
Curto and Fialkow from Theorem 9. In the radical case, an alternative proof is based
on a simple combinatorial identity involving the Zeta matrix of the ideal / (see Lemma
17); this is a direct extension of the corresponding result given in [19] and in [14] for
the 0/1 and %1 cases (which also underlies the convergence results for combinatorial
lift-and-project methods). Combinatorial moment matrices turn out to be closely related
to some algebraic notions (Hermite’s form, multiplication operator) used for solving
zero-dimensional systems of polynomial equations; see Sections 1.2 and 2.2 for details.

In Section 3, we prove the finite convergence of the bounds ;' provided by the semi-
definite hierarchy (15) (see Theorem 22). If I is radical, or if the polynomials &y, . .. , h,
form a Groebner basis of I, then there is also finite convergence of the bounds o;* pro-
vided by the dual hierarchy (16). Under the second assumption, we can prove estimates
on the order ¢ for which o, = uf = p*;in the grid case these estimates are sharper than
those given in [13]. (See Theorem 23 and Example 24.)

In Section 4, we consider approximations for problem (1) in the case when S is the
set {x | (x; —a;)(x; —b;j) =0Vi =1,...,n} (where a; # b; are given real numbers)
(thus including the 0/1 and £1 cases). These approximations are obtained by consid-
ering truncated combinatorial moment matrices Mp, (y), where Mp, (y) is indexed by
all square free monomials of degree < ¢. Our main result is that, if Mp, (y) > 0 and
rank Mp (y) < Zf: 1 (f) for some 1 < s < ¢, then y is a convex combination of the
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vectors (V*)yeB,, (v € S). Moreover, the number of vectors entering the convex combi-
nation is at most 2~ ! if rank M B, (y) < t.(See Theorem 25.) Therefore, if the optimum
solution M, (y) of the relaxed problem satisfies the above rank condition, then it in
fact solves the original problem (1) at optimality.

We also mention a result of the same flavour for the maximum stable set problem.
The theta number:

n
9(G) :=max ) yi st Mp,(») =0, y;j =0 (ij € E), yo = 1 5)

i=1

is a well known upper bound on the stability number of a graph G = ({1, ... ,n}, E),
introduced by Lovdsz [18]. If we impose that Mp, (y) has rank 1 in (5), then the pro-
gram solves the maximum stable set problem exactly. We prove that the same holds if we
require only that rank Mg, (y) < 2 (see Proposition 30). This is an analogue of a result
of Burer, Monteiro and Zhang [4] given for another formulation of the theta number.

1.1. Polynomial ideals and varieties

We group here some preliminaries on polynomial ideals and varieties. For more infor-
mation on the material in the present and the next subsection, see, e.g., [2], [5], [6], [31].

Given an ideal I in R[xy, ..., x,], the set V from (2) is the complex variety associated
to . If I is generated by Ay, ... , hy,, then V consists of the common complex zeros of
hi, ..., h,;. When V is finite, the ideal [ is said to be zero-dimensional.

As the polynomials Ay, ... , h,, are real valued, V is closed under complex conjuga-

tion; that is, V can be partitioned as SUT UT, where S = VNR"and T = {v | v € T}.
When V is finite, one can find complex polynomials p,, (forv € V) satisfying p,(v) = 1
and p,(v') = Oforv’' € V\{v}aswellas py = p, (v € V); the p,’s are known as inter-
polation polynomials at the points of V. Therefore, given complex numbers a, (v € V)
such that ay = a, (v € V), one can find a real polynomial taking the prescribed values
a, at the points v € V. This fact will be used in the proofs of Proposition 8 and Theorem
11.
The set

I(V)={f eR[x1,...,x3]| f(x) =0 forall x € V}

is an ideal in R[xy, ... , x,] that contains the ideal /. When equality / = I(V) holds,
the ideal [ is said to be radical,; this corresponds, roughly speaking, to the case when all
solutions x € V have single multiplicities. For instance, the ideal I in R[x] generated
by h(x) = x2 is not radical since V = {0} and f(x) = x belongsto I (V) \ I.

The monomials in R[xy, ... , x,] are denoted as x* := x| - - - x," for € Z'}. The
degree of x* is |a| = >/, «;. Given a nonzero polynomial f(x) = Y, foux?, its terms
are the quantities f,x® with f, # 0 and its degree deg( f) is the maximum degree of a
term of f. A monomial ordering ‘<’ is a total ordering of the set of monomials which
is a well-ordering and satisfies the condition: x* < x# = x%*7 < x#*7_ Examples
of monomial ordering are the lexicographic order ‘<j.,’, where x% </ xPifa < B
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for a lexicographic order on Z'}, or the graded lexicographic order ‘<gy.’, where
X% <griex XP if || < |Bl, or |a| = || and x* <y xP.

Fix a monomial ordering on R[x1, ..., x,]. Given a nonzero polynomial f(x) =
> o fux®, its leading term LT(f) is defined as f,x*, where x* is the maximum (with
respect to the given ordering) monomial for which f, # 0. Let I be an ideal in
R[x1, ..., x,]. A finite subset G C [ is called a Groebner basis of I if the leading
term of every nonzero polynomial in / is divisible by the leading term of some poly-
nomial in G. It is known that a Groebner basis always exists. A monomial x“ is called
a standard monomial if it not divisible by the leading term of any polynomial in I or,
equivalently, if x* is not divisible by the leading term of any poynomial in a Groebner
basis.

Once a monomial ordering is fixed, one can apply the division algorithm. Let
hi, ..., hyand f be nonzero polynomials. If one divides f by the polynomials %1, ... ,
h,,, one obtains polynomials uy, ... , u,, and r satisfying f = Z i—1 Ujhj—+r, noterm
of r is divisible by LT(h;) (j = 1,... ,m)if r # 0, and LT(f) > > LT(ujh;)ifu; # 0.
When the polynomials Ay, ..., h, form a Groebner basis of I, the remainder r is
uniquely determined and it is a linear combination of the set B of standard monomials;
that is, r(x) = ZxﬁeB rﬂxﬁ where rg € R. Moreover, f € [ if and only if r = 0.

Therefore, R[xy, ..., x,]/I and RB are isomorphic vector spaces.
Definition 1. AsetB := {f1, ..., fn}ofpolynomials forms a basis of R[xy, ... , x,]/1
if, for every polynomial f, there exists a unique set of real numbers A%f), cey )»5\{) such

that f — ZZNZI )»Ef ) fi € 1. When B contains only monomials, we call B a mono-
mial basis. The polynomial "N 3\ f; is called the residue of f modulo I w.r.t. the

basis B and we set AV = (A(f))N | € R!Bl. Moreover, for v € V, define the vector
8= ()L, € RIBL thus f(v) = 0.0)T¢E.

For instance, the set of standard monomials (w.r.t. some monomial ordering) is a
(monomial) basis of R[xy, ..., x,]/I. A fundamental property that we will use in the
paper is the following, which can be found, e.g., in ([6], Theorem 2.10).

Theorem 2. Let I be an ideal in R[xy, ..., x,] with complex variety V (as in (2)).
Then, the variety V is finite if and only if the vector space R[x1, ..., x,]/I has finite
dimension N. Moreover, |V | < N, with equality if and only if the ideal I is radical.

Example 3. ([5],p.227) Let I be the ideal in R[x, y] generated by xy> —x2 and x3y2—y.
W.r.t. the lexicographic order with y > x, the polynomials y — x” and x'? — x? form a
Groebner basis with corresponding set of standard monomials 5 = {1 x x? xl! }
W.r.t. the graded lexicographic order with y > x, the polynomials x3y? — y, xt —y2,
xy3 —x2, y* — xy form a Groebner basis with corresponding set of standard monomials
B, = {1, x, X2, x3, YV, XYy, x2y, x3y, yz, xyz, x2y2, y3}. Hence, |Bi| = |B2| = 12, and
the maximum degree of a standard monomial is 11 in B; and 4 in . The complex
variety of I is V = {(0,0)} U {(x, x7) | x'0 = 1}, with cardinality 11. As |V| < |Bi|,
the ideal / is not radical.

The quotient space R[xy, ..., x,]/I has simultaneously the structure of a vector
space and of a ring. In order to specify the multiplication operation, it suffices to give
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the multiplication table w.r.t. a basis B = {fi, ..., fn}; this is the B x B matrix Tg
whose (f;, fj)thentry is the residue w.r.t. B of the product f; f;; that is, for f;, f; € B,
Y fi fj)
T(fir f1) = Y _ 2" fr. 6)
k=1

The multiplication table T can be computed using the division algorithm.

Example 4. Let I be the ideal in R[x, y] generated by x> — x and y> — y and I, be
the ideal generated by x2 —1and y2 — 1. Then, fori = 1,2, B := {1, x,y,xy}isa
monomial basis of R[x, y]/I; whose multiplication table T; is as follows:

1 y Xy 1 y Xy
1 1 y Xy 1 1 y Xy
X X X Xy X X X 1 x
T, = y Xy T = 1y y
y y Xxy 'y Xy y y Xy X
Xy \xy xy xy Xxy xy \xy y «x 1

1.2. Solving systems of polynomial equations

Our paper is dealing with the problem of optimizing a polynomial function over a finite
set of points arising as the solution set of a system of polynomial equations and inequali-
ties. A related problem, which has received considerable attention in the literature, is the
problem of solving a system of polynomial equations: h1(x) =0, ..., h;,(x) = 0. Let
I be the ideal generated by Ay, ... , h, with complex variety V, assumed to be finite.
Then the so-called eigenvalue method (also known as the Stetter-Moller method) can
be applied for finding V, which relies on finding the eigenvalues of the multiplication
operator. Given a polynomial & € R[xy, ..., x,], let

mp  Rlxy, ..., x,]1/1 — Rlxy,...,x,1/1
f— fh

be the ‘multiplication by 4’ operator. Given a basis B of R[xy, ... , x,1/1, let M}, denote
the matrix of m; w.rt. B; thus M is the B x B matrix whose fth column is the
vector AN e RB, giving the residue w.r.t. B of the product if, for f € B. When
h(x) = x;, the multiplication matrices My, =: M; are known as the companion matrices
of the ideal /. As the matrices My, ... , M, pairwise commute, they generate a com-
mutative algebra R[M, ..., M,], which is isomorphic to the ring R[xq, ..., x,]/1
via the correspondance x; —> M;. It is easy to verify that, for h(x) = ), hoax?,
My =3, haMf" ... My". The next result shows that the coordinates of the points
v € V can be evaluated by computing the eigenvalues of the companion matrices.

Theorem 5 (Stickelberger’s theorem). Assume that V is finite.

(1) The complex zeros of I are the vectors of joint eigenvalues of the companion matri-
ces My, ... , My, thatis, V. = {, € C" | Ju € C" \ {0} s.t. Mju = 1ju Vi =
1,...,n}.
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(i) Given h € R[xy,...,x,]), Tr(Mp) = Zvevm(v)h(v), where m(v) (v € V) are
the multiplicities of the zeros of 1. In particular, Tr(Mp) = ) h(v) when I is
radical.

veV

A related relevant result is the following result (see, e.g., [2], section 4.5) permitting
to count the number of real zeros of a system of polynomial equations having finitely
many complex zeros. It involves the bilinear map:

herp : Rlxy, ..., x,1/1 x R[xy, ..., x,]/] — R
(f, 8) > Tr(Mggn)

whose associated quadratic form: Her,(f) := herp(f, f) for f € Rlxy, ..., x,1/1,
is known as the multivariate Hermite’s form. Let Hy, = (Tr(M fg1)) 1,4e3 denote the
matrix of the Hermite’s form w.r.t. a basis B of R[x1, ... , x,]/I; thus Hj, is real sym-
metric.

Theorem 6 (Counting real zeros via the Hermite’s form). Let o (resp., 0_) denote
the number of positive (resp., negative) eigenvalues of Hy, and set s := [{v € VNR" |
h(v) >0}, s— :=|{fv e VNR" | h(v) < 0}|, and 2t := |{v € V\R" | h(v) # 0}].
Then, 04 —o_ = s —s_, andrank H, = |{v € V | h(v) # 0} = s+ + s— + 2.
Therefore, 0, = sy +tando_ =s_ +t.

As we will see in Section 2.2, there is a close relationship between the Hermite’s
matrix Hj, and the notion of combinatorial moment matrix considered in this paper. The
following observations will be useful for establishing this link. In view of Theorem 5
(i), Hy = (X ey m) f(©)g)h(v)) fgep: that is, Hy = Y, oy mh@)BB)T,
where {, = (f(v)) rep (as in Definition 1). In fact, any matrix H of the form H =
Y vev avgf(ng)T, where the scalars a, € C satisfy ay = a, for v € V, is the Hermite’s
matrix Hj of some polynomial 4 € R[xy, ..., x,], as one can find such polynomial &
satisfying A(v)m(v) = a, for all v € V. Thus Theorem 6 applies to any such matrix H.
In particular,

H>0<—s_=t=0<=a,>0weVNRY, ay=0@weV\R"). (@
[One can easily prove this fact directly, along the same lines as for the proof of Lemma
2.5in[17].]

1.3. Moments and sums of squares of polynomials

We present here the method of Lasserre [11] for solving problem (1). A basic
observation underlying Lasserre’s construction is the fact that

p* = inf f(x) = inf / FEOwdx), ®)
xeF 12

where the second infimum is taken over all probability measures x on R" supported by
F (i.e., n is a nonnegative measure with mass O outside of F and with total mass
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[7m(dx) = 1). Note that /f(x)u(dx) = Zfa/x“,u(dx). For « € Z", the

quantity y, = / x%u(dx) is called the moment of order a of the measure u, and

y = (ya)aem is called the sequence of moments of w; one also says that u is a repre-
senting measure for y. The measure u is a probability measure when yp = 1. Therefore,
(8) can be reformulated as

p* =inf f T y s.t. y has a representing measure supported by F. )

When F is a finite set, every probability measure p supported by F is atomic; that is,
w can be written as . = Y,y AySy, where &, > 0, )" A, = 1, and §, is the
Dirac measure at v (with mass 1 at v and zero elsewhere). Then the moment of order
a of p is equal to ) _p A,v*. Therefore, the points of the polytope P from (4) are
precisely the sequences having a probability representing measure supported by F and
relaxations of P can be obtained by considering necessary conditions for the existence
of such measures. Characterizing sequences of moments of measures is the object of
the classical theory of moments; see, e.g., [7], [8], [10]. Moment matrices M (y) and
the so-called shift operator & * y are two classical notions used in characterizations of
moment sequences, as the next lemma shows. In what follows, RZ%+ denotes the vector
space consisting of the sequences y = (Ya)aez: -

Given y € RZ% | its moment matrix is the (infinite) matrix M () = Va+pla.pezt
and, given a polynomial & € R[xy,...,x,], hxy := M(y)h € Rm, with entries
(hxy)y = Zﬂ hgyatp (o € ZL). For a real symmetric matrix X, the notation: X > 0
means that X is positive semidefinite. If A is a principal submatrix of X, one says that
X is a flat extension of A if rank X = rank A;then, X > 0 <= A > 0.

Lemma7. () Ify e R%: has a representing measure (L, then M (y) > 0. Moreover,
if p(x) is a polynomial such that M (y)p = 0, then the support of u is contained
in the set of zeros of p(x).
(ii) Let h(x) be a polynomial and F := {x € R" | h(x) > 0}. If y € RZY has a
representing measure supported by F, then M (h x y) > 0.
(iii) If M(y) = O, then Ker M (y) is an ideal in R[x1, ... , x,].

Proof. (i) follows from the fact that, for any polynomial p, p’M(y)p =
Y p PaPpYatp = Yogp Papp [ x*TPuldx) = [ p(x)*u(dx) and (i) follows
from the fact that p? M(h * y)p = [ h(x) p(x)>p(dx).

(iii) Let p, g be polynomials such that M(y)p = 0 and set f := pq, g := pq’; we
show that M (y) f = 0. One can easily verify that f7 M(y) f = g’ M(y)p; thus,
fTM(y)f =0, which implies M (y) f = 0 since M(y) > 0. O

Based on this, one can define the following bound for p*:

p*=inf fTy st. M) =0, M(hj*y)=0( =1,...,m)
MMhjxy)=0(G=m+1,...,m+k), yo=1. (10

By Lemma 7 (i),(ii), u* < p*.Infact, equality: u* = p* holds, as the next result shows.
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Proposition 8. Let F be as in (3) and assume that V is finite. The following assertions
are equivalent for y € RZ%

(1) y has a representing measure supported by F.
(i) M(y) =0, Mhjxy)=0(j=1,... ,m), M(hjxy) = 0(j =m+1, ..., m+k).

The proof relies on the following result of Curto and Fialkow.

Theorem 9. [7] Given y € RZ%, if M(y) is positive semidefinite and has finite rank,
then y has a (unique) representing measure.

Proof of Proposition 8. (i) = (ii) follows from Lemma 7.

(i) = (i) Note first that I < Ker M(y), since Ker M (y) is an ideal containing the
polynomials £y, ... ,hy,as 0 = hjxy = M(y)h; (j = 1,... ,m). Let Bbe a
monomial basis of R[xy, ..., x,]/I. As any monomial x® is congruent modulo /
to a polynomial which is a linear combination of monomials in B, the o'th column
of M(y) can be expressed as a linear combination of the columns indexed by B.
Therefore, the matrix M (y) has finite rank. By Theorem 9, y has a representing
measure w. As I € Ker M(y), it follows from Lemma 7 that the support of u is
contained in VNR" = §. Say, u = Zve s ay6y with a, > 0. Remains to verify that
ay =0ifve S\ F.Letve S\ Fandlet j >m+ 1suchthat h;(v) < 0. Let
p be a real polynomial such that p(v) = 1 and p(v') = 0 for v’ € S\ {v}. Then,
0< pTM(hj * y)p = ayh j(v), which implies that @, = 0. Thus the support of
is contained in F. m|

Call a polynomial u a s.o.s. if u can be written as a sum of squares of polynomials.
Define
m-+k
M(F) := {ug + Z ujhjluj € Rlxy, ..., x], w0, Ums1, ... , Utk are 8.0.8.}
j=1

1)

As p* = sup p s.t. f(x) —p = 0Vx € F, one can derive a lower bound on p* by
replacing the nonnegativity condition: f(x) — p > 0Vx € F by the stronger condition:
f(x) — p € M(F); namely,

o :=sup p st f(x)—p e M(F). (12)

Then, o* < p*. Indeed, ny > p if y is feasible for (10) and if p is feasible for (12),
which can be seen using the following facts: Any polynomial u can be written as the
difference of two s.o.s. (e.g., u = %((u + 12— - D), given two polynomials p
and h and g := hp?, then yT' g = pT” M(h % y) p (easy to check). In fact, equality:

of =u*=p* (13)
holds, which can be proved using the following result of Putinar [27].

Theorem 10. [27] Let F :={x e R" | g1(x) > O0,..., gr(x) > 0} for some polyno-
mials g1, ..., gL, and M(F) := {up + Zle uege | ug, ug are s.0.s.}. I F is compact
and if there exists a polynomial u € M(F) for which the set U := {x € R" | u(x) > 0}
is compact, then every positive polynomial on F belongs to M(F).
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In the present case, the assumptions of Theorem 10 hold. Indeed, the polynomial
u(x) ;= — ZT:] hj(x)? belongs to M(F) and U = V N R" s finite. Therefore, given
€ > 0, as the polynomial f(x) — p* + € is positive on F, it belongs to M(F) and thus
p* —e is feasible for (12), implying * > p* —e. Letting € go to 0, we find that o* > p*
and thus (13) holds.

Comment. Equality: u* = p* can be proved using Curto and Fialkow’s result (The-
orem 9) and it is implied by (13), which follows using Putinar’s result (Theorem 10).
The original proofs for these two results are based on functional analytic tools (includ-
ing Riesz representation theorem and the spectral theorem). An alternative simple proof
for Theorem 9 has been given recently in [17] which, beside Hilbert’s Nullstellensatz,
uses only elementary linear algebra; a key observation is that the kernel of a positive
semidefinite moment matrix is a radical ideal. Although a more elementary proof for
Theorem 10 has been given in [28], it remains however more involved than the proof for
Theorem 9.

Parrilo [24] shows the following extension of Putinar’s result to nonnegative polyno-
mials on F, in the case when the polynomials 4 (x) (j =1, ... , m) generate a radical
ideal. The proof is elementary and is included for completeness. Thus, in the radical
case, (13) follows directly from Theorem 11.

Theorem 11. [24] Let F be asin (3). Assume that V is finite and that the ideal generated
by hi, ..., hy, is radical. Then every nonnegative polynomial on F belongs to M(F).

Proof. Write V.= SUTUT,where S = VAR, T ={t |ve T}and TUT = V\R".
Suppose first that f is a real polynomial nonnegative on the set S. For v € SU T, let
Yo = &/ f(v) (thus, y, € Ry if v € S) and define the real polynomials ¢, := y,py
(v € S)and gy := Yypv + Yo pv (v € T). The polynomial f — ZUGSUT (qv)2 vanishes
at all points of V'; hence it belongs to I (V'), which is equal to [ since [ is radical. This
shows that f = 0 + ¢, where 0 isas.o.s.and g € I.

Suppose now that f is nonnegative on the set F. We define real polynomials sg,
Sm+1s - - - » Sm+k taking the following prescribed values at the pointsin V.Ifv € V\ S, or
ifve Sand f(v) >0,50() = f(v)ands;(v) =0(j =m+1,...,m+k). Otherwise,
v ¢ F and thus h; (v) < Oforsome j, € {m+1,... ,m+k};thens; (v) = h];fg) and
so(v) = sj(v) = O for all remaining j. Then, each of so, Syu+1, . .. , Smyk is NONNegative
on S; by the above, s; = o; + g, where o is as.o.s. and g; € I. By construction, the

polynomial f — 59 — ZTimk 41 5jh; vanishes at all points of V and thus belongs to /.
Therefore, f — op — Z;";L_l ojhjel. O

Practically, one can use the programs (10) and (12) for computing p* in the following
way. Define

dj = [deg(h;)/21 G =1,...,m+k), d:=max(d,... ,dnsx). (14)

Following Lasserre [11], one can formulate the following semidefinite relaxations for
(1), obtained from (10) by replacing the (infinite) moment matrix M (y) by its leading
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principal submatrix (truncation) M;(y) := (Yu+8)a,ges,, indexed by the set S; corre-
sponding to the set of monomials with degree at most 7.

wi=inf fTy
st. Mi(y) =0, Mi—q;(hjxy)=0( =1,...,m)
Mi—g;(hjxy) =0( =m+1,... m+k), yo=1 (15)

for any + > max(d, [deg(f)/21). Obviously, uy < uy, | < u* < p*. By bounding the
degrees of the unknown polynomials u ; (x) in (12), one obtains the hierarchy:

o/ = supp
m-+k
st. f(x) —p =uoglx)+ Z uj(x)hj(x) withug, wpy1, ..., Uik S.0.8.
j=1
and deg(uo), deg(ujh;) <2t (j=1,...,m+k) (16)

for t > max(d, [deg(f)/21). Obviously, o;" < a;jrl < o* < p*. As sums of squares of
polynomials can be tested using semidefinite programming (see [26]), (16) can be refor-
mulated as a semidefinite program. Any polynomial u can be decomposed as u’ — u”,
where 1’ and u” are s.0.s. with degree at most deg(u); hence the program (16) is equiv-
alent to the usual formulation, where the polynomials u; (j =1, ..., m) are required
to be of the form u’; — u’/, with u’;, u’ s.0.s. of degree at most 2(t — d;).

Lasserre [11] shows that the program (16) is the semidefinite dual of (15); hence,
of << p* (17)

by weak duality. By Theorem 10, the bounds o,* (and thus x}) converge to p* ast — 00.
When the ideal I generated by &y, ... , h,, is radical, Theorem 11 implies the finite con-
vergence of the bounds o;* (and thus u}) to p*. Lasserre [12, 13] has shown the finite
convergence of the bounds o/, i1} in the case when F is contained in {0, 1}" or is equal
to the set of points in a grid; the result follows alternatively from Parrilo’s result since
the ideal is radical in the grid case. In the non-radical case, we show the finite conver-
gence of u; (see Theorem 22) and, in the case when the polynomials k1, . .. , hy, form a
Groebner basis of / (w.r.t. some monomial ordering), the finite convergence of o,* (see
Theorem 23). Furthermore, we give a semidefinite representation for problem (1) (see
Corollary 16), which is more concise than (15), as it involves matrices of size smaller
than |S;| for any ¢ ensuring the finite convergence of (15).

2. A Semidefinite Representation for a Finite Variety

2.1. Approach via combinatorial moment matrices

Consider the problem (1) of minimizing a polynomial f over the semi-algebraic set
F from (3). As before, I is the ideal generated by the polynomials hy, ... , h, and V

is its complex variety, assumed to be finite. Then, R[xy, ..., x,]/I has finite dimen-
sion N > |V| (by Theorem 2). Let B := {f1, ..., fv} be a basis of R[xy, ..., x,]/1.
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Problem (1) remains unchanged if we replace the polynomial f by its residue r(x) :=
ZlN:l )\Ef ) fi(x) modulo I w.r.t. B (recall Definition 1). That is,

pr= mi}lpl(k(f))Tgf =min y'AY) sty e Pg(F) = conv(g‘vB lve F). (18)
ve

We give here a semidefinite representation for the polytope Pg(F), which can be seen
as a finite analogue of the program (10); it does not need the explicit knowledge of the
variety V, but only the knowledge of a basis B of R[xy, ... , x,]/I and of its associated
multiplication table.

The key ingredient in the proof of Proposition 8 was the fact that the kernel of a matrix
M (y) feasible for (10) contains the ideal /; this implies that M (y) is a flat extension of
its principal submatrix Mg (y) indexed by a monomial basis B of R[xy, ..., x,]/I. In
particular, all entries of M (y) can be expressed in terms of the entries of y indexed by
B, using the equations #(x) = O provided by & € I. We now formalize this idea and
introduce the ‘combinatorial’ analogues Mg(y) and h x y € RIBI (for y € RIBl) of the
corresponding notions in the classical case.

Giveny = (y1,..., yN)T € R‘B‘, its combinatorial moment matrix Mg(y) is the
|B] x |B| matrix indexed by B3, whose (f;, f;)th entry is yIalifi) = Z,]C\’:l )»,(cﬁfj)yk
for f;, fj € B. Thus Mp(y) is obtained from the multiplication table of B (recall (6))
by ‘linearizing’, where ‘linearizing’ means replacing each occurrence of f by yx.

Given a polynomial 7 € R[xy, ..., x,], define h x y := MB(y)k(h) e RBI. One
can verify thathxy = M hT y, where M}, is the ‘multiplication by %’ operator introduced
in Section 1.2.

Let U denote the N x |Z} | matrix whose rows (resp., columns) are indexed by B

(resp., by Z") and whose (i, a)-entry is equal to )»Exa). In words, the ath column of
U contains the coordinates of the residue of x* in the basis B. For a polynomial £, its

residue modulo / w.r.t. Bis ZlNzl )\ﬁh) fi, where
A" =Uh. (19)

Indeed, "N | A" fi = hmod. I, while h = 3", hox® = Y, ha (XN, Ui o f;) which
is equal to YN | (X, haUia) fi = YN[ (Uh); f;, thus showing that 1) = (Uh); for
l _Cl‘nven ;11\;]1@8 | define its extension:

j:=UTy e R%, (20)
Hence, for o € Z7}, J, is obtained by ‘linearizing’ the residue of x* modulo / w.r.t. B.
Example 12. Consider the 0/1 case, when I is generated by the polynomials x2 — x I

(j=1,...,n)and V = {0, 1}". W.r.t. the graded lexicographic order, the set of standard
monomials is

B={(x"=[[xlAc(l. .. .0} 1)
i€A
For x4, x8 € B, the (x4, xB)th entry of the multiplication table is xA"B, since x4“?

is the residue of the product x4 x® modulo 7. Hence the combinatorial moment matrix
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Mp(y) of avector y = (ya)acqi,...,») is the matrix indexed by all subsets of {1, ... , n}
with (A, B)th entry yqup. The extension y of y satisfies: y, = ya, where A = {i €
{1,...,n} |a; > 1}.

Inthe 1 case, I is generated by the polynomials sz. -1 =1,...,n),V={£1}",
and (21) is again the set of standard monomials. The (xA, xB )th entry of the multipli-
cation table is now equal to xA*8, and the combinatorial moment matrix Mg(y) of a
vector y = (ya)Ac(l,....n) has its (A, B)th entry equal to ysap. The extension y of y
satisfies: y, = ya, where A ={i € {I,... ,n} | o odd }.

Lemma 13. Let y € RIBI and lety € RZY be its extension as in (20).

() M) = UT Mg(y)U. Hence, when B is a monomial basis, Mg(y) is the principal
submatrix of M(y) indexed by B and M (y) is a flat extension of Mg(y).
(ii) The extension of h % y is equal to h * y.
(iii) I C Ker M (D).
(iv) For a polynomial h, hT5 = (.7 y.

Proof. (i) Given a, B € Z", the (a, B)th entry of the matrix UT Mg(y)U is equal to

N N N L Uif) N
Yij=1 UiaUjpMB(y)ij = 3 ;=1 UiaUjp (Zk:l A yk) = D=1
(Zf,vj=1 Ui,an,,g)»,((ﬁfj)) Vk- On the other hand, x¢ = ZlNzl Uiofir xP = Z;V:l
Uj g fj modulo I, which implies that xxf = ZQ’FI UioUjpfifi = Z,I{VZI

(Zﬁ’jzl Ui,an,}g)\,({ﬁfj)) fx modulo 7. Therefore, the (¢, 8)th entry of Mi(y) is

equal to Z,ﬂvzl (Zﬁlj:l U,-,an,,g)»,(cﬁfj)) Vk-
(ii) By definition, the extension of & % y is UT(h % y) = UT (Mp(»)2™), while
h*y = M(3)h = UT Mg(y)Uh (using (i) above), which is equal to U T Mp(y) A"

(using (19)).
(iii) If h € I, then 0 = A" = Uk (by (19)), implying M (3)h = UT Mp(y)Uh = 0.
(iv) We have: k75 = hT(UTy) = (UR)Ty = W) Ty (using (19)). O

Theorem 14. The following assertions are equivalent for y € R'Bl and its extension
j e R%,

(1) The vectory belongs to the cone generated by the vectors ng = (fi (v))lN:1 (veF)
(i) Mp(y) =0, Mg(h;*y) = 0(j=m+1,... . m+k).

() M) =0,Mhjxy)=0(j=1,...,m), M(hjx3) = 0(j =m+1,..., m+k).
(iv) The vector y belongs to the cone generated by the vectors {, = (v"‘)wezgr (veF).

Proof. (1) = (ii) Toseeit, lety := ng forv € F.Then, Mg(y) = yyT > 0.Indeed,
the (fi, fj)th entry of yyT is fi(v) fj(v), while the (f;, f;)th entry of Mp(y) is
equal to Z;{V:l )L,({ﬁfj)fk(v) and thus to f; (v) f;(v), since f; f; = Z,I{vzl A,((ﬁf/)fk
modulo /. Moreover, Mp(h; * y) = hj(v)ny >0, forj >m+ 1.

(i) = (iii) As M(3) = UT Mg(y)U, it follows that M(3) = 0.For j = 1,... ,m,
hj*xy = M(y)hj = 0, since I € Ker M(y) (by Lemma 13 (iii)). For j =
m+1,....m+k,Mhj*3)=Mh;*y)=UTMg(h;*y)U > 0 (use Lemma
13 (1),(i1)).
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(ili) = (iv) follows from Proposition 8.

(iv) = ()Say,§ = Y ,cpavly witha, > 0.Leti = 1,... ,N.As5 =UTy, f15 =
fTWTy) = Wf)Ty = yi.Ontheotherhand, as £,7¢, = fi(v) = B, 15 =
Y ver @ fi(v) is the ith coordinate of ) _p aU;'F. Hence,y =) .r avgf. O

Corollary 15. Assume that 'V is finite and let B be a monomial basis of R[x1, ... , x,]/1
containing the constant monomial 1. Then, problem (1) is equivalent to

min Ty 5.t Mg(y) =0, Mg(hj*y) =0 (G =m+1,...,m+k), yo=1, (22)

where r(x) = ZﬁeB r,gxﬂ is the residue of the polynomial f(x) w.r.t. B, and yy is the
coordinate of y indexed by 1.

Proof. Directly from Theorem 14 since, for y = 3", ay¢2, Y ay =1 <= yo = 1.0

We have formulated for simplicity the above corollary for a monomial basis although
it holds for any basis containing the constant polynomial 1. Therefore, (22) provides a
concrete finite semidefinite program permitting to solve the infinite program (10). We
now consider the dual semidefinite program of the semidefinite program (22). For con-
venience, the same symbol 5 denotes the set of exponents § for which xP € Band, fora
polynomial g (x), the notation: g € RB means that g (x) is alinear combination of mono-

mialsin B, i.e.,q(x) = Y5 qpxP. Setting ho(x) := land Mp(hjxy) = Y55 Chyp

for j =0,1,...,m+ k, the dual semidefinite program of (22) reads:
m+k )
p* = supro— (CJ. Zo) — Y (C}.Z))
j=m+1
m-+k )
sU(CR. Zo)+ Y (Ch.Zj)=rg (B €B\{0))
j=m+1
20y Zit1s - s Lk = 0. (23)

One can verify that (23) is equivalent to

*

p = Sup ,0
m—+k
st.r(x)—p= (Z q&io) + Z hj(z qlz'»i./) T4
io j=m+1 i

where all g; ;; belong to R5 and qel

and thus to the program: p* = sup p s.t. f(x)—p € M(F).(The latter equivalence fol-
lows using the fact that any sum of squares: s = ), p% can be writtenass = ) _, rf +q,
where r, € RBand ¢ € I, by replacing py by its residue r, modulo / w.r.t. 3.) This
program being identical to (23), we find that o* = p*. By (13), p* = p* and thus there
is no duality gap between (22) and its dual (23).

Corollary 16. Assume thatV is finite and let B be a monomial basis of R[x1, ... , x,]/1
containing 1. Then the programs (1), (22) and (23) are equivalent.
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2.2. The radical case and the link with the Hermite’s form

When the ideal [ is radical, one can prove the equivalence of (i) and (ii) in Theorem
14 without using the result of Curto and Fialkow. A first alternative is to use Parrilo’s
result (Theorem 11). A second alternative is to extend some arguments used in [14],
[15] in the O/1 and %1 cases; it goes as follows. Given a basis B = {f1,..., fn}
of R[xy, ..., x,]/1,let Zg denote the complex |B| x |V| matrix with columns g“UB =
(iDL, we V).

In the 0/1 case, when B is the basis from (21), the matrix Zg is known as the Zeta
matrix of the lattice of subsets of the set {1, ..., n} and the inverse matrix ZZ_SI as its
Mobius matrix. By analogy, in the general case, we may call Zg the Zeta matrix of the
ideal I w.rt. B.

When [ is radical, Zg is nonsingular and the residue of a polynomial f €
Rlxi, ..., x,] w.rt. Bis the polynomial Y% | 2 f; where () = (Zg) ")~ \(F (v)) vev-
The polytope Pg(F) from (18) is the convex hull of the columns of Zg. Thus, in the
radical case,

Pe(F)={y eRP | (Z5'y)y 20w e F), (Z5'y)y =0 e V\F), e" Z5'y = 1}.

The next result shows how to express the combinatorial moment matrix Mp(y) in terms
of the vector Zgl y.

Lemma 17. Assume that I is radical. Then, fory € RIBI, Mp(y)= ngiag(Zgl y) ZpT.

Proof. Given f;, f; € B,the (f;, f;)thentry of the matrix ZBdiag(Zgly)(ZB)Tis equal

Y ey £i ) F(Z5 e=(Z5"'NT (@) f; ey =37 (Z5HT (fi ) £ ))vev,
which in turn is equal to y” A/i7) and thus to the (f;, fj)thentry of Mp(y). O

When V C R"?, Zg and Zlgly are real valued and thus Mg(y) = 0 < Zgly > 0.
When V contains complex points, we can apply (7) and conclude that Mg(y) > 0 <—
(Zlgly)v >0(@we VNR" and (Zgly)v =0 (v € V \ R"). Therefore, Theorem 14
holds.

Comment. An analogous technique is used in [17] for proving Theorem 9 (and
thus Proposition 8), which can be sketched as follows. As M (y) > 0, its kernel [ :=
Ker M(y) is a radical ideal in R[xq, ..., x,] and, as rank M(y) < oo, I is zero-
dimensional and thus its variety V is finite. The proof relies then on the identity:
M(y) = ZTdiag(Zy)Z, analogue to Lemma 17. Here, Z is the |Z/}| x |V| matrix
with columns ¢, = (Ua)a621 (v € V), and Z is the | V]| x |Z"} | matrix with rows p,
(v € V), where p, are interpolation polynomials at the points of V (see Section 1.1).

Link between combinatorial moment matrices and Hermite’s forms. As observed
at the end of Section 1.2, the class of Hermite’s matrices coincides with the class of matri-
ces H = Zpdiag(a)(Zp)T = Y,y avtB(¢B)T, where a € CV satisfies: ay = @, for
v € V. Hence, any Hermite’s matrix H is a combinatorial moment matrix; namely,
H = Mpg(y), after setting y := ) _y avgf . Conversely, a combinatorial moment
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matrix Mg(y) is a Hermite’s matrix in any of the following two cases: if Mp(y) > 0
(by Theorem 14), or if I is radical (by Lemma 17). On the other hand, if 7 is not radical,
we give in the next example an instance y € R!B! for which the matrix Mp( y) isnot a
Hermite’s matrix.

Example 18. Let I be the ideal in R[x] generated by 4 (x) := x2. Then, B = {1, x} isa
basis of R[x]/I and V(I) = {v := 0}. For y = (yo, y1)T € R!Bl, we have: Mp(y) =
1 x
i <§O )(})1 ) Hence, Mp(y) = 0 implies that y; = 0 and thus Mg(y) = yoc 2 (5T,
1
When y; # 0, Mg (y) is not a multiple of ;“UB (CUB)T and thus it is not a Hermite’s matrix.
Consider now the problem of computing p* = min x s.t. x> = 0. Obviously,
p* = 0. By Corollary 16, 0 = min yj s.t. Mg(y) = 0, yo = 1 and 0 = p*. Indeed,

2
foranye > 0,x + € = (ﬁ + 2]7)() — ﬁxz, which shows that p* > —e. This also

shows that the relaxation (16) is exact at order ¢t = 1; that is, 01* = p* = 0. Observe that
the program (23) does not attain its optimum, since the polynomial x cannot be written
as ug + ux?, where ug, u € R(x] and ug is a s.o.s. This also shows that Parrilo’s result
in Theorem 11 does not hold when I is not radical.

We conclude with an example illustrating the notions introduced in this section.

Example 19 ([5], p. 229). Consider an optimization problem over the set

Fi={(,y) [ hix)=x>+y—1=0, ha(x)
=xy—2y24+2y=0, h(x) =x>—y+1/2 > 0}.

Let I be the ideal in R[x, y] generated by &1, ho. W.r.t. the lexicographic order with
x > y, the polynomials k1, hy and h3(x) = y3 — %y2 + %y form a Groebner basis of 1.
Hence, the set of standard monomials is B = {1, x, y, yz}, V=S={uv=(0,0),v =
(—-1,0),v3=(0,1),v4 = (—%, %)}, and F = V \ {v3}. The Zeta matrix w.r.t. 3 and its
inverse read:

vpov2 U3 v 1 x y
1 1 1 2
x - ) _ -1 35 9
75 = 2|, zzt=21z2 2 2
B=ylo o 1 3 B~ o o -3 4
v»\o o 1 vy \0o o 1 I8
and the multiplication table in R[x, y]/I is
1 X y y2
1 1 by y y?
X X 1—y 2y? -2y %y2—%y
y |y 2yr-2y » Iy -3y
2 \y2 3y2-3y Iyr-3y -3y
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The ‘multiplication by /4’ matrix reads:

1 X y y2
1 (32 0 0 0
x 0 32 0 0
y | -2 4 32 32
yvy\0 —4 -2 =2

My =

Therefore, a vector u = (1,a,b,c) € RB belongs to the polytope Pg(F), the convex
hull of the columns of Zp indexed by F, if and only if M (u) > 0 and Mg(h *u) > 0,

where hxu = Mu = (3/2 —2b,3a/2 + 4b — 4¢,3b/2 — 2¢,3b/2 — 2¢)T. We find
again that h x u = MhTu = Mpu)A™, where AW = —2y + 3/2 is the residue of .
Recall that

1 X y y
1 1 a b ¢ Lalagyrlp_2050
x la 1-b 2e-26 3c—3b 121, 05 e
— 2 2 E—iu—§b+2c20
M=y 2e_2p ¢ Te=3p [ 2097 ) “3p+4c> 0
vt \e %c—%b %c—%b ?lc—%b %b—g—ﬁczo.

3. Finite Convergence of Lasserre’s Hierarchy

As mentioned in Section 1.3, there is finite convergence of the Lasserre hierarchies (15)
and (16) when the ideal I is radical. We extend here the finite convergence result for
(15) to the non-radical case and the finite convergence result for (16) to the case when
hi, ..., hy form a Groebner basis of I (w.r.t. some monomial ordering). In that case
we can also prove estimates on the order ¢ for which o, = u} = p*; in the grid case,
these estimates are sharper than those given in [12, 13]. We use the following result of
Curto and Fialkow [7].

Theorem 20. [7] Given y € RS, assume that M;(y) > 0 and that M;(y) is a flat
extension of M;_1(y). Then, y is the sequence of moments of a nonnegative measure.

Hence a strategy for proving equivalence of the programs (1) and (15) is to show that
M;(y) is a flat extension of My, (y), where dj3 is the maximum degree of a monomial in
a monomial basis B of R[xy, ..., x,]/I, which allows us to apply Theorem 20. A way
to achieve this is to show that, for all & € S, the polynomials f® (x) := x® — A@ (x),
where 1@ (x) is the residue modulo I of x* w.r.t. B, belong to the kernel of M, (y). For
this, the following property of the kernel of moment matrices will be useful; it comes
from [7] and its proof is included for completeness.

Lemma 21. Assume that M;(y) > 0 and let f, g be two polynomials whose product
h = fg has degree deg(h) <t — 1. Then, M,(y) f = 0 implies M;(y)h = 0.

Proof. 1Tt suffices to show the result for g(x) = x; since the general result follows from
repeated applications of this special case. Assume deg(f) < r — 2. We have: h(x) =
Yoy fax¥te = Y wlase; Ja—eX®. As deg(h) <t —1and M,(y) = 0, M;(y)h =0
holds if (M;(y)h)q = 0 forall @ € S;—;. Let @ € S;—_1. The wth component of M;(y)h

isequalto 3, hy Yoty = 3 |, 5e fr—eiYaty = 2y [y Yaty+e;» Which is equal to the
(o + e;)th component of M;(y) f and thus to zero. |
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Recall the definition of d}, d from (14) and define dy := max(dy, ... ,dp), dy =
max(dy+1, -+ » dmtk), d+ = 0if k = 0; thus, d = max(dy, d+).
Theorem 22. Assume that V is finite. There is finite convergence of the Lasserre hier-

archy (15); that is, uf = p* for t large enough.

Proof. Let B be a monomial basis of R[xq, ..., x,]/I and let dg be the maximum
degree of a monomial in B. Set #y := max([deg(f)/21,dp + 1, dg + d+, 2dp). Given
a € S, let 1@ (x) be the residue of x* modulo / w.r.t. B. Then, f @ (x) = x* —

1 (x) belongs to I. Say, @ (x) = Z;’Ll u&“)hj, where ug.a) € R[xy, ..., x,]. Next,
define Ty := max(fg, 1 + deg(u;a)hj) forj=1,...,m, a € S;). We now show that

uy = ptfort > Ty. Fix t > Tp and let y € Sy, be a feasible solution to (15). As
t > 2dy, M,_dj (hj *y) = 0 implies that M,(y)h; = Oforall j = 1,...,m. There-
fore, M;(y) f@ = 0 for all @ € Sy, (we can apply Lemma 21, since deg(u(/.“)hj) <
To — 1 <t — 1 for all j). This implies that M;,(y) is a flat extension of My, (y) (in
fact, of its submatrix indexed by B). As ty > dg + 1, we deduce from Theorem 20 that
(Ya)|a| <21, has a representing measure p. Now, for j =1, ..., m, M;(y)h; = O implies
that M;,(y)h; = 0 since fp > 2dy. Hence, the support of y is contained in § = V NR".
Say, = Y, cgavdy Where a, > 0. Forv e S\ F,let p € RB be a polynomial such
that p(v) = 1 and p(v') = 0forv’ € S\ {v}, and let j > m + 1 for which hj(v) <O0.
Then, pTM,O_dj (hj*y)p = fp(x)2hj (x)u(dx) = ayhj(v) > 0, which implies that
ay = 0 (we have used here the fact that fo — d; > dp as o > dp + d). Hence, the
support of u is contained in F. Therefore, fTy = Y ver @v f(v) = p*, which implies
that uf > p* and thus u) = p*. |

Theorem 23. Assume that V is finite and that h1, . .. , h,, form a Groebner basis of 1
(w.r.t. some monomial ordering) and let d be the maximum degree of a polynomial in
abasis Bof R[x1, ..., x,1/1. Fort > max(dg +dy, do, [deg(f)/21), o) = u} = p*.

Proof. Fix t > max(dg + dy, do, [deg(f)/21). We show that, for any € > 0, o, >
p* — €, which implies o, > p* and thus o, = p*. As the polynomial f(x) — p* + € is
positive on F, Theorem 10 implies that f(x) — p*4+€ € M(F);thatis, f(x)—p*+e =
so+ Z’}I:l’l:l+l sjhj+q,wheres; ares.o.s.and g € I.Suchadecomposition exists where
each s; is a sum of squares of polynomials that are linear combinations of members of B.
Hence, deg(so), deg(s;h ;) < 2(dp + dy) < 2t, implying deg(q) < 2t.As hy, ..., hy
is a Groebner basis of I, one can find (using the division algorithm) a decomposition
q= Z;”zl ujhj, where deg(ujh;) < deg(q) < 2t. Therefore, p* — € is feasible for the
program (16), which implies that o, > p* — €. ]

Therefore, one obtains a tighter bound on the order ¢ at which finite convergence
takes place if one can find a basis B of R[xy, ... , x,]/I with small maximum degree
dp. For instance, we have seen in Example 3 two instances of bases with respective
maximum degrees dg = 4 and 11.

Example 24. The grid case. In the 0/1 case, Theorem 23 gives the finite convergence
result in dg 4+ d+ = n + d4 steps from [12]. Consider now the general grid case as in

[13].For j =1,... ,n,let aij), e, a,%jj) be distinct real numbers and define the poly-
nomial z;(x) = ]_[:n:’ 1 (xj — ai(j )) of degree m ;. W.r.t. the graded lexicographic order,
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hi, ..., h, form a Groebner basis of I and the set 13 of standard monomials consists of
the monomials x? with 0 < Bj <mj—1forall j;thus,dp = Z?zl(mj —1).Here,d =
dp = max—1,.. ,[m;/2]. Note that the ideal I is radical, since |V| = |B| = ]_[';:1 mj.

Lasserre [13] shows the finite convergence of o,* to p* in d + dp steps; Theorem 23
shows the finite convergence in max(dp, d) steps (assuming the polynomial f in the
objective has degree at most max(2dg, 2d)).

4. Semidefinite approximations of low order

From a practical point of view, the semidefinite formulation (22) for problem (1) is not
very useful, since it involves matrices of size |B| x |B|, with |B| > |S| being at least as
large as the size of the set of points to be searched. One can instead consider semidefinite
approximations of the problem (1), obtained by restricting our attention to some princi-
pal submatrix M 4(y) of the combinatorial moment matrix Mg (y) indexed by a small
subset .A of B. For instance, when the polynomial f in the objective function is linear or
quadratic and V = {0, 1}"* or {£1}" (the most common case in combinatorial applica-
tions), one can choose A = B; consisting of the residues modulo / of all the monomials
x% for @ € Sy, for any given t > 1. Increasing values of ¢ yield tighter approximations
of (1) at an increasing computational cost, however. The approximation solves problem
(1) exactly at t = n, but this may sometimes already happen for smaller values of 7. We
present below some conditions on the rank of the optimum matrix M, () ensuring that
the corresponding semidefinite relaxation solves, in fact, problem (1) exactly. We give
our result in the case when

S={xeR"| (xj —aj)(xj —bj)=0 forall j =1,...,n}, 24)

where a; # by, ..., a, # b, are given real numbers. Therefore, this contains both the
0/1 and =£1 cases, which are very important in combinatorial optimization. Define the
polynomials

hj(x) = (xj —aj)(x; —bj) = sz» —sjxj —tj, settings; :=a; +bj, tj :=—a;b;
(25)
for j = 1,...,n.Let I be the ideal generated by hy, ... , h, and S = V the associated
variety, given by (24). W.r.t. the graded lexicographic order, the set of standard mono-
mials is the set B (also denoted as B(n)) from (21). Given an integer t = 1, ... ,n, B,
(also denoted as B; (n)) consists of the standard monomials x# = ]_[l- < Xi having degree
|A| <t and can be identified with the collection of subsets of the set N := {1, ..., n}

having size < t. Given y € RB , we can define its truncated combinatorial moment
matrix Mp, (y) as the matrix indexed by B3;, whose (A, B)th entry is equal to rTy, where
r is the residue modulo I of x4x?, and thus to

Z Hsi l_[ i | Y(AaByuC- (26)

CCANB \ieC ie(ANB\C
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Indeed, xAxB = xAAB(xANB)2 = xAAB.TT. o (six; +1;) (modulo I), which is equal

to xA48 (ZCgAﬂB [TiccGsixi) Hie(AmB)\c ti) =Y ccans (niec Si nie(AmB)\c ’i)
x(AABVC T the 0/1 case, a; = 0,b; = 1,5; = 1, t; = 0 for all i and thus (26) reads
yaup; in the +1 case, a; = —1,b; = 1,s; = 0, t; = 1 for all i and thus (26) reads
YAAB-

Theorem 25. Let S and hy, . .. , hy be as in (24) and (25). Let y € RB2® ywith vy = 1
andn >t > 1. If M, (y) > 0 and rank Mg (y) < Z?:] (;)for some 1 < s <t, then
y is the sequence of moments of a probability measure | supported by S. If, moreover,
rank Mp, (y) < t, then u is supported by a subset of S of size at most 201,

We first establish a stronger version of Lemma 21, valid in the combinatorial setting.

Lemma 26. Letn >1t,y € RB2®™ | gssume that Mp,(y) = 0, and let f, g be two poly-

nomials in RB: such that the residue h modulo I of their product fg satisfies deg(h) < t.
Then, Mp,(y) f = 0 implies Mp, (y)h = 0.

Proof. Tt suffices to show the result for g(x) = x;. Write f(x) = Zme M fmxAm +
ZEE L fngf, where the A, (resp., Ay) are distinct subsets of A containing (resp., not
containing) the element i, and fy,, fo # 0. Then, x; f(x) = > ,,cm j‘,,,)c‘A"‘\")cl-2 +
D el fexAett is congruent modulo 7 to the polynomial Y omem FuxAm\i(six; + 1) +
> rer fexAeT Therefore, h(x) =si 3 cps fm X Hi Y peps FnxAmNHY" o p foxAett,
As Mp,(y) = 0, Mp,(y)h = 0 holds if we can show that its components indexed by
Ap, Ap \i(m € M)and A; +i (£ € L) are equal to 0. Let X denote the principal
submatrix of Mp, (y) indexed by the sets A,, (m € M), A;, \i (m € M), and Ag + i
Siu
(€ € L),and setu := (fin)mem, v := (fe)eer.- We have to prove that X | t;u | = 0. By
v

assumption, Mg, (y) f = 0. Therefore, Y (Z) = 0, where Y is the submatrix of Mp, (y)

with columns indexed by A,, (m € M) and A, (£ € L), and with rows indexed by A,,
(meM), Ay \i(me M), Ay (£ € L),and Ay +i (£ € L). The matrices have block
decompositions:

Am AZ Am Am \ i Al +1
A cC D
Apn \ i E F Am ¢ E H
y="" or g | X=Am\i| E R S
¢ A¢+i \HT &7 T

Ac+i \HT K

Here are some equations relating the above matrices: (a) S = D; (b) H = s;D + t; F;
©C=s;E+4R;(d) T = s;K +t;G. To see this, we use the fact that the (A, B)th
entry of Mp,(y) is obtained by computing the residue modulo / of x4x? and line-
arizing, which means replacing any occurrence of x¢ by yc. In this way, equation:
xAm\ixActl = xAnxAt yields (a). Moreover, x4nxAeti = xAn\ixA¢x2 is congruent
modulo I to xAm\ x4t (s;x; + £;) = s;xAmxAt 4 £;x A\ xA¢ which yields (b). Finally,
for m,m’ € M, xAmxAn = xAm\ixAw\i(s;x; + 1;) and, for €, ¢’ € L, xAtTixAet =
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Siu

xAxAC (sixi + 1), yielding (c) and (d). We can now show that X | t;u | = 0. Indeed,
v

siCu + tiEu + Hv = s5;Cu + t;Eu + (s; D + t; F)v (using (b)) which is equal to

§i(Cu+ Dv)+t;(Eu+ Fv) and thus to 0, using the fact that Y (Z) = 0. The identities:
siEu+t;Ru+ Sv=0and s;H u + t;STu + Tv = 0 follow analogously. O

Lemma 27. Let y € RB™ and B(n) = B as in (21). Assume that Mp(y) = 0 and
rank Mp (y) < Yi_, (}) for some 1 < s < n. Then, the column of Mp(y) indexed by
the set N = {1, ..., n} is a linear combination of the remaining columns.

Proof. By assumption, rank Mp_(y) < |B,|. Therefore, there exists a nonzero vector
u belonging to the kernel of Mp (y); let u(x) = ;. u 1x! be the corresponding
polynomial with degree k < s and let K withug # 0 and | K| = k. Multiplying u(x) by
xN\K yields the polynomial u g x + > IeB, 14K urx! xN\K | whose residue modulo
I belongs to the kernel of Mz (y) (by Lemma 26, applied with n = ¢). The result now
follows since, for each I # K with u; # 0, the residue modulo / of xIxN\K is a linear
combination of monomials x with H € I U (N '\ K) which is strictly contained in N.0O

Proof of Theorem 25. Suppose first that # = 1. Then, rank Mp, (y) = 1 by assumption.
The submatrix of Mp, (¥) indexed by ¥} and i has the form ( ! Vi ) ;asitsrankis 1,

Yi Siyi +ti
this implies that yl.2 = s;y; +t; and thus y; = a; or b;. The submatrix of Mp, () indexed
L yi yj
by @, i, j has the form | yi y,-2 Yij | ; as it has rank 1, this implies that y;; = y;y;.
Yj Yij ¥

Therefore, y = CB) AeB, for some v € § and the conclusion of Theorem 25 holds.

We can now assume that # > 2. Given a subset A € N with |A| = ¢, we deduce
from Lemma 27 (applied (with n = ¢) to the principal submatrix of M, (y) indexed by
all subsets of A) that the column of Mp, (y) indexed by A is a linear combination of col-
umns indexed by sets of size < ¢ — 1. Therefore, Mp, (y) is a flat extension of Mp, , (y).
We can extend y to a vector of RS, again denoted by y, in such a way that M;(y) is a
flat extension of Mp, (y). [Indeed, for o € Sy, let r(x) = ZﬁeB r/f;)c/3 be the residue
of x* modulo I w.r.t. B. As r(x) uses only monomials of degree < 2¢, one can define
Vo 1= ZﬂeBz, rgyg-1As M, (y) is a flat extension of M,_;(y), Theorem 20 implies that
(Ya)aes,, 1s the sequence of moments of a nonnegative measure 1. By construction, each
polynomial A;(x) = xl.z — s;x; — t; belongs to the kernel of M;(y) and, therefore, by
Lemma 7 (i), the support of 1 is contained in the grid S. Say, u = A16,1 +... + Apd,z,
where A1, ..., A > 0andv!, ..., vL are distinct points of S.

Remains to show that L < 2/~! in the case when rank Mp, (y) < t. We have that
Mp, (y) = Z,f:l )nggzeT, setting z, := (1, vf, e vﬁ)T. Let X denote the L x (n + 1)
matrix with le, cee z{ as rows. Each component vf is equal to a; or b; for all €. There-
fore, the Oth column of X is the all ones vector x " (setting W := {1,..., L}), and
the ith column of X is of the form a; Wi b, X WAW: | for some set W; € W. The two
matrices Mp, (y) and X have the same rank, which is also equal to the rank of the set
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of vectors {x ", x"1, ..., x"}; this rank is at most ¢ by assumption. The next claim

permits to conclude that L = |W| < 2! —! which finishes the proof of Theorem 25. O

Claim 28. Let Ay, ..., Ar besubsetsof {1, ... ,n}andlet Y be the L x (n+ 1) matrix
whose rows are (1, (xA)7), ..., (1, (x2)T). If rank ¥ < ¢, then L < 2/~1.

Proof of the Claim. The proof is by induction on n > ¢. Suppose first that n = 7. As
rank Y < n, there exists a nonzero vector u € ker Y. This vector can be chosen to be
integral valued with at leastone of uy, ... , u, odd. Let O denote the setofi = 1,... ,n
for which u; is odd. Then |Ay N O| = ug (modulo 2) forall ¢ = 1, ..., L. This implies
that L < 271, Suppose now that n > ¢ + 1 and that the claim holds for n — 1. Set
Lo ={|n¢A¢tand Ly :={£ | n € Ay}; fori = 0, 1, let ¥; be the submatrix
of Y with rows those indexed by L; and Yl.’ the submatrix of Y; with columns those
indexed by 0, 1, ... ,n — 1. If Ly = ¢, then rank Yl’ = rank Y] < t; by the induction
assumption, this implies that L = |L;| < 2/~'; analogously, if L; = @. If Lo, L1 # 9,
then rank Yy, rank Y7 < ¢ —1, since no row of Yy (resp., of Y1) is a linear combination of
rows of Y| (resp., of Yp). Using the induction assumption, we find that | L], [L2| < 212
and thus L = |L{| 4 |L,| <271 O

In the case when S = {£1}" and s = I, the result from Theorem 25 was proven'

in [15]; the proof given there is elementary (by induction on the number 7 of variables)
and, in particular, it does not use Curto and Fialkow’s result from Theorem 20. In our
proof of Theorem 25, we have used the following fact:

Theorem 29. Let S and hy, ... , h, be as in (24) and (25). Given y € RB2, if M, (y)
is a flat extension of M, | (y), then y is the sequence of moments (of order B € By;) of
a nonnegative measure supported by S.

This result can be proved as an application of Theorem 20. Alternatively, one can pro-
ceed as follows: First, show that y has an extension to RB2+2, again denoted as y, for
which the matrix Mg, (y) is a flat extension of Mp, (y), iterate and apply Theorem 14
to conclude.
The condition about the rank of Mp_(y) in Theorem 25 is best possible. For instance,
% 1 2
0 1 3/4 3/4
inthe0/1case withn = 2ands =t = 1, thematrix Mg, (y) := 1 | 3/4 3/4 3/8
2 \3/4 3/8 3/4
is positive semidefinite withrank 2,buty = (1, 3/4,3/4,3/8) € R52 is not the sequence
of moments of a nonnegative measure supported by S = {0, 1}?. Indeed, the matrix
7 1 2 12

1 3/4 3/4 3/8

9
1 |3/4 3/4 3/8 3/8
2
1

Mp,(y) = is not positive semidefinite, since the vector

3/4 3/8 3/4 3/8
2\3/8 3/8 3/8 3/8

' The paper [15] proves the result in the special case when the entries of y indexed by odd sets are all equal
to 0 (because the paper is devoted to an application to the max-cut problem, in which the odd indexed entries
do not play a role). The proof given there extends, however, to the general case when y is arbitrary.
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x := (=3,2,2) belongs to the kernel of Mp, (y) while (x, 0) does not belong to the
kernel of Mp,(y).

In combinatorial applications, the polynomial in the objective function of problem
(1) is often linear. This is the case, e.g., for the maximum stable set problem, in which
case we are, in fact, interested in finding some conditions on Mp, (y) ensuring that the
vector (y1, ..., y,)T (i.e., the projection of y on the space indexed by the singletons)
can be written as a convex combination of stable sets. [The (A, B)th entry of Mp, (y)
being defined as yqup, as we are in the 0/1 setting.] The following result has this flavor.

Proposition 30. Ler G = (N, E) be a graph with node set N = {1, ... ,n}. Let
y € RBW withyo = 1andy;; = Oforallij € E.IfMp, (y) > Oandrank Mg, (y) <2,
then (y1, ..., yn)! is a convex combination of incidence vectors of stable sets of G.

Proof. We can assume w.l.o.g. that y; > 0 for all i € V (if needed, delete the nodes
with y; = 0). We can also assume that E # @ (for, otherwise, the result is trivial). Let

Co, C1, ..., Cy, denote the columns of Mp, (y). Then,
(a) yi+yj=1and Co = C; + C; forany edge ij € E.
L yiyj
Indeed, the submatrix of Mp, (y) indexed by ¥, i and j has the form | y; ¥; 0 |. As
yi 0

it has rank < 2, its determinant is equal to 0, which implies that y; + y; = 1. Now
the vector (1, —1, —1)T belongs to the kernel of this submatrix and thus to the kernel
of Mp,(y), whch shows (a). Denote by Vi, ..., V, the connected components of G.
By (a), there exists a, € [0, 1] such that y; € {ap,1 — a,} foralli € Vp, for each
p=1,...,q. We claim that

(b) the subgraph of G induced by V), is bipartite.

If (b) holds, then V), can partitioned into two stable sets S, and T}, such that y; = «),
fori € Sy, y; = 1 —a fori € Ty. Say, o1 < ... < a,. Then, the vector (y1, ... , yn)"
is equal to Z(,I,zl otp)(sl’ + 1 - otp)XTP and thus to o x51YYSr + 25;11 (ag+1 —
aq)XTIU'"TqUSq“U”'USP + U —ap)x NV--UTp This concludes the proof since the latter
is a convex combination of incidence vectors of stable sets.

Remains to verify (b). Suppose, for contradiction, that C is an odd circuit contained
in V. Choose such circuit of minimum length; then C is chordless. Moreover, y; = %
foralli € V), (using (a) applied to the edgesin C). Say,C = (1,2, ..., 2k+1). We have
from (a) that Co = C; 4+ Cjy1 fori =1, ..., 2k + 1 (taking indices modulo 2k + 1).
It is not difficult to see that this implies that y;; is equal to % (resp., to 0) if the distance
between nodes i and j along the circuit C is even (resp., odd). Therefore, y| x+2 = y2.k+2
since the two pairs (1, kK 4+ 2) and (2, k 4 2) are at the same distance along C. We now
reach a contradiction, since Co = C + C; implies that % = Yk+2 = Y1.k+2 + Y2.k42. O

Therefore, if we add the condition that rank Mg, (y) < 2 in the formulation (5) of the
theta number ¥ (G), we obtain a program which is, in fact, equivalent to the maximum
stable set problem. Another formulation for ¥ (G) is given by

n n
P(G)=max Y Xj; st.X >0, > Xy=1, X;j =0(j € E).
i,j=1 i=1
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Burer, Monteiro and Zhang [4] proved that adding the constraint rank(X) < 2 in the
above program yields again a formulation of the stable set problem. Thus, Proposition
30 is an analogue of their result.
Let us conclude with a question related to the max-cut problem. Given weights
w = (Wjj)1<i<j<n, this is the problem: max Z w;j (1 — x;x;). Therefore,
xf:l,...,x%:l l<i<j<n
it can be reformulated as

max Z wij (1 —y;;) s.t. Mp(y) = 0, yo =1,

I<i<j<n

where Mpi(y) is the combinatorial moment matrix indexed by all subsets of {1, ... , n},
with (A, B)th entry yaap. (See [15] for a detailed treatment.) Heuristics for max-cut
based on low rank formulations are explored in [3]. It would be of interest to determine
the smallest integer ¢ for which the semidefinite relaxation:

max Z wi; (1 —yi;) st. Mp,(y) =0, yo=1

l<i<j<n

solves the max-cut problem exactly, for any weight function w. (Mp, (y) being the trun-
cation of Mpz(y) indexed by all subsets of size at most ¢.) It is shown in [16] that t > (%]
and equality is conjectured (it holds for n < 7). In other words, it is conjectured that,
fort =157,

Mp,(y) =0, yo =1 = (yij)1<i<j<n i a convex combination of the

‘cut’ vectors (v;vj)1<i<j<n (v € {£1}").

5. Concluding Remarks

In this paper, we have given a semidefinite representation for the problem (1) of com-
puting the minimum value p* taken by a polynomial over the set of real solutions to a
system of polynomial equations and inequalities, assuming the equations have a finite set
V of complex solutions. Our semidefinite representation involves combinatorial moment
matrices Mg (y), which are indexed by a basis B of the quotient space R[xy, ... , x,]/1.
We also show the finite convergence of the hierarchy (15) of semidefinite relaxations
introduced by Lasserre [11] and, in the case when the polynomial equations form a
Groebner basis of I, the finite convergence of the dual hierarchy (16). The matrices
Mpg(y) involved in the new semidefinite representation have size |B| which is usually
much smaller than the size |S;| of the classical moment matrices M;(y) appearing in the
program (15) for any # ensuring the finite convergence. In the non-radical case, | B| > |V|.
In order to give a semidefinite representation involving matrices of smaller size |V, it
suffices to replace the ideal I by the larger ideal I(V), consisting of the polynomials
vanishing at all points of V. One can find 7 (V) by some Groebner bases computations
(see, e.g., Proposition 2.7 in [6]). A more efficient alternative might be to use the fact
that 7(V) is the radical {f € R[xy,...,x,] | hern(f, g) = 0Vg € Rlxy, ..., x,]} of
the Hermite’s form H ery,, where & is the constant polynomial 1 (see [2], Theorem 4.71).
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We also consider in this paper semidefinite approximations for problem (1) obtained
by taking truncated combinatorial moment matrices and we have given rank conditions
ensuring that the relaxation solves the original problem to optimality. A concrete applica-
tion of the technique developed in the present paper to unconstrained global optimization
can be found in the recent paper [9].

The new semidefinite representation for problem (1) in terms of combinatorial mo-
ment matrices can be proved using a result of Curto and Fialkow (Theorem 9) about
finite rank (infinite) moment matrices. In the radical case, it can also be proved using a
combinatorial identity expressing a combinatorial moment matrix in terms of the Zeta
matrix of the ideal (see Lemma 17); this is a direct extension of an idea used in the 0/1
or 1 cases. As mentioned in the Comment in Section 2.2, an analogous combinatorial
identity underlies the new proof given in [17] for Theorem 9. Hence, in some sense, the
non-radical case reduces to the radical case. Let us say a few words about the ‘history’
of the present paper. An earlier version of the paper (posted on the home webpage of the
author in December 2002) was dealing exclusively with the radical case, as the proofs
were based on the combinatorial facts about the Zeta matrix which need the radicality
assumption. We realized later that this idea could also be used for proving Theorem 9,
which led to the paper [17], and that Theorem 9 could be used in the non-radical case,
which led to the present version of this paper.
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