Math. Program., Ser. B (2007) 109:239-261
DOI 10.1007/s10107-006-0030-3

FULL LENGTH PAPER

Strengthened semidefinite programming
bounds for codes

Monique Laurent

Received: 28 January 2005 / Accepted: 27 September 2005 /
Published online: 21 October 2006
© Springer-Verlag 2006

Abstract We give a hierarchy of semidefinite upper bounds for the maximum
size A(n,d) of a binary code of word length » and minimum distance at least d.
At any fixed stage in the hierarchy, the bound can be computed (to an arbitrary
precision) in time polynomial in #; this is based on a result of de Klerk et al.
(Math Program, 2006) about the regular #-representation for matrix x-algebras.
The Delsarte bound for A(n, d) is the first bound in the hierarchy, and the new
bound of Schrijver (IEEE Trans. Inform. Theory 51:2859-2866, 2005) is located
between the first and second bounds in the hierarchy. While computing the sec-
ond bound involves a semidefinite program with O(n”) variables and thus seems
out of reach for interesting values of n, Schrijver’s bound can be computed via
a semidefinite program of size O(n3), a result which uses the explicit block-
diagonalization of the Terwilliger algebra. We propose two strengthenings of
Schrijver’s bound with the same computational complexity.
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1 Introduction

We consider the problem of computing the parameter A(n,d), defined as the
maximum size of a binary code of word length » and minimum distance at
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240 M. Laurent

least d. With P denoting the collection of all subsets of {1, . . ., n}, we can identify
code words in {0, 1}" with their supports; so a code C is a subset of P and the
Hamming distance of 1,J € P is equal to [I[AJ|. The minimum distance of a
code C is the minimum Hamming distance of distinct elements of C. If we
define the graph G(n,d) with node set P, two nodes I,J € P being adjacent if
[IAJ| € {1,...,d — 1}, then a code with minimum distance d corresponds to a
stable set in the graph G(n, d). Therefore, the parameter A(n,d) is equal to the
stability number of the graph G(n, d), i.e., the maximum cardinality of a stable
setin G(n,d).

Schrijver [13] introduced recently an upper bound for A(n,d) which
refines the classical bound of Delsarte [3]. While Delsarte bound is based
on diagonalizing the (commutative) Bose—-Mesner algebra of the Hamming
scheme and can be computed via linear programming, Schrijver’s bound is
based on block-diagonalizing the (non-commutative) Terwilliger algebra of the
Hamming scheme and can be computed via semidefinite programming. In both
cases the bounds can be formulated as the optimum of a (linear or semidefinite)
program of size polynomial in 7 (size O(n) for Delsarte bound and size O (%)
for Schrijver’s bound).

Finding tight upper bounds for the stability number «(G) ofagraph G = (V, €)
has been the subject of extensive research. Lovész [9] introduced the theta
number ¥ (G), which can be computed, e.g., via the semidefinite program:

?(G) := max ZieV Xii st. X = (Xij)i,jevu{()} >0, Xpo=1,

M
Xoi = Xii (i € V), Xij =0 (l] (S] 5)

The theta number can be computed (with arbitrary precision) in time polyno-
mial in the number of nodes of the graph. Moreover, 9 (G) = «(G) when G is
a perfect graph (see [5]). Schrijver [12] introduced the strenghtening ©'(G) of
¥#(G) obtained by adding the nonnegativity constraint X > 0 to the program (1)
and proved that ¥'(G(n, d)) coincides with Delsarte bound.

Various methods have been proposed in the literature for constructing tighter
semidefinite upper bounds for the stability number of a graph, in particular, by
Lovasz and Schrijver [10] and more recently by Lasserre [6,7]. In both cases
a hierarchy of upper bounds for «(G) is obtained with the property that the
bound reached at the «(G)-th iteration coincides in fact with «(G). It turns out
that Lasserre’s hierarchy refines the hierarchy of Lovasz and Schrijver (see [8]).

For k > 1, denote by 20 (G) the bound in Lasserre’s hierarchy at the kth iter-
ation; see Sect. 3.1 for the precise definition. It is known (and easy to see) that,
for fixed k, one can compute (with arbitrary precision) the parameter £%)(G) in
time polynomial in the number of nodes of the graph G. However, for the coding
problem, the graph G(n, d) has 2" nodes and such complexity is prohibitive for
large n. A first contribution of this paper (see Sect. 3.2) is to show that, for fixed k,
the bound ¢ (G(n, d)) can be computed (with arbitrary precision) in time poly-
nomial in #. This result is based on a result of de Klerk et al. [2], recalled in
Sect. 2.1, about reducing the size of invariant semidefinite programs using the
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Strengthened semidefinite programming bounds for codes 241

regular x-representation for the algebra of invariant matrices under action of a
group.

The first bound ¢ (G) in the hierarchy is equal to the theta number 9 (G);
its strengthening obtained by adding nonnegativity is equal to ©#'(G) which, for
the graph G = G(n, d), coincides with the bound of Delsarte for the parameter
A(n,d). Tt turns out that the bound of Schrijver [13] for A(n,d) lies between
Ksrl) (G) and Ef) (G), the strengthenings of £ (G) and £® (G) obtained by adding
certain bounds on the variables. While Schrijver’s bound can be computed via
a semidefinite program of size O(n>) and thus computed in practice for reason-
able values of n, a practical computation of Ef) (G(n,d)) seems out of reach for
interesting values of n since one would have to solve a semidefinite program
with O(n”) variables.

In Sect. 3.3, we introduce two bounds ¢ (G(n,d)) and £ (G(n, d)) satisfying

2 G(n,d)) < £4 (G, d)) < £4(Gn,d)) < £ (G, d));

they are at least as good as Schrijver’s bound, and their computation still relies
on solving a semidefinite program of size O(n?). This complexity result follows
from the fact that the new bounds, analogously to Schrijver’s bound, require
the positive semidefiniteness of certain matrices lying in the Terwilliger alge-
bra (or a variation of it) whose dimension is O(n®) and for which the explicit
block-diagonalization has been given by Schrijver [13].

Some notation We group here some notation that will be used throughout the
paper. We set V := {1,...,n} and P := P(V) denotes the collection of all
subsets of the set V. For a finite set V and an integer k > 1, we set

PeW):={I S V||| <k}and P (V) :={I SV | lI| = k}.

We let Sym(V) denote the set of all permutations of the set V and we set
Sym(n) := Sym(V) when |V| = n. The letter G will be used to denote a graph,
with node set V and edge set £, while the letter G will be used to denote a group
(e.g., of automorphisms of G).

2 Algebraic preliminaries

2.1 Preliminaries on invariant matrices

Let G be a finite group acting on a finite set X’; that is, we have a homomorphism
h: G — Sym(X), where Sym(X) is the group of permutations of X. Foro € G,
h(o) is a permutation of X and M,; is the associated X x A’ permutation matrix

with

|1 ifhe)x) =y,
Modxy =10 otherwise.
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242 M. Laurent

The set:

Azz[ZAUMU |AUER(GEG)]

oeG

is a matrix x-algebra; that is, A is closed under addition, scalar and matrix
multiplication, and conjugation.

Any o € G acts on matrices indexed by the set . Namely, for a & x &
matrix N and o € G, set

o (N) == (No@),0(5))xyex-

The matrix N is said to be invariant under the action of G if o (N) = N for all
o € G. Then the commutant algebra A of the algebra A, defined by

A9 = [N e CY*Y | NM = MN VM € A},

consists precisely of the X' x X matrices N that are invariant under the action
of G; AC is again a matrix %-algebra.

The orbit of (x,y) € XYx& under the action of G is the set {(o (x),0(y)) | 0 € G}.
Let Oy,...,On denote the orbits of the set X x X under the action of the group
Gand, fori=1,...,N,let D; be the X x X matrix:

= |1 if(x,y) e O;
(Dixy = [0 otherwise. 2)
Then, Dy,. o ,Dy form a basis of the commutant A° (as vector space) and
Dy +---+ Dy =J (the all-ones matrix). We normalize the D; to
D:
Dl' = ~—l~ (3)
<Dl7 Dl)

for i = 1,...,N. (For two N x N matrices A,B, (A,B) = Tr(ATB) =
ZzzlAi]-Bij.) Then, (D;,D;) = 1if i = j and 0 otherwise. The multiplication
parameters yi’fj are defined by

N
DiD; =Y y\Dy 4)
k=1

foralli,j=1,...,N. Define the N x N matrices L{,...,Ly by
(Lij=vj; forkij=1,...N. (5)

De Klerk et al. [2] show:
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Theorem 1 The mapping Dy +— Ly is a x-isomorphism, known as the regular
s-representation of AC. In particular, given real scalars x1, . . ., xy,

N N
Zx,'Di >0 <— inLi = 0. (6)
i=1 i=1

This result has important algorithmic applications, as it permits to give more
compact formulations for invariant semidefinite programs. Consider a semi-
definite program:

min (C,Y) st. (A, Y) <b, (¢ =1,....m), Y >0 (7)

in the X x X’ matrix variable Y. Assume that the program (7) is invariant under
action of the group Gj that is, C is invariant under action of G and, for every
matrix Y feasible for (7) and o € G, the matrix o (Y) is again feasible for Y. (This
holds, e.g., if the class of constraints is invariant under action of G, i.e., if for each
tefl,...,m}and o € G, thereexists ¢ € {1,...,m} such that 0 (Ay) = Ay and
be = by.) Then, if Y is feasible for (7) then the matrix Yy := Ilﬁ\ > seco(Y)too
is feasible for (7), with the same objective value as Y. Therefore, in (7), one can
assume without loss of generality that Y is invariant under action of Gj that is,
YisoftheformY = Zfi 1XxiD;withxy,...,xy € R. Then the objective function
reads (C,Y) = Zfi 1 cix;, after setting C = Zf\; 1 ¢iDj, and the constraints in (7)
become linear constraints in x. As a direct application of Theorem 1, we find:

Corollary 1 Consider the program (7) in the X x X matrix variable Y. If
(7) is invariant under the action of the group G, then it can be equivalently
reformulated as

N N
min Zcixi s.t. a}x <b,(£=1,...,m), inLi > 0. (8)
i=1 i=1

The program (8) involves N x N matrices and N variables. Here, N is the dimen-
sion of the algebra A (the set of X x X invariant matrices under the action of
the group G), typically much smaller than | X|.

To use computationally this result, one needs to know explicitly the matrices
Lq,...,Ly,which involves computing the cardinality of the orbits of X x X and
the multiplication parameters yl.{;. in (4). De Klerk et al. [2] apply this technique
for computing tighter bounds for the crossing number of a complete bipartite
graph. We apply it in Sect. 3.2 for reducing the size of the semidefinite programs
permitting to compute the hierarchy of semidefinite bounds for the parameter
An,d).

Example 1 Let X := P,the collection of all subsetsof theset V = {1,...,n},and
G := Sym(V), the group of permutations of V. Each = € G induces a permu-
tation of X, again denoted by x, by letting 7 (/) := {z (i) | i € [} for [ € P. Two
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pairs (I,J),’',J") (I,J,I',J" € P) lie in the same orbit [i.e., I' = n(I),J = 7 (J)
forsome 7= € G]ifandonlyif |I| = |I'|,|J| = |/'| and |INJ| = |I'NJ’|. Therefore,
the commutant algebra A is generated by the matrices M’ ¢ i (i,j,t € Z1), where

, Ui =il =10 =1,
(M,',j)l,J = (9)

0 otherwise

for I,] € P; A® =: A, is known as the Terwilliger algebra of the Hamming
scheme [15].

Example 2 Consider again the set X' := P, but now the group is G := Aut(P),
the automorphism group of P. The group G consists of the permutations o €
Sym(P) preserving the symmetric difference, i.e., for which |o (I) Ao (J)| = |[AJ|
for all 7,J € P. Thus,

G={nspa|ACV,m eSym(V)} (10)

where, for a set A € V, s4 is the permutation of P mapping any / € P to
sa(l) .= AAI; we have |G| = 2"n!. Two pairs (I,J),",J") (I,J,I',J" € P) lie
in the same orbit [i.e., I’ = o (), ' = o(J) for some o € G] if and only if
[IAJ| = |I' AJ'|. Therefore, the algebra AC s generated by the matrices My
(k=0,1,...,n) where

1 if |[IAT] =k,
M)y = (11)

0 otherwise

for I,J € P; A9 =: B, is known as the Bose—Mesner algebra of the Hamming
scheme. The Bose—Mesner algebra is a subalgebra of the Terwilliger algebra, as

Mi=3" Ml.(”fjfk)/z fork=0,1,....n.

In fact, it is known from invariant theory and Cx-algebra theory that the
algebra A% can be block-diagonalized. Therefore, there exists a semidefinite
program equivalent to the invariant program (7), where the matrix Y is replaced
by a block-diagonal matrix with possibly repeated blocks; see, e.g., Gaterman
and Parrilo [4]. Such program is typically more compact than the program (8).
However, finding explicitly the block-diagonalization is a nontrivial task in gen-
eral. An advantage of the above mentioned reduction method, based on the
regular x-representation, is that it involves the matrices L; which are explic-
itly defined in terms of the matrices D; generating the algebra. Nevertheless,
Schrijver [13] was able to determine explicitly the block-diagonalization for the
Terwilliger algebra; we recall this result in the next section as we will need it for
the computation of our stronger bounds for the coding problem.
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2.2 Block-diagonalization of the Terwilliger algebra

While the Bose-Mesner algebra 3, is a commutative algebra and thus can be
diagonalized (see [3]), the Terwilliger algebra A, is a non-commutative alge-
bra. Its dimension is dim A,, = ("§3), which is the number of triples (i, }, ) for
which Mf’]. # 0. As A, is a matrix x-algebra containing the identity, it can be
block-diagonalized, which means the following: There exists a unitary P x P
complex matrix U (i.e., U*U = I) and positive integers m and pg, qo, - - - » P> qm
such that the set U*A,U := {U*MU | M € A,} is equal to the collection of

block-diagonal matrices

C 0. 0
0 C;. 0
oo |
0 0 Cm
where each Cy (k = 0,1,...,m) is a block-diagonal matrix with g, identical
blocks By of order py:
By 0... 0
0 Bp... 0
Ce=1| . .. ;
: oo 0
0 0.. B

thus 2" = >/ piqi and > p7 = dim A, = (";3) By deleting copies of
identical blocks, it follows that A4, is isomorphic to the algebra

By 0 ... 0
" 0Bi...0
Perer =11 . | By € CPPrfork =0,1,...,m¢. (12)
par D0

0 0 ...By

An important fact for our purpose is that this isomorphism preserves positive
semidefiniteness. The existence of a unitary matrix U with the above properties
is standard Cx-algebra theory (see, e.g., [14]). Schrijver [13] has constructed
explicitly this matrix U and the image of a matrix M € A, in the algebra (12).
We recall some facts from [13] needed for our treatment; we refer to [13] for
details and proofs.

It turns out that U is real valued, m = |5 | and,fork = 0,1,..., |5 |, the block
By has order py = n — 2k + 1 and multiplicity ¢, = (;) — (,”,)- In particular,
the block By has order n + 1 and multilplicity 1. We now describe explicitly the
matrix U. For this, for k = 1,...,|5], define

Li:={beR” | M7, b=0 andb; = 0if |I| # k).
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246 M. Laurent

Let By be a basis of L. Then [By| = () — (," ;) and >_;.p by = 0for b € L. Set
= {bo} where by := (1,0,...,00T e RP (the nonzero entry being indexed by
# € P) and define
. n .
Q:= {(k,b,z) lkelo,..., LEJ},b eBriclkk+1,....n— k)

Then |Q| = 2" = |P|. For (k,i,b) € Q, define the vector

n—2k\"
Ukib = ( i—k) Mib eRP.

D=

Finally define U as the P x Q matrix whose columns are the vectors uy ;p for
(k,i,b) € Q. The following is shown in [13].

Proposition 1 [13] The matrix U is orthogonal, i.e., UTU = I. Moreover, for
a matrix M = Z”t Ox’ M‘ e A, (with xﬁ,j € R), the matrix UTMU is a
block-diagonal matrix determmed by the partition of Q into the classes Qyp =
{(k,i,b) | Kk <i < n—k} (for k = 0,...,L§J, b € By). For a given integer
k=0,..., L%J, the blocks corresponding to the classes Qyp, (for b € By) are all
identical to the following matrix:

1 1 n—k
n—2k\"2(n-2k\" 2
Bi(x) == (Z ( Ck ) (j— L ) ﬂit,j,kxﬁ,j) , (13)
t ij=k

after setting

n—2k n—k—u\(fn—k—u
1)U 14
a2 ()G () ()
u=0

fori,j,k,t €{0,...,n}). As A, is isomorphic to the algebra (12), we have:

Zx” 20 = Bi(x) =0 fork= 0,1,...,[’;]. (15)
ij,t=0

The above property (15) is the key tool used in [13] and in the present
paper, which allows reducing semidefinite programs involving matrices in the

Terwilliger algebra to semidefinite programs of size O(n°).
We will deal in this paper with matrices of the form

- T i
M:(f ?\4) where M = ZxM;], deR, c=> cx™=". (16)
i,j,t=0 i=
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Recall that P_;(V) = {I € V | |I| = i} and xP=(") € {0,1}F whose Ith entry is
lif and only if I € P_;(V).

Lemma 1 The matrix M from (16) is positive semidefinite if and only if B (x) = 0
fork=1,...,15], and

] ;T 7\’
By (x) = (? ICBO(x)) >0, wherec = (Ci(’;)z)._o'

Proof Setting

we have:
T
T [d c'U
v MU_(UTC UTMU)'

It suffices now to verify that (cTU)k,,-,b = cTuk’i,b = 0 for (k,i,b) € Q with

1
k > 1, and that (c"U)g,p, = ci (")? for i = 0,...,n. This is direct verification
using the above definitions; details are omitted. Hence, UTMU is block-diago-
nal, with blocks Bg(x) (with multiplicity 1) and By (x) (with multiplicity gy ) for
k=1,...,[5]. The lemma now follows. O

3 Semidefinite programming bounds for the stability number of a graph
3.1 Lasserre’s construction

Let G = (V, &) be a graph. A stable set in G is a set S C V containing no edge
and the stability number a(G) of G is the maximum cardinality of a stable set
in G. Recall P(V) = {I € V | |I| < k} for an integer k. Given a stable set S in
G, define x = (x))7ep, vy € {0,117V and y = (y))repy vy € {0, 1}7%V) with
x; =1 (resp., yy = 1) ifand only if I C S, for I € Pr(V) (resp., for I € P (V)).
Then y and the matrix Y := xx” satisfy:

Y =0 17)

Y1y =y (forI,J € Pr(V)) (18)

Y7 =y =0 it I UJ contains an edge (for I,J € Pr(V)) (19)
Yog=yp=1 (20)

0<y;<yyifJ I (for I,J € Py (V)). (21)
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We refer to (19) as the edge condition and to (18) as the moment condition.
A matrix Y satisfying (18) is known as a moment matrix and is denoted as
Y = Mi(y) (see [6-8]). Under the assumption (17), the edge condition (19)
is, in fact, equivalent to y; = 0 (for ij € £). (Here and below, we set y;; :=
YiiL)s Yi = Yy, etc.) Under (17), relation (21) holds for I € Py (V); indeed,
the principal submatrix of My (y) indexed by {I,J} has the form (yl yl) whose
positive semidefiniteness implies 0 < y; < y;. On the other hand, M{(y) = 0
implies |y;| < max(y;,y;); indeed the principal submatrix of Mq(y) indexed
by {{i}, {j}} has the form (” y"f) whose positive semidefiniteness implies yi <

yiyj < max(yl ,y]) Similarly, M>(y) > O implies that |y;j| is at most the largest

two values among yj;, yik, yjk; indeed the principal submatrix of M>(y) indexed
ij Yijk Yijk

by the set {{i,j}, {i, k}, {j, k}} has the form (y,,k Yik y,]k> whose positive semidefi-

Yijk Yijk Yjk
niteness implies yl.jk < min(yiYik, Yijyjks YikYjk) < yik, yjzk assuming, say, that
Yij = Yik = Yijk-
Consider the semidefinite program:

¢ (G) := max Z vi st. M) =0, yp=1, y;j=0(jeé). (22)
1%

Then, a(G) < £%(G), with equality if &k > «(G) ([7.8]). Define eﬁ‘)(g) as the
parameter obtained by adding to (22) the constraints (21); thus,

a(@) < PG <™ @).

For k = 1, £D(G) = 9(G), the Lovdsz’ theta number, and the stronger bound
obtained by adding nonnegativity to (22) is ©#'(G), the strengthening of ¥ (G)
introduced by McEliece et al. [11] and Schrijver [12]. The bound ¢ (G) is at
least as good as the parameter obtained by optimizing over N (TH(G)), the
convex relaxation of the stable set polytope of G obtained by applying the
Lovasz-Schrijver N;-operator to the theta body TH(G) ([8]; or see (26)). For
k = 2, the program (22) has size O(|V|*). We now formulate a bound £(G),
which is weaker than ¢@ (G), but still at least as good as the bound obtained
from N4 (TH(G)), although its computation is more economical since it can be
expressed via a semidefinite program of size O(|V}3).

Namely, for each r € V, consider the principal submatrix Y,(y) of M2(y)
indexed by the set

P2(Vir) =PV U{{r,i} [ i€V}

thus the matrices Y;(y) involve only variables y; for I € P3(V). Define

£(G) = max ZYi st.yg=1, yj=03@G €&, Y.(0)=0@re)V) (23)
eV
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and £4(G) as the parameter obtained by adding to (23) the constraints: 0 <
yijk < yjj for distinct i,j, k € V (coming from (21)). Obviously,

(2©G) < @G < VG

analogously for the ¢, parameters. We will see in Sect. 3.3 that, for the graph
G = G(n,d), the matrices involved in (23) lie in (a variation of) the Terwilliger
algebra, which allows reformulating the parameters £(G(n,d)), £+(G(n,d)) via
semidefinite programs of size O(n%).

From the moment condition (18), the matrix Y,(y) has the block structure:

1 a" bf
Y\)=[a A B,], (24)
b, B, B
where A = (yi)ijev, Br = (V(ijr))ijey are symmetric V x V) matrices, and

a:= (yd)iey, br := (yir)icy- As b, coincides with the r-th column of A and of B,,
by applying some column/row manipulation to Y,(y), one deduces that

Y,0) = 0= B, >0 and C, = (.7 al=by) g (25)
)= r= ~\a-b, A-B,)="

which permits to reduce the size of the matrices involved in program (23).
Setting

TH(G) = {x e RP1O) | 3y e RP2V) s.t. My (y) = 0, y;; = 0 (ij € £),
xr=yr (I € P1(V))},

N{(TH(@G) = {x eRY [ Iy e RPV st. M1(p) =0, yy =1, xi = yi i € V),
Oroier,v)> 01 — yiopPiep, vy € TH(G)}

one can verify that
L(G) < max X;. (26)
xeN(TH@)

To see it, let y be feasible for (23); then x := (y));cy € N+ (TH(G)). Indeed, the
vector (yui))rep,(v) is equal to the first column of the principal submatrix of
Y, (y) indexed by {r} U {{r,i} | i € V}, and (y; — y1uyr)1ep, (v) is the first column
of the matrix C, in (25).

3.2 The semidefinite programming bounds ¢X)(G) for the coding problem

Let G be a group of automorphisms of the graph G = (V, £); thatis, G € Sym(V)
and each o € G preserves edges, i.e.,ij € £ = o (i)o (j) € £. Then G acts on the
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set Pr(V) indexing matrices in the program (22), by letting o (1) = {o (i) | i € I}
foro € G, I € Pr(V).

Lemma 2 Let G be a group of automorphisms of G. Then the program (22) is
invariant under the action of G.

Proof Set Y = My(y). The objective function is of the form > ;. yi = > ey
Y;; = (C,Y), where C is invariant under action of G, since the set {({i}, {i}) |
i € V} is a union of orbits of Pr(V) x Pr(V) (in fact, a single orbit if G is ver-
tex-transitive). The constraint yy = Yy = 1is of the form (4, Y) = 1 where A
is invariant, since the set {(#, ?)} is an orbit. The class of edge constraints (19) is
invariant under action of G: If /UJ contains an edge ijand o € G, theno (I)Uao (J)

contains the edge o (i)o (j) and thus the equation: ys (o) = Yooyy = 01is
again an edge constraint. Similarly, the class of moment constraints (18) is also
invariant under action of G. O

By Corollary 1, the parameter £%)(G) can therefore be formulated as the
optimum of a semidefinite program in N variables involving N x N matrices,
where N is the number of orbits of the set Pr (V) x Pr(V) under the action of the
group G. We now apply this technique to the graph G = G(n, d) and to the group
G = Aut(P), the group of automorphisms of P (introduced in (10)). Recall that
G(n,d) has node set P, the collection of subsets of {1,...,n}, with an edge (1,J)
if |IAJ] € {1,...,d — 1} for I,J € P. Thus G also acts on the set Pr(P) = {A C
P | |A| < k}, indexing the matrix variable in program (22). We show:

Theorem 2 For any fixed k, one can compute (to an arbitrary precision) the
parameter £ (G(n,d)) from (22) in time polynomial in n. The same holds for

the parameter ng) (G) obtained by adding the constraints (21) to (22).

Proof Let k be fixed and let Ny denote the number of orbits of the set Py (P) x
‘Pr(P) under the action of the group G. As mentioned above, the parameter
2% (G(n,d)) can be expressed via a semidefinite program of the form (8), involv-
ing Ny x Nj matrices and Ny variables. Hence, to show Theorem 2, it suffices
to verify that Ny is bounded by a polynomial in n and that the new program
equivalent to (22) can be constructed in time polynomial in #.

To begin with, it is useful to have a way to identify the orbits of the set
Pr(P) x Pr(P).

Consider (A, B) € Pr(P) x Pr(P) withr := | A| and s := |B|. If r = s = O then
A = B =, the empty subset of P, and the orbit of (¥, ¥) just consists of the pair
(#,9). We can now assume that r +s > 1. Let A = (Ay,...,A,) be an ordering
of the elements of A; similarly, B = (Bq,...,B) is an ordering of the elements
of B. Then one can define the (r+s) x n incidence tableau of (A, B), whose rows
are the incidence vectors x41,..., x4r, xB1,. .. xBs (in that order) of the sets
Aq,...,Ar, Bq,...,Bs. Define the function P iB {0,1}" x {0,1} — Z, where,
for (u,v) € {0,1}" x {0,1}, ¢ ﬁ,é(u’ v) is the multiplicity of (u,v) as a column of
the incidence tableau of (Jl, é). Thus ¢ A8 belongs to the set &, consisting
of the functions ¢ : {0,1}" x {0,1}) — {0,1,...,n} satisfying: Zue{o’l}r’ve{o,l}s
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¢(u,v) =nand, foralli #je {1,...,r} (resp.,i #j € {1,...,s}), there exists
(u,v) € {0,1}" x {0,1}* for which ¢ (u,v) > 1 and u; # u; (resp., v; # vj).

Let A’ (resp., B ) be another ordered sequence of r (resp., of s) distinct ele-
ments of P and let ¢ = ¢,Zl,l§’ ¢ = Pa B Then, A’ = (6(A1),...,0(A,)) and

B = (0(B1),...,0(By)) forsome o € Gifandonlyif ¢ (u,v) +¢p(1—u,1—v) =
¢ (u,v)+¢'(1—u,1—v)forall (u,v) € {0,1}" x {0,1}*. (Here, 1 := (1,...,1) de-
notes the all-ones vector of the suitable size.) Moreover, A" = (Ay 1), - - ., Aa(r)
and B = (Bg(1), - - -»Bp(s)) for some permutations o € Sym(r), B € Sym(s)
if and only if ¢'(u,v) = ¢(a(w),B(v)) for all (u,v) € {0,1}" x {0,1}%, setting
o () := (Ug(1ys - - > Ua(r)s BOV) i= (Vg(1), - - -, VA(s))- For twoelements ¢, ¢’ € @,
write ¢ ~ ¢’ if there exist @ € Sym(r), B € Sym(s) for which

¢, v) +¢'A—u,1-v) =), )+ (1 —a),1- (1))
for all (u,v) € {0,1}" x {0,1}*.

This defines an equivalence relation on &, .

We can now characterize orbits in the following way: Two pairs (A4, B) and
(A, B') belong to the same orbit of Py (P) x Pr(P) under action of G if and
only if |A| = |A'| = r, |B] = |B/| = s and YiE ™~ ¢i 5 for some respective
orderings ;t, B, .Zl’, B of A, B, A’, B'. Thus each orbit of Py (P) x Pr(P) corre-
sponds to an equivalence class of Up<, <k P . Hence the number Ny of orbits

of Pr(P) x Pr(P)is at most 1 + D o<rs<k (1 + 1)2”571_1, giving:

rts>1
Ne < 0>, (27)

We now verify that the matrices L; (i = 1,..., Ny) (as defined in (5)) can be
constructed in time polynomial in 7.

For this one first needs to be able to compute in time polynomial in # the car-
dinality of the orbits of Py (P) x Px(P). Given¢p € &, (0 <r,s < k,r+s>1),
one has to count the number Ly, of pairs (A,B) € P_.(P) x P—;(P) for
which ¢ AB ™ ¢o for some orderings ,Zl, B of A, B. Given ¢ ~ ¢y, there
are Ly = n!/ H“Eﬁ}};s’ ¢ (u,v)! pairs (,Zl, é) for which ¢ A8 = ¢o. Therefore,
Lg, = % 2 ¢~ Lo» Which can be computed in time polynomial in 7 since one
can enumerate the equivalence class of ¢¢ in time polynomial in 7.

Next we verify tkhat one can compute in time polynomial in n the multiplica-

tion parameters y;; from (4), used for defining the matrices L; in (5). For this,

given (A, B) € P—,(P) x P=;(P) with respective orderings .Zl, l§, given an integer
0 <t <k, and given ¢p € ®,;, Yo € Py, one has to count the number Ly, y,
of elements C € P—;(P) for which ¢ ¢~ %o and vEé ~ Yo for some ordering c
of C.Set& := PiB Given ¢ ~ ¢p and  ~ o, we first count the number £4 y of
ordered sequences C of ¢ elements of P for which Yié= ¢ and PEé = . For
this let x(u, v, w) denote the multiplicity of («, v, w) € {0,1}" x {0,1}° x {0,1}" as
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column of the incidence tableau of (fi, B , 19 ). The first r+srows of the tableau are
given and one needs to determine its last  rows. Then, x(u,v,w) € {0,1,...,n}
satisfy the system

> x(u,v,w) =¢w,w) Vue{0,1}),we{0,1})

ve{0,1}%

> xu,v,w)=vy(v,w) Vve{0,1},we{0,1} (28)
uef{0,1}7

> x(u,v,w) =Ew,v)  Vue{0,1},v e {0,1}*.
wel{0,1}¢

As the system (28) has polynomially many variables and equations, its set S
of solutions can be found by complete enumeration and |S| < (n + 1)2””[.

| .
Therefore, £,y = > vcs D ueio.1) ve(o.1p %, the number of possible

ways to assign the vectors w € {0,1} as columns of the lower ¢ x n part of the
tableau. Now, Ly, y, = % > s~¢p Ly can be computed in time polynomial in n
’ Y~

since one can enumerate the equivalence classes of ¢y and .

Remains only to construct the linear constraints corresponding to the mo-
ment constraints (18) and the edge constraints (19). Label the orbits of the set
Pi(P) x Pr(P) as Oy,...,0Op, and determine a pair (A;, B;) belonging to each
orbit O;. Then the moment constraints read: x; = x; if A; U B; = o(A; U B))
for some o € G (which can be tested in time polynomial in #), and the edge
constraints read: x; = 0if .4; UB; contains a pair (/,J) with [IAJ| € {1,...,d—1}.

The bounds (21) become: x; > 0 (i = 1,...,Ny) and x; < x; if 4;UB; 2
o (A;j U B)) for some o € G (which can be tested in time polynomial in n).

Therefore, the parameter 25 (G(n,d)) (or ES{‘) (G(n,d))) can be computed as
the optimum value of a semidefinite program of the form (8) involving Ny x N
matrices, with N variables and O(N,%) linear constraints. As N = O(nzz’H*l ),
it can be computed in time polynomial in # (to any precision), which concludes
the proof of Theorem 2. O

The result from Theorem 2 is mainly of theoretical value for k > 2. Indeed,
for k = 2, Ny = O(n’) and thus the semidefinite program defining £ (G(n, d))
is already too large to be solved in practice for interesting values of n by the
currently available software for semidefinite programming.

3.3 Refining Schrijver’s bound

We begin with observing that, when a graph G has a vertex-transitive group G
of automorphisms then, in the program (23), it suffices to require the condition
Y,(y) > 0 for one choice of r € V.

Lemma 3 Let G be a group of automorphisms of the graph G = (V,E). The
program (23) is invariant under action of G. If G is vertex-transitive then, in (23),
it suffices to require the constraint Y,(y) = 0 for one choice of r € V (instead of
forallr € V).
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Proof The first part of the proof is analogous to the proof of Lemma 2. Here,
we use the fact that, for r € V, 0 € G, Y, (6(y)) = 0(Ys(»(y)). Hence, if y
is invariant under action of G, then Y,(y) > 0 for some r € V implies that
Y,(y) = Oforallr e V. O

3.3.1 A compact semidefinite formulation for the bound ¢(G(n, d))

In this section we consider the graph G = G(n,d) and the group G = Aut(P),
whose action on the graph G(n,d) is indeed vertex-transitive. We set:

X =PP;0) =U{{l} | I e PYU{A,1}|I € P} (29)

Applying Lemma 3, one can reformulate the parameter ¢(G(n,d)) as

L(G(n,d)) = max > ;.p v
st. Y(y) =0, yg =1,
yusn =0if [IAJ| e {1,...,d -1}
YA=YoA foro e G,Ae X,

(30)

where the matrix variable Y (y) is indexed by the set X and satisfies: Y (y) 4 5 =
vaug for A, B € X. By (24), Y (y) has the form

T bT

ISY

1
Yy =|a (31)
b

SUIRN

B
B

withA = (Y riep, B = Vwir)iiep,a = Yupiep,and b = (yign)iep- Asy
is invariant under action of G, it follows that A;; = Ap it I' = o (I),J = o (J)
for some o € G, i.e., if [IAJ| = |I'AJ'|. That is, the matrix A belongs to the
Bose-Mesner algebra B,;; say,

n

A= Zkak for some real scalars xo, . . ., X;, (32)
k=0

where the matrices My are as in (11). Moreover, B;; = By if I' = o(I),

J =o(),8 =oc@)forsomeo € G,i.e.,if|l'| = |I|,|J| = |J|and [IN| = |I'NJ].
That is, the matrix B belongs to the Terwilliger algebra A,; say,

B= > x; ;M ; for some real scalars x; ;, (33)

ijt>0

where the matrices M j are asin (9) and x! i= x]’. ; for all i,j,¢. The variables x
and x; ; are related by

xk=x87k fork=0,1,...,n (34)
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(since xx = Ags = By = x’&k for |I| = k). Moreover,

xt.j = x g if (@,J,i +j —2¢) is a permutation of (i,j,i +j — 2¢). (35)

Equivalently, x{, = x % ) = )cjl+] o (Indeed, let 1,7 € P withi = |1],j = ||,
t=1INJ|. As o :=symaps A := {/,1,J} to {#,J,IAJ} and y,(4) = y 4, then

Xi = VL)) = YOIl = x;',;tuj—zr) The edge inequalities become:

x;]»:Oif{i,j,i+j—2t}ﬂ{l,...,d—l};é@, (36)
and the bounds (21) read:
05x§,j5x20 for i,j,t=0,...,n. (37)

From (25), we know that Y(y) > 0 if and only if
_ 50 T
B= Zx”Mf >0 and C:= (1 Yoo € )30,
ij,t=0
where
n n
C:=A-B= > (X o~ XM} and c:=a—b=» (x0,—x0)x ="
L1=0 i=0

(Recall P_;(V) = {I < V | |I| = i}.) Thus C is of the form (16). For k =
0,1,..., 5], define the matrices:

n—k
n—2k n—2k
Ar(x) = (Z ( i—k ) ( i—k ) 5f,j,kx8,i+j—2t) (38)
t / ij=k

and By (x) as in (13), where ﬂl.’ j are as in (14). It follows from Lemma 1 that
the positive semidefiniteness of Y (y) is equivalent to

(i) Br(x) =0 fork=0,1,...,[5
0

s L3
(ii) Ag(x) — By(x) = 0 fork =0,1,..., %]

1 =g et i 3 (0 0 )
’ 1 C = . 2 — . ”
(111)( E A()(x) _ B()(x)) z O’ Settlng c: ((l) (xo,o xO,l))l=0'
(Of course, (39)(iii) implies (ii) for K = 0.) Summarizing, we have shown:
_ 0 ¢ L. .
£(G(n,d)) = max 2”x0’0 s.t. X @,j,t =0,...,n) satisfy (40)

(35), (36), 39) (1) — (iii).
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Similarly,

£.(G(n,d)) = max 2”x8’0 s.t. xﬁ,j (i,j,t =0,...,n) satisfy

(35), (36), (37), (39) (i)—(iii). (“41)

Hence both parameters can be computed via a semidefinite program of size
om).

3.3.2 Comparison with Schrijver’s bound

Schrijver [13] introduced the following upper bound for the stability number
A(n,d) of the graph G(n, d):

Coan(Gln,d)) = max Y (7))68,1-

=0 . (42)
s.t. xﬁ,j G,j,t =0,...,n) satisfy (35), (36), (37),

(39)(i) — (ii), and xg’o =1.

As noted in [13], Schrijver’s bound is at least as good as the Delsarte bound,
which coincides with ¢/ (G(n,d)) = eS})(g (n,d)). We now show:

Lemma 4 The bound ¢ (G(n,d)) from (41) is at least as good as Schrijver’s
bound Ly, (G(n,d)) from (42); that is, £ (G (n,d)) < Lsen(G(n,d)).

Proof Let (xf,j);fj,t=0 be feasible for the program (41). Define y! j = x; /-/xg’0
for all i,j,t = 0,...,n. Then the variables yﬁj satisfy (35), (36), (37), (39) (i),
(ii), and y8,0 = 1. Remains to verify that 2"x8,0 =>ro( yg’i, ie., 2”(x870)2 <
> (’;)xgﬁi. For this, recall that the conditions (39) (i)-(iii) are equivalent to
the positive semidefiniteness of the matrix in (31). In particular, they imply

T
(611 j‘ ) >0, ie,A—aa® =0,

where A is as in (32), al = (xg,o""vx8,0)7 Xp = x&k for k = 0,...,n. Thus,
aa® = (xg,O)ZJ ,where J is the all-ones matrix. AsA—(xqu)ZJ > 0, we deduce that
(J,A) = (), J) = () 22 But (J,A) = 30 i, M) = Do k2" ()
which gives 3% x0 (i) = 2" (x( )% =

3.3.3 Refining the bound € (G(n,d))

It is possible to define a new bound ¢, 4 (G(n, d)), at least as good as the bound
£4+(G(n,d)), whose computation still involves a semidefinite program of size
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o). Namely, let us now consider as matrix variable the principal submatrix
Y (y) of M»(y) indexed by the set

={0yu{{l} | IePlU{B,1} | I e PYU{L,V}|Ie P} (43)

Then, Y (y) has the block structure:

1 oV pT T
a A B C

Y=\, 5 5 bpl (44)
c C D C

where A = (yy)i1sep. B = Gwis)rier.C = Gusv)ijep, D = L)
1LiePs @ = Yuiep,b = Yw,)iep, and ¢ = (y1,vy))ep- The matrices A, B are
given by (32), (33). The matrix C is a permutation of B; namely,

C= Zn: n4-t—i ]M[

n in—j
ij,t=0

The matrix D too belongs to the Terwilliger algebra:
t
D= Z Z; ]M . for some real scalars z ij
ij,t=0
satisfying zﬁ’j = Z;,ﬁ indeed, D;; = Dy y if there existso € Gsuchthato (§) =
o(l)y=TI,0(J)=J (theno (V) =V),ie,if|I| = |I'|,|J| = |J|,|INJ| = [I'NJ"|.

We have the following relations for the variables x; ;, z; :

2= forallijt=0,...,n (45)

ij n—in—j
since Dy = yigv.1.0y = Yw.v.varvaly = Dvarvas, and
. 0 . . .
% =20;=2p; =Xi, fori=0,....,n (46)

since yigv.y = Dig = Dgj = Dy = By;. The edge condition for the z-
variables reads:

2l =0 if (i, n—i,n—j,i+j—200{1,...,d=1)#0 forij,t=0,....n. (47)
The bounds (21) imply:
0< zﬁ’j < xﬁ’j, zf,j < zf’i fori,j,t=0,...,n. (48)
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As each non-border block of the matrix Y (y) in (44) belongs to the Terwilliger
algebra, one can block-diagonalize Y (y). Indeed, each non-border block in the
matrix

10 0 0 10 0 0 1 4J'U b'u U
0ouUt 0 o0 v 0U 0 0| |Ua UTAU U'BU U'cU
0 0 UT o Wloowvo|=|vw vTBU UTBU UTDU
0 0 o UT 00 0U Uc UTcU UTDU UTcU

is block-diagonal with respect to the same partition, with | 5 | +1 distinct blocks

labeled by k = 0,1,..., L%J. It follows from Lemma 1 that a’ U = (a7,0,...,0),
~ 1

bTU = 7,0,...,0), 'U = @",0,...,0), where a = x{, > (7)2x 7=,

~ 1 1

b =>ox (D) x"= V) and ¢ = 3L xq,_; ()2 x7='") are indexed by the

1

positions corresponding to the Oth block. Therefore, Y (y) > 0 if and only if

1a’ pT T A, By Cy

adoBoCol o (g B D )>0 fork=1,.. 12, (49
b Bo By Do ol 2

¢ Cy Dy Co

where Ay = Ax(x) is as in (38), By = By (x) is as in (13) and

n—k

1 1
n_2k "2 n—2k 2 t ﬂ+t—i—j
(50 0 )
ij=

2\ fn—2k\ "2 "
_ n-— (n— ot
Dk_(z(i—k) (%) ﬂi’f’sz’f).. |
! ij=k

One can now define the bound

1 (G(n,d)) := max 2"x8’0 s.t. xi]., z;]. (i,j,t =0,...,n) satisfy
(35), (36), (37), (45), (46), (47), (48) and (49).
(50)
Obviously,

A(na d) S £++(g(n:d)) E E+(g(nsd)) E ESC/’l(g(na d))9
and the bound ¢4 (G(n,d)) is again expressed via a semidefinite program of
size O(n3).

Summarizing, the parameters £, £+, £++ can all be seen as variations of
the Lasserre bound £, Namely, instead of considering the full matrix variable
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M;(y) indexed by the set P> (P), one considers a principal submatrix of M3 (y)
indexed by a subset of P,(P); namely, by the set X' \ {#J} for £, by the set X
for £, and by the set X1 = X U {{I,V} | I € P} for £4. (Recall the set X in

(29))
3.3.4 Reducing the number of variables

The following observation from [13] can be used for reducing the number of
variables in the programs (40), (41), (42), (50), and for further refining the
corresponding bounds. A well known fact in coding theory is that, if d is odd
then A(n,d) = A(n+ 1,d 4+ 1), and if d is even then A(n,d) is attained by a
code with all code words having an even Hamming weight. Therefore, it suffices
to compute A(n,d) for d even. Moreover, for d even, A(n,d) = a(Gey(n,d)),
the stability number of the graph G.y(n,d), defined as the subgraph of G(n, d)
induced by the set

Pey :={I C V| |I]is even}.
Therefore, for d even, one may add the constraints:
ya=0 if AZ Pey (51)
for any A € Py (P) to the program (22) defining £X)(G(n,d)), or for any
A € P3(P) to the program (23) defining £(G(n,d)). Equivalently, one may add
the constraints:
x;;=0 ifoneofiorjisodd, (52)
to the programs (40), (41), (42), (50), as well as as the constraints:

Zﬁ,j =0 ifoneofi,j, ornisodd (53)

to (50), and the new programs still define upper bounds for A(n,d). Namely,
define:

O(G(n,d)) := max 2"x(; s.t. x{; (i,j,t = 0,...,n) satisfy (54)
(35), (36), BN ()—(iid), (52)

and let €9, (resp., Egch, ¢9.,) be defined analogously by adding (52) (resp., (52),
(52)-(53)) to (41) (resp., (42), (50)).

As A(n,d) = a(Gey(n,d)), A(n,d) is bounded by the parameter £(Gey (1, d))
(and analogously by £ (Gey(n,d)), €4+ (Gev(n, d))). The subgroup

Gev = {NSA | A (S Pev}

of the group G (introduced in (10)) acts vertex-transitively on Pey. Hence,
applying Lemma 3, £(Gey(n,d)) can be formulated via the analogue of (30),
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where Y(y) in (31) is now indexed only by even sets; that is, a, b, A and B in
(31) are indexed by Pey. Again, A belongs to the Bose—-Mesner algebra and B
belongs to the Terwilliger algebra; that is, for some scalars xy, x’ ., A (resp., B)

ij’
is equal to the principal submatrix of >y ¢yen XkMj (resp., of 2, even X} le? ].)

indexed by Pey. Therefore, £(G,, (n,d)) can be computed via the program:

~1.0 .. .

£(Gey(n,d)) = max 2" 1x0’0 s.t. xij (i,j,t=0,. ,n?”satlsfy (55)

(35), (36), (39) ()—(iii), (52)

where, in (39), we consider only the ‘even half of the matrices Ay (x), By (x), i.e.,
their principal submatrices indexed by even indices i, .

Lemma 5 A(n,d) < ¢(Gey(n,d)) < £%(G(n,d)) < £(G(n,d)) and analogously for
the parameters £, Lsch, 4.

Proof The right and left most inequalities are obvious. To compare the para-
meters ¢(Gey (1, d)) and €°(G(n, d)), it is easiest to use their formulation via (23);
for the formulation of ¢°(G(n,d)), one should add to (23) the constraint (51)
for any A € P3(P). Consider a feasible solution y for the program (23) defining
£(Gev(n,d)). Thus y is indexed by P3(Pey), yiagy = 0if [IAJ| =1,...,d — 1 (for
I,J € Pey) and, for any I € Py, the matrix Y;(y) (indexed by P2(Pey; 1)) is
positive semidefinite. We define a feasible solution z for the program defining
2°(G(n,d)) in the following way: For A € P3(P), set z4 := y 4 if A C Py, and
z4 = 0 otherwise. It is easy to verify that, for each I € P, the matrix Y;(z)
(indexed by P, (P; 1)) is positive semidefinite. Thus, G, d) > Depi =
ZlePev y1, implying 2(G(n,d)) > £(Gey(n,d)). The reasoning is analogous for
the other parameters. o

The bound ¢(Gey (7, d)) is more economical to compute than 0(G(n,d)), since
it involves smaller matrices; as a matter of fact, the bound computed by Schrij-
ver [13] is the bound £y, (Gev(n,d)). For n odd, in view of (53), all variables
z§ j can be set to 0 for the computation of ¢4 (G(n,d)); from this follows that
Ly (Gev(n,d)) = L1 (Gev(n,d)) when nis odd.

3.3.5 Some computational results

We have tested the various bounds on several instances (n,d), in particular,
on those where Schrijver’s bound gave an improvement on the previously best
known upper bound for A(n, d). There are two instances: (20, 8) and (25, 6), for
which we could find an upper bound for A(n,d) (slightly) better than Schrij-
ver’s bound; namely, |£4(Gey(25,6))] and [ €44 (Gey (20, 8))] improve the upper
bound given by Schrijver by one. See Table 1 below (the values given there are
the bounds rounded down to the nearest integer). For other instances (r, d),
the bounds ¢ and ¢ ; give an improvement over Schrijver’s bound limited to
some decimals, thus yielding no improved upper bound on A(n,d). Our com-
putations were made using the NEOS Server for Optimization, which can be
accessed at
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Table 1 Comparing the bounds for A(n, d)

(n,d) Delsarte Schrijver bound €4 (Gev(n,d)) €44 (Gev(n,d)) ZQ(Q(n,d)) fL(g(n»d))
bound Lsch (Gev(n,d))

(20,8) 290 274 274 273 274 273
(25,6) 48,148 47,998 47,997 47,997 47,998 47,998

http://www-neos.mcs.anl.gov/,

and we used specifically the software DSDP for semidefinite programming.

We indicate in Table 2 the sizes of the semidefinite programs involved in our
computations. (In the ‘block sizes’ column in Table 2, —N indicates that the last
block is a diagonal matrix of order N.)

De Klerk and Pasechnik [1] have recently applied the bound of Schrijver
[13] and our bound ¢ for finding tighter upper bounds for the stability number
of the orthogonality graph Q(n); Q(n) is the graph with node set P, with an
edge (1,J) if |IAJ| = n/2 (for I,J € P). Namely, to obtain an upper bound for
the stability number of Q(n), they propose to use the program (42) defining
Schrijver’s bound, or the program (41) defining the parameter ¢, replacing the
constraint (36) by the constraint:

Xy =00 {i,i 4] = 200 (n/2) # 9.

The only interesting case is when # is a multiple of 4, since Q(n) is the empty
graph for n odd and Q(n) is a bipartite graph for » = 2 mod 4. The compu-
tations made by de Klerk and Pasechnik [1], quoted in Table 3 below, indicate
that the bound ¢, (€2(n)) may give a much better upper bound for «(€2(n)) than
Schrijver’s method. This contrasts with the situation encountered in the present

Table 2 Size of the semidefinite programs

Bound # # Block sizes
var. blocks
L4 (Gey(25,6)) 131 27 1314121211111010998877665544332211-436
€4 (Gev(20,8)) 43 23 111299997777555533331111-128
4 +(Gey (20, 8)) 68 12 342727212115159933-221

# var. means ‘number of variables’,
# blocks means ‘number of blocks’

Table 3 Comparing the

bounds for the orthogonality b+ Q@) Schrijver’s bound
graph 2(m) [1] 16 2304 2304

20 20,166.62 20,166.98

24 183,373 184,194

28 1,848,580 1,883,009

32 21,103,609 21,723,404

@ Springer
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paper, where the bound ¢ gave only a moderate improvement upon Schrijver’s
bound for the instances of the coding problem we have tested.
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