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Abstract

A set is called semidefinite representable or semidefinite programming (SDP) representable if it can
be represented as the projection of a higher dimensional set which is represented by some Linear Matriz
Inequality (LMI). This paper discuss the semidefinite representability conditions for convex sets of the
form Sp(f) ={z € D: f(z) > 0}. Here D = {& € R" : gi(x) > 0,--- ,gm(z) > 0} is a convex domain
defined by some “nice” concave polynomials g;(x) (they satisfy certain concavity certificates), and f(x) is
a polynomial or rational function. When f(x) is concave over D, we prove that Sp(f) has some explicit
semidefinite representations under certain conditions called preordering concavity or g-module concavity,
which are based on the Positivstellensatz certificates for the first order concavity criteria:

) + Vi) (@ —u) = f(z) =0, Va,ueD.

When f(z) is a polynomial or rational function having singularities on the boundary of Sp(f), a per-
spective transformation is introduced to find some explicit semidefinite representations for Sp(f) under
certain conditions. In the particular case n = 2, if the Laurent expansion of f(z) around one singular
point has only two consecutive homogeneous parts, we show that Sp(f) always admits an explicitly
constructible semidefinite representation.

Key words: convex set, linear matrix inequality, perspective transformation, polynomial, Positivstellensatz,
preordering convex/concave, g-module convex/concave, rational function, singularity, semidefinite program-
ming, sum of squares

1 Introduction

Semidefinite programming (SDP) [I} 1T}, 12} 21] is an important convex optimization problem. It has wide
applications in combinatorial optimization, control theory and nonconvex polynomial optimization as well
as many other areas. There are efficient numerical algorithms and standard packages for solving semidefinite
programming. Hence, a fundamental problem in optimization theory is what sets can be presented by
semidefinite programming. This paper discusses this problem.

A set S is said to be Linear Matriz Inequality (LMI) representable if

SZ{IER”:A0+A1$1+---+Anxn§0}
for some symmetric matrices A;. Here the notation X > 0 (> 0) means X is positive semidefinite (definite).

The above is then called an LMI representation for S. If S is representable as the projection of

n N
S = (z,u) € RMHN) Ap + ZAi:Ei + ZBJ‘U]‘ =0, C R("+N),

i=1 j=1
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that is, S = {:v eR™:Ju eR”, (z,u) € 5'}, for some symmetric matrices A; and B;, then S is called

semidefinite representable or semidefinite programming (SDP) representable. The lifted LMI above is then
called a semidefinite representation, SDP representation or lifted LMI representation for S. Sometimes, we
also say S = Sif S equals the projection of the lift S.

Nesterov and Nemirovski ([I1]), Ben-Tal and Nemirovski ([I]), and Nemirovsky ([I2]) gave collections
of examples of SDP representable sets. Thereby leading to the fundamental question which sets are SDP
representable? Obviously, to be SDP representable, S must be convex and semialgebraic. Is this necessary
condition also sufficient? What are the sufficient conditions for S to be SDP representable? Note that not
every convex semialgebraic set is LMI representable (see Helton and Vinnikov [8]).

Prior work When S is a convex set of the form {z € R" : gi(z) > 0,---,gn(z) > 0} defined by
polynomials g;(z), there is recent work on the SDP representability of S. Parrilo [14] gave a construction
of lifted LMIs using moments and sum of squares techniques, and proved the construction gives an SDP
representation in the two dimensional case when the boundary of S is a single rational planar curve of
genus zero. Lasserre [10] showed the construction can give arbitrarily accurate approximations to compact
S, and the construction gives a lifted LMI for S under some algebraic properties called S-BDR or PP-
BDR, i.e., requiring almost all positive affine polynomials on S have certain SOS representations with
uniformly bounded degrees. Helton and Nie [6] proved that the convex sets of the form {x € R™ : g;(x) >
0, ,gm(z) > 0} are SDP representable if every g;(z) is sos-concave (—V2g;(z) = G;(z)TG;(x) for some
possibly nonsquare matrix polynomial G;(x)), or every g;(z) is strictly quasi-concave on S, or a mixture
of the both. Later, based on the work [6], Helton and Nie [7] proved a very general result that a compact
convex semialgebraic set S is always SDP representable if the boundary of S is nonsingular and has positive
curvature. This sufficient condition is not far away from being necessary: the boundary of a convex set has
nonnegative curvature when it is nonsingular. So the only unaddressed cases for SDP representability are
that the boundary of a convex set has zero curvature somewhere or has some singularities.

Contributions The results in [6] [7, [[0] are more on the theoretical existence of SDP representations.
The constructions given there might be too complicated to be useful for computational purposes. And these
results sometimes need check conditions of Hessians of defining polynomials, which sometimes are difficult
or inconvenient to verify in practice. However, in many applications, people often want explicit and simple
semidefinite representations. Thus some “simple” SDP representations and conditions justifying them are
favorable in practical applications. All these practical issues motivate this paper. Our contributions come
in the following three aspects.

First, there are some convex sets defined by polynomials that are not concave in the whole space R™ but
concave over a convex domain D C R"™. For instance, for convex set {z € R? : x5 — 23 > 0,21 > 0}, the
defining polynomial x5 — 3 is not concave when x; < 0, but is concave over the domain R, x R. However,
this set allows an SDP representation, e.g.,

) T U 1 =
{(:Cl,:vg). Ju, {u SCJ =0, [561 u] EO}.

For convex sets given in the form Sp(f) = {x € D : f(x) > 0}, where f(z) is a polynomial concave over
a convex domain D, we prove some sufficient conditions for semidefinite representability of Sp(f) and give
explicit SDP representations. This will be discussed in Section 2

Second, there are some convex sets defined by rational functions (also called rational polynomials) which
are concave over a convex domain D of R™. If we redefine them by using polynomials, the concavity of
rational functions might not be preserved. For instance, the unbounded convex set

1
{xERi:l— 20}
1T

is defined by a rational function concave over R% (R is the set of nonnegative real numbers). This set can
be equivalently defined by polynomials

{x€R2:xlxg—lz(),xlz(),xgz()}.



But 129 — 1 is not concave anywhere. The prior results in [6, [7] do not imply the SDP representability of
this set. However, this set is SDP representable, e.g.,

{x€R2: {xl 1} >—O}.
1 To| —

For convex sets given in the form Sp(f) = {x € D : f(x) > 0}, where f(z) is a rational function concave
over a convex domain D, we prove some sufficient conditions for semidefinite representability of Sp(f) and
give explicit SDP representations. This will be discussed in Section [Bl

Third, there are some convex sets that are defined by polynomials or rational functions which are singular
on the boundary. For instance, the set

{reR?: 2% — 2% — 23 > 0,2, > 0}

is convex, and the origin is on the boundary. The polynomial 27 — 23 — 3 is singular at the origin, i.e., its

gradient vanishes at the origin. The earlier results in [6l, [7] do not imply the SDP representability of this set.
However, this set can be equivalently defined as

2
{(:vl,:vg) ERL xR: 1y —xf—z—? 20},
a convex set defined by a concave rational function over the domain Ry x R. By Schur’s complement, we
know it can be represented as
ry T2 I1
(x1,22): |z2 1 0| =0
X1 0 1

It is an LMI representation without projections. The technique of Schur’s complement works only for very
special concave rational functions, and is usually difficult to be applied for general cases. For singular
convex sets of the form Sp(f) = {z € D : f(x) > 0}, where f(x) is a polynomial or rational function with
singularities on the boundary, we give some sufficient conditions for semidefinite representability of Sp(f)
and give explicit SDP representations. In the particular case n = 2, we show that Sp(f) always admits an
explicitly constructible SDP representation when the Laurent expansion of f(z) around one singular point
has only two consecutive homogeneous parts. This will be discussed in Section 4l

In this paper, we always assume D = {z € R" : g1(z) > 0, -+, gm(z) > 0} is a convex domain defined by
some nice concave polynomials ¢;(z). Here “nice” means that they satisfy certain concavity certificates. For
instance, a very useful case is D is a polyhedra. We do not require D or Sp(f) to be compact, as required by
[6, [7, [T0]. When f(z) is concave over D, the sufficient conditions for SDP representability of Sp(f) proven
in this paper are based on some certificates for the first order concavity criteria:

fuw)+ VW) (x—u) - f(x) >0, Va,ucD.

Some Positivstellensatz certificates like Putinar’s Positivstellensatz [I6] or Schmiidgen’s Positivstellensatz
[19] for the above can be applied to justify some explicitly constructible SDP representations for Sp(f).
Throughout this paper, R (resp. N) denotes the set of real numbers (resp. nonnegative integers).
For &« € N" and z € R", denote |a] = a1 + -+ + o, and 2% = 27" -+ 22", B(u,r) denotes the ball
{z € R" : ||lx —ull]2 < r}. A vector x > 0 means all its entries are nonnegative. A polynomial p(z) is
said to be a sum of squares or sos if there finitely many polynomials g;(x) such that p(z) = Y ¢;(z)%. A
matrix polynomial H(z) is called a sum of squares or sos if there is a matrix polynomial G(x) such that

H(x) = G(z)TG(z).

2 Convex sets defined by polynomials concave over domains

In this section, consider the convex set Sp(f) = {x € D : f(z) > 0} defined by a polynomial f(x). Here
D={zcR":¢g1(x) >0, -+, gm(x) > 0} is a convex domain. When f(z) is concave on D, it must hold

~Ry(z,u) := f(u) + V() (x —u) — f(x) >0, Va,u € D.



The difference R¢(z,u) is the first order Lagrange remainder.

2.1. g-module convexity and preordering convexity

Now we introduce some types of definitions about convexity/concavity. Define go(z) = 1. We say f(z)
is g¢-module convex over D if it holds

Ry(z,u) = Zgz(x) Zgj(u)aij (x,u)
; =0

=0

for some sos polynomials o;;(z,u). Then define f(x) to be g-module concave over D if —f(x) is q-module
convex over D. We say f(x) is preordering convex over D if it holds

Rp(wu)= Y gi'(@)-grr@) | Do o (w) gl (w)ou,u(e,u)

ve{0,1}m pnef{0,1}m

for some sos polynomials o, ,(x, ). Similarly, f(x) is called preordering concave over D if — f(z) is preorder-
ing convex over D. Obviously, the g-module convexity implies preordering convexity, which then implies the
convexity, but the converse might not be true.

We remark that the defining polynomials g;(x) are not unique for the domain D. When we say f(z) is
g-module or preordering convex/concave over D, we usually assume a certain set of defining polynomials
gi(x) is clear in the context.

In the special case D = R", the definitions of g-module convexity and preordering convexity coincide each
other, and then are specially called first order sos convexity. And first order sos concavity is defined in a
similar way. Recall that a polynomial f(z) is sos-convez if its Hessian V2 f(z) is sos (see [6]). An interesting
fact is if f(z) is sos-convex then it must also be first order sos convex. This is due to that

f(@) = f(u) = V() (z - u)
- (/Ol/otf”(u—i—s(:c—u))dsdt) (z —u)

= (z—u)” (/01 /OtF(u—i—s(:v —u)) ' F(u+ s(x —u))dsdt> (x —u)

is an sos polynomial (see Lemma 3.1 of [6]).

Example 2.1. The bivariate polynomial f(z) = z} + 2fz2 4+ 2123 + 23 is convex over the nonnegative
orthant R3. It is also g-module convex with respect to R2. This is due to the identity

1 1
Re(z,u) = (gul + Ewl) (4(961 — u1)2 +2(z1 + 22 —up — u2)2)+

(e ) 22 ),

2.2. SDP representations

Throughout this subsection, we assume the polynomials f(z) and g;(x) are either all g-module concave

or all preordering concave over D. For any h(x) from the set {f(z),g1(x), -, gm(x)}, we thus have either
—Rp(z,u) = Zgi(ﬂc) Zgj(U)UZ(ZC,U)
i=0 j=0

for some sos polynomials afj (xz,u), or

~Ru(xu)= Y g (@)-gmr(@) (D0 o (W) gl (w)os (2, u)

ve{0,1}™ pnef{0,1}m



for some sos polynomials o, (z,u). Let d; = [ deg(g:)], dy = [§ deg, (g7 - gi)] and

d(P) = max max Lde ol
L he ) 0S03Sm 3 017 (2.1)
AR = max [5 deg, (9" -~ girol )]

max
he{f.g1, .9m}t ve{0,1}™ pne{0,1}m

where deg, (-) denotes the degree of a polynomial in . Then define d = a) (resp. d = d](gfe)) when f(x)

qmod
and all g;(x) are - module (resp preordering) concave over D.
Define matrices Ga and Gy () such that
gi(x)ma—a,(v)ma—q, (x)" = > G
aeN™:|a|<2d
vy v, T ¥),.a (22)
g1 (@) - g (@) maa, (2)ma—a, ()" = > Galan

aeN™:|a|<2d

Here my(z) is the vector of all monomials with degrees < k. Let y be a vector multi-indexed by integer
vectors in N". Then define

Ny =Y. GPya, i=0.1,....m,
aeN":|a|<2d

Ny= >  GVy., ve{o1}™
aeN":|a|<2d

Suppose the polynomial f(z) is given in the form f(x) = > cyn. laj<2d4 Jax®. Then define vector f such
that [Ty =3 cxn. laj<2a foYa. Define two sets

ﬁquod(f) {y € RQGN" laj<2d * Yo = 1, f y >0, N( ) =0,Vv0<i< m} (23)

L;?re(f) = {y € RQEN",\OASQd * Y% = 15 ny > 07 NU(y) = Oa Vv e {05 1}m} (24)

via their LMI representations. Then Sp(f) is contained in the image of both L7 ,(f) and L}, (f) under the

pre
projection map: p(y) = (y10..0, Y010..05 ---5 Y00..01), because for any = € Sp(f) we can choose y, = x®

such that y € Eqmod(f) and y € LD (f). We say Sp(f) equals Eqmod(f) (resp. LD .(f)) if Sp(f) equals the
image of LD ,(f) (resp. £]..(f)) under this projection. Similarly, we say « € LD, (f) (resp. = € L] (f))
if there exists y € Eqmod(f) (resp. y € LD (f)) such that = = p(y).

Lemma 2.2. Assume Sp(f) has nonempty interior. Let {x € R" : a”x = b} be a supporting hyperplane of
Sp(f) such that a¥x > b, ¥V z € Sp(f) and a¥u = b for some point u € Sp(f).

(1) If f(z) and every g;(x) are g-module concave over D, then it holds
ale —b—\f(z) = Zgi(x)oi(:v)

for some scalar A > 0 and sos polynomials o;(x) such that deg(g;o;) < 2d((1m)0d

(ii) If f(x) and every g;(x) are preordering concave over D, then it holds

afz—b=Af(@)= > g'@) g (@on ().

ve{0,1}m

for some scalar X > 0 and sos polynomials o, (x) such that deg(gy* ---gimo,) < Qdéfe).



Proof. Since Sp(f) has nonempty interior and the polynomials f(x),g1(x), -, gm(z) are all cocnave, the
first order optimality condition holds at u for convex optimization problem (u is a minimizer)

min  a’x  subject to  f(z) >0, gi(x) >0,i=1,...,m.

x

Hence there exist Lagrange multipliers A > 0, A\; > 0, A, > 0 such that
a=AVf(u)+ i/\ngi(u), M (u) =Agi(u) = = Angm(u) =0.
i=1
Thus the Lagrange function a’z — b — Af(z) — ", Aigi(x) has representation
A(F0) + 1) (@ = ) — @) + 3N (5:0) + Vs 0) 0 = 20— )
i=1

Therefore, the claims (i) and (ii) can be implied immediately from the definition of q-module concavity or
preordering concavity and plugging in the value of w. O

Theorem 2.3. Assume D and Sp(f) are both convex and have nonempty interior.

(i) If f(z) and every gi(x) are g-module concave over D, then Sp(f) = LD .(f).

(ii) If f(z) and every g;(x) are preordering concave over D, then Sp(f) = LP _(f).

pre

Proof. (i) Since Sp(f) is contained in the projection of ﬁquod(f), we only need prove Sp(f) 2 Lquod(f) .

For a contradiction, suppose there exists some ¢ € Equod(f) such that & = p(y) ¢ Sp(f). By the convexity
of Sp(f), it holds

Sp(f) = m {xeR": aszb}.
{aTz=b} iS a
supporting hyperplane

If & ¢ Sp(f), then there exists one hyperplane {a’x = b} of Sp(f) such that a’2 < b. By Lemma 2.2 we

have representation
m

ale —b=\f(z)+ Zgi(x)ai (x) (2.5)
i=0
for some sos polynomials o;(z) such that deg(g;o;) < 2d§]20d. Note that d](ofg = d. Write o;(x) as

oi(x) =mg_q, ()T Wimg_q, (), i =0,1,...,m

for some symmetric matrices W; > 0. Then the identity (Z.5]) becomes (noting (2.2]))

a"x—b=\(2)+ > (gi(x)ma_, (@)ma_g,(2)7) @ Wi = \f(z) + > oGP | e Wi
=0 1=0 aeN":|a|<2d

In the above identity, if we replace each z by g,, then get the contradiction
m
a"d—b=fT5+> Ni(s) e W; > 0.
i=0

(ii) The proof is almost the same as for (i). The only difference is that we have a new representation

'z —b=Af(@)+ Y g (2)--- g (2)o(x)

ve{0,1}™

for some sos polynomials o, () such that deg(g;" -+ - ghmo,) < nge) = 2d. Write o;(x) as
O'V(,T) =mMy_q, (w)TWde_du (CL‘), W, = 0.

Then a similar contradiction argument can be applied prove the claim. O



2.3. Some special cases

Now we turn to some special cases about g-module or preordering convexity /concavity or SDP represen-
tations.
2.3.1 The g-module or preordering convexity certificate using Hessian

The q-module or preordering convexity of f(z) over the domain D can be verified by solving some semidefinite
programming. See [13} Q] about the sos polynomials and semidefinite programming. However, in some special
cases like D = R"}, a certificate for semidefiniteness of the Hessian V2f(z) can be applied to prove the g-
module or preordering convexity of f(z).

First, consider the case that gi(x) are concave over R". By concavity, it holds

gr(sz + (1= 5)u) > sgu(e) + (1 — s)gi(w), ¥ s € [0,1], 5,u € R™.
Now we assume the following certificate for the above criteria

g (st + (1= s)u) — sg(z) — (1 = s)gr(u) =

2.6
o(gk) (x,u,s) + soik) (x,u,s)+ (1— s)aék) (x,u,s)+s(1— s)aék) (x,u,s) (2:6)

where Uék) (x,u, s), ng) (x,u,s), oék) (x,u,s), oék) (x,u, s) are sos polynomials in (z,u, s). Note that the iden-

tity (26) is always true when D is a polyhedra, i.e., every gi(x) has degree one.

Theorem 2.4. Suppose for every 1 < k < m, the identity (Z.8) holds. If V2f(z) belongs to the quadratic
module (resp. preordering) generated by polynomials g1(z), - , gm(x), i.e.,

Vif(e) = gi(@)Hi(x) |resp. V2f(z)= Y gi'(x)-- g (2)H,(2)
i=0 ve{o,1}m

for some sos matrices H;(x) (resp. H,(x)), then f(z) is ¢-module convex (resp. preordering convex) over
the domain D.

Proof. First suppose V2 f(x) belongs to the quadratic module generated by g1 (), , gm (), i.e., V2 f(x) =
Sty gi(z)H;(z) (recall go(x) = 1) for some sos matrices H;(z). Then we have

— fw) = V)" (z ~u)
) /Ol/V2 u—i—s(:c—u))dsdt)(x—u)

a
) (i/ / gre(sz + (1 — s)u)Hi(sz + (1 — s)u) dsdt) (x —u).

By identity (26, we have

(E—’U,
(E—’U,

/l /t k(52 + (1 — s)yu)Hy(sz + (1 — s)u) dsdt
/ / (z,u,5) + o (z,u,s) + (1 —s)oék)(x,u,s)+S(1—s)oék)(x,u,s))Hi(sx—i-(1—s)u) ds dt
+ gi(x / /sH sz + (1 — s)u) ds dt + gi(u / / (1 - s)Hi(sz + (1 — s)u) dsdt
=H (2, u) + ge (@) H® (2, u) + gr (w) HS (2, u)

for some sos matrices Hék) (x,u), Hl(k) (x,u), Hék)(x,u) (see Lemma 3.1 in [6]). So f(z) is g-module convex
over D.



Second, when V2 f(x) belongs to the preordering generated by g1 (), , gm (), i.e.,
V= Y @) g @5 @)
ve{0,1}m

for some sos matrices H,(x), a similar argument as above shows f(x) is preordering convex over D. O

Second, consider the special case that D =R’} and the polynomial f(z) is cubic.
Theorem 2.5. Let R = {x : 2, >0,--- ,x, > 0} be the domain. If f(x) is a cubic polynomial concave
over RY, then Sgy (f) = L]f;wd(f)'
Proof. By Theorem 23] it suffices to prove f(z) is g-module concave over R’;. Since f(x) is cubic, we have

—V2f(17) = AO + $1A1 —+ -4 {EnAn

for some symmetric matrices A;. When f(z) is concave over R”, —V?f(z) = 0 for all z > 0. Hence all
A; must be positive semidefinite. This means that —V?2f(x) belongs to the quadratic module generated by
x1, -+ ,&p. By Theorem 2.4 f(x) is g-module concave over R’} O

. R?
Example 2.6. The convex set S]Ri(f) with f(z) =1 — (2§ + zf22 + 123 + 23) equals L} ,(f):

1> y30 + y21 + y12 + Yo3
1T @ 22 Y20 Y11 Yoz T1 Y20 Y11
T1 Y20 Yi1 Yo Y21 Y12 Y20 Yso Y21| =0
(5517202) : Jyij, s.t. T2 Y11 Yo2 Y21 Y12 Yo3 ~0 Y11 Y21 Y12
Y20 Y30 Y21 Yo Y31 Yeo| | T2 Y11 Yo2
Yir Y21 Y12 Y31 Y22 Y13 Y11 Y21 Yi12| =0
Yo2 Y12 Yo3 Y22 Y13 Yoa Yo2 Y12 Yo3

This is because f(z) is g-mod concave over R? (see Example 2)).

Third, consider the special case of univariate polynomials. When D = R, a univariate polynomial is
convex if and only if it is sos-convex, which holds if and only if it is first order sos convex. When D = [ is an
interval, we will see that a univariate polynomial is convex over I if and only if it is g-module convex over I.

Proposition 2.7. Let f(z) be a univariate polynomial, and I be an interval like [a,b], (—o0,b] or [a,00).
Then f(x) is convex over I if and only if it is ¢-module convex over I.

Proof. First suppose I = [a,b] is finite. f(z) is convex over [a,b] if and only if f”(z) > 0 for all z € [a, ],
which is true if and only if
f'(x) = o0(z) + (z — a)or (z) + (b — z)oa(2)
for some sos polynomials o, 01, 02 with degrees at most 2[deg(f)/2] (see Powers and Reznick [15]). In other
words, f(z) is convex over [a,b] if and only if its Hessian belongs to the quadratic module generated by
polynomials  — a,b — x. Then the conclusion can be implied by Theorem 2.4
The proof is similar for the case (—oo, b] or [a, 00). O

2.3.2 Epigraph of polynomial functions

For a given convex domain D C R™, f(x) is convex over D if and only if its epigraph

epi(f) :={(z,t) e DxR: f(z) <t}

is convex. Note that epi(f) is defined by the inequality ¢t — f(x) > 0. If we consider t — f(z) as a polynomial
in  with coefficients in ¢, then £P  (t — f) and LP (¢t — f) are both linear in (x,t). Therefore, if f(z) is

gmod pre
?—mod}zlﬁ)(resp. preordering) convex over D, ﬁqpmod(t— f) (vesp. LD (t— f)) presents an SDP representation
or epi(f).
By Proposition 277 when f(x) is a univariate polynomial convex over an interval I, we know its epigraph

epi(f) is SDP representable and Lémod(t — f) is one SDP representation.



3 Convex sets defined by rational functions

In this section, we discuss the SDP representation of convex set Sp(f) when f(z) is a rational function while
the domain D = {z € R" : gy(x) > 0,---,gm(z) > 0} is still defined by polynomials g;. Let f(x) be a
rational function of the form

f@)=—— S fan

fden(x) aeN": |a|<2d

Here fgen(z) is the denominator of f(x). We assume that f(x) is concave over the domain D. So f(x) can
not have poles in the interior int(D) of D. Without loss of generality, assume fgen () is positive over int(D).
Note that f(x) is not defined on the boundary 0D where fgen(z) vanishes. If this happens, we think of
Sp(f) as the closure of {z € int(D) : f(x) > 0}.

3.1. The g-module or preordering convexity of rational functions

We now introduce some types of definitions about convexity/concavity for rational functions. Let
p(z),q(x) be two given polynomials which are positive in int(D). We say f(z) is g-module convex over
D with respect to (p,q) if the identity

pa)g(u) - Re(z,u) =Y gi(z) | D g;(w)oij(x,u) (3.7)
i=0 §=0

holds for some sos polynomials o;;(z,u). Then define f(z) to be g-module concave over D with respect to
(p,q) if —f(x) is g-module convex over D with respect to (p,q). We say f(x) is preordering convex over D
with respect to (p, q) if the identity

p(@)a(u) - Ry(wu) = Y g (@)---gr(@) | D0 g (w) - gl (w)onul,u) (3-8)

ve{0,1}m ne{0,1}m

holds for some sos polynomials o, ,(x,w). Similarly, f(z) is called preordering concave over D with respect
to (p,q) if —f(x) is preordering convex over D with respect to (p,q). We point out that the definition of
g-module or preordering convexity/concavity over D for rational functions assumes a certain set of defining
polynomials g;(z) for D is clear in the context.

In identities (37) or (3.8)), there is no information on how to find polynomials p,q. However, since
R¢(x,u) has denominator fgen(x)f7,, (u), a possible choice for (p,q) is

P(@) = faen(@);  q(u) = fion(w). (3.9)

If the choice (p,q) in [B3) makes the identity B) (resp. (B38))) holds, we say f(z) is g-module (resp.
preordering) convex over D with respect to p(x), or just simply say f(z) is g-module (resp. preordering)
convex over D if the denominator fge,(x) is clear in the context.

In the special case D = R", the definitions of g-module and preordering convexity over D coincide with
each other, and then is called first order sos convexity when (p,q) is given by ([B.3)), as consistent with the
definition of first order sos convexity in Section[2l First order sos concavity is defined similarly.

2
Example 3.1. (i) The rational function i—f is convex over the domain Ry x R. It is also g-module convex
over Ry x R with respect to the denominator x;, which is due to that

2 2 2
T5 U5 U3 2uz 1 9
_—— — — ——2(I1—U1)—|——($2—UQ) :—Q(Jfl’UQ—xQUl) .
X1 U1l uy U1l T1Uuy
.. . . 1;4+m2m2+;1;4 . . 2 .
(ii) The rational function f(z) = —— 72— Is convex over the domain R. It can be verified that
1 2

B R R0 R el S AR CR N o
- (3 + 23) (u} + u3)?

(f(@) = f(u) = Vf(u)(z —u))



where the polynomials f; are given as below

f1 = —uiuox3 — uguer? + urudze + udugxy, fo = —u3rd + udry — uiz? + uiay,

fo = —uiuox3 + uruer? + urudre — udugxy, fr = —2uiusT1To + uruldT1 + UIULTa,
f3 = —udriz2 + udr1 — UdT122 + UST, fs = uda? —ulad,

fa= u%xlxg — u%:z:l — u%xlxg + u%:z:z, fo = —ulu%xl + U%'LLQIQ.

2.2 3 2.2, .3
f5 = usxs5 — usxs —ujxi +uyry,
So the f(x) given above is first order sos convex. O

Obviously, the g-module convexity implies preordering convexity, which then implies the convexity, but

the converse might not be true. For instance, rlm is convex over Ri, but it is neither g-module nor

preordering convex over R? with respect to the denominator z1z5. Note that for f(z) = ﬁ it holds
u%u%xlnglf(x, u) = u%u% + x%xgug + xlxgul — 3T1T2UUS.
There are no sos polynomials o, ,, (2, u) such that

2,2 _ V1 .V2, K1, 2
uiusz1zo Ry (x,u) = g ey aul us oy (2, ).

ve{0,1}2,1€{0,1}?

Otherwise, if they exist, we replace (w1, 2, u1,u2) by (¥, 23,1,1) and then get the dehomogenized Motzkin’s
polynomial 1 + z{z2 + 223 — 32223 is sos, which is impossible (see Reznick [I7]).

Proposition 3.2. Let CQ, 4(D) (resp. CP, (D)) be the set of all ¢-module (resp. preordering) convex
rational functions over D with respect to (p,q). Then they have the properties:

(i) Both CQ, (D) and CP, (D) are convex cones.

(ii) If f(x) € CQpq(D) (resp. f(x) € CPyy(D)), then f(Az+b) € CQpg(D) (resp. f(Az+b) € CP;4(D)),
where D = {z : Az+b € D} and p(z) = p(Az +b),q(z) = q(Az + ). That is, the g-module convezity
or preordering convexily is preserved under linear transformations.

Proof. The item (i) can be verified explicitly, and item (ii) can be obtained by substituting Az + b for = and
noting the chain rule of derivatives. O

3.2. SDP representations

Now we turn to the construction of SDP representations for Sp(f). Recall go(z) = 1. Throughout this
subsection, we assume the polynomials f(z) and g;(x) are either all g-module concave or all preordering
concave over D with respect to (p, q). Thus for any h(z) from {f(x), g1(x), -+, gm ()}, we have either

—p(@)a() Ra(e,w) = 3 gi(a) | 3 g5 ()l ()
j=0

i=0

for some sos polynomials afj (xz,u), or

—p@)g(wRp(z,w) = Y g (@)-gi(@) | DD g (W gk (ol (@ u)

ve{0,1}m ne{0,1}m
for some sos polynomials of! , (z,u). Let

t(zlgod = max max  [5deg,(giof;)],

he{f,g1,,gm} 0<i,j<m
(R) _ h

dyre = max max Lde Vil gimg .
P he{fign o gm} {01} uef0,1}m |3 dega (91" -~ g0,

(3.10)
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Then set d = dém)od (resp. d = défe)) when f(x) and g;(x) are all ¢-module (resp. preordering) concave over

D with respect to (p, q).
Define matrices P\, P{"), Q%, Q") such that

gﬁ((f)) my_q,(2)mg_q, (z)" = > QVze + S pc(yi)%)’ 0<i<m,
) aeN™:|a|+|LE(p)|<2d BEN":B<LE(p)
7’/ 9" V), .o v) af m
= p(mg)m mg—d, (‘T)md_du (x)T = Z ng )JJ + Z P, )W7 IS {0, 1} .
aeN:|a|+|LE(p)|<2d BeN™:B<LE(p)
(3.11)

Here LE(p) denotes the exponent of the leading monomial of p(z) under the lexicographical ordering (x; >
g > -+ > xy,). Note that the union
B

p(x)

is a set of polynomials and rational functions that are linearly independent.
Let y be a vector indexed by « € N™ such that |a| + |LE(p)| < 2d, and z be a vector indexed by § € N"
such that 8 < LE(p). Then define

{2 0 e N Jof +|LE@) <24} U{ "< B e N", 5 < LE®)}

Qily,2) = > Qvat ¥ Pz 0<i<m,
aeN":|a|+|LE(p)|<2d BeEN™:B<LE(p) 3.12
_ ») (v) m (3.12)
Qv(yaz)_ E Q(l ya+ Z P‘l 257]/6{071} .
aeN":|a|+|LE(p)|<2d BEN":B<LE(p)
Suppose the rational function f(x) is given in the form
f(z) = > fPaev S P ( 1
aeN":|a|+|LE(p)|<2d BeN™:B<LE(p) plr
then define vectors f(1), (2 such that
(FONTy + (fP)Tz = 3 O+ Y P
aeN":|a|+|LE(p)|<2d BeEN":<LE(p)
Define two SDP representable sets
D f(l) ’ Y :
Rymoa(f) =1 (y,2) : yo =1, @) |22 0, Qi(y,2) = 0,¥0<i<m,, (3.13)
D f(l) g Y m
Rpre(f) =4 (,2) : yo=1, @ | >0, Qu(y,2z) = 0,Vve{0,1}" 5. (3.14)

We say Sp(f) equals quod(f) (resp. Rppre(f)) if Sp(f) equals the image of quod(f) (resp. Rpre(f)) under

the projection p(y, 2) = (y10..0, Y010..0, ---, Yoo..01)- Similarly, we say = € quod(f) (resp. x € RD..(f))
if there exists (y, z) € ’quod(f) (resp. (y,2) € RD.(f)) such that = = p(y, z).

Lemma 3.3. Assume D and Sp(f) are both conver and have nonempty interior. Let {x € R™ : a®z = b} be
a supporting hyperplane of Sp(f) such that a¥x > b for all x € Sp(f) and aTu = b for some point u € Sp(f)
such that q(u) > 0, and either f(u) >0 or fgen(u) > 0.

(1) If f(z) and every gi(x) are g-module concave over D with respect to (p,q), then
p(x) - (a¥z —b—\f(x)) = Zgi(:v)oi(x)

for some scalar X > 0 and sos polynomials o;(x) such that deg(gio;) < 2d((1120d.

11



(ii) If f(x) and every g;(x) are preordering concave over D with respect to (p,q), then
p(a)- (" —b=Af(@) = D g'(@)- g (@)o(x)
ve{0,1}m

for some scalar X > 0 and sos polynomials o;(x) such that deg(gy* - ghmoy) < 2d§we

Proof. Since Sp(f) has nonempty interior, the first order optimality condition holds at w for convex opti-
mization problem (u is one minimizer)

min o’z subject to  f(z) >0, gi(z) >0,i=1,...,m.

x

If f(u) > 0, the constraint f(z) > 0 is inactive. If fden( ) > 0, f(x) is differential at u. Hence, in either
case, there exist Lagrange multipliers A > 0,A\; >0,...,\,;, >0 such that

a=AVf(u +Z/\ Vgi(u), Mf(u) = Agi(u) == Angm(u) = 0.
Hence we get the identity

a ZC—b )\f Z/\zgl -

A(Fw) + V() (@ =) - )+ZA (9:(0) + Vs (@ — w) — (@) ).

Therefore, the claims (i) and (ii) can be implied immediately by the definition of g-module concavity or
preordering concavity of f and g;, and plugging the value of w. O

Theorem 3.4. Assume D and Sp(f) are both convexr and have nonempty interior. Let (p,q) be given in

(57) or (38). Suppose Aim(Z(f) N Z(faen) N OSD(f)) <n —1 and dim(Z(q) N ISp(f)) <n—1.
(1) If f(z) and every gi(z) are g-module concave over D with respect to (p,q), then Sp(f) = ’Rquod(f)

(ii) If f(x) and every gi(z) are preordering concave over D with respect to (p,q), then Sp(f) =RD..(f).

Proof. (i) Since Sp(f) is contained in the projection of RD _,(f), we only need prove Sp(f) 2 RL, ,4(f)-

For a contradiction, suppose there exists some (7,2) € RE ,(f) such that & = p(9) ¢ Sp(f). By the
convexity of Sp(f), it holds

Sp(f) = ﬂ {xER”: aTbe}.
{aTx=b} IS a
supporting hyperplane

If & ¢ Sp(f), then there exists one supporting hyperplane {a”z = b} of Sp(f) with tangent point u € Sp(f)
such that a”'2 < b. Since dim(Z(f) N Z(p) N 9Sp(f)) <n —1 and dim(Z(q) N dSp) < n — 1, by continuity,
we can choose {a’x = b} such that either f(u) > 0 or p(u) > 0, and g(u) > 0. By Lemma [3:3] we have

m

o’z —b=Af(a)+Y 2 f (3.15)
1=0

for some sos polynomials o;(z) such that deg(g;o;) < 2d((1}20d. Note that d = déﬁ‘zod. Then write o;(x) as

Ui(.%') = Mg_dq; (.’L‘)TWimd_di (CL‘), = 0, 1, e,

12



0.8

0.2

Figure 1: The convex set defined by z? + 22 > x{ + 2222 + 23.

for some symmetric matrices W; »= 0. Then identity [BI5]) becomes (noting BIT))

"o =0 =A@+ 3 (L@ (o)7 ) o W,
1=0

> QWPz+ Y P(@]% oW,

= Af(z) +
=0 \ aeN":|a|+|LE(p)|<2d BEN™:F<LE(p)

m
=0

In the above identity, if we replace each =® by 7, and % by Zs, then we get the contradiction

a’i —b=(fNTG+ (FP)T2+> Qi 2) e Wi > 0.
=0

(ii) The proof is almost the same as for (i). The only difference is that

9
a’z —y = \f(z)+ Z 1Tau(x)
vefoym P

for some sos polynomials o, (x) such that deg(g;0;) < Qdéﬁg. Note that d = déﬁg. A similar contradiction

argument like in (i) can be applied to prove the claim. O

Example 3.5. The convex set {x € R?: 2% + 22 > 21 + 2223 + 23} can be defined as Sg:(f) with rational
4 2,2 4

function f(z) = 1 — L0222 The set, Sp2(f) is the shaded area bounded by a thick curve in Figure [l

mf-‘rmg
R2

qmod(f)- A polynomial division

We have already seen that f(x) is first order sos concave. So Sgz2(f) = R
shows that ﬁmg (r)ma(2)T equals
1 2

0 0 0 1 0 0 1 z1 T2 —x2 1o x2
0 1 0 €1 X2 0 x1 —x% xr1T2 —xlmg —mg mle
0 0 0 X9 0 0 1 T2 T1X2 L% —L% ng L%
1 x1 a2 I% - I% T1X2 m% + m —m% —mlmg —m% I% —I1IS —I%
0 z2 O T1T2 x% 0 xT1T2 —x% xw% —xlmg —m% mlxg
0 0 O x3 0 0 z3 123 x5 —z5 z1x z5
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So we can see that Sgz(f) = RE. (f) can be represented as

qmod
1,$2)ERXRZ = Yij, Zij, St 1> yo0 + 204,
O 0 0 1 0 0 200 Z10 201 —Z02 Z11 Z02
0 1 0 Ty z2 0 210 —Zo2 211 —Z12 —Z03 212
0 0 0 T2 0 0 Z01 Z1L Zo2 —Z3 Z12 0 Z08 | g
1 @1 2 y20—Yo2 Y11 Yo —Z02 —Z12 —203 204 —ZX13 —Ro4|
0 2o O Y11 Yoz 0 211 —Z03 212 —Z13 —Z04 213
0 0 0 Yo2 0 0 202 212 203 —Zo4 213 204

The plot of the projection of the above coincides with the shaded area in Figure [Il
3.3. Some special cases

3.3.1 Epigraph of rational functions

The rational function f(z) is convex over the convex domain D if and only if its epigraph

epi(f) :={(z,t) e Dx R: f(x) <t}

is convex. The LMIRD _,(t - f) and R} (t — f) can be constructed by thinking of ¢ — f(x) as a polynomial
in x with coefficients in ¢. So, if f(z) is q-module (resp. preordering) convex over D, Rquod(t f) (resp.

RD..(t — f)) is an SDP representation for epi(f).

Now we consider the special case that f(z) = gg g is a univariate rational function convex over an interval
I = [a,b] and p(x) is positive over (a,b). Note that I ={x € R:x—a > 0,b—2 > 0} (x —a > 0 is not
required if @ = —oo, and similarly for b —z > 0).

Theorem 3.6. Let f(z) = E ; be a univariate rational function and p(x) is a polynomial nonnegative over

an interval 1. If f(x) is convex over I, then its epigraph epi(f) = Rémod(f).
[a,b]

Proof. First assume I = [a, b] is finite. Since quod

(f) is linear in ¢, it suffices to show for any fixed ¢

{z €[a,b]: Jy,z,st., 2 =y1,(y,2,t) € R([]mod( NYy=Az€la,b]: f(z) <t}.

In the above the right hand side is contained in the left hand side. Now we prove the converse. For a

contradiction, suppose there exists a tuple (9, 2,t) € Rémgd(f) such that and & = ¢; does not belong to the

convex set {x € [a,b] : f(x) <t}. Then there exists an affine function c¢g + c¢12 such that
o+t <0, co+cx>0, Vaelad]: f(z) <t
Since f(z) is convex over [a,b], by optimality condition, there exists A > 0 such that

(co + c1z — At)p(z) + Aq(x)

co+ax— ANt — f(z)) = (@)

>0, Vze€lab].

Then we can see that (co + ciz — A)p(z) + Ag(z) is a univariate polynomial nonnegative on [a,b]. So
there exist sos polynomials so(x),s1(x), s2(x) of degrees at most 2d,2d — 2,2d — 2 respectively (assume
deg(p) + 1,deg(q) < 2d and see Powers and Reznick [I5]) such that

(co + c1x — A)p(x) + Aq(x) = so(x) + (z — a)s1(z) + (b — a)sa2(x)
and hence then
50(@) + (@ = @)s1(2) + (b — a)sala)
p(x) '

co+cx =Nt — f(z))+

14



Write so(x), s1(x), s2(x) as
so(z) = mg(z) T Womg(z), s1(z) = mg_1 ()T Wimg_1(x), s2(z) = mg_1(2)T Womy_1(2)

for some symmetric Wy, Wi, Wa = 0. Then we have (noting go = 1,1 = = — a, g2 = b — = and (B.11)))

2
a"x—b=\t—f(x)+ Y (ii((f)) Ma—q, (T)Ma—q, (iC)T> oW; (dy=0,d1=d>=1)
=0

2
. B
=AMt = f@)+) > Pz + Y PO |ew.
=0 \a€eN:|a|+|LE(p)|<2d BEN:B<LE(p) p(.I)
In the above identity, if we replace each ® by 7, and #j) by Zg, then get the contradiction

2
" —b= At~ (F)"g - (fD)2) + D Qi(g.2) e Wi 2 0.
=0

Therefore we get epi(f) = Rl (f)-

gmod
When [ is an infinite interval of the form [a,00) = {2 : # —a > 0}, (—o00,b] = {& : b—x > 0} or

(—00,00) = {z : 1 > 0}, a similar argument can be applied to prove epi(f) = Rémod(f). O
3.3.2 Convex sets defined by structured rational functions
For the convenience of discussion, we define some basic convex sets (r < s)

K, ={(w,v) e R, xRy : wy---w, >0} (3.16)
which are all SDP representable (see §3.3 in [1]).

First, consider epigraphs of rational functions of the form
fa) = iz i@
pi(x) - pr(x)

where ¢;(z), pj(x) are polynomials nonnegative over D and the integer s; > r + 1. Then

(3.17)

epi(f) = {(:vat) €D XR: Y (¢:i(2)" < pi(w)-- -pr(w)t} :

i=1

The epigraph epi(f) can be equivalently presented as

P s
epi(f) = {(:C,t) €D xR : Ju;, w;, ZL <t,qi(z) <upw; < pi(x),i= 1,...,P}.

S wy - w,
Note that
qi(z) <u; <= (x,u;) € epi(q;), w; < pi(x) <= (x,—w;) € epi(—p;),
P s
ZL <t<— 3’1}1,"- ,Up > O, v+ +oup < t,(wl,--- ,wT,Ui,ui) S KT+1751,.
= wy - wy

Hence we obtain that
P

epi(f) = {(‘Tut) eDxR: Huiuwiuviu Zvi S tu (’U}l, e ,wr,’Ui,Ui) S Kr-i-l,sia

i=1
(xz,u;) € epi(q;), (z, —w;) € epi(—p;),i =1,..., P}.

When ¢;(z) are g-module (resp. preordering) convex over D, we know epi(q;) = L ,(ui — i) (vesp.
epi(q;) = L. (u; — ¢;)), and similarly for —p;(z). Thus, we get the theorem:
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Theorem 3.7. Suppose f(x) is given in the form [317) and all ¢;(x),p;(x) there are nonnegative over D.

(1) If all g;(z), —p;(x) are g¢-module convex over D, then

epi(f) = {( ) Jui, wi, vi, T € ﬂ ‘Cqmod ﬂ qmod j)a

=1 Jj=1

P
Zvi < t, (wl, o ,wr,vi,ui) S KTJFLSI.}.

i=1

(ii) If all ¢;(z), —p;(x) are preordering convexr over D, then

P
epi(f) = {( ) E"U,“’LUZ,’U“I € ﬂ ‘Cpre m pre )’

1=1

P
D v <t (wiy e we, v, ) € Kr—i—l,si}'

Example 3.8. (i) Consider the epigraph {(:Cl,:vg,t) ERy xRxR:t> %} The rational function
here is given in the form [BI7)). By Theorem B.7] its epigraph can be represented as

) t u u—1 x9
T (] g R S

(ii) Consider the epigraph {(x, t)e B(0,1) xR: t> %} . The rational function here is given in
1 n

the form ([FIT). By Theorem B its epigraph can be represented as

n

1—w; x; u x’

{(‘Tvt) : EU,’UZ',’LUi, S't'a 2’07; < tu |: T ! 1l:| = 07 |:.’I] In:| = 07 (’LL,’LUl, ce 7w7“u) € Kﬂ+17n+1} .
i=

Second, consider epigraphs of rational functions of the form

L

h(z) =Y (fr(x))" (3.18)

k=1

where fj(x) are rational functions given in form ([BI7) and by > 1. Then the epigraph epi(h) = {(z,t) €
D x R: h(z) <t} can be presented as

L
epi(h) = {(‘Tut) : EnkaTka ZTk S tu (‘Tunk) S epi(fk)a (Tk777k) S Kl,bka k= 17' o 7L} .
k=1

Once the SDP representation for each epi(fx) is available, one SDP representation for epi(h) can be obtained
consequently from the above.

2
Example 3.9. Consider the epigraph {(a:l, xo,t) ERy xRy xR: ¢t > (H;S) } . From the above discus-

sion, we know it can be represented as

X O 1
(z1,22,t) : Ju, Li ﬂto, 0 =z a2 =0
1 22 wu
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Third, consider the convex sets given in the form

J
T = {3: €D :a(zr) > th(a:)} (3.19)

k=1

where a(x) is a polynomial and every hy(x) is given in the form (BI8). Then

J
T = {.I : Eltaelv e 79,]7 t> Zekv (.I, _t) € epi(—a(x)), (Iaek) € epi(hk(x))vk = 15 B 7J} .
k=1

When a(x) is ¢-module or preordering concave over D, epi(—a(z)) is representable by LD, (a(z) —t) or

LD . (a(x) —t). Once the SDP representations for epi(—a(z)) and all epi(hy(z)) are available, an SDP
representation for 7' can be obtained consequently.

Example 3.10. (i) Consider the convex set T = {(xl,xg) ERy xR:1—323> %} It is given in
the form [BI9) with D = Ry x R. From the above discussion, we have

T = {((El,fbg)Z Ju, w, [1—u :612} =0, [w—l x2] =0, (u,x1,w) EKg)g}.
X9 3 i) 1

Note that (u,x1,w) € K22 has the representation [Z ;U] = 0.
1

(ii) Consider the convex set T' = {(xl, 7)) ERy xR: 1 —123 > (12#} . It is given in the form ([BI9) with
1

D = R4 x R. From the above discussion, we know it can be represented as

1+u $2:|>_0 L1 0 !

(x1,22) : Fu, { e 1l-u

4 Convex sets with singularities

Let Sp(f) = {xz € D: f(x) > 0} be a convex set defined by a polynomial or rational function f(z). Here
D={xeR": gi(x) >0, ,gm(x) > 0} is still a convex domain defined by polynomials. Suppose the
origin belongs to Sp(f) and is a singular point of the hypersurface Z(f) = {z € C": f(z) = 0}, i.e.,

We are interested in finding SDP representability conditions for Sp(f).

As we have seen in Introduction, one natural approach to getting an SDP representation for Sp(f) is to
find a “nicer” defining function (possibly a concave rational function). Let p(z) be a polynomial or rational
function positive in int(D). Then we can see Sp(f) is the closure of the set

{3: € int(D) : f@) > O}.

p(x)
If g E;; has nice properties, e.g., % has special structures discussed in Section Bl or it is g-module or
preordering concave over D, then an explicit SDP representation for Sp(f) can be obtained. For instance,
consider the convex set

{(z1,22) € Ri : —xf + 3;51;5% — (:vf + :v%)? > 0}.

The origin is a singular point on its boundary. If we choose p(x) = 23, then it can be presented as

3t
{(xl,xg) €RY : 371 > 2:6%—1—:6%—}—17—;4—17—;}.
2 2
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Then this set can be represented as
{(xlva) S Ri : 3“17’“27”37’“45 S't'; 3I1 Z 2U1 +U2 +U3 +’LL4, (ulaxl) S K1,25
(ug,x2) € K12, (u3, T2, 2, x1) € K333, (U4, T2, T2,21) € K3,4}'

However, there is no general procedure to find such a nice function p(x). In convex analysis, there is a
technique called perspective transformation which might be very useful now. Generally, we can assume

Sp(f) Cc Ry x R*™H int(Sp(f)) # 0.
Define the perspective transformation p as
p(r1, 29, ,xn) = (1/x1, 2 /21, 0 /21).
The image of Sp(f) under the perspective transformation p is

{(1/1717332/361,"' ,Tn/T1) X € Sp(f)} C Ry xR*L,

which is also convex (see §2.3 in [2]). Define new coordinates

~ 1 ~ €2 ~ Ln
{L'l:—, {'[;2:—, sy xn:_'
Ty Ty Ty
Denote Z = (&y,--- ,&,). Suppose f(z) has Laurent expansion around the origin
f(x) = fo(@) = fopr(2) =+ = fal@)
where every fi(z) is a homogeneous part of degree k. Let
P (1)) fab(7)
xT) = Xr)— ——— — - —
F@) = fo(d) - L e
where f;(Z2,- -+ ,2n) = 27 fy1i(&). Define a new domain D as

D={zeR": i(Z) >0, ,gm(Z) > 0}

—9:)_  Note that D is convex if and only if D is convex (see §2.3 in [2]). Therefore, under

where ¢;(Z) = mdigwn'

the perspective tlransformation p, the set Sp(f) can be equivalently defined as
Sp(f) ={z €D f(z) > 0}.
Proposition 4.1. If Sp(f) is conver, then fo(z) > 0 for any & = (#1,7) € Sp(f).

Proof. Fix ¢ = (z1,--- ,x,) € Sp(f) and & = (Z1,--- ,Z,) € Sp(f) such that & = p(x1, 29, - ,x,). By the
convexity of Sp(f), the line segment {tz : 0 < ¢ < 1} belongs to Sp(f). Thus its image

p(txl7tx27 e ,t,an) = (Zi.laiéu e wrn)
belongs to Sp(f). Now let t — 0. Then f(1iy,&2, -+ ,&,) > 0 implies fo(Z) > 0. O

4.1. The case of structured fk(:%)

In this subsection, we assume fk(:fr) have special structures. Then the methods in Subsection [3.3.2] can
be applied to construct SDP representations for Sz(f).
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Theorem 4.2. Suppose every fk(:%) (k=1,---,d—0b) is given in the form

_ Lk Rk Qk] k
Je(@) = > (@@ + 3 ( Z Phse(E))5)
=1 7j=1 /=1

or some polynomials q;“ s Dke.it which are monnegative over D and integers Ty > k+1, spi0 > 2
Y Js 9 ) , s
(pk,;(Z) can be any affine polynomml when s j¢ is even). Then Sp(f) can be represented as

k
d—b Lk Rk Qk 2J Sk.it
~ > ’U/k z Uk,_], s
Tt Uy Uk iy Vg g0y U 2 E + E E — :
k=1 \ i=1 j=1 \ (=1

(Z, —u) € epi(—fo), (&,ur;) € epi(qr.i), (T, vk j0) € epi(pk,j,é)}-

Furthermore, if —fo(Z) and all qi (%), pr.je(Z) are g-module or preordering convex over D, then Sﬁ(f) is
SDP representable.

Proof. The first conclusion is obvious by introducing new variables u, u, ;, v, j¢c. Note that

d—b Ly . Ry Q. ;
(uk7i)”‘k,1 (vkﬁjye)sk,bl k
uz Y (X (X))
k=1 i=1 1 j=1 ¢=1
is equivalent to
d—b Ly
>y (an it Z&c) Ty, T, Miis Uki) € Kigtr,s
k=1 =1

(ks Cr) € K1y (CryZ1,0k,0) € Kogp,ye

When —fo(Z) is g-module (resp. preordering) convex over D, (Z,—u) € epi(—fo) is representable by
Eqmod( — fo) (resp. Epre( — fo)). Similar results hold for g ;(Z), pr.j.¢(Z). Once the SDP representa-
tions for epigraphs of fo( ), qr,;(z) and py ;(Z) are all available, we can get an SDP representation for
S7(f) consequently. O
Now we show some examples on how to apply Theorem
Example 4.3. (a) Consider convex set S = {(x1,22) € Ry x R: 22 — 23 — 22 > 0}. Its boundary is a cubic
curve and the origin is a singular node. This convex set is the shaded area bounded by a thick curve in
Figure 2la). The thin curves are other branches of this cubic curve. After the perspective transformation,
we get

1
S:{(i'l,iQ)ERJ,_XRZ 1-@%—720}
T
which can be represented as

==y 1—u o u 1
{(xl,wg) : Ju, s.t., [ . 1} =0, [1 571} EO}.

After the inverse perspective transformation, we get

o . r1T —Uu i) u T
S = {(xl,xg). Ju, s.t., [ 2 xll] =0, |:5171 IJ EO}.

The plot of the projection of the above coincides with the shaded area in Figure 2l(a).

(b) Consider convex set S = {(z1,72) € Ry x R: 23 — 23 — 23 > 0}. The origin is a singular tacnode on the
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Figure 2: Four singular convex sets discussed in Example [£.3]

boundary. This convex set is the shaded area bounded by a thick curve in Figure (b). The thin curve is
the other branch of the singular curve 23 — x5 — 23 = 0. After the perspective transformation, we get

1
S:{($1,$2)€R+XR 1> ki }

Il

which can be represented as

~ o~ . 1—’LL1 u9 U1l 1 u9 .i'g
{(Il,xz)- Jug,ug, s.t., { U 1_~_UJ =0, [1 501] =0, LNU? :EJ EO}-

After the inverse perspective transformation, we get

_ . Tl — Ul U2 Uy T Us To
S = {(Il,xz)- Jug,uz, s.t., { s x1+u1} =0, [xl 1] >0, |:552 1} 50}.

The plot of the projection of the above coincides with the shaded area in Figure 2I(b).

(c) Consider convex set S = {(x1,72) € Ry x R: 23 — 32123 — (2% + 23)? > 0}. The origin is a singular
point on the boundary. This convex set is the shaded area bounded by a thick curve in Figure 2(c). The
thin curves are other branches of the singular curve 23 — 32123 — (2?2 + 23)? = 0. After the perspective
transformation, we get

1 ~2\2
S:{(:zl,:zg)eR+><R: 1—3@5—@20}

Z1
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which can be represented as

{(551,552): Ju,w, st [1;“ ”312] =0, {“ w] =0, {“’fl ﬂ 50}.

2 3 W T To

After the inverse perspective transformation, we get

S = {(xl,xg) : Ju,w, s.t., [xl Y 1:172} =0, [u w} =0, [w—xl :62] 50}.
To 3T1 w1 T3 T1

The plot of the projection of the above coincides with the shaded area in Figure 2f(c).

d) Consider convex set S = {(x1,22) € Ry x R: 2?2 — 22 — (2% + 22)? > 0}. The origin is a singular point
+ 1 2 1 2

on the boundary which is one branch of the lemniscate curve x? — 23 — (22 + 23)? = 0. This convex set is
the shaded area bounded a thick lemniscate curve in Figure 2ld). The thin curve is the other branch of the

lemniscate curve. After the perspective transformation, we get

gZ{(ﬂh,ﬂb)ER.,.xR; (1-72) > (1—1::%%> }

Z1

which can be represented as

~ o~ . 1+u jg
(Z1,Z2) : Ju,w, s.t. [ £y l—u]

After the inverse perspective transformation, we get

u xr1 X2
S = (x1,22) : 3u, sit. [“’1“‘ 2 }_o, 2, 1 0]>=0
i) r1T —Uu
i) O 1

The plot of the projection of the above coincides with the shaded area in Figure 2(d).

4.2. The case of two consecutive homogeneous parts

In this subsection, we consider the special case that f(x) = fy(z) — for1(x) having two consecutive
homogeneous parts. Then, after perspective transformation, we get

Sp(f) = {feﬁ:fo(?c)— f1(2) zo}.

Z1

By Proposition E] for any & € D, we have fo(Z) > 0. Let D’ be the intersection of {Z : fo(z) > 0} and the
projection of D C Ry x R"! into R"~!. Then we get

Sp(f) = {( i) € D' xRy 0 > h(F)}, h(F) = 1D

Then Sp( f) is the epigraph epi(h) of the rational function h(Z) over D’. Note that h(Z) is convex over the
domain D’ if and only if S5(f) is convex, which then holds if and only if Sp(f) is convex. So, if h(Z) is
g-module or preordering convex over D', then Ran,wd(izl —h) or Rge(izl — h) is an SDP representation for
epi(h), and then one can be obtained for Sp(h) after the inverse perspective transformation.

A very interesting case is n = 2. Then D’ must be an interval I of the real line.

Theorem 4.4. Let n =2 and D' = I be an interval as above. If Sp(f) is convez, then S (f) = Rémod(
h), and hence Sp(f) = p~ Y (RL . (&1 — h)).

qmod

xr1 —
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Proof. When n = 2, f(Z) is a univariate rational function. When Sp(f) is convex, Sz(f) is also convex.

Since Sp( f) is the epigraph of f(z), f(Z) must be a univariate rational function convex over the interval I.
By Theorem [B.6] its epigraph is representable by ’Rémod(gﬁl —h). Thus S5(f) = Rémod(:il — h). After the
inverse perspective transformation, we can get an SDP representation for Sp(f). |

Now we see some examples on how to find SDP representations for singular convex sets by applying
Theorem [4.4]

Example 4.5. (i) We revisit the singular convex set (a) in Example After the perspective transforma-
tion, we get § = {(5;1,532) ERx[-1,1]: & >

1_1:52 } , which can be represented as
2

~ 1—y2 Zo—y3
39%93#4720,217 T ZZO? |:j2_y3 Yo —Ys| — ’
(T1,%2): |1 T2 e 20 21 -1+ 2
To y2 ys3| =0, 21 =1+ 2z —I2 + 21 =0
Y2 Y3 Y4 —1+2zp —Z2+21 —y2—1+2

Applying the inverse perspective transformation, we get an SDP representation for S

1 — Y2 T2 —Y3
3 b b) 7Z 72 b) 1 Z Z b t 07
Y2,Y3,Y4, 20, 21 0 |:$2 Y3 Yo — s
(w1, 22) = |21 w2 Y2 20 21 —T1 + 20
T2 Y2 y3| =0, 21 -1+ 20 —T2 + 21 =0

Y2 Yz Y4 —r1+20 —x2+21 —Y2— 1+ 20

Interestingly but not surprisingly, the plot of the above coincides with the shaded area in Figure [2(a). R
(ii) Revisit the singular convex set (c¢) in Example After the perspective transformation, we get S =

2
{(:Tcl,:ig) eR x \/ig[—l, : & >-2 -1+ 9(1%%—)} , which equals
- 1—=3y2 2 —3ys
Y2, Y3, Y4, 20, 21, B1> —tyg — T4 04 | =0,
Y2,Y3, Y4, 20, 21 12 —3Y2—g T g% %o —3ys Yo —3ys| =
(T1,22): |1 22 w2 20 21 3(z0— 1)
Ty Y2 ys| =0, 21 3(20— 1) 3(z1 — Ty) =0
Y2 Y3 Y4 3(z0—1) (21— 32) —3y2+35(20—1)
Applying the inverse perspective transformation, we get an SDP representation for S
—3y2 2 —3ys
Ay, Y3, Y4, 20, 21, 1> Ly, — Ig —|—Ez,xl =0,
Y2, Y3, Y4, 20, 21 Z —3Y2 — g%1 T § 0 T2 —3ys Yo —3ys| =
(r1,22) 1 |71 T2 Yo 20 21 l(20 — 1)
T2 Y2 ys| =0, z1 %(Zo — 1) 3(21 — 22) =0
1 1 1
Y2 Y3 Ya 320 —21) 3(21 —22) —3y2+ 5(20 — 71)

Also interestingly but not surprisingly, the plot of the above also coincides with the shaded area in Figure[2(c).

Now let us conclude this subsection with an example such that Theorem [£4] can be applied to get an
SDP representation for Sp(f) while Theorem 2] can not.
Example 4.6. Consider the convex set S = {(21,22) € R?: z1(2} + 22) — 2} — 2223 — 23 > 0}. The origin
is a singular point on the boundary 05 which is a quartic bean curve. The picture of this convex set is
the shaded area bounded by the thick bean curve in Figure[3l After the perspective transformation, we get
S = {(:i:l,:irz) ER?: 7y > f(32) =33+ H—lig} . f(Z2) does not have structures required by Theorem .2

2

Obviously D' = (—o0,00). We can check that f(Z2) is convex over (—oo,00), so its epigraph epi(f) =

R((Z:n%ofo)(jl — f) which can be represented as

Z0 Z1 1—20
(Z1,%2) : Fy2,20,21,T1 > Y2+ 20, | 21 1—2 T — 21 =0
1—20 T2o—21 y2—1+2
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0.6

0.4r

Figure 3: The singular convex set defined by z1 (2% + 23) — 21 — 2223 — 23 >0 .

A direct SDP representation of S can be obtained by applying the inverse perspective transformation

20 Z1 T, — 20
(1,22) © Y2, 20, 21, 1 > y2 + 20, 21 T1 — 20 T2 — 21 =0
T1—2 T2—Z21 Y2—T1+ 20

In the above, y2 + zo can be placed by one parameter. The plot of the above coincides with the shaded area
in Figure 3

4.3. General case
For the general case, we have the following result by applying Theorem 3.4l

Theorem 4.7. Assume D and S@(f) are both convex and have nonempty interior, and dim({Z; = 0} N

0S5(f)) <n—1.
(i) If f(&) and every §i(Z) are g-module concave over D with respect to #5~°, then Sz(f) = ’Rqﬁmod(f).

(ii) If f(fc) and every §;(Z) are preordering concave over D with respect to j‘f_b, then Sﬁ(f) =RD (f)

pre

After one perspective transformation p, the singular point in Sp(f) is mapped to one point at infinity of
S@(f), ie., S@(f’) itself does not have a point which is the image p(0). And the mapping p is smooth when
21 > 0. At any point x € Sp(f) with 1 > 0, the mapping p will preserve the singularity or nonsingularity
at . In this sense, the perspective transformation p will remove one or more singular points. Of course, the
new convex set Sz ( f ) might have singularity somewhere else. In this case, we can apply some coordinate
transformation to shift one singular point to the origin and then apply the perspective transformation again.
So a sequence of perspective transformations might be applied. If there are finitely many singular points on
the boundary, a finite number of perspective transformations can be applied to remove all the singularities.
However, this approach might not work if there are infinitely many singular points, i.e., the singular locus is

positively dimensional. For instance, the convex set
{zeR?: (1 — (21 —1)* —23)® — 23 >0},

has a singular locus of dimension one. In this case, a finite number of perspective transformations is usually
not able to remove all the singularies.
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5 Some discussions

We conclude this paper with some discussions and open questions.

More general convex sets It is very natural to consider general convex sets of the form

SD(flv afk):{IGD: fl(x) >0, 7fk(:17) ZO})

where f1(z), ..., fr(x) are given polynomials or rational functions concave over the convex domain D = {x €
R™: g1(z) >0, -, gm(x) > 0} defined by polynomials ¢1(x), -+ , gm(x). Note that

Sp(f1,- 5 fx) = Sp(f1) NN Sp(f)-

So it suffices to consider each individual Sp(f;) separately.

One interesting but unaddressed case is that the defining polynomials f; are concave in some neighborhood
of Sp(f1,--, fr) but neither g-module nor prepordering concave over the domain D. In this situation, is
it always possible to find another domain D' D Sp(fi,- -, fx) such that the f; is ¢-module or prepordering
concave over D’ with respect to some other (p’,¢’)? Or is it always possible to find a different set of defining
polynomials for D = {z € R": g1(x) >0, -+, G (x) > 0} such that f; is ¢-module or prepordering concave
over D using new defining polynomials with respect to some different (p,q)? This is an interesting future
research topic.

The separability in Positivestellensatz The rational function f(z) is concave over D if and only if
fw) + Vi) (x—u)— f(z) >0,Vz,ueD.
By Positivestellensatz of Stengle [20], the above is true if and only if

(2, w) + faen(x) fien (W) - (f(u) + V()" (@ —u) = f(2)) =

Yooat@egr@ | Y W g (Wouu(ew)

ve{0,1}m pe{0,1}m

for some sos polynomials n(z,u), 0y, (z,u). Here fqep is the denominator of f(x) which is nonnegative over
D. When n(z,u) = ni(z)n2(u) is separable, we can choose p(z) = 01 () faen(z) and g = no(u) f2,, (u), and
then get an SDP representation for Sp(f) by following the approach in Section Bl However, in general case,
is it always possible to find a factor n(x, u) that is separable? Or what conditions make the factor n(z,u) to
be separable? This is an interesting future research topic.

Resolution of singularities In algebraic geometry [5], a well known result is that any singular algebraic
variety (over a ground field with characteristic zero) is birational to a nonsingular algebraic variety. But
the convexity might not be preserved by this birational transformation. Given a convex semialgebraic set
in R™ with singular boundary, is it is birational to a convex semialgebraic set with nonsingular boundary?
Or is every convex semialgebraic set in R™ equal to the projection of some higher dimensional convex
semialgebraic set with nonsingular boundary? To the best knowledge of the author, all such questions are
open. An interesting future work is to discuss how to remove the singular locus of convex semilagebraic sets
while preserving the convexity.

Acknowledgement The author would like to thank Bill Helton for fruitful discussions.
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