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OPTIMALITY CONDITIONS AND FINITE CONVERGENCE OF
LASSERRE’S HIERARCHY

JIAWANG NIE

ABSTRACT. Lasserre’s hierarchy is a sequence of semidefinite relaxations for
solving polynomial optimization problems globally. This paper studies the re-
lationship between optimality conditions in nonlinear programming theory and
finite convergence of Lasserre’s hierarchy. Our main results are: i) Lasserre’s
hierarchy has finite convergence when the constraint qualification, strict com-
plementarity and second order sufficiency conditions hold at every global min-
imizer, under the standard archimedean condition; the proof uses a result of
Marshall on boundary hessian conditions. ii) These optimality conditions are
all satisfied at every local minimizer if a finite set of polynomials, which are
in the coefficients of input polynomials, do not vanish at the input data (i.e.,
they hold in a Zariski open set). This implies that, under archimedeanness,
Lasserre’s hierarchy has finite convergence generically.

1. INTRODUCTION

Given polynomials f, h;, g; in x € R", consider the optimization problem

min  f(z)
(1.1) st hi(x)=00G=1,...,mq),
gi(z) >0(=1,...,ma).

Let K be the feasible set of (ILI). When my = 0 (resp. mz = 0), there are no
equality (resp. inequality) constraints. For convenience, denote h := (hy, ..., hm, ),
9 :=(91,---,9m,) and go := 1. A standard approach for solving ([T globally is
Lasserre’s hierarchy of semidefinite programming (SDP) relaxations [I1]. It is based
on a sequence of SOS type representations for polynomials that are nonnegative on
K. To describe Lasserre’s hierarchy, we first introduce some notation. Let R[z] be
the ring of polynomials with real coefficients and in z := (z1,...,2,). A polynomial
p € Rz] is said to be SOS if p = p? + --- + p2 for p1,...,pr € R[z]. The set of all
SOS polynomials is denoted by XR[z]?. For each k € N (N is the set of nonnegative
integers), denote

L N each ¢; € R[z]
(h)ok := 2@1“ and deg(¢ih;) <2k [’

ma
' | each o € SR[z]?
Qrlg) = J_Z:joaaga and deg(o;g;) < 2k
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The set (h)2, is called the 2k-th truncated ideal generated by h, and Qg (g) is called
the k-th truncated quadratic module generated by g. Lasserre’s hierarchy is the
sequence of SOS relaxations (k € N is called a relaxation order):

(1.2) max v s.t. f—v€ (h)a + Qrlg).

The SOS program ([2)) is equivalent to a semidefinite program [I1]. We refer to
[12} [14] for surveys in this area.

Let fmin denote the minimum value of (LLI)) and f; denote the optimal value
of (L2). Clearly, fr < finin for all k and {fx} is monotonically increasing. Under
the archimedean condition (i.e., R — X7 27 € (h)a; + Q:(g) for some t € N and
R > 0), Lasserre obtained the asymptotic convergence fr — fmin as k — oo, by
using Putinar’s Positivstellensatz (cf. Theorem 2Tl). When fr = fini, for some k,
we say Lasserre’s hierarchy has finite convergence. When h(x) = 0 defines a finite
set in the complex space C", Laurent [13] proved that Lasserre’s hierarchy has
finite convergence. Indeed, when h(xz) = 0 defines a finite set in R™, the sequence
{fx} also has finite convergence to fimin, as shown in [22]. There exist examples
that Lasserre’s hierarchy fails to have finite convergence, e.g., when f is the Motzkin
polynomial %23 (2% +23—32%)+ 2§ and K is the unit ball [20, Example 5.3]. Indeed,
such examples always exist when dim(K') > 3 (cf. Scheiderer [27, Prop. 6.1]).

However, in practical applications, Lasserre’s hierarchy often has finite conver-
gence, e.g., as shown by numerical experiments in Henrion and Lasserre [9, [10].
The known examples for which finite convergence fails are created in very special
ways. Since Lasserre proposed his method in [I1], people are intrigued very much
by the discrepancy between its theory (only asymptotic convergence is guaranteed
theoretically) and its practical performance (in applications we often observe finite
convergence). The motivation of this paper is trying to resolve this discrepancy.
Our main result is that Lasserre’s hierarchy has finite convergence when a finite
set of polynomials, which are in the coeflicients of f and all h;, g;, do not van-
ish at the input data, under the archimedean condition. This implies that, under
archimedeanness, Lasserre’s hierarchy has finite convergence generically. (We say a
property holds generically if it holds in the entire space of input data except a set of
Lebsgue measure zero.) To prove this, we need to investigate optimality conditions
for (TI)).

We here give a short review of optimality conditions in nonlinear programming
theory (cf. [I, Section 3.3]). Let u be a local minimizer of (II) and J(u) =
{j1,---,7r} be the index set of active inequality constraints. If the constraint qual-
ification condition (CQC) holds at u, i.e., the gradients

Vhi(u), ..., Vhm, (0), Vgm, (), ..., Vg, (u)

are linearly independent, then there exist Lagrange multipliers A;,..., Ay, and
W1, - - -y M, satisfying
mi m2
(1.3) VW) =Y NiVhi(u)+ Y 1;Vg;(u),
i=1 j=1
(1.4) pagr(w) = -+ = pmyGmy (0) =0, pn 20,0, pim, > 0.

The equation ([I3]) is called the first order optimality condition (FOOC), and (L4)
is called the complementarity condition. If it further holds that

(15) M1 +gl(u)>oaa,u"m2+gm2(u)>07
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we say the strict complementarity condition (SCC) holds at u. Note that strict
complementarity is equivalent to p; > 0 for every j € J(u). Let L(x) be the
associated Lagrange function

L(z) := f(x) — Z)\ihi(w) = Y mgi).

JEJ(u)

Clearly, (L3) implies VyL(u) = 0. The polynomials f, h;, g; are infinitely many
times differentiable everywhere. Thus, under the constraint qualification condition,
the second order necessity condition (SONC) holds at u, i.e.,

(1.6) vI'V2L(u)v >0 for all v e G(u)t.
Here, G(x) denotes the Jacobian of the active constraining polynomials
T
G(z) = [Vhi(z) -+ Vhm,(z) Vg(x) -+ Vg (2)]
and G(u)t denotes the null space of G(u). If it holds that
(1.7) vIV2L(u)v >0 forall 0#v e Gu)t,

we say the second order sufficiency condition (SOSC) holds at w.

We summarize the above as follows. If the constraint qualification condition
holds at w, then (L3)), (I4) and (L.6) are necessary conditions for u to be a local
minimizer of f on K, but they are not sufficient. If (I3), (L4), (LH) and (L7
hold at a point v € K, then u is a strict local minimizer of (II). The first
order optimality, strict complementarity and second order sufficiency conditions
are sufficient for strict local optimality. We refer to [I Section 3.3].

This paper studies the relationship between optimality conditions and finite con-
vergence of Lasserre’s hierarchy. Denote Rlz]q := {p € R[z] : deg(p) < d} and
[m] :={1,...,m}. Our main conclusions are the following two theorems.

Theorem 1.1. Suppose the archimedean condition holds for the polynomial tuples
h and g in (I1). If the constraint qualification, strict complementarity and second
order sufficiency conditions hold at every global minimizer of (1)), then Lasserre’s
hierarchy of (I2) has finite convergence.

Theorem 1.2. Let dy,dy,... ,dm,,dy,...,d;,, be positive integers. Then there
exist a finite set of polynomials @1, ..., (cf. Condition[{.3), which are in the co-
efficients of polynomials f € R[z]a,, hi € Rlz]a, (i € [m1]), g; € R[x]dg_ (5 € [ma2]),
such that if p1,...,r do not vanish at the input polynomial, then the constraint
qualification, strict complementarity and second order sufficiency conditions hold
at every local minimizer of (I1]).

The proof of Theorem [[T] uses a result of Marshall on boundary hessian condi-
tions [I5,[17], and the proof of Theorem[[.2luses elimination theory in computational
algebra. Theorem implies that these classical optimality conditions hold in a
Zariski open set in the space of input polynomials with given degrees. The paper is
organized as follows. Section 2 presents some backgrounds in the field; Section 3 is
mostly to prove Theorem [[.1} Section 4 is mostly to prove Theorem [[.2} Section 5
makes some discussions.
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2. PRELIMINARY

2.1. Notation. The symbol R (resp., C) denotes the set of real (resp., complex)
numbers. A polynomial is called a form if it is homogeneous. For f € R[z], f de-
notes the homogenization of f, i.c., f(Z) = a:geg(f)f(:z:/xo) with & := (zg,21,...,%n).
The symbol || - ||2 denotes the standard 2-norm. For a symmetric matrix X, X > 0
(resp., X > 0) means X is positive semidefinite (resp. positive definite). The
determinant of a square matrix A is det A. The N x N identity matrix is de-
noted as Iy. If p is a polynomial in x, Vp (resp., V?p) denotes the gradient
(resp., Hessian) of p with respect to x; if p has variables in addition to z, V.p
(resp., V2p) denotes the gradient (resp., Hessian) of p with respect to z. For
P1,---,0r € Rlz], Jac(p1,...,pr)|u denotes the Jacobian of (p1,...,p.) at u, ie.,
Jac(py, .- pr)lu = (Opi(u)/0T))1<i<r1<j<n

2.2. Some basics in real algebra. Here we give a short review on elementary
real algebra. More details can be found in [2] [3].

An ideal I of R[z] is a subset such that I -R[z] C T and I + 1 C I. Given
P1y---,Pm € Rlz], (p1, -+, pm) denotes the smallest ideal containing all p;, which
is the set p; - Rx] + -+ + pm - R[z]. A variety is a subset of C™ that consists of
common zeros of a set of polynomials. A real variety is the intersection of a variety
and the real space R™. Given a polynomial tuple p = (p1,...,p,), denote

V(p):=={veC": pi(v) = =pr(v) =0},
Ve(p) :=={v €R": p1(v) =--- =p,(v) = 0}.

Every set T' C R™ is contained in a real variety. The smallest one containing 7" is
called the Zariski closure of T, and is denoted by Zar(T). In the Zariski topology
on R”, the real varieties are closed sets, and the complements of real varieties are
open sets. Denote I(T') := {q € R[z] : ¢(u) = 0V u € T}, which is an ideal in Rz]
and is called the vanishing ideal of T

Let h = (h1,...,hm,) and g = (g1, - ., gm,) be the polynomial tuples as in (1)),
and K be the feasible set of (II]). Recall the definitions of (h)a) and Qx(g) in the
Introduction. Clearly, the union Ugen(h)2x is the ideal (h) := (h1,...,hp,). The
union Q(g) := UkenQk(g) is called the quadratic module generated by g. The set
(h) +Q(g) is called archimedean if R — ||z||3 € (h) + Q(g) for some R > 0. Clearly,
if p € (h)+Q(g), then p is nonnegative on K, while the converse is not always true.
However, if p is positive on K and (h) + Q(g) is archimedean, then p € (h) + Q(g).
This is called Putinar’s Positivstellensatz.

Theorem 2.1 (Putinar, [23]). Let K be the feasible set of (I1). Suppose (h)+Q(g)
is archimedean. If p € Rx] is positive on K, then p € (h) + Q(g).

2.3. The boundary hessian condition. Let K be the feasible set of (LI and
h=(h1,...,hm,). Let u be a local minimizer of (I.T]), and ¢ be the local dimension
of Vr(h) at u (cf. [2, §2.8]). We first state a condition about parameterizing K
around u locally, which was proposed by Marshall.

Condition 2.2 (Marshall,[17]). i) The point u on Vir(h) is nonsingular and there
exists a neighborhood O of u such that Vg(h) N O is parameterized by uniformizing
parameters ti, ..., te; 1) there exist 1 < vy < --- < v, < ma, such that t; = 9v;
G=1,....,7) on VR(h)N O and K N O is defined by t1 > 0,...,t,. > 0.
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The following condition was introduced by Marshall [I5] [17] in studying Puti-
nar type representation for nonnegative polynomials, and it is called the boundary
hessian condition (BHC).

Condition 2.3 (Marshall,[15 [17]). Assume Condition [2.2 holds. Expand f locally
around u as f = fo+ f1+ fa+---, with every f; being homogeneous of degree i in
t1,...,te. The linear form f1 = a1ty + -+ - + a,t, for some positive constants a; >
0,...,a, > 0, and the quadratic form f2(0,...,0,t,41,...,t¢) is positive definite in
(trg1y---ste).

If K is compact and the boundary hessian condition holds at every global min-
imizer, then ([I)) has finitely many global minimizers. (See the proof of Theo-
rem 9.5.3 in [I6].) Marshall proved the following important result.

Theorem 2.4. (Marshall, [16, Theorem 9.5.3]) Let V. = Vi(h) and fmin be the
minimum of (I1)). If (h)+Q(g) is archimedean and the boundary hessian condition
holds at every global minimizer of (L), then f — fmin € I(V) + Q(g).

In the above, if I(V) = (h) (i.e., (h) is real, [2} §4.1]), then f— fmin € (R)+Q(g).
Theorem [Z4] can also be found in Scheiderer’s survey [28, Theorem 3.1.7].

2.4. Resultants and discriminants. Here, we review some basics of resultants
and discriminants. We refer to [4] [5], [19] 29] for more details.

Let f1,..., fn be forms in = (x1,...,2,). The resultant Res(fi,..., fn) is a
polynomial, in the coefficients of fi,..., f,, having the property that

Res(f1,---,fn) =0 <= 3J0#ueC” fi(u)=---= fo(u)=0.
The discriminant of a form f is defined as
_ of of
A(f) := Res (axl,..., 817") .

So, it holds that
A(f)=0 <= 3J0#uecC" Vf(u)=0.

Both Res(fi,..., fr) and A(f) are homogeneous, irreducible and have integer co-
efficients.

Discriminants and resultants are also defined for nonhomogeneous polynomials.
If one of fo, f1,..., fn is not a form in x, then Res(fo, f1,..., fn) is defined to be
Res(fo, e ,E), where each f; is the homogenization of f;. Similarly, if f is not a
form, then A(f) is defined to be A(f).

Discriminants are also defined for several polynomials [19]. Let f1,..., f;n be
forms in = of degrees dy, ..., d,, respectively, and m < n — 1. Suppose at least one
d; > 1. The discriminant of fi,..., fm, denoted by A(f1,..., fm), is a polynomial
in the coefficients of f1, ..., fm, having the property that A(f,..., fm) = 0 if and
only if there exists 0 # u € C” satisfying

(2.1) filu)=-+- = fin(u) =0, rank [Vfl(u) _ me(u)] < m.
If one of f1,..., fm is nonhomogeneous and m < n, then A(fy,..., f;,) is defined

to be A(f1,..., fm). In the nonhomogeneous case, A(f1,..., fm) = 0 if there exists
u € C™ satisfying 1)) (cf. [19]).

We conclude this section with an elimination theorem for general homogeneous
polynomial systems.
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Theorem 2.5. (Elimination Theory, [7, Theorem 5.7A]) Let fi1,..., f, be homoge-
neous polynomials in xg, ..., x,, having indeterminate coefficients a;;. Then there
is a set g1,...,g: of polynomials in the a;;, with integer coefficients, which are ho-
mogeneous in the coefficients of each f; separately, with the following property: for
any field k, and for any set of special values of the a;; € k, a necessary and suf-
ficient condition for the f; to have a common zero different from (0,...,0) is that
the a;; are a common zero of the polynomials g;.

3. OPTIMALITY CONDITIONS AND FINITE CONVERGENCE

This section is to prove Theorem [Tl It is based on the following theorem.

Theorem 3.1. Let u be a local minimizer of (I1). If the constraint qualification,
strict complementarity and second order sufficiency conditions hold at u, then f
satisfies the boundary hessian condition at w.

Proof. Let J(u) := {j1,...,jr} be the index set of inequality constraints that are
active at u. For convenience, we can generally assume u = 0, up to a shifting. Since
the constraint qualification condition holds at 0, the gradients

Vhl(o)a B thl (O)a v.gjl (0)7 SERE) ng'r‘ (0)

are linearly independent. The origin 0 is a nonsingular point of the real variety
Vr(h), because the gradients Vhi(0), ..., VA, (0) are linearly independent. Up to
a linear coordinate transformation, we can further assume that

Vo0 - Vo, 0] = [g].
(3.1) s
(VA (0) - Vi (0)] = Iml].

Let ¢ := n — my, which is the local dimension of Vg(h1,...,hm,) at 0 (cf. [2
Prop. 3.3.10]). Define a function ¢(x) := (¢r(z), rr(z), prrr(x)) : R — R™ as

95 (%) Tri1 ha ()
(3-2) pr(@)=| |, en@=| |, em@) = :

95 (%) we B, (7))
Clearly, ¢(0) = 0, and the Jacobian of ¢ at 0 is the identity matrix I,,. Thus, by the
implicit function theorem, in a neighborhood O of 0, the equation ¢t = ¢(x) defines
a smooth function x = p~1(t). So, t = (t1,...,t,) can serve as a coordinate system
for R™ around 0 and ¢ = ¢(z). In the t-coordinate system and in the neighborhood
O, Vg(h1,...,hm,) is defined by linear equations tp41 = --- =t, =0, and K N O
can be equivalently described as

tlzoa---,trZ(L t5+1:"':tn:0-
Let A;(i € [m4]) and p;(j € [m2]) be the Lagrange multipliers satisfying (L3])-(T4).

Define the Lagrange function

L(z) = f(x) = Y Nihi(@) = Y 115,95, ().
=1 k=1
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Note that V,L(0) = 0. In the t-coordinate system, define functions

F(t) = fo (1), L(t):= Ll (1) = F(t) = D Niceli = Yy i
k=1

i=4+1

Clearly, V,L(0) = 0 implies V,L(0) = 0. So, it holds that

5F(0)_ ‘ _

Ot =u,, (k=1,...,7),
orQ©) .

Bt =0(k=r+1,...,0),
3F(0)_ _

Bt =X (k=0+1,...,n).

Expand F'(t) locally around 0 as
F(t) = fo+ f1(t) + f2(t) + fs(t) + -
where each f; is a form in ¢ of degree i. Clearly, we have
filt) =pjts+---+pity on tgp=---=t, =0.
For t¢,41,...,t; near zero, it holds that

FO,...,0,tr41,...,t,0,...,0) = L(0,...,0,tp41,...,ts,0,...,0) =

L(e™"(0,...,0,tr41,...,1,0,...,0)).
Denote z(t) := @1 (t) = (o7 *(t), ..., (t)). For all 4, j, we have

PL(t) _ PLEW) 0, () 92 (1) | g~ OLE) Py (1)
8ti8tj a 8Ika$5 8&' 8tj 8:17k 8ti8tj '

1<k,s<n

1<k<n
Evaluating the above at © =t = 0, we get (note V,L(0) = 0)

9*L(0) 3 9*L(0) 9 ' (0) D3 '(0)
(%i@tj o 8xk8:vs 6ti 8tj '

1<k,s<n
Note that Jac(¢)|o = Jac(e™1)|o = In. So, for all r +1 < i, j < ¢, we have

> f2
ot:0t;

2L
o 8.%18.%]

%L
~ Ot0t;

0’F

(8:3) = otot;

t=0 t=0 =0 z=0

The strict complementarity condition (LD implies that p;, > 0,...,p; > 0.
So, the coefficients of the linear form p;, t1 + - - - + 5, t, are all positive. The second
order sufficiency condition (7)) implies that the sub-Hessian

( 9?L(0) )

Ox;0z; r41<i,5<¢0

is positive definite. By ([33)), the quadratic form fs is positive definite in (t,41, .. ., t¢).
Therefore, f satisfies the boundary hessian condition at 0. O

Now, we give the proof of Theorem [Tl
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Proof of Theorem [ 1. By Theorem [3.I] we know the boundary hessian condition
is satisfied at every global minimizer of f on K, when the constraint qualification,
strict complementarity and second order sufficiency conditions hold. Then, by
Theorem [24] of Marshall, we know there exists o1 € Q(g) such that

f - fmin =01 mod I(VR(h))

Let f := f — fmin — 01. Then f vanishes identically on Vg (h). By Real Nullstel-
lensatz (cf. [2, Corollary 4.1.8]), there exist £ € N and 02 € ¥R[z]? such that

405 € (h).

Let ¢ > 0 be big enough such that s(t) := 14+t+ct? is an SOS univariate polynomial
in ¢ (cf. [22, Lemma 2.1]). For each € > 0, let

Oc = €S (f/e) +ce' oy + 1.
Then, one can verify that

Qe = f - (fmin - 6) — 0= _061_2é(f2é + 02) € <h>

Clearly, there exists kg € N such that o. € Q,(g) and ¢, € (h)ay, for all € > 0.
So, for every € > 0, v = fin — € is feasible in (2] for the order ky. Hence,
fro = fmin — €. Since € > 0 can be arbitrary, we get fr, > fmin. Recall that
i < fmin for all k and {f} is monotonically increasing. Hence, we get fr. = fmin
for all k > kg, i.e., Lasserre’s hierarchy has finite convergence. O

Theorem B3Il shows that the constraint qualification, strict complementarity and
second order sufficiency conditions imply the boundary hessian condition. Typi-
cally, to check the boundary hessian condition by its definition, one needs to con-
struct a local parametrization for the feasible set K and verify some sign condi-
tions, which would be very inconvenient in applications. However, checking opti-
mality conditions is generally much more convenient, because it does not need a
parametrization and only requires some elementary linear algebra operations. This
is an advantage of optimality conditions over the boundary hessian condition. We
show this in the following example.

Example 3.2. Consider the optimization problem:

min 2 + o + af + 3a3aed — o423 + o) — wd(a} + 23) — wd(a3 + 23)

st. a3 +ad+ai=1
The objective is the Robinson form which is nonnegative but not SOS (cf. [24]).
The minimum f,;, = 0, and the global minimizers are

1 1 1 1

—(£1,+£1,41), —=(£1,41,0), —=(+1,0, £1), — (0, £1, £+1).

\/g( ) \/5( ) \/5( ) \/5( )

The unit sphere is smooth, so the constraint qualification condition holds at every
feasible point. There is no inequality constraint, so strict complementarity is au-
tomatically satisfied. It can be verified that the second order sufficiency condition

() holds on all the global minimizers. For instance, at u = %(1, 1,1),

T 1

, A 100 111 Rk
Vil(wy=g |30 1 0 — |1 [1} |, G’ = |1
00 1 1] |1 1
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Clearly, (L7 is satisfied at u. By Theorem [T Lasserre’s hierarchy for this problem
has finite convergence. A numerical experiment by GloptiPoly 3 [§] verified that
f5 = fmin = 0, modulo computer round-off errors. O

In Theorem [[.1] none of the optimality conditions there can be dropped. We
show counterexamples as follows.

Example 3.3. (a) Consider the optimization problem:

min 3x1 + 229
st. a3 — a3 — (22 +23)2 >0, 21 > 0.

It can be shown that the origin 0 is the unique global minimizer. The constraint
qualification condition fails at 0, and the first order optimality condition (L3)
fails. The feasible set has nonempty interior, so the SOS program (L2 achieves its
optimal value (cf. [I1]). Lasserre’s hierarchy for this problem does not have finite
convergence, which is implied by Proposition 3.4 in the below.

(b) Consider the optimization problem:

min  zz9 + 3 + 23
st. 120,29 2>0,1—21 —29 > 0.

Clearly, 0 is the unique global minimizer. The constraint qualification condition
holds at 0. The Lagrange multipliers are all zeros. The second order sufficiency
condition (L7) also holds at 0 because the null space G(0)+ = {0}. However, the
strict complementarity condition fails at 0. Lasserre’s hierarchy for this problem,
does not have finite convergence, as shown by Scheiderer [26, Remark 3.9].

(c) Consider the optimization problem:

min  ziz3 + 2izd + 2§ — 3232323 + e(2? + 23 + 23)3
{ st. 1—a?—a3—23>0.

For every € > 0, 0 is the unique global minimizer, and the constraint qualification
and strict complementarity conditions hold at 0. However, the second order suffi-
ciency condition fails at 0. For € > 0 sufficiently small, Lasserre’s hierarchy for this

optimization problem does not have finite convergence, as shown by Marshall [15]
Example 2.4]. O

The first order optimality condition (I3]) is necessary for Lasserre’s hierarchy to
have finite convergence. This is summarized as follows.

Proposition 3.4. Suppose (L) achieves its optimal value. If the first order opti-
mality condition (I.3) fails at a global minimizer of (I1l), then Lasserre’s hierarchy
cannot have finite convergence.

Proof. Suppose otherwise f, = fpin for some k. Since ([L2)) achieves its optimum,

mi ma
[ = fmin = Z¢ihi + ZU_jgj
i=1 =0

for some ¢; € R[z] and o; € R[z]?. Let u be a global minimizer of (II). Note
that every h;(u) = 0 and g;(u)o;(u) = 0. Differentiate the above with respect to x
and evaluate it at u, then we get

Vi) =Y i) Vhi(u) + Y (05(u)Vg;(u) + g;(u) Vo, (u)).
i=1 =0
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Since every o; is SOS, g;(u)o;j(u) = 0 implies g;(uw)Vo;(u) = 0. Hence,

= Zq&i(u)v )+ Zoj u)Vg;(u
i=1

But this means that (3] holds at w, which is a contradiction. So Lasserre’s hier-
archy cannot have finite convergence. (Il

In Proposition B.4] the assumption that (I2) achieves its optimal value cannot
be dropped. (This assumption is satisfied if K has nonempty interior, cf. [I1].) As
a counterexample, consider the simple problem

min x st. —ax° > 0.
The global minimizer is 0. The first order optimality condition fails at 0, but
Lasserre’s hierarchy has finite convergence (fx = fmin = 0 for all k > 1).

4. ZARISKI OPENNESS OF OPTIMALITY CONDITIONS

This section is mostly to prove Theroem For this purpose, we need some
results on generic properties of critical points.

4.1. Generic properties of critical points. Given polynomials py € R[z]q4,,.-.,pk €
R[x]q4, with & < n, consider the optimization problem
(4.1) min  po(z) st pi(z)=--- =pr(z) =0.

TER™

Its Karush-Kuhn-Tucker (KKT) system is defined by the equations

(4.2) Vapo(x Zwmpz )=0, pi(z)=--=pi(z) =0.

Every (z, A) satisfying (Iﬂl) is called a critical pair, and such x is called a critical

point. Let
- n | rank [Vzp (‘T) Vb1 (I) Vzpk(x)] <k
(4.3)  K(p) = {:ve(C 0 p1(2) = - = pa(z) = 0 }

be the KKT variety of {@1)). Clearly, every critical point belongs to KC(p).

First, we discuss when does K(p) intersect the variety ¢(z) = 0 of a polynomial
q € Rlz]q,,,, i-e., when does the polynomial system

(4.4) { rank [Vmpo(:v) Vaep1(z) - prk(x)] <k
' pi(e) = =pr(x) =0, q(x) =0

have a solution in C"? For a generic p, K(p) is a finite set (cf. [I8, Prop. 2.1]), and
it does not intersect g(x) = 0 if ¢ is also generic. Consider the homogenization in
x:= (x1,...,2y,) of the polynomial system (Z4):

{ rank [Vpo(Z) vwﬁi (Z) -+ Vapr(@)] <k,

pi(E) = -+ = pr(Z) = q(2) = 0.

Its variable is # := (g, ...,%,). When k < n, the matrix in (£3) has rank < k if
and only if all its maximal minors vanish; when k = n, the rank condition in (£3) is

always satisfied and can be dropped. Thus, in either case, (£5) can be equivalently
defined by some homogeneous polynomial equations, say,

My(%) = = My(i) = 0.

(4.5)
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Note that the coefficients of every M; are also homogeneous in the ones of each of
Do, - -+, Pk, q- By Theorem 2.5] there exist polynomials

Rl(pOa R 7pk;q)7 .. '7Rt(p07 L 7]%7‘])
in the coeflicients of py, ..., pk, ¢ such that

e every R;(po,...,pk;q) has integer coefficients and is homogeneous in the
coefficients of each of pg, p1,...,D0k, q;
e the system (A.F) has a solution 0 # Z € C"*! if and only if

Ri(pos---spkiq) = - = Re(po, .-, priq) = 0.
Define the polynomial Z(po,...,pk;q) as

(4.6)  Z(po,---px;q) = Ri(po- -,k )* + -+ Ri(pos - - - pr; @)
Note that Z(po, - .., pk;q) is a polynomial in the coefficients of the tuple

(p07 <oy Pk q) € R[‘T]do X X R[x]dk X R[x]dk+l'

Combining the above, we can get the following proposition.

Proposition 4.1. Let po € Rlz]qy,...,px € Rz]a,,q¢ € Rlzla,,,, and Z be
as defined in (.0). Then (f.3) has a solution 0 # & € C"*' if and only if
Z(po,-..,pk;q) = 0. In particular, if Z(po,...,pr;q) # 0, then ([{.4)) has no

solution in C™.

We would like to remark that the polynomial % in (48] does not vanish iden-
tically in (po,...,pr,q) € Rlz]g, x --- x Rlz]q, x R[z]q,,,, for any given positive
degrees dy, . . ., dg,dk11. A proof for this fact is given in the Appendix.

Second, we discuss when the KKT system (£.2)) is nonsingular. Denote

k
Ly(z, ) = po(x) — Z Aipi(z).

The polynomial system ([€2]) is nonsingular if and only if the square matrix

V2L,(z,\) Jac(p1,...,pr)|F
Hy(z, ) := PR PR
p(z ) {Jac(pl,...,pkﬂw 0
is nonsingular at every critical pair (z,A). If every p; is generic, there are only
finitely many critical pairs, and (£2]) is nonsingular if det H,(x, A) does not vanish
on them.
The matrix H,(z, \) is singular if and only if there exists (0,0) # (y,v) € R" xR*
such that
k
(4.7) V2L,(x, Ny + Jac(p,...,pr)llv =0, y¢€ m Vpi(z)*t.
i=1
When Jac(pi, ..., pr)|. has full rank k, the existence of a pair (y,v) # (0,0) satis-
fying (L7 is equivalent to the existence of a pair (y,v) with y # 0 satisfying (£.7]).
When ([2) is nonsingular, there is no y # 0 satisfying (7)) for any critical pair
(x,\). Write v = (v1,...,v), then ([£2) and ([@7) together are equivalent to

(48) {in%y} B iA [(Vvi%y] " é” {Vgpi] =0

K3 3

pi(@) = =pi(@) = (Vop1)Ty =+ = (Vapr) Ty = 0.
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Define the (2n) x (2k + 1) matrix

Vaepo -+ Vapy
P = .
(I, y) {(Vﬁpo)y T (vipk)y Vepr oo Vapg
Clearly, every pair (z,y) in (@3] satisfies
(4.9) { rank P(x,y) <2k, pi(z) =---=pr(z) =0,
' (Vapr)Ty =+ = (Vapi) Ty = 0.

If the vectors

Vapi 0 o
[(Vipi)y} : |:va1':| (i=1,...,k)
are linearly independent, ([4.8)) and ([4.9) are equivalent. Consider the homogeniza-

tion in z of [@9):

(4.10) { vank P(&,y) < 2k, pi(7) =+ =pi(7) =0,
(Vept)Ty =+ = (Vapi)Ty = 0.
In the above, 7 := (xo,...,7,) and
~ Vebo -+ VaibPk
P(i,y) = ki 3 R 1
[ TR TR

When k = n, we always have rank P(Z,y) < 2k and the rank condition in ([@I0)
can be dropped. When k < n, we can replace rank P(Z,y) < 2k by the vanishing of
all maximal minors of P(Z,y). In either case, (£I0) could be equivalently defined
by some polynomial equations, say,

Ni(Z,y) = -+ = No(Z,y) = 0.

Note that all Ny, ..., N, are homogeneous in both z and y, and their coefficients are
also homogeneous in the ones of each of pgy,p1,...,pr. By applying Theorem 2.7l
twice (first in & and then in y), there exist polynomials D;(po,p1,...,pr) (i =
1,...,8), in the coefficients of pg, p1, ..., pk, such that

e every D;(po,p1,--.,pr) has integer coefficients and is homogeneous in the
coeflicients of each of pg,p1,...,Dk;
e there exist 0 # 7 € C"*! and 0 # y € C" satisfying ([EI0) if and only if

Di(po,p1;---,pk) = -+ = Ds(po, p1,- - -, pk) = 0.
Define the polynomial Z(pg,p1,...,pr) as
(4.11) 2(po.p1,---pk) == D1(po,p1s- -, k) + -+ + Ds(po, p1. - -, pr)*
Note that 2(po,...,pr) is a polynomial in the coefficients of the tuple
(pos -, pr) € Rlzlay X -+ x R[z]q, .
Combining the above, we can get the following proposition.

Proposition 4.2. Let po € R[z]q,,...,px € Rlz]q, and Z be as defined in (4.11]).
Then [-10) has a solution (Z,y) € C"T! x C™ with & # 0,y # 0 if and only if
D(po,...,px) = 0. In particular, if D(po,...,pr) # 0, then {{-3) is a nonsingular
system.

The following special cases are useful to illustrate Proposition
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e (Every deg(p;) = 1.) Let p; = alz +b; for i = 0,...,k. If k < n and
ag, a1, ..., ax are linearly independent, then P is a constant matrix of rank
2k + 1. If k = n and ay,...,a, are linearly independent, then there is no
y # 0 satisfying VmﬁiTy =0fori=1,...,n. So, if every p; is generic, then
(#10) has no complex solution (Z,y) with & # 0,y # 0.

e (k=0,i.e., [@I) has no constraints.) The system ([I0) is then reduced to

(4.12) Vapo(%) =0, (Vipo(2))y=0.

If deg(po) = 1 and pg is nonzero, V.po(Z) = 0 has no complex solution.
If deg(po) = 2 and py = xT Az + 20Tz + ¢ with det(A) # 0, there is no
y # 0 satisfying (V2po(Z))y = 0. When deg(po) > 3, by the definition
of discriminants for several polynomials (cf. §2.4), ([@I2)) has a complex
solution (Z,y) with & # 0,y # 0 if and only if

Ipo Ipo
Al —,...,— | =0.
(8ZE1, 781?")

So, if pg is generic, there are no & # 0,y # 0 satisfying (£12]).

The above observations can be simply implied by Proposition
In Proposition 2] one might naturally think of replacing & by

(413) A(vmpo_Jac(pla'"apk)|gA7p17"'7pk)a

which is the discriminant for the set of polynomials defining (£.2)), by considering
A, ..., A\, as new variables, in addition to x. However, this approach is problematic.
The main issue is that the discriminantal polynomial in (I3)) might be identically
zero, e.g., when deg(po) < maxj<;<j deg(p;). For convenience, consider the simple
case n > k =1 and a := deg(p1) — deg(po) > 0. By definition of discriminants for
several polynomials (cf. §2.4), the discriminant in (£I3) vanishes if there exists a
complex vector (zg,Z1,...,ZTn, A1) 7 0 satisfying

‘TS—H'vmﬁJ_)\lvmﬁ:Oa ];1($07---7$n):07
(4.14) dot |76 ViR — MVERL Vapi] _
e 0 '

Let (u1,...,u,) # 0 be a complex zero of p1(0, 1, ...,2,). Then, (0,u1,...,un,0)
is a nonzero solution of [@I4)). So, for any pg,p1, (@I4) always has a nonzero
complex solution like (0, w1, ..., uy,0). This means that the discriminant in (Z13)
identically vanishes. On the other hand, the polynomial & in ([@IIl) does not
vanish identically in (po,...,pr) € Rlz]g, X -+ X R[z]q,, for any given positive
degrees dy, . ..,d;. A proof for this fact is given in the Appendix.

Typically, the polynomials % in [6) and 2 in ([@I]) are very difficult to com-
pute explicitly. They are mostly for theoretical interests.

4.2. Zariski openness of optimality conditions. This section is to prove that
the constraint qualification, strict complementarity and second order sufficiency
conditions all hold at every local minimizer of (ILT)) if a finite set of polynomials,
which are in the coefficients of polynomials f,h; (i € [mi]),g; (j € [m2]), do not
not vanish at the input polynomials. (That is, they hold in a Zariski open set in
the space of input polynomials.) These polynomials are listed as follows.
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Condition 4.3. The polynomials fo € Rlz]ay, hi € Rlz]q, (i € [m1]), and g; €
Rlz]a; (5 € [me]) with my < n satisfy (Res, A are from §2.4, Z from ({.0) and 9
from (ET)):

(@) If mi+ma>n+1, foralll1 <j1 <+ < jJnomy+1 < ma,

Res(hla'"7h'm17.gj15"'7gjn7m1+1) # O
(b) Forall1<ji1 <-+-<jr<mg with0<r <n-—ms,

A(hl7"'7hm17gj17"'7gjr)#O'
() Forall1<j; <---<jr <mg with0<r<n—my,

r%(fvplv cee 7pk;pk+l) # 07

where (p1, ..., Dk, Prt1) 18 a re-ordering of (R1,..., Ry, Gjrs-- -5 G, )-
(d) Foralll1<ji1 <---<jr<mg with0<r <mn—m,

@(f7h17"'7hm17gj17"'7gjr)#0'

First, we study the relationship between Condition [£3] and properties of critical
points. Let u € K be a critical point of (II]) (i.e., (I3) and (LA4) are satisfied for
some \;, 115, excluding the sign conditions p; > 0). Let J(u) := {j1,...,Jr} be the
index set of active inequality constraints. Denote

L(@) = (@) = > Nhi(e) = D myg(a),

JE€J(u)

G(z):= [Vhi(zx) -+ Vhm,(z) Vgu(x) - V()] ,

1w =) O

Proposition 4.4. Let u € K and \;, p; satisfy (1.3)-({17)) (excluding the sign con-
ditions p; > 0), and L(z), G(x), H(x) be as above. Condition[{.3 has the following
properties:

i) Item (a) implies that at most n—maq of g;’s are active at every point of K.

ii) Item (b) implies that the constraint qualification condition holds at every

point of K.
iii) Item (c) implies that A; # 0, p; # 0 for all i € [m4] and j € J(u).
iv) Item (d) implies that H(u) is nonsingular, i.e., det H(u) # 0.

Proof. 1) If more than n—m; of g;’s vanish at a point u € K, say, gj, , ... s Dyt
then there are n+1 polynomials vanishing at u, including hy, ..., hy,,. This implies
the resultant

Res(hi, ... himyy Gjys -5 Gjnmy 1) = 0,
which violates item (a) of Condition 3 So, the item i) is true.

ii) By item (b) of Condition L3} A(h1,...,hm,,Gj1,---,9;,) # 0. By the def-
inition of A (cf. §2.4), the gradients of hy,..., hmy, G5y, -, 95, at u are linearly
independent, i.e., the constraint qualification condition holds at wu.

iii) Suppose otherwise one of A;(i € [m1]) or w;(j € J(u)) is zero, say, u;, =0,
then w is also a critical point of the optimization problem

min f() st hi(@) =0 € m), g;(2) = 0(j € J(w)/{ji}).
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Note that g;,(u) = 0. By definition of # in ([@6) and Proposition @1} we get

'%(fahla'"7h’7n1vgj1a'"7gjr—1;gjr) :Ov

which contradicts item (c) of Condition So, the item iii) must be true.
iv) This is implied by definition of 2 in ({11l and Proposition [1.2 O

Second, we study the relationship between Condition and the optimality
conditions. This is summarized as follows.

Proposition 4.5. If Condition [{.3 holds, then the constraint qualification, strict
complementarity and second order sufficiency conditions all hold at every local min-
imizer of (I1]). This is implied by the following properties:
1) Item (a) of Condition [{.3 implies that at most n —my of g;’s are active at
every local minimizer of (1))
2) Item (b) of Condition[f.3 implies that the constraint qualification condition
holds at every local minimizer of (I1).
3) Items (b) and (c) of Condition [J.3 imply that the strict complementarity
condition holds at every local minimizer of (I1]).
4) Items (b) and (d) of Condition[{.3 imply that the second order sufficiency
condition holds at every local minimizer of (I1).

Proof. Let u be a local minimizer of (L.I]).

1) and 2) are implied by i), ii) of Proposition 4] respectively.

3) By item 2), the constraint qualification condition holds at u. So, there exist
iy iy satisfying (L3)-(L4) with all p; > 0. If j & J(u), then g;j(u) > 0 and
i+ g;(w) > 0;if j € J(u), then p; # 0 by item iii) of Proposition €4}, and hence
w; >0 and p; + gj(u) > 0. This means that the strict complementarity condition
holds at u.

4) By item 2), the constraint qualification condition holds at u. So, (I3 and
(C4) are satisfied. The second order sufficiency condition is then implied by item
iv) of Proposition 1.4 and Lemma [L.6] in the below. O

Lemma 4.6. Let u be a local minimizer of (I1), A, p; satisfy (1.3)-({1F), and
L(z),G(z),H(x) be as defined preceding Proposition [{4) If G(u) has full rank,
then (I.7) holds at u if and only if det H(u) # 0.

Proof. First, assume (L) holds. Then, for 7 > 0 big enough,
V = V2L(u) + nG(u)" G(u) = 0.
By the matrix equation
L G [V2Lw) G@T[ I, 0 |_
0 Iy G(u) 0 %nG(u) Iopyir]
VEL(u) +1G(uw) Gu)  G(u)"
G(u) 0o |’

Q

one can see that
det H(u) = det(V) - det (—G(u)V 'G(u)") # 0,

because of the positive definiteness of V' and nonsingularity of G(u).
Second, assume det H(u) # 0. Suppose otherwise (I7) fails. Then there exists
0 # v € G(u)* such that vI'V2L(0)v < 0. Since G(u) has full rank, the constraint
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qualification condition holds at u. So, the second order necessity condition (L)) is
satisfied at u. It implies that v is a minimizer of the problem

. T (w2 _
min 2 (VzL(’UJ))Z s.t. G(u)z =0.

By the first order optimality condition for the above, there exists v such that
V2, L(u)v = G(u)Tv, which then implies

i o))

This contradicts det H(u) # 0, because v # 0. So, () must hold at w. O
We conclude this section with the proof of Theorem

Proof of Theorem[L.3. Let ¢1, ..., be the finite set of polynomials given in Con-
dition [£.3] Theorem is then implied by Proposition O

5. SOME DISCUSSIONS

Our main conclusions are Theorems [[.1] and Lasserre’s hierarchy has finite
convergence when the constraint qualification, strict complementarity and second
order sufficiency conditions hold at every global minimizer, under the archimedean
condition. These optimality conditions are all satisfied at every local minimizer if
the vector of coefficients of input polynomials lies in a Zariski open set. This gives
a connection between the classical nonlinear programming theory and Lasserre’s
hierarchy of semidefinite relaxations in polynomial optimization. These results give
an interpretation for the phenomenon that Lasserre’s hierarchy often has finite
convergence in solving polynomial optimization problems.

Under the assumptions that Condition holds at every v € K and K is
irreducible and bounded, Marshall [I7, Corollary 4.5] proved that, for each d > 2,
the set

{f € Rlz]q : f satisfies BHC at each global minimizer on K}

is open and dense in R[z]4. This interesting result can also be implied by Theorems
and Bl Indeed, they can imply the following stronger conclusions:

e the boundary hessian condition is satisfied in a Zariski open set in the space
of input data (not every open dense set is Zariski open, e.g., R"\Z");

e Condition also holds in a Zariski open set;

e for the case d = 1, the boundary hessian condition also holds in a Zariski
open set;

e the defining polynomials for K are also allowed to be generic; the set K is
not required to be irreducible or bounded.

We would like to remark that Putinar’s Positivstellensatz (cf. Theorem 1)) also
holds generically for polynomials that are nonnegative on K. Assume (h) + Q(g) is
archimedean and the ideal (h) is real. Let P;(K) be the cone of polynomials in R[z]q
that are nonnegative on K, and 9P;(K) be the boundary of P;(K). Theorems .2
2.4 and B imply that if p lies generically on P;(K) then p € (h) + Q(g). In [11],
Lasserre interpreted Putinar’s Positivstellensatz as a generalized KKT condition
for global optimality. Therefore, the classical KKT conditions for local optimal-
ity and the generalized KKT condition (i.e., Putinar’s Positivstellensatz, under
archimedeanness) for global optimality, both hold generically.
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A theoretically interesting question is whether there is a uniform bound on the
number of steps to achieve finite convergence for Lasserre’s hierarchy in the generic
case. That is, whether there exists an integer /N, which only depends on the degree
of f and a set of defining polynomials for K, such that fy = f:n for all generic
f of a given degree and k > N7 Unfortunately, such a bound N typically does
not exist. This could be implied by a result of Scheiderer [25] on the non-existence
of degree bounds for weighted SOS representations. For instance, when K is the
3-dimensional unit ball, such a bound does not exist (cf. |21, Section 5]).

The archimedean condition cannot be removed in Theorems [[L1] 2.4l For in-
stance, consider the unconstrained optimization

: 2,202 2 2 6, 24 2, 2
min  ziz5(z] + x5 — 325) + 23 + 27 + a5 + 25,

The origin 0 is the unique minimizer. The archimedean condition failed, because
the feasible set is the entire space R™ and is not compact. The objective f is the
sum of the Motzkin polynomial and the positive definite quadratic form 27z. The
second order sufficiency condition hold at 0. However, for all scalar v, f —~ is not
SOS. In this case, Lasserre’s hierarchy does not converge.

The archimedean condition is not generically satisfied. To see this fact, consider
the simple case that m; = 0 and my = 1. For a given d, let «7(d) be the set of
polynomials g € R[x]4 such that Q(g) is archimedean. The set 27 (d) is not dense
in R[z]q. For instance, when d = 2, both &/(d) and its complement R[z]|q\<7 (d)
have nonempty interior:

o Let by = 27z — 1. Clearly, by ¢ R[z]2\/(2). For all ¢ € R[z]s with
sufficiently small coefficients, we have by + g € &7(2).

e Let by = 1 — 2Tz, Clearly, by € #7(2). For all ¢ € R[z]y with small
sufficiently coefficients, we have by + g € &7(2).

There exist polynomial optimization problems that Lasserre’s hierarchy fails to
have finite convergence, e.g., minimizing the Motzkin polynomial over the unit ball.
Such problems always exist when the feasible set has dimension three or higher, as
shown by Scheiderer [28]. So, we are also interested in methods that have finite
convergence for optimizing all polynomials over a given set K. The Jacobian SDP
relaxation is a method that has this property (cf. [20]).

Theorems [I.1] does not tell how to check when finite convergence happens. This
can be done by using flat truncation, which is a rank condition on the dual optimiz-
ers of (L2)). Flat truncation is a sufficient condition for Lasserre’s hierarchy to have
finite convergence. In the generic case, flat truncation is also a necessary condition
for Lasserre’s hierarchy to have finite convergence (cf. [21]).

No matter Lasserre’s hierarchy has finite convergence or not, if there are finitely
many global minimizers and the archimedean condition holds, then the flat trun-
cation condition is always asymptotically satisfied (cf. [2I, §3]). So, in numerical
experiments, we might also observe that Lasserre’s hierarchy has finite convergence
even if it does not have in exact mathematical computations. However, if there
are infinitely many global minimizers, the flat truncation condition is typically not
satisfied (cf. Laurent [14] §6.6]). For instance, consider the problem

min  2223(2? + 23) + (v3 — 1)% — 32223 (23 — 1)?

{ sit. x3+ad+ 23— % >0,2—2? — 23 — 23 >0.
The objective f is shifted from the Motzkin polynomial (i.e., f(x1,22,23 + 1) is
the Motzkin polynomial). It has infinitely many global minimizers and f,in, = 0.
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Lasserre’s hierarchy for this problem does not have finite convergence. This can
be implied by the proof of Prop. 6.1 of Scheiderer [27], because (0,0,1) is a zero
f lying in the interior of the feasible set and f is a nonnegative but non-SOS
form in (z1,22,23 — 1). The flat truncation condition is typically not satisfied
for dual optimizers of (2. When GloptiPoly 3 is applied to solve this problem
numerically, the convergence did not occur for the orders k = 3,4, ...,12.
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APPENDIX A. NON-IDENTICALLY VANISHING OF % AND &

Given any positive degrees dg,ds,...,dk,dg+1, we show that the polynomial
Z(po, - --,pk;q) defined in ([@6) and the polynomial Z(pg,p1,...,pr) defined in
(@I1) do not vanish identically in p; € Rlz]q, (i = 0,...,k) and ¢ € R[z]q,,,-
Without loss of generality, we can assume all dy,...,d; > 1 because linear con-

straints in (£2) can be removed by eliminating variables.

First, we prove that the polynomial % defined in ([@6]) does not vanish identically
in the space Rlz]q, x -+ x Rlz]q, x R[z]q,,,. We only consider the case k <
n, because if k = n then p1(Z) = --- = pp(Z) = ¢(Z) has no nonzero complex
solution in the generic case. By Proposition 1] it is enough to show that the
homogeneous polynomial system (5] does not have a complex solution & # 0 for
generic po, p1, - - -, Pk, q. We prove this in two cases:

e (xo #0) We can scale as xp = 1, and the system (L) is then reduced to
(#4). When po,p1, ..., pr are generic, the set K(p) defined in ([@3)) is finite
(cf. [I8, Prop. 2.1]). Thus, when ¢ is also generic, [@4]) does not have a
solution in C™.

e (xg =0) The system (4.3]) is then reduced to

(A1) { rank [Vmef}(aj) Vmp}f(a:h) thpZ(x)] <k,
pi(x) =--- = pp(x) = ¢"(x) = 0.
(Here, f* denotes the homogeneous part of the highest degree for a poly-
nomial f.) When py,...,py are generic, we have A(ph,...,p}) # 0. By

definition of A (cf. §2.4), if pi(z) = --- = pl(z) = 0 and = # 0, then
rank [V,pl(z) -+ Vupl(z)] = k.
So, if x satisfies (A_T]), there must exist scalars cy, ..., cg such that

Vel (x) = 1 Vapl () + -+ + cu Vapp (2).

Since each p! is a form, by Euler’s formula for homogeneous polynomials
(cf. [19, §2]), we can get

k k
dopl(x) = 2TV ,ph(x) = ZcixTvmpZ(:E) = Z cidpph(z) = 0.
i=1 i=1

This means that (A]) implies
po(@) =pi(@) = =pi(z) =0,
rank [Voplh(z) Vaph(z) - Vepl(z)] =k.
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Any z satisfying the above must be zero if A(ph,pl,...,pl) #0.

Combining the above two cases, we know the polynomial system (45]) has no com-
plex solution & # 0 when pg, p1, - - ., Pk, ¢ are generic.

Second, we show that the polynomial 2(pg,p1, .- ., pk) defined in (@Il does not
identically vanish in the space R[z]q, x R[z]q, X -+ X R[z]q,. By Proposition 1.2
it is enough to prove that there exist p; € R[z]q, (¢ = 0,..., k) such that (ZI0) has
no complex solution (Z,y) with & # 0,y # 0. We prove this in two cases.

e (xo #0) We scale as zp = 1, and ([@I0) is then reduced to [@). Choose
polynomials p; as follows:

. . A d
Do := fo € Rlxgt1, -+ Tnldy, D1 := 3:’111 —1,...,ppi=xF — 1.

Clearly, on the variety V(p1,...,Pr), the gradients V,p1, ..., Vipi are lin-
early independent, and so are

[(Vvéﬁzﬁy} ’ [vgpi] (i=1,....k).

Thus, [@9) is equivalent to (). If (z,\) is a critical pair, then Ay =

oo =X, =0and D := diag(dlelfl, .. _7dkarl) is invertible. Denote
xr = (x1,...,ok,) and zr := (Tg41,. .., 2,). Note that (p := (Po,...,Pr))
0 0 D
Hp(x,0)=| 0 |V3 fo| 0
D 0 0

(In the above, the 0’s denote zero matrices of proper dimensions.) The ma-

trix Hy(z,0) is nonsingular if and only if V2 ., Jo is nonsingular. Therefore,

(@) has a solution if and only if there exists u € C"~* satisfying
Vi fow) =0, det V2 fo(u) = 0.

However, the above is possible only if

of  Oh

Orp1’ 7 Oz,

)=0

So, if fy is generic, then Hy(z, 0) is nonsingular for all (z, ) satisfying (£.2))
corresponding to Pg, P1, - - -, Dk-
By continuity of roots of polynomials, Hy(x, A) is nonsingular for every
pair (z,\) satisfying ([@2)), if each p; is generic and close enough to p;.
e (xo =0) The polynomial system (ZI0) is then reduced to

(A2) { rank Q(z,y) < 2, pi(e) == 1%2(33) =0,
(Veph(z)) y=--- = (Vapl(z)) y =0.
In the above, Q(x,y) denotes the matrix
{ Vepy - Vap) _
(V2ph)y -+ (V2pl)y Vuph -+ Vapl

We show that if pg, p1,-..,pr are generic, then (A-2) has no complex so-
lution (x,y) with  # 0,y # 0. When all p; are generic, for every x # 0
satisfying
h h
pi(z) = =pg(x) =0,
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the gradients V,p?, ..., V,p? are linearly independent. When rank Q(z,y) <
2k, there exist scalars cq, ..., ci such that

(A.3) V.pi(z Z ¢iVepl(z) = 0.

By Euler’s formula for homogeneous polynomlals the above implies

dopg (JJ) = xvapo Z Ai fETvmpz Z Ai dzpl
=1

This means that if some = # 0 satisfies (A.2)) then the polynomial system
h h h
po(z) =pi(x) = =pi(z) =0
is singular. But this is impossible unless A(p§,p%,...,pl) = 0.

Combining the above two cases, we know that there exist polynomials p; € R[z]q, (i =

0,...,

k) such that there are no complex Z # 0,y # 0 satisfying (@I0). This shows

that 2(po, ..., pr) does not identically vanish.
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