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Abstract

The class of matrix optimization problems (MOPs) has been recognized in recent years to be a
powerful tool by researchers far beyond the optimization community to model many important ap-
plications involving structured low rank matrices. This trend can be credited to some extent to the
exciting developments in the emerging field of compressed sensing. The Lowner operator, which gen-
erates a matrix valued function by applying a single-variable function to each of the singular values
of a matrix, has played an important role for a long time in solving matrix optimization problems.
However, the classical theory developed for Lowner operators has become inadequate in these recent
applications. The main objective of this paper is to provide some necessary theoretical foundations for
designing numerical methods for solving the MOP. This goal is achieved by introducing and conducting
a thorough study on a new class of matrix valued functions, coined as spectral operators of matrices.
Several fundamental properties of spectral operators, including the well-definedness, continuity, di-
rectional differentiability, Fréchet-differentiability, locally Lipschitzian continuity, p-order B(ouligand)-
differentiability (0 < p < 1), p-order G-semismooth (0 < p < 1) and the characterization of Clarke’s
generalized Jacobian, are systematically studied.
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1 Introduction

Let R™*™ and C™*™ be the vector spaces of m x n real and complex matrices over the scalar field of
real numbers R, respectively. For any X € C™*", we denote the conjugate transpose of X by X'. If
X € R™*" then X7 is just the transpose of X. We use VX" to represent either the real Euclidean vector
space R™*™ or C™*" with the trace inner product (X,Y) := Re(trace(XTY)) for X, Y € V™*" and its
induced norm || - ||, where “Re” means the real part of a complex number. Without loss of generality, we
assume that m < n throughout this paper. For convenience, we also call V™*™ a matrix space.

Let S™ C V™*™ he the real vector subspace of m x m real symmetric matrices or complex Hermitian
matrices. For any given Y € S™, we use \1(Y) > X2(Y) > ... > A\, (Y) to denote the eigenvalues of Y
(all real and counting multiplicity) and use A(Y) to denote the vector of eigenvalues of Y. For any given
Z e VX" we use 01(Z) > 02(Z) > ... > o (Z) to denote the singular values of Z (always nonnegative
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and counting multiplicity) and use o(Z) to denote the vector of the singular values of Z. We use QP
(p = m,n) to denote the set of p x p orthogonal matrices in RP*P if V™*" = R™*" and the set of p X p
unitary matrices in CP*? if Ym*" = C™*" For X € V™*™ diag(X) denotes the column vector consisting
of all the diagonal entries of X being arranged from the first to the last and for € R™, Diag(x) denotes
the m by m diagonal matrix whose i-th diagonal entry is z;, ¢ = 1,...,m.

In this paper, we shall introduce and study a class of matrix valued functions, to be called spectral
operators of matrices. This class of matrix valued functions frequently arise in various applications. Our
first motivating application comes from matrix optimization problems (MOPs). Let X be the vector space
Vmx™ or §". Suppose that f : X — (—o0,00] is a closed proper convex function. One simple class of
MOPs just mentioned take the form of

min fo(X) + /(X) "
st. AX=b, XeX,
where fo : X — R is a smooth function whose gradient is Lipschitz continuous, e.g., a linear function
fo(:) = (C,-) for some C € X, A: X — RP is a linear operator, and b € R? is a given vector. The
above MOPs cover many problems as special cases. For example, by considering the particular case that
f= 5511, the indicator function of the positive semidefinite matrix cone S', we can see that the extensively
studied semidefinite programming (SDP) [53] is in the form of () with a linear function fo. MOPs also
arise frequently from other applications such as the matrix norm approximation, matrix completion, rank
minimization, graph theory, machine learning, etc [21] 54, 551 [43] 2, 3] 4 6 (57, @1 20, B3] 17, 24]. See [15]
for more details.
The Karush-Kuhn-Tucker (KKT) condition of () can be written in the following form [45, Corollary
28.3.1]:
Vi(X) - Ay +T'=0,

AX —b=0, (2)
I'e 0f(X).
Let ¢y : X = R be the Moreau-Yosida regularization of the closed proper convex function f, i.e.,
. 1 2
v () = min {f() + 5V = X|?}, Xex, (3)

and Py(X) be the proximal mapping of f at X, the unique optimal solution to (B]). It is well-known (see
e.g., [46, Proposition 12.19]) that the mapping Py : X — X is globally Lipschitz continuous on X with
modulus 1 and vy is continuously differentiable on X with Vi ;(X) = X — P;(X). From [36] (see also [45]
Theorem 31.5]) we know that the KKT condition (2]) is equivalent to the following system of Lipschitzian
equations
Vfo(X)—A*y+T
AX —b =0.
X —-Pr(X+T)

Thus, the study of MOPs depends crucially on the study of various differential properties of Py. In [60,
[7l 3], Newton-CG based proximal-point algorithms have been designed to solve large scale SDPs, matrix
spectral norm approximation, and nuclear norm minimization problems, respectively. Those algorithms
and their convergence analyzes all depend crucially on understanding the various differential properties of
the associated proximal mappings Py.

For any given Z € V™" let Q™" (Z) denote the set of matrix pairs (U, V) € O™ x Q" satisfying the
singular value decomposition Z = U [2(Z) 0]VT, where $(Z) is an m x m diagonal matrix whose i-th
diagonal entry is 0;(Z) > 0. For any given Y € S™, we use O™ (Y’) to denote the set of matrices P € Q™
satisfying the eigenvalue decomposition Y = PA(Y)PT, where A(Y') is an m x m diagonal matrix whose i-th
diagonal entry is A;(Y'), a real number. Assume that the closed proper convex function f: X — (—o0, 00]
is unitarily invariant, i.e., for any X € X = V™" U € O™ and V € O", f(X) = f(UTXV), or for any



XeX =S PcOm f(X)= f(PTXP). For example, for a given k € {1,...,m}, Ky Fan’s k-norm
matrix function || X|[ ) = Zleoi(X ), X € V™*™ and the indicator function dgr are unitarily invariant.
Recall that a function ¢ : R™ — (—o0,00] is said to be symmetric if ¢p(z) = ¢(Qz) V x € R™ and any
permutation matrix @, and is said to be absolutely symmetric if ¢(x) = ¢(Qx) ¥V x € R™ and any signed
permutation matriz @, which has exactly one nonzero entry in each row and each column, and that entry
being +1. For the unitarily invariant function f : X — (—o0, 00], we know from Lewis [26] Proposition
2.1] and Davis [I1] that there exists an absolutely symmetric function 6 : R™ — (—o0,400] such that
fG) =0(c(v)) if X = V™*™ and a symmetric function 0 : R™ — (—o0,400] such that f(-) = 0(A(")) if
X = S™, respectively. Furthermore, from [27, 26, 29], we know that the proximal mapping Py : X — X
can be written as

P.(x U [Diag(Pg(a(X))) O] VT if X e x = vmxn,
r(X) = PDiag(Py(\(X))) PT if X e X =8m,

where (U, V) € O"™"™(X) if X € V™*™ and P € O™ (X) if X € S™. The proximal mapping Py is a spectral
operator with respect to the mixed symmetric mapping Py : R™ — R™ (see Definition 21l in Section [2)).

Proximal mappings of unitarily invariant proper closed convex functions belong to a class of matrix
functions studied previously in two seminal papers by Lewis [27], and Lewis and Sendov [28]. In [27],
Lewis defined a Hermitian matrix valued function by using the gradient mapping g(-) = V¢(:) : R™ —
R™ of a symmetric function ¢ : R™ — (—o00,00]. The corresponding Hermitian matrix valued function
G : S™ — S™ is defined by G(Y) = 7" g;(MY))pip;, where P € O™(Y) and p; is the i-th column
of P. Lewis [27] proved that such a function G is well-defined, by using the “block-refineness” property
of g. It was further shown by Lewis and Sendov in [28] that G is (continuously) differentiable at X if
and only if ¢ is (continuously) differentiable at A(X). Qi and Yang [39] proved that the locally Lipschitz
continuous function G is (strongly) semismooth at X if and only if ¢ is (strongly) semismooth at A(X).
Note that if the function ¢ has the form g(y) = (h(y1),...,h(ym)) ¥V y € R™ for some given real valued
functional A : R — R, then the corresponding Hermitian matrix valued function G is called Lowner’s
(Hermitian) operator [32], which has been well-studied in the literature. See e.g., [8, [52] for more details.
For the non-Hermitian case, by considering the gradient mapping g(-) = Vo(+) : R™ — R™ of an absolutely
symmetric function ¢ : R™ — (—o00, o], Lewis [20] studied the corresponding matrix valued function by
G(2)=3"1"19i(0(2))uv] for Z € V™" where (U, V) € O™"(Z) and u; and v; are the i-th column of U
and V, respectively. See also Lewis and Sendov [29] for more details. If the function g has the form g(z) =
(h(z1),...,h(zm))T ¥V 2 € R™ for some given real valued functional h : R — R satisfying h(0) = 0, then
the corresponding non-Hermitian matrix valued function G is called Léwner’s (non-Hermitian) operator in
Yang’s thesis [59]. Some important properties of Lowner’s (non-Hermitian) operators have been studied by
Yang in [59], including the well-definedness, (continuous) differentiability and (strongly) semismoothness.

Besides MOPs, the proximal mapping Py has also played a crucial role in some recent applications. For
instance, by employing its differentiability and the corresponding derivative formulas, one can derive the
divergence expression of the proximal mapping Py, which can be used to obtain the Stein unbiased risk
estimator (SURE) [48] of the regularization solution of the matrix recovery problem involving the nuclear
norm regularization. Candés et al. [5] provided a parameter selection method based on the SURE for the
singular value thresholding (SVT) operator. See also [12] for more details. Although some partial work
has been done on different cases, many fundamental problems of the proximal mapping are unsolved. For
example, even in the Hermitian case, there still remain two important issues to be explored (i) an explicit
formula for the directional derivative of G and (ii) the characterization of Clarke’s generalized Jacobian of
the general Hermitian matrix valued function G.

The spectral operators of matrices to be considered in this paper go much beyond proximal mappings.
As a matter of fact, the spectral operators arising from applications may not even be the gradient mapping
of any scalar valued (absolutely) symmetric function. Therefore, the theoretical results on the spectral
operators obtained in this paper are not covered by the previous works just mentioned [27, 28] [39] (9].
For instance, such spectral operators have already been used in low-rank matrix completion problems with



fixed basis coefficients [34]. The problem of low-rank matrix completion aims to recover an unknown low-
rank matrix from some under-sampled observations with or without noises. A basic approach to solve a
low-rank matrix completion problem is to minimize the rank of a matrix subject to certain constraints
consistent with the sampled observations. Since minimizing a rank function with constraints is generally
NP-hard, a widely-used convex relaxation approach is to replace the rank function with the nuclear norm.
For various theoretical breakthroughs along this direction, we refer the readers to [2, B 22 23 (42, [43]
and references therein. However, since for many situations, such as the correlation matrix completion in
statistics and the density matrix completion in the quantum state tomography where the nuclear norm is
a constant, the efficacy of the nuclear norm minimization approach for recovery is inadequate, Miao et al.
[34] proposed a rank-corrected procedure to generate an estimator of high accuracy and low rank, in which
non-traditional spectral operators play a pivotal role. A rank-correction term of the form —(G ()N( ), X) was
added to the nuclear norm penalized least squares model, where X e Vminisa given initial estimator and
G YmXT 5 YMXN g o matrix-valued function defined by

G(X) =U [Diag(g(c(X))) 0]V', Xevm<r
with (U, V) € 0™"(X), and g : R™ — R™ is given by

Lq

]| oo

6:(2) =h( ) i e R\ (0}, g:(0) =0 (1)

for some scalar valued function i : R — R. For example, for given ¢, 7 > 0, the following h was considered
in [34]:
[t]”

h(t) = segn(t)(1 + ET)W

, teR. (5)
It can be checked that G is the spectral operator with respect to the absolutely symmetric mapping g
(Definition 21]). Note that for such a spectral operator G, there does not exist a function v : V"™"*" — R
such that G is derived through the gradient mapping of ¥ because the Jacobian of G at X, when it exists, is
not self-adjoint. By using the rank-correction term, Miao et al. [34] established a non-asymptotic recovery
error result and provided necessary and sufficient conditions for rank consistency. Various properties of
spectral operators such as well-definedness and continuity play an important role in their study. More
discussions on the rank-correction function can be found in Miao’s PhD thesis [35].

Spectral operators of matrices can also be used in some other related areas such as in statistical shape
analysis, which involves low rank matrices. For instance, in order to establish necessary and sufficient
conditions on the existence of the extrinsic mean shape for the reflection shape space (see e.g., [I] for the
definition) and to provide the corresponding explicit formula (which has important applications in biology,
medicine, image analysis, archeology, etc (cf. [1§])), very recently Ding and Qi [16] used the following
matrix valued function G : S — S™ defined by

G(X) = PDiag(g(\(X)))PT, X es™

with P € O™(X), and g : R™ — R™ being given by g(z) = QTp(x), where for x € R™, Q is an m by
m permutation matrix such that Qx = 2, the vector of entries of x being arranged in the non-increasing
order le’ > ...>x} and p(z) is the unique optimal solution to the following convex optimization problem

1 -
mln{§||y—xi||2|zyi—1, y1=>... 2 yp >0, yk+1—---—ym_0}7
i=1

where 1 < k£ < m is a given integer to indicate the rank of a desired matrix. For a certain nonempty open
set N € S™ eg, N ={X € S | \p—1(X) > M\p(X) > Apg1(X)}, one can easily check that g : R™ — R™
is symmetric (see Definition 2]) on Ay := {\(X) | X € N} and the defined matrix function G is a spectral
operator on .



The remaining parts of this paper are organized as follows. In Section [2, we give the definition of
spectral operators of matrices and study their well-definedness. Some preliminary results on the dif-
ferential properties of singular values and vectors of matrices are also given in this section. We study
the continuity, directional and Fréchet-differentiability of spectral operators defined on the single matrix
space V™*™ in Section Bl More sophisticated differential properties such as Bouligand-differentiability and
G-semismoothness of spectral operators are presented in Section @l In Section [B we study the spectral
operators defined on the Cartesian product of several matrix spaces, and list the main results corresponding
to those derived in Sections[3 and @l We conclude our paper in the final section.

2 Spectral operators of matrices

In this section, we will first define spectral operators on the Cartesian product of several real or complex
matrix spaces. The study of spectral operators under this general setting is not only useful but also
necessary. In fact, spectral operators defined on the Cartesian product of several matrix spaces appear
naturally in the study of the differentiability of spectral operators, even if they are only defined on a single
matrix space (see Section B]). Moreover, the spectral operators used in many applications are defined on
the Cartesian product of several matrix spaces. See e.g., [I4, 58] for more details.

Let s be a positive integer and 0 < sy < s be a nonnegative integer. For given positive integers
mi,...,ms and Ng,41,...,ns, define the finite dimensional real vector space X' by

X = S™ x . .x S™e0 x YMeo+t XTso+1 5 Y X

Without loss of generality, we assume that my < ng, k = so + 1,...,s. For any X = (X1,...,X,) € &,
we have for 1 < k < sg, Xy € S™ and s+ 1 < k < s, X3 € V"> Denote mg := »_,°, my and
m = ZZ:S()J’-l my. For any X € X, define k(X) € R™o+™ by

K(X) = (AMX1),.. ., AM(Xsp),0(Xsp41),- -+, 0(Xs)) -

Recall that a matrix @@ € RP*P is said to be a signed permutation matriz if Q has exactly one nonzero
entry in each row and each column and that entry being 1. Let PP and £P? be the sets of all p X p
permutation matrices and signed permutation matrices, respectively. For X', define the set P by

P={(Q1,...,Qs) |Qr € P™ 1<k <s9and Qp € £P"*, sg+ 1<k <s}.

Let g : R™Motm — R™Mo+™ he g given mapping. For any x = (x1,...,Xs) € R™™ with x5, € R™* | rewrite
g(x) € R™ot™ in the form g(x) = (g1(x),...,gs(x)) with gi(x) € R™ for 1 < k < s.

Definition 2.1 The given mapping g : R™0T™ — R™o+T™ s said to be mized symmetric, with respect to
P, at x = (X1,...,Xs) € R™OTM yith x;, € R™kif

g(Q1X17"'7QSXS) = (ngl(x)7"'7ngs(x)) v (Qlu"'uQS) eP. (6)

The mapping g is said to be mized symmetric, with respect to P, over a set D C R™0T™ 4f (@) holds for
every x € D. We call g a mized symmetric mapping, with respect to P, if {@) holds for every x € Rmotm,

Note that for each k € {1,...,s}, the function value gi(x) € R™*™ is dependent on all xq, ..., Xs.
With causing no confusion, in later discussions we often drop “with respect to P” from Definition [ZIl The
following result on g can be checked directly from the definition.

Proposition 2.1 Suppose that the mapping g : R™MoT™ — R™0+™ s mized symmetric at x = (x1,...,Xs) €
R™0FT™ with xp, € R™+. Then, for any i,j € {1,...,my},

(8r(x))i = (gr(x)); if (xx)i = (xx)j, VI<E<s

and
(gr(x))i =0 if (x%);=0, Vsg+1<k<s.



Let NV be a given nonempty set in X'. Define
kn = {r(X) | X e N} .

Definition 2.2 Suppose that g : R™ot™m — R™0T™ js mized symmetric on ka. The spectral operator
G : N — X with respect to g is defined by

G(X) = (G1(X),...,Gs(X)), X =(X1,....Xs) €N

with
Gr(X) = PkDiag(gk(”(X)))PE if 1 <k < sg,
ST Uk Diag(ge(s(X)) 0] VT ifso+1<k<s,

where P, € Q™ (X}), 1 <k < sp, (Ug, Vi) € O™ (X}), so+1 <k <s.

Before studying the well-definedness of spectral operators, it is worth mentioning that for the case that
X = 8™ (or V™*™) if g has the form g(y) = (h(y1),...,h(ym)) € R™ with y; € R for some given scalar
valued functional h : R — R, then the corresponding spectral operator G is called Lowner operator by
Sun and Sun [52] in recognitions of Lowner’s original contribution on this topic in [32] (or the Lowner
non-Hermitian operator by Yang in her thesis [59] if ~(0) = 0).
2.1 The well-definedness

In order to show the well-definedness of spectral operators, we need the following two simple propositions.
Let Y € S™ be given. Denote fi; > iy > ... > T, the distinct eigenvalues of Y. Define the index sets

ap={i|NY)=m, 1<i<m}, I=1,...,r.

Let A(Y) be the m x m diagonal matrix whose i-th diagonal entry is \; (Y). Then, the following elementary
property on the eigenvalue decomposition of Y can be checked directly.

Proposition 2.2 The matriz Q € Q™ satisfies QA(Y) = AY)Q if and only if there exist Q; € Qlel,
l=1,...,r such that Q is a block diagonal matriz whose l-th diagonal block is Qy, i.e.,

Q = Diag(Q1,Q2,...,Q.).

_Let Z € VX1 he given. We use 71 > Vs > ... > 7, > 0 to denote the nonzero distinct singular values
of Z. Define

ap:={ilo;(Z)=v, 1<i<m}, I=1,....,r and b:={i|oi(Z)=0, 1 <i<m}. (7)

The following observation can be derived easily. For the real case, the proof can be found in [30, Theorem
3.7], and the corresponding result for the complex case can be obtained similarly.

Proposition 2.3 Let ¥ := %(Z). Then, P € Q™ and W € Q" satisfy
PE 0= ow

if and only if there exist Q € 0%, Q" € O and Q" € O™~ lel such that

Pz[g QO,] and Wz[g Cg”}’

where |a| = |a1] + ... + |ay| and @ = Diag(Q1,Q2,...,Q,) is a block diagonal matriz whose lI-th diagonal
block is Q; € Ol



By combining Propositions and with the mixed symmetric property of g, we are able to obtain
the following result on the well-definedness of spectral operators.

Theorem 2.1 Let g : R™o+t™ — R™0T™ pe mized symmetric on k. Then the spectral operator G : N —
X defined in Definition [2Z.2 with respect to g is well-defined.

Proof. Let X = (X1,...,X;) € N be arbitrarily chosen with X} € S"* for 1 < k < sg and X}, € V"= *"*
for sop+1 <k <s. Let x = (x1,...,Xs) := k(X) with x;, € R™*. Then we know from Proposition 2] that
for any ¢,5 € {1,...,my},

(8r(x))i = (8r(x)); i (xk)i=(xk);, V1I<k<s

and
(gr(x))i =0 if (x1)i=0, Vsop+1<k<s,

which, together with Propositions and 23] imply that the matrix G(X) is independent of the choices
of P, € O™ (Xy), 1 <k < sg, (Ug, Vi) € QM (X)), so+1 < k < s. That is, G is well defined at X.
Since X is arbitrarily chosen from N, the spectral operator G is well-defined on . O

2.2 Differential properties of singular values and vectors

In this subsection, we collect some useful preliminary results on the singular value decomposition (SVD)
of matrices. Let Z € V™*™ be given. Consider the following SVD of Z:

Z=T[2Z) 0|V =T[22) o[V, V.| =T=@)V,, (8)

where U € O™ and V = [Vl Vz] € 0" with Vi € V™ and V, € V"> (™) Define the index sets a
and ¢ by _
a:={ilo;(Z2)>0,1<i<m} andc:={m+1,...,n}. (9)

Let the index sets a;, l = 1,...,r and b be defined by (). For each i € {1,...,m}, we also define [;(Z)
to be the number of singular values which are equal to ¢;(Z) but are ranked before i (including 4), and
1;(Z) to be the number of singular values which are equal to o4(Z) but are ranked after i (excluding i),
i.e., define [;(Z) and I;(Z) such that

o1(Z)>...> 0i1,2)(%) > Ui_li(7)+1(7) =...=0(2)=...= Ui+i»(7)(7)

>0 (Z)>...>0m(2). (10)

i+l (Z)+1
In later discussions, when the dependence of I; and I; on Z are clear from the context, we often drop Z
from these notations.

For any Y € V"™*" let Y;; be the (4,7)-th entry of Y. For any Y € V™*™ and the given index sets
ZC{l,...,m}and J C {1,...,n}, we use Y7 to denote the sub-matrix of ¥ obtained by removing all
the columns of Y not in J and use Yz 7 to denote the |Z| x || sub-matrix of Y obtained by removing all
the rows of Y not in Z and all the columns of Y not in 7. For notational convenience, we define two linear
matrix operators S : VP*P — SP T : YPXP — YPXP by

S(Y):= %(Y +Y") T(Y):= %(Y -Yh), Yevexr, (11)

The following proposition can be derived directly from the directional differentiability (e.g., see [25, The-
orem 7| and [56, Proposition 1.4]) of the eigenvalues of a Hermitian matrix. For more details, see [30,
Section 5.1].



Proposition 2.4 Suppose that Z € V™*" has the SVD (3). For any V™" > H — 0, we have
0i(Z+H) ~0i(Z) —o{(Z; H) = O(|H|?), i=1,...,m, (12)

where

Y (S(USLHVQZ)) if icanl=1,...,r,

o ZiH) = ali({U;THVb UEHVQ}) if ieb,

(13)
where for each i € {1,...,m}, l; is defined in ({I0).

The following results are also needed for subsequent discussions. For the real case, the detailed proof
can be found in [I4, Proposition 7]. The results for the complex case can be derived in a similar manner.

Proposition 2.5 For any V"*" 5 H — 0, let Z := [2(7) O] + H. Suppose that U € Q™ and V =
Vi Vo] € O™ with Vi € VX and Va € V(=) satisfy

Z=[2Z) 0|+H=U[E(Z) V'=U[[E(2) 0[W W.

Then, there exist Q € Ql*l, Q" € 0l and Q" € O™ %l such that

v=| 2 ooty ma v= | 0 +oqm, (19

where Q = Diag(Q1,Qs, . ..,Q,), Q € Ol Furthermore, we have
E(Z>azaz _2(7)@&1 = Q?S(Hazaz)Ql+O(|‘HH2)v l= 15"'ara (15)
B2 —(Z)w 0] = Q" [Hw Hy]Q"+O(|H|?). (16)

Given the index set a; for [ € {1,...,r} at Z € V™*" we define U; : V¥ — Y™X" by

U(z)=> un, Zevm, (17)
i€ap
where u; and v; are the i-th column of U and V, respectively, and (U, V) € O™"(Z). Let B C V™*" be
an open neighborhood of Z. By shrinking B if necessary, we may assume that for any Z € B, if i € ay,
1<i<r, theno;(Z)>0,and ifi € a;, j € q and 1 <[ # 1 <r, then 0;,(Z) # 0;(Z). Therefore, for any
7 € B, we may define matrices T')(Z), Z;(Z) € R™*™ and Y;(Z) € R™*(=m) [ =1,....r by

1

—— ifi€aq, jeay, 1#U, I!'=1,...,r+1,
ri(2)) e (18)
wa))ij = - ificay, jea, AU, I'=1,....,r+1,
0i(Z) —0;(Z)
0 otherwise,
1
T | ) j GUEU U =1, 1
O'Z(Z)—{O'J(Z) 1 leal,]EGl, 7& ) ) ,T+ )
_ — ificayp, jEa, £, I'=1,...,7r+1,
(Eu(Z))i; = O'i(Z);Uj(Z) (19)
i
o(Z) v o (z) TS
0 otherwise,
! ificea,j=1 n—m
s =Ly - 9
(Yu(2))i; = 0i(Z) (20)
0 otherwise.



We use “o” to denote the usual Hadamard product between two matrices, i.e., for any two matrices A and
B in V™*™ the (i,j)-th entry of Z := Ao B € V""" is Z;; = A;; B;;. We have the following differential
properties of Uj, I = 1,...,r. For the real case, the results have been shown in [I4, Proposition 2.11]. By
using similar arguments to the real case, one can derive the corresponding results for the complex case.

Proposition 2.6 Let Uy, | = 1,...,r be defined by (Z7). Then, there exists an open neighborhood B of
Z such that U is at least twice continuously differentiable in B, and for any H € V™ " the first order
derivative of Uy at Z € B is given by

U(ZVH = U[T)(Z) 0 S(UTHV) + E4(Z) o TWUTHV)VE + U(Ti(Z) 0 UTHV) VT, (21)

where (U, V) € Q™™ (Z) and the linear operators S and T are defined by (I1]).

3 Continuity, directional and Fréchet differentiability

In this and the next section, we will first focus on the study of spectral operators for the case that
X = V™x7 The corresponding extensions for the spectral operators defined on the general Cartesian
product of several matrix spaces will be presented in Section

Let AV be a given nonempty open set in V™*™, Suppose that g : R™ — R™ is mixed symmetric,
with respect to P = £P™ (called absolutely symmetric in this case), on an open set s in R™ containing
on = {0(X) | X € N'}. The spectral operator G : N' — V"*" with respect to g defined in Definition
then takes the form of

G(X) = U [Diag(g(e(X))) 0]VT, X €N,

where (U, V) € 0™"(X). Let X € N be given. Consider the SVD ) for X, i.e.,

X=T[xEX oV, (22)

where V = [Vl Vg} € 0" with Vi € V™™ and Vi, € VX (n=m) | et 7 := o(X) € R™. Let a, b, ¢, a,
[ =1,...,7 be the index sets defined by ([@) and (7)) with Z being replaced by X. Denote a := {1,...,n}\a.
For any given vector y € R™, let |y|* be the vector of entries of |y| = (Jy1],...,|ym|) being arranged in
the non-increasing order |y|f > ... > |yl},. The following result follows from the absolutely symmetric
property of g on G .

Proposition 3.1 Let U € O™ and V = [V} V] € Q" with Vi € V**™ and Va € V**("=") be given. Let
y € 6ar. Then, for Y := U [Diag(y) 0]V it always holds that

G(Y) =U [Diag(g(y)) 0]V" = UDiag(g(y))V;" .

Proof. Let P € £P™ be a signed permutation matrix such that Py = |y[*. Then, we know that o(Y) = [y|*
and Y has the following SVD

Y = U[P"Diag(ly[")W 0]V* = UP" [Diag(|yl*) 0] [\iW" Vo]*,

where W := |P| € P™ is the m by m permutation matrix whose (i, j)-th element is the absolute value of
the (7, 7)-th element of P. Then, we know from Definition [2.2] that

G(Y) =UP" [Diag(g(ly[*)) 0] ViW" Vo]".
Since g is absolutely symmetric at y, one has

Diag(g(|y[*)) = Diag(g(Py)) = Diag(Pg(y)) = PDiag(g(y))W" .



Thus,
G(Y) = UP" [PDiag(g(y))W" 0] [ViW" V5]" = U [Diag(g(y)) 0]V,

which, proves the conclusion. O
By using Proposition 2.5, we have the following result on the continuity of the spectral operator G.

Theorem 3.1 Suppose that X € N has the SVD (Z3). The spectral operator G is continuous at X if and

only if g is continuous at o(X).

Proof. “ <=7 Let X € N. Denote H = X — X and 0 = 0(X). Let U € 0™ and V € Q" be such that
X=X+H=U[X(X) 0]V Then, we know from Z2)) that

[2(X) 0|+T HV =T U[(X) 0]V'V.

From () in Proposition 25 we know that for any X sufficiently close to X, there exist Q € 0l*l, Q" € QI
and Q" € 0" lel such that

s [Q 0 2 [Q 0
UU—[O Q,}—FO(HHH) and VV—[0 Q"

where Q = Diag(Q1,Q2,...,Q,), @ € 0l“l. On the other hand, from the definition of the spectral
operator G one has

]+oum>, (23)

UT (G(X) - G(X)) V = [Diag(g(0)) 0] — UTT [Diag(g(@) 0V V.
Thus, we obtain from (Z3)) and Proposition 21l that for any X sufficiently close to X,
U (G(X) -~ G(X)) V = [Diag(g(o) — 9(@)) 0]+ O(||H]]).

Thus, since g is assumed to be continuous at @, we can conclude that the spectral operator G is continuous
at X.

“ == " Suppose that G is continuous at X. Let (U,V) € Q™*"(X) be fixed. Choose any ¢ € 6 and
denote X := U[Diag(c) O]VT. We know from Proposition Bl that G(X) = UDiag(g(o))Vqlr and

: —\w _ T =\ T
Diag(g(o) —¢(@)) =U (G(X) - G(X)) V1.
Hence, we know from the assumption that g is continuous at . 0

Next, we introduce some notations which are frequently used in later discussions. For any given X € N/,
let 0 = ¢(X). For the mapping g, we define three matrices £ (), E2(0) € R™*™ and F(o) € R™*(n=m)
(depending on X € N) by

gi(o) —gjlo) .
—r 2 ifo;#o0;, o

(E90))y = o =0, 7% iefl,...,m}, (24)
0 otherwise,

gi(o) +g;(o) .
IR T I9) it o 40,

o)y = ito; MOt EL et m), (25)
0 otherwise,

gi(o) .
(FOo))y = o Lo 70 e, je{l... n—m}. (26)

K3
0 otherwise,

10



Note that when the dependence of £{(o), £9(c) and F°(c) on o are clear from the context, we often drop

o from these notations. In particular, let £, £, € V™™ and F' € YX(=m) be the matrices defined

by @24)-([26) with respect to @ = o(X). Since g is absolutely symmetric at &, we know that for all ¢ € ay,
1 <1 < r, the function values g;(7) are the same (denoted by g;). Therefore, for any X € A/, define

Gs(X) = igﬂ/{l(X) and GR(X) = G(X)—Gs(X), (27)
=1

where U;(X) is given by (). The following lemma follows from Proposition 6] directly.

Lemma 3.1 Let Gg : N — V™ " be defined by (27). Then, there exists an open neighborhood B of X in
N such that Gs is twice continuously differentiable on B, and for any V™"*" > H — 0,

Gs(X +H) —Gs(X) = G5(X)H + O(| H|*)
with — — [=0 —T — -0 —T — -0 =T — .]=T
Go(X)H =T |€0S[TU HV,)+ & oT([U HV,) F o HV»)|V . (28)

Lemmal[3Ilsays that in an open neighborhood of X, G(-) can be decomposed into a “smooth part” G'g(-)
plus a “nonsmooth part” Gg(-). As we will see in the later developments, this decomposition simplifies
many of our proofs.

3.1 Directional differentiability

Let £ and Z’ be two finite dimensional real Euclidean spaces and O be an open set in Z. A function
F:0 CZ — Z is said to be Hadamard directionally differentiable at z € O if the limit

/ J—
lim F(z+th') — F(2)
t10, h'—h t

exists for any h € Z. (29)

It is clear that if F' is Hadamard directionally differentiable at z, then F' is directionally differentiable at
z, and the limit in (29) equals the directional derivative F'(z; h) for any h € Z.

Assume that the g is directionally differentiable at . Then, from the definition of directional derivative
and the absolutely symmetry of g on the nonempty open set G, it is easy to see that the directional
derivative ¢ := ¢'(7; ) : R™ — R™ satisfies

p(Qh) = Qp(h) VQ € £PZ and Yh e R™, (30)
where £PZ" is the subset defined with respect to & by
+PZ:={Q e tP" |7 =QT7} . (31)
Note that Q € £PZ if and only if
Q =Diag(Q1,...,Qr, Qry1) with @Q ePl 1=1...r and Q.41 €£P". (32)

For any h € R™, we rewrite ¢(h) in the following form ¢(h) = (¢1(h), ..., ¢, (h), ¢rr1(h)) with ¢;(h) € Rlal
I=1,...,r and ¢,41(h) € RI’l. Therefore, we know from ([B0) and ([B2)) that the function ¢ : R™ — R™ is
a mixed symmetric mapping, with respect to PIo1l x ... x Plarl x PPl ogver Rlotl x .. x Rlorl x RIPl. Let
W = Slal x . x Slarl x it (m=lal) We can define the spectral operator ® : W — W with respect to the
symmetric mapping ¢ as follows: for any W = (Wq,..., W, W,11) € W,

O(W) = (@1(W), .., B, (W), pis (W) (33)

11



with ~ _
PDiag(du(k(W))) P if1<1<r,

2() ’—{ MDiag(en(s(W))NT il =7 +1,

where k(W) = (AW4),...,A(W,),0(W,41)) € R™: B € Olal(W)); and (M,N) € Qlthn—lal(yw, ),
N = []\71 NQ} with ]Vl € Y—lahx|ol 1\72 e V(n—lahx(n=m) From Theorem P11, we know that @ is well
defined on W.

In order to present the directional differentiability results for the spectral operator G, we define the
following first divided directional difference gl!!(X; H) € V™*" of g at X along the direction H € V™*"
by

JUX H) = [E(j o ST HV,) +EyoT (T HV,) F o UTHVQ} +®(D(H)), (34)
where €1, s, F are defined as in 24)-8) at & = o(X),
—T — —T — —T — _
D(H) := (S(UalHVal), o S(Ts HYV,), T, H[V, Vg]) ew (35)

and for any W = (Wi, ..., W,, Wyry1) € W, B(W) € V™7 is defined by

(W) := (36)

0 (I)r-l-l (W)

Diag (®1(W),...,®,.(W)) 0 1

For the directional differentiability of the spectral operator, we have the following result.

Theorem 3.2 Suppose that X € N has the SVD (23). The spectral operator G is Hadamard directionally
differentiable at X if and only if g is Hadamard directionally differentiable at @ = o(X). In that case, the
directional derivative of G at X along any direction H € V™™ s given by

G'(X: H) =TV (X, H)V . (37)

Proof. “ <=7 Let H € V™*" be any given direction. For any V"*" 5 H' — H and 7 > 0, denote
X := X + 7H'. Consider the SVD of X, i.e.,

X =U[ZX) ovT. (38)

Denote o = o(X). For 7 and H' sufficiently close to 0 and H, let Gs and G be the mappings defined in
@). Then, by Lemma Bl we know that

(Gs(X) - Gs(X)) = G(X)H , (39)

. 1
lim —
710, H'—H T

where G%4(X)H is given by (28). On the other hand, for 7 and H’ sufficiently close to 0 and H, we have
U(X)= Ziealuiv?, l=1,...,r and

Gr(X) = G(X) = Gs(X) =Y Y [9i(0) = gi(@)]wivi +)_ gi(o)uivy . (40)

=1 icay =
For 7 and H’ sufficiently close to 0 and H, let
1
Ay, H') = = i(0) — gi(@)uwivy, 1=1,... d A, H') = i(o)uivy
l(Ta ) - Z[g (U) g (O')]U A ) , ' an Jrl(Ta ) Zg (U)u U;

icay icb

12



Firstly, consider the case that X = [S(X) 0]. Then, from ([I2) and ([[3), we know that for any 7 and
H' € V™*" gufficiently close to 0 and H,

o(X) = o(X) +70'(X; H') + O(7*||H'||*) (41)

where (0/(X; H'))a, = AM(S(H),,,,)), L =1,...,r and (o/(X; H')), = o([H};, Hj,]). Denote h' :=o’(X; H')
and h := ¢/(X; H). By using the fact that the singular value functions of a general matrix are globally
Lipschitz continuous, we know that

: / 1112V
olim (W Ol ) = h. (42)

Since g is assumed to be Hadamard directionally differentiable at &, we have

m IOIO Lo 4 OGE) — o()) = o (75 ) = 6(R),
where ¢ = ¢'(7;-) : R™ — R™ satisfies the condition ([B0). Since u;v}, i =1,...,m are uniformly bounded,
we know that for 7 and H' sufficiently close to 0 and H,

A(r,H') = U,Diag(¢i(h)Vyi +0(1) 1=1,....r,
Arpr(r,H') = UyDiag(¢r41(h))Vy, +o(1).

By (@) in Proposition 23] we know that there exist Q; € Q! I =1,...,7, M € Ol and N = [N; Ny €
on~lel with Ny € Vr=labxlbl and Ny € vn=la)x(=m) (depending on 7 and H’) such that

Ot ') ot )

U = | Q+OGIHN) |, V= | Q+OGIH]) | 1=1,....r,
o(rl|H')) o7l )

_ [ o) _[oalm)
Uy = M+OMHW}’[%‘Q_[N+WﬂHm '
Thus, we have

0 0 0

A H) = | 0 QDiag(n()QF 0 [ +OF|H ) +o(), 1=1...r (43)
0 0 0

At H) = | 0 diDiag(onna (e |+ OTIH D+ o1). (44)

We know from (3] and (I6) that

1 —
S(Htlzlal) = S(Halal)+0(1) = ;Ql[E(X)azaz _I/lI|az|]Q'lE+O(T”H/”2)7 l= 1,...,7", (45)
1
[Hiy Hi = [How Hoc +0(1) = —M[S(X)u = Prpalip] N1 + O(T|[H'[]?). (46)
Since @, [ = 1,...,7, M and N are uniformly bounded, by taking subsequences if necessary, we may

assume that when 7 | 0 and H' — H, Q;, M and N converge to Q;, M and N, respectively. Therefore,
by taking limits in ([@3]) and (@6), we obtain from [{I)) and [{@2]) that

S(Hazaz) = @lA(S(Hazaz))Qvgrv l:17"'7r7
[Hy, Hy = MI[S([Hw Hy]) OJNT = MS([Hw Hy)Ny.

13



Hence, by using the notation [33]), we know from ({@Q), (3), (@) and (B6]) that

r+1

. 1
Twﬁh}gx/lﬁH ;GR(X) 10, 11}111}%1{ Z Ay(r = (D(H)) ’ (47)

where D(H) = (S(Hgya,), -+, S(Hara,), Hoa)- o
To prove the conclusion for the general case of X, rewrite (B8] as

[2(X) 0]+T HV =T UBX) 0VTV.
Let U := UTU V:=V'Vand H=T HV. Denote X := [S(X) 0] + T H'V. Then, we obtain that

Gr(X)=UGRr(X )V Thus, we know from (1) that

. 1 _ _
ol —GR(X) =TS(D(H)V . (48)

Therefore, by combining (J) and @S) and noting that G(X) = Gg(X), we obtain that for any given
H e ymxn,

G =GO 0 Gs(X) - GsE) +GrX) gk

710, H' —H T 710, H'—H T

where g(X; H) is given by (34). This implies that G is Hadamard directionally differentiable at X and
BT) holds.

“ = " Suppose that G is Hadamard directionally differentiable at X. Let (U, V) € @’”X"( ) be fixed.
For any given direction h € R™, suppose that R™ > h’ — h. Denote H' := U|[Diag(h’) ]V € Vm™*" and

H := U[Diag(h) O]VT € V"*" Then, we have H — H as h’ — h. Since for all 7 > 0 and h’ sufficiently
close to 0 and h, 0 := & + 7h' € 6, we know from Proposition [3.1] that for all 7 > 0 and A’ sufficiently

close to 0 and h, G(X + 7H') = UDiag(g(7 + Th’))ler. This implies that

g(@+T7h') — g(E)) 7 (

X +7H) - GX)\ =
Diag(_ lim i  GEHTH) = G( >) V..
710, h/—h T 710, H —H T

5+ W) — o5
Thus, we know from the assumption that lim 9@ +7h) ~ 9(@)
710, b/ —h T

tionally differentiable at @. 0

exists and that g is Hadamard direc-

Remark 1 Note that for a general spectral operator G, we cannot obtain the directional differentiability at
X if we only assume that g is directionally differentiable at o(X). In fact, a counterexzample can be found in
[Z7]. However, since V™"*™ is a finite dimensional Euclidean space, it is well-known that for locally Lipschitz
continuous functions, the directional differentiability in the sense of Hadamard and Gateaux are equivalent
(see e.g. [37, Theorem 1.13], [13, Lemma 8.2], [19, p.259]). Therefore, if G and g are locally Lipschitz
continuous near X and o(X), respectively (e.g., the prozimal mapping Py and its vector counterpart Py),

then G is directionally differentiable at X if and only if g is directionally differentiable at o(X).

3.2 Fréchet differentiability

For a given X € N, suppose that the given absolutely symmetric mapping g is F(réchet)-differentiable at
o = 0(X). The following results on the Jacobian matrix ¢’(o) can be obtained directly from the assumed
absolute symmetry of g on o and the block structure [B2) for any @ € £P7.

14



Lemma 3.2 For any X € N, suppose that g is F-differentiable at 0 = o(X). Then, the Jacobian matrix
g’ (o) has the following property
J(0)=Q%(0)Q VYQ e +Py.

In particular,

(9'(0))ii = (9'(0))irir if o; = oy and i,i' € {1,...,m},
(9'(0))ij = (g'(0))irjr ifo;=o0p, 05 =0j,1#§, 1 #j andi, i, j,j € {l,...,m},
(g/(O'))ij = (gI(U))ji =0 lf o; = 0, 7 75 j and i,j (S {1, . ,m}.

Lemma [32is a simple extension of [28 Lemma 2.1] for symmetric mappings. But one should note that
the Jacobian matrix ¢’(o) of ¢ at the F-differentiable point ¢ may not be symmetric since here g is not
assumed to be the gradient mapping as in [28, Lemma 2.1]. For example, let us consider the absolutely
symmetric mapping ¢ defined by () in the introduction. Then g is differentiable at x = (2,1) by taking
m=2and 7 =e=11in (). However, it is easy to see that the Jacobian matrix ¢’(x) is not symmetric.

Let n(c) € R™ be the vector defined by

g (0)ii — (¢ (0))iirry if3je€{l,...,m} and j # i such that o; = o, .
r(o))e = { Eg’gagin ey otherwis{e7 : ' PE{Lml

(49)
Define the corresponding divided difference matriz £1(c) € R™*™, the divided addition matriz E2(o) €
R™*™ the division matriz F(o) € R™* (=™ respectively, by

9(0) = 9i0) o,

(£1(0))ij == 0; —0j i,je{l,...,m}, (50)
(n(o)): otherwise,
g9i(@) +g;(0) .
E)si={ ot OTIE0 e m), 61)
9 (0))ii otherwise,

gio) ..
(F0)iy ={ o o 70, e m), jefl....n—m). (52)

(¢'(0))i otherwise,

Define the matrix C(c) € R™*™ to be the difference between ¢’(c) and Diag(n(o)), i.e.,

C(0) :=g'(0) — Diag(n(0)). (53)

Note that when the dependence of n, &1, £, F and C on o is clear from the context, we often drop o from
the corresponding notations.

Let X € A be given and denote @ = o(X). Denote 7 = 1(5) € R™ to be the vector defined by @1).
Let &1, £2, F and C be the real matrices defined in (B0)-(53) with respect to . Now, we are ready to
state the result on the F-differentiability of spectral operators.

Theorem 3.3 Suppose that the given matriz X € N has the SVD (23). Then the spectral operator G is
F-differentiable at X if and only if g is F-differentiable at @. In that case, the derivative of G at X is given

by
G'(X)H =T[E; o S(A) + Diag (Cdiag(S(A))) + &2 0 T(A) Fo BV VHeV™" (54)

where A := UTHvl and B := UTHVQ.
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Proof. “ <=7 For any V"*" 5 H = [H; Hy] — 0 with H; € V™*™ and H, € ymx(n=m) - denote
X=X+H. Let U ¢ 0™ and V € Q" be such that
X =U[EX) ovT. (55)

Denote 0 = 0(X). Let Gg(X) and Gr(X) be defined by (7). Then, by Lemma Bl we know that for any
H — 0,
Gs(X) = Gs(X) = G5(X)H + O(|H|]*) = G5(X)H + O(| H|]*), (56)

where G’ (X) H is given by @28). For H € V"™*" sufficiently small, we have Uy (X) = 3., wiv; , Il =1,...,7.

Therefore,
r+1

Gr(X)=G(X)-Gs(X)=> A(H), (57)
=1

where A)(H) = ZiEal (g9i(o) — gi(E))uiv?, I=1,...;rand A, 11 (H) = Eieb gi(a)uiv?.
Firstly, consider the case that X = [X(X) 0]. Then, from [2) and ([@3)), for any H € V™" sufficiently

small, we have
c=7+h+O(|H|?), (58)

where h := o/(X; H) € R™ with
(0" (X;H))ay = MS(Haya,)), 1=1,....7 and (¢/(X;H))p = o([Hy, Hyel). (59)

Since g is F-differentiable at @ and the singular value functions are globally Lipschitz continuous, we know
from ([B8) that for any H € V™*™ sufficiently small,

9(0) = 9(@) = 9@+ h+ O(|H|*) = 9(@) = ¢'@)(h + O(|H[*)) + o([|n]}) = ¢'@)h + o(| H]) -
Since u;v}, i = 1,...,m are uniformly bounded, we have for H sufficiently small,
Ay(H) = Uy, Diag((¢' (@)h)a, )V, +o(([HI), 1=1,...,7,  App1(H) = UpDiag((¢'(@)h)s)Vy' + o(|H|) -

By (@) in Proposition 25, we know that there exist @, € Ol“l M € Ol and N = [N; N] € O~
with Ny € V(n=lahxIbl and Ny € V(n=lahx(m=m) (depending on H) such that

O(H]) O(l[H])

Ua = Ql+O(HHH) , Vo = Ql+0(”H”) s l=1,...r,
O(H]) O(l[H])

_ O([1H1]) _ | odiHlD
U= mroqmy | " Y= vrogm) ] |
Therefore, since ||¢’(7)h|| = O(||H||), we obtain that

[0 0 0

AI(H) - 0 QlDiag((gl(E)h)az)Q'lE 0|+ O(HHH)a l=1,...,r, (60)
K 0 0
[0 0

Arpi(H) = 0 MDiag((g’(E)h)b)Nfr +o([H])- (61)

We know from ([@9) and Lemma B2 that 77, = 7,el%! for some 7, € R, I =1,...,r and 7, ., = 7,4, €*! for
some 7, ., € R, where €? is the vector of all ones in R? and C = ¢'(7) — Diag(n) € R™*™ has the following
form

cy Elallal oo g Rladlal

C= 1 - 3 aE (62)
ETlEWTHal‘ ETTE‘U’THU’TI 0
0 0 0

16



where EP? € RP*? ig the p by ¢ matrix of all ones and ¢ € R"*". Then we know from (B9) that

(Ch),, + TS (Haa,)) il1=1,....m,

v @h)al:{mlaqﬂbb ) itl=rel,

where for I € {1,...,7}, (Ch), = >2)_ cuwtr(S(Ha,a,))el! = (Cdiag(S(H1))), . On the other hand, we
know from (&), (I6), (E]) and (BY) that for H sufficiently close to 0, and I =1,...,r,
S(Haa) = QEX)aa —7illa)Q; + O(H|?) = QIA(S(Haya,))Qr + O H]?),
[Hy, Hpe] = M(S(X)op = Trprdjp )N +O(|H|?) = ME([Hy  Hi)N1 + O(|H|?) .
Therefore, from (BI), (60) and (&), we obtain that

[0 0 0
AJ(H) = 0 Diag ((Cdiag(S(H1)))a,) + %S(Haa,) 0 | +o([[H|), 1=1,...,r,
0 0 0
[0 0 0
A1(H) = _ _ H).
+1( ) I 0 ’7r+1be '77«+1Hbc +O(” ”)
Thus, we know from (1) that for any H sufficiently close to 0,
WIS(HIHUJ) 0 0 0 0
Gr(X) = [Diag (Cdiag(S(H1))) 0]+ 0 0 0 0 | o(lH]).
[ ( ) } 0 0 #,5(Hqa.a,) 0 0
0 0 0 Yrr1Hoy Vi1 Hpe

(63)
Next, consider the general X € V>, For any H € V"*™ sufficiently close to 0, rewrite (B3] as

2(X) 0+T HV =T U[RX) V'V.

Denote U := U U and V := V' V. Let X := [2(X) 0]+ U HV. Then, since U and V are unitary
matrices, we know from (@3] that

Gr(X) = TGr(X)V' =T [Diag (Cdiag(S(A))) 0]V"
715(Aara,) O 0 0 0
+T 0 0 0 0 V' o H]). (64)
0 0 %,.5Aq.q,) 0 0
0 0 0 Vi1 Avy Vi1 Boe

Thus, by combining (B6) and (64) with [28) and noting that G(X) = Gg(X), we obtain that for any
H € V> gufficiently small,

G(X) — G(X) = U[E; o S(A) + Diag (Cdiag(S(A))) +E2 0 T(A) Fo BV +o(|H]).
Therefore, we know that G is F-differentiable at X and (54) holds. .
“ = 7 Suppose that G is F-differentiable at X. Let (U,V) € O™*"(X) be fixed. For any h € R™,

let H = U[Diag(h) O]VT € Vm*m We know from Proposition B] that for all & sufficiently close to 0,

G(X + H) = UDiag(g(7 + h))Vqlr. Therefore, we know from the assumption that for all h sufficiently close
to 0,

Diag(g(7 + h) — 9@) =T (G(X + H) - G(X)) V1 =T &' (X)HV1 + o(|h]]).
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Hence, we know that g is F-differentiable at & and Diag(g'(o)h) = [IRe (X)HV ;. The proof is competed.]

Finally, we can present the continuous differentiability result of spectral operators in the following
theorem.

Theorem 3.4 Suppose that X € N has the SVD (22). Then, G is continuously differentiable at X if and

only if g is continuously differentiable at T = o(X).

Proof. “ <=7 By the assumption, we know from Theorem that there exists an open neighborhood
B C N of X such that the spectral operator G is differentiable on B, and for any X € B, the derivative
G'(X) is given by

G'(X)H = U[&, 0 S(A) + Diag (Cdiag(S(A))) + E,0T(A) FoB|VT VH e V™", (65)

where (U, V) € 0™"(X), A=UTHV;, B=U"HV; and 0, &, &, F and C are defined by {@J)-E3) with
respect to o = o(X), respectively. Next, we shall prove that
lim G'(X)H — G'(X)H VHevVv™ ", (66)
X=X

Firstly, we will show that (GG) holds for the special case that X = [£(X) 0] and X = [£(X) 0] — X.
Let {F()} be the standard basis of V*" i.e., for each i € {1,...,m} and j € {1,...,n}, F(¥) ¢ ymx»
is a matrix whose entries are zeros, except the (i,j)-th entry is 1 or v/—1. Therefore, we only need to
show (G8) holds for all F(#). Note that since o(-) is globally Lipschitz continuous, we know that for X
sufficiently close to X, o; # o, if 7; # 5.

For each i € {1,...,m} and j € {1,...,n}, write F(¥) in the following form

with Fl(ij) € VX and FQ(U) € ymx(n=m) Next, we consider the following cases.
Case 1: i,j € {1,...,m} and i = j. In this case, since ¢’ is continuous at &, we know that if F(9) is
real, then

lim G'(X)F() = lim [Diag(¢'(0)e;) 0] = [Diag(¢'(@)e;) 0] = G'(X)FD)
X=X X=X

where e; is the vector whose i-th entry is one, and zero otherwise; if F(7) is complex, then

lim G'(X)F) = lim {MT(FI(U)) 0} - {MT(FI(U)) 0} = G(X)FD) .

XX XX o; +0j o; +0;j
Case 2: i,j € {1,...,m}, i # j, 0; = 0; and 7; = ; > 0. Therefore, we know that there exists
le€{l,...,r} such that i,j € a;. Since ¢’ is continuous at &, we know from (49)) that
i G/OOF) = i |(0/(0))s — (6(0))) SEP) + LEEUD ()
X=X X=X 0i(X) + 0;(X)

[((g/@)“ — (¢ @)y) S + LD GO i 0]
0;+0j
= G'(X)FW).
Case 3: i,j € {1,...,m}, i # j, 0; # 0; and &; = ; > 0. In this case, we know that

G/ (X)FD) = [gi(a) - gj‘(U)S(Fl(ijh n gi(0) +gj(U)T(F1(ij)) 0] .

0; —0j 0; +0j
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Let s,t € R™ be two vectors defined by

. . Op 1fp7é27.77
Sp 1= { Z’.’ ggiz’ and tp,:=4 o; ifp=i, pef{l,...,m}. (67)
/ o 1fp:.77

It is clear that both s and ¢ converge to @ as X — X. By noting that ¢ is absolutely symmetric on 6,
we know from (@) that g;(c) = g¢;(t), since the vector ¢ is obtained from o by swapping the i-th and the
j-th components. By the mean value theorem (cf. e.g., [38, Page 68-69]), we have

09i€) Nt o) — (o
0:(0) = 9(0) _ 9(0) —gi(s) + 9uls) —gy(0) _ op W i)~ 9i(0)
| _ 5%‘(5)+gi(S)—‘gi(f)+gi(t)—9j(0)
8,&1' 0; — 05
99 (£) oV o (t) — ar (o A
d0e) , o, 7O TSD pue) @ (68)
O 0 — 0j O oy’

where £ € R™ lies between o and s and é € R™ is between s and t. Consequently, we have ¢ — & and
£ -7 as X — X. By the continuity of ¢/, we have

oy 900 = 0i(0) ey oy 9i0) +9i(0) _ 9:(@) +9;(9)
XIILHYT%—(Q(U))M (9'(@))i; and Jim it o, Tito;

Therefore, we have
lim G'(X)F) = {((g’(a))“— —(9'(@))i5) S(Fl(”)) + 791'@ i I (U)T(Fl(”)) o} =G (X)F)
X—X 0, +0j

Case 4: i,j € {1,...,m}, i # j, 0, > 0or o; >0 and &; # 7;. Then, we have g; > 0 or g; > 0 and
o; # 0. Since ¢’ is continuous at &, we know that

lim &(X)F =  lim {gi(f") - gj(U)S(F(m) n gi(o) + gj(U)T(F(“)) 0}
XX XX o —0j ! o+ 0 !
{gi(@ = gj(U)S(Fl(ij)) n gi(z) +gj(0)T(Fl(ij)) 0} — G(X)F)
0i—0j 0i+0j
Case 5: j€ {m+1,...,n} and 7; > 0. Since ¢’ is continuous at &, we obtain that

lim G'(X)F%) = lim_ {o MFZW)] = [o @ Fém} = G/(X)F(D)
X=X X—X a; g;

Case 6: i,j € {1,...,m},i# j, 0, =0; = 0 and 0; = 0; > 0. Therefore, we know that

& (X)F) = [<<g’<o>>u (g (0))5) (D) + 98D T 95(0) i 0] '

o; + gj
We know from ({@J) and Lemma B2l that
lim (¢'(0))is = (¢'(@))i =7; and  lim (¢'(0));; = (¢'(7))i; = 0. (69)

X=X X=X
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Let 5, € R™ be two vectors defined by

: ; Op if p# 1,74,
§,,:={UP fp7i nd t,={ —o; ifp=i, pe{l,....m}. (70)
—o; ifp=i e
—o; ifp=j,

Also, it clear that both § and £ converge to @ as X — X. Again, by noting that g is absolutely symmetric
on G, we know from (@) that

gi(0) = —g;(f) and g;(0) = —gi(f).

By using similar arguments for deriving (G8]), we have

gi(o) +gj(a)  0g:(¢)  9gi(C)
Ui‘i‘UJj = Tou oy (7)

where ¢ € R™ is between ¢ and § and CA € R™ is between § and #. Consequently, we know that ¢ ,é — 0
as X — X. By the continuity of ¢’, we know from ([@9) that

- gi(0) +gi(0) _ _
lim R TIRD) o (F))y =, 72
A T, (¢'(@))ii =17 (72)
Therefore, from ([69) and (72]), we have
lim G'(X)F) = [ﬁi FUD 0} = G'(7)F) .
X=X
Case T:i,j€{l,....m},i#j,0,=0;=0,0; #0;and o; > 0or a; > 0. Let s, t and &, { be defined
by ([@17) and (70), respectively. By the continuity of ¢’, we know from (G8]) and (7)) that
X=X X=X i —0j 0+ 0j

[1SED) + 7,0 0] =[5 o] = ¢/(X)FD.

Case 8: i #je€{l,...,m}, 5, =0; =0 and 0; = 0; = 0. By the continuity of ¢’, we obtain that
lim G'(X)FCP = 1im_|(¢'(@)aF{? 0] = [(0@)aF? o] = [mF o] =6 @F.
X=X X=X
Case 9: j € {m+1,...,n}, 7 =0 and o; > 0. We know that
G(X)FU) = {0 gi(U)FQ(”)} '
oF}

Let § € R™ be a vector given by

- f ooy ifp#i,
Sp'_{() i p—i. pe{l,...,m}.

Therefore, we have § converges to & as X — X. Since g is absolutely symmetric on 67, we know that
9i(8) = 0. Also, by the mean value theorem, we have

gi(o)  gi(o) —gi(8)  0gi(p)

o; g; aﬂi

3
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where p € R™ is between o and 3. Consequently, we have p converges to @ as X — X. By the continuity
of ¢’, we know from (@3] that

. i\O _ _
tim %9 _ (@) =7
X—>X 0;

Thus,

lim G'(X)F) = lim [o MFZW)]:{O ‘Fg”)} G'(X)F).
X=X X=X gj

Case 10: j€ {m+1,...,n},7; =0 and o; = 0. By the continuity of ¢’, we know that
lim_G'(X)F) = 1im_ [0 (g'(0)aFi” | = [0 (g'@)aFs?] = &' (X)FD.
X=X X=X
Finally, we consider the general case that

X=U[EX) VT and X=T[2X) 0]V .

By noting from Theorem that G is F-differential at X if and only if G is F-differential at [X(X) 0]
and for any H € V™*"
G'(X)H =U (G'([(X) o)U"HV)) VT,

we know from the above analysis that G is continuously differentiable at X.
“ =7 Suppose that G is contlnuously differentiable at X. Let (U,V) € @’”X"( ) be fixed. For any

o € R™, define X := U[Diag(o) ]V . For any h € R™, let H := U|[Diag(h) ]V . From the proof of
the second part of Theorem B3] we know from the assumption that for all o sufficiently close to @,

Diag(¢'(0)h) = U (G'(X)H)Vi, heR™.

Consequently, g is also continuously differentiable at @. O

Remark 2 In order to compute (B4), it appears that one needs to compute and store Vo € yrx(n—m)
explicitly, which would incur huge memory cost if n > m. Fortunately, due to the special form of F, the
explicit computation of Vo can be avoided as we shall show next. Let f = (f1,..., fm)" be defined by

. { 9i()/5: if 5, #0,

fi= (¢'(3))ii  otherwise.

Observe that the term in (54) involving Vo is given by

U(Fo (U HV,))Vy = UDiag(/)U HV2Vy = UDiag(/)T H(I, — ViV,) = UDiag(f)U (H — (HV1)V,).

Thus in numerical implementation, the large matriz Vo is not needed.

4 Lipschitz continuity, Bouligand differentiability, G-semismoothness,
and Clarke’s generalized Jacobian

4.1 Lipschitz continuity

In this subsection, we analyze the local Lipschitz continuity of the spectral operator G defined on a
nonempty set M. Let X € A be given. Assume that g is locally Lipschitz continuous near @ = o(X) with
module L > 0. Therefore, there exists a positive constant dg > 0 such that

lg(o) = g(o")ll < Llle =o'l Vo,0" € B(@,00) :=={y € on | ly =7l < o} -

By using the absolutely symmetric property of g on 6, we obtain the following simple proposition.
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Proposition 4.1 There exist a positive constant L' > 0 and a positive constant 0 > 0 such that for any
o € B(7,9),

|gi(0)_gj(0)| < LI|O'i—Uj| Vi,jE{l,...,m}, 275_], O'i#O'j, (73)
lgi(0) + gj(o)] < L'loy+o, Vi,je{l,....m}, oi+0; >0, (74)
9i(0)] < L'los] Vie{l,...,m}, 0;>0. (75)

Proof. It is easy to check that there exists a positive constant §; > 0 such that for any o € B(7, 01),

|Uz_Uj| > 61 >0 Vi,jé{l,...,m}, ’L;’éj, Ei#Ej, (76)
loi +o;] > 61>0 Vi, je{l,...,m}, o,+7; >0, (77)
|Ui| > 01>0 ViE{l,...,m}, o, > 0. (78)

Let ¢ := min{do, d1} > 0. Denote 7 := max{|g;(@) — ¢;(7)|,|9:(@) + g;(@)|,|9:(@)|} > 0, L1 := (2L +7)/6
i

and L' := max{Ly,v/2L}. Let o be any fixed vector in B(7,J).
Firstly, we consider the case that i,j € {1,...,m}, i # j and 0; # 0;. If 7; # 7, then from (70, we
know that

l9i(0) = gi(@)l = lgi(0) = 9i(@) + 9i(@) — 9;(7) + 9;(7) — g; ()|
. 2L6 + 1
< 2|glo) —g@)| +7< 3 lo; — 05| = Li|oy — o] . (79)
If 5, = ;, define t € R™ by
op ifp#i,j,
ty =4 o; ifp=i, p=1,...,m.
o lfp:.ju
Then, we have ||t — 7| = ||oc — 7] < §. Moreover, since ¢ is absolutely symmetric on 5, we have
gi(t) = gj(o). Therefore
19i(0) = 9;(0)| = lgi(0) — gi ()] < llg(o) = g(t)|| < Lllo — t| = V2L|oi — o] (80)

Thus, the inequality (73]) follows from ([9) and (80) immediately.
Secondly, consider the case i,j € {1,...,m} and 0; +0; > 0. If 7; +7; > 0, it follows from (77) that

6:(0) + 6;(0)| = 19:(0) — 9:@) + 5:(@) + ;@) — 9;(@) + 9;(0)]
2g(o) — g@)] + 7 < 20 ET

IN

loi + 0| = Liloi + 5] . (81)
Ifo;+7; =0, ie., 0; =07, =0, define the vector t € R™ by

Op ifp;ﬁi,j,

t, = —o; ifp=i, p=1,....m.
—0; if p= j7
By noting that @; = @; = 0, we obtain that || — 7| = ||c — 7| < J. Again, since g is absolutely symmetric

on G, we have g;(t) = g;(0), we have g;(f) = —g; (o). Therefore,
19i(0) + 9;(0)| = 1gi(0) — g:(D)] < llg(o) = 9()|| < Lllo — il = V2Lloi + ;] (82)

Thus the inequality (74]) follows from (BI]) and (82).
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Finally, we consider the case that ¢ € {1,...,m} and o; > 0. If 3; > 0, then we know from (78) that

lgi(@)] = |g9i(0) — 9i(F) + 9:(@)| < lgi(0) — g:i(@)| + |9:(T)]
< loto) 9@l +7 < 22 oy < Lijoul. (58)
If 5, = 0, define s € R™ by
sp::{gp iigiz: p=1,...,m.

Then, since o; > 0, we know that ||s — 7| < ||c — 7| < §. Moreover, since g is absolutely symmetric on
Gnr, we have g;(t) = g;(o), we know that g;(s) = 0. Therefore, we have

19:(a)| = 19i(0) = gi(s)| < [lg(0) = g(s)l| < Lllo — s < Lo (84)
Thus, the inequality (73]) follows from (83]) and (84) immediately. This completes the proof. O

For any fixed 0 < w < do/y/m and y € B(7,d0/(2v/m)) := {|ly — Tllec < do/(2/m)}, the function g is
integrable on V,,(y) := {z € R™ |||y — 2z|lcoc < w/2} (in the sense of Lebesgue). Therefore, we know that
the function .

g(w,y) = — 9(z)dz (85)

W V()
is well-defined on (0,d¢/v/m| x B(,d0/(24/m)) and is said to be Steklov averaged function [49] of g. For
the sake of convenience, we always define ¢(0,y) = ¢g(y). Since g is absolutely symmetric on 7, we have
gi(t) = gj(o), it is easy to check that for each fixed 0 < w < dy/+/m, the function g(w,-) is also absolutely
symmetric on B(7,dp/(2y/m)). By the definition, we know that g(-,-) is locally Lipschitz continuous on
(0,60/v/m] x B(@,00/(2y/m)) with the module L. Meanwhile, by elementary calculations, we know that
g(+,+) is continuously differentiable on (0,d¢/+/m] x B(a,d0/(2+/m)) and for any fixed w € (0, dp/+/m ] and
y € B(7,00/(2vm)),
lgy(w,y)[| < L.

Moreover, we know that g(w,-) converges to g uniformly on the compact set B(@,do/(2y/m)) as w | 0.
By using the formula (54]), the following results can be obtained from Theorem B.4] and Proposition 1]
directly.

Proposition 4.2 Suppose that g is locally Lipschitz continuous near @, Let g(-,-) be the corresponding
Steklov averaged function defined in (83). Then, for any given w € (0,80/\/m|, the spectral operator
G(w, ) with respect to g(w, ) is continuously differentiable on B(X,80/(2y/m)) :={X € X |[|o(X) —7T||00 <
80/ (2y/m)}, and there exist two positive constants 61 > 0 and L > 0 such that

G (w, X)| <L VY0<w<min{dg/v/m,61} and X € B(X,d0/(2vm)). (86)
Moreover, G(w,-) converges to G uniformly in the compact set B(X,8y/(2\/m)) as w | 0.

Proposition allows us to derive the following result on the local Lipschitz continuity of spectral
operators.

Theorem 4.1 Suppose that X has the SVD (22). The spectral operator G is locally Lipschitz continuous
near X if and only if g is locally Lipschitz continuous near & = o(X).

Proof. “ <=7 Suppose that ¢ is locally Lipschitz continuous near @ = ¢(X) with module L > 0, i.e.,
there exists a positive constant §p > 0 such that

lg(e) = g(e")|l < Lllo — o'l Vo,0" € B(@,d0) .

23



By Proposition 2] for any w € (0,d0/y/m], the spectral operator G(w,-) defined with respect to the
Steklov averaged function g(w,-) is continuously differentiable. Since G(w,-) converges to G uniformly in
the compact set B(X,d0/(2y/m)) as w | 0, we know that for any € > 0, there exists a constant d> > 0 such
that for any 0 < w < 6,,

[G(w, X) -~ G(X)| <e VX €B(X,0/(2/m)).

Fix any X, X’ € B(X,d0/(2y/m)) with X # X’. By Proposition E.2, we know that there exists §; > 0
such that (86) holds. Let § := min{dy, d2,0/+/m}. Then, by the mean value theorem, we know that

IGX) = GXN = [G(X) = Gw, X) + G(w,X) = Gw, X') + Gw, X') - GX)]|
< 2<€—|—||/ G'(w, X + (X — X"))dt||
0
< LIX -X'|+2¢ VO<w<§.

Since X, X’ € B(X,60/(2y/m)) and € > 0 are arbitrary, by letting ¢ | 0, we obtain that
IG(X) - GX)| < L|X - X'|| VX, X' € B(X,d0/(2vm)).

Thus G is locally Lipschitz continuous near X. o
“ =" Suppose that G is locally Lipschitz continuous near X with module L > 0, i.e., there exists an
open neighborhood B of X in A such that for any X, X’ € B,

1G(X) - GX)|| < LIIX = X"

Let (U,V) € O™*"(X) be fixed. For any y € 657, we define Y := U [Diag(y) 0] v Then, we know

from Proposition Bl that G(Y') = U [Diag(g(y)) 0] v Therefore, we obtain that there exists an open
neighborhood Bz of @ in 6 such that

lg(y) =9Il = IGY) =G| < LIY =Y'|| = Llly = ' Vy.y' € Bz

This completes the proof. O

4.2 Bouligand-differentiability

In this section, we study the p-order Bouligand-differentiability of G with 0 < p < 1, which is stronger than
the directional differentiability. Let Z be a finite dimensional real Euclidean space equipped with an inner
product (-,-) and its induced norm || - ||. Let O be an open set in Z and Z’ be another finite dimensional
real Euclidean space. The function F' : O C Z — 2’ is said to be B(ouligand)-differentiable at z € O if for
any h € Z with h — 0,

F(z+h) = F(z) = F'(z:h) = o [4])

A stronger notion than B-differentiability is p-order B-differentiability with p > 0. The function F': O C
Z — 2’ is said to be p-order B-differentiable at z € O if for any h € Z with h — 0,

F(z+h) = F(z) = F'(z;h) = O(|hl|'"*7).

Let X € V™*" be given. We have the following results on the p-order B-differentiability of spectral
operators.

Theorem 4.2 Suppose that X € N has the SVD (23). Let 0 < p < 1 be given. Then,

(i) if g is locally Lipschitz continuous near o(X) and p-order B-differentiable at o(X), then G is p-order
B-differentiable at X ;
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(ii) if G is p-order B-differentiable at X, then g is p-order B-differentiable at o(X).

Proof. Without loss of generality, we only consider the case that p = 1.
(i) For any H € V"*" denote X = X + H. Let U € O™ and V € O™ be such that

X =U[RX) oVvT. (87)

Denote 0 = o(X). Let Gg(X) and Gr(X) be defined by ([21). Therefore, by Lemma Bl we know that
for any H — 0,

Gs(X) - Gs(X) = G5(X)H + O(|H|*) = G5(X)H + O(|H|*), (88)
where G’ (X) H is given by @8). For H € V™*" sufficiently small, we have Uy (X) = 3., wiv; , I =1,...,7.
Therefore, we know that

r+1
Gr(X) = G(X) = Gs(X) = Y Ai(H), (89)
=1

where

A(H) =) (gi(0) = gi@)wiv; I=1,...,7 and A, (H) = gi(o)uy .

i€ag icb

We first consider the case that X = [%(X) 0]. Then, we know from ([Z) and (I3) that for any H
sufficiently small, -
o=7+0 (X;H)+O(|H|?), (90)
where o/ (X; H) = (MS(Haya,)), - - s MS(Ba,a,)),0([Hp, Hpe])) € R™. Denote h := o' (X; H). Since g is
locally Lipschitz continuous near @ and 1-order B-differentiable at @, we know that for any H sufficiently
small,

9(0) = 9(@) = g(o + h + O(|H|]*)) — 9(@) = g(0 + h) — g(@) + O(|H|*) = ¢'(@; h) + O(|H|]*) .

Let ¢ = ¢/(7;-). Since u;v}, i = 1,...,m are uniformly bounded, we obtain that for H sufficiently small,
Ai(H) = UqyDiag(¢i(h)Vy, +O(|H|?), 1=1,....7,
Avsi(H) = UyDiag(¢r41(h)Vy + O(|[H|).

Again, we know from (I4) that there exist @Q; € 0@/, M € Ol and N = [N; Ny] € O"l9l with
Ny € VO=laDxIbl and Ny € V(n—lahx(m=m) (depending on H) such that

o) o)
Uﬁz = Ql4—CKH}ﬂD ) LQL:: Ql*'CK”}{”) 7l::17”'7r7
O(1H]) o(H|)
[ o [ o)
U= mroqmp | M V= N+0<|H|>]'

Since ¢ is locally Lipschitz continuous near @ and directionally differentiable at &, we know from [44]
Theorem A.2] or [41l, Lemma 2.2] that the directional derivative ¢ is globally Lipschitz continuous on R™.
Thus, for H sufficiently small, we have ||¢(h)|| = O(]|H]||). Therefore, we obtain that

0 0 0
Ai(H) = | 0 QDiag(a(n)Qf 0 | +O(|H|?), 1=1,....7, (91)
0 0 0
0 0

A1 (H) +O(|H|?). (92)

0 MDiag(¢r41(h)) Ny
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Again, we know from (IE) and (I6]) that

S(Hazaz) = Ql(E(X)azaz_vll\al\)Q'lE'i_O(HHHz)v I=1,...,r, (93)
[Hy, Hpel = M(E(X)o = Zrpalp) Ny +O(|H?). (94)

Since g is locally Lipschitz continuous near @ = (X ), we know from Theorem Elthat the spectral operator
G is locally Lipschitz continuous near X. Therefore, we know from Theorem and Remark [[l that G is
directional differentiable at X. Thus, from [44] Theorem A.2] or [41, Lemma 2.2], we know that G'(X,-)
is globally Lipschitz continuous on V™*™. Thus, the corresponding spectral operator ® defined by ([B3) is
globally Lipschitz continuous on W. Hence, we know from (89) that for H sufficiently small,

Gr(X) =®(D(H)) + O(|H|]*), (95)

where D(H) = (S(Huya,), - -+ S(Ha,a,), Hya) and ®(-) is defined by (36).
Next, consider the general case that X € V"*". For any H € V"*" rewrite (87) as

2(X) 0+T HV =T U[Z(2) 0V'V.

Denote U := U U and V := V' V. Let X := [2(X) 0] + U HV. Then, since U and V are unitary
matrices, we know from (@) that

Gr(X) =TS(DH)V +O(|H|?), (96)

where D(H) = (S(I_Nlalal), . .,S(flaTaT),flba) and H =T HV. Thus, by combining (88]) and (@) and
noting that G(X) = Gs(X), we obtain that for any H € V™*" sufficiently close to 0,

G(X) - G(X) - G'(X:H) = O(|H]?),

where G'(X; H) is given by (37). This implies that G is 1-order B-differentiable at X.

(ii) Suppose that G is 1-order B-differentiable at X. Let (U,V) € OQ™*"(X) be fixed. For any h € R™,
let H = U[Diag(h) O]VT € Vm*™. We know from Proposition B that for all ~ sufficiently close to 0,
G(X + H) = UDiag(g(T + h))Vqlr. Therefore, we know from the assumption that

Diag(¢(7 +h) — (7)) = U' (G(X + H) - G(X)) Vi = T &' (X; H)V, + O(| H|]”).

This shows that g is 1-order B-differentiable at @. The proof is competed. 0

4.3 G-semismoothness

Let Z and Z’ be two finite dimensional real Euclidean spaces and O be an open set in Z. Suppose that
F:0 C Z — Z'isalocally Lipschitz continuous function on O. Then, according to Rademacher’s theorem,
F is almost everywhere differentiable (in the sense of Fréchet) in O. Let Dp be the set of points in O
where F is differentiable. Let F”(z) be the derivative of F' at z € Dp. Then the B(ouligand)-subdifferential
of F at z € O is denoted by [40]:

and Clarke’s generalized Jacobian of F at z € O [10] takes the form:

OF(z) = conv{dpF(2)},
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where “conv” stands for the convex hull in the usual sense of convex analysis [45]. The function F is said
to be G-semismooth at a point z € O if for any y — z and V € 9F (y),

Fly) = F(z) = V(y—2) = o(lly = =) -

A stronger notion than G-semismoothness is p-order G-semismoothness with p > 0. The function F' is said
to be p-order G-semismooth at z if for any y — z and V' € 0F (y),

F(y) = F(z) =V(y—2z)=O(ly — z|"**).

In particular, the function F' is said to be strongly G-semismooth at z if F'is 1-order G-semismooth at z.
Furthermore, the function F' is said to be (p-order, strongly) semismooth at z € O if (i) the directional
derivative of F' at z along any direction d € Z, denoted by F’(z;d), exists; and (ii) F' is (p-order, strongly)
G-semismooth.

The following result taken from [50, Theorem 3.7] provides a convenient tool for proving the G-
semismoothness of Lipschitz functions.

Lemma 4.1 Let F: O C Z — Z’ be a locally Lipschitz continuous function on the open set O. Let p >0
be a constant. F' is p-order G-semismooth (G-semismooth) at z if and only if for any Dp >y — 2,

F(y) = F(z) = F'(y)(y —2) = O(lly — 2"**) (= o(lly — =) - (97)

Let X € N be given. Assume that g is locally Lipschitz continuous near @ = o(X). Thus, from
Theorem [£.J] we know that the corresponding spectral operator G is locally Lipschitz continuous near X.
The following theorem is on the G-semismoothness of the spectral operator G.

Theorem 4.3 Suppose that X € N has the decomposition (Z3). Let 0 < p < 1 be given. G is p-order
G-semismooth at X if and only if g is p-order G-semismooth al .

Proof. Without loss of generality, we only consider the case that p = 1.
“<«=" For any H € V™*" denote X = X + H. Let U € O™ and V € O™ be such that

X=U[EX) ovT. (98)

Denote 0 = o(X). Gs and Gr are two mappings defined in ([21). We know from Lemma [3.T] that there
exists an open neighborhood B C A of X such that Gg twice continuously differentiable on B and

Gs(X) = Gs(X) =Y al(X)H +O(|H|?)
=1

= igz {UN(X) o S(UTHW) + E1(X) o TWUTHW)VY + U(Ty(X) o UTHV2)Vy' } + O(| HJP)
=1

(99)
where for each | € {1,...,7}, T')(X), Z(X) and T;(X) are given by ([I8)-(20) with X, respectively. By
taking a smaller B if necessary, we assume that for any X € B and [,I’ € {1,...,r},

0i(X)>0, 0i(X)#0;(X) Vi€a, j€ayandl #1". (100)

Since g is locally Lipschitz continuous near @, we know that for any H sufficiently small,

g =gi(0)+O(|H|) Viea, l=1,...,r.
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Let &1, & and F (depending on X) be the matrices defined by ([24)-(28). By noting that U € O™ and
V € Q" are uniformly bounded, since ¢ is locally Lipschitz continuous near &, we know that for any X € B
(shrinking B if necessary),

Gs(X) - Gs(X)=U[£) o S(UTHW) + €3 o T(UTHVY) FPoUTHW| VT + O(|H|?), (101)

where £), £J and F° are the corresponding real matrices defined in (24)-(26), respectively.

Let X € Dg N B, where Dg is the set of points in V™*" for which G is (F-)differentiable. Define the
corresponding index sets in {1,...,m} for X by o’ := {i| 0;(X) > 0} and V' := {i | 0y(X) = 0}. By ({I00),
we have

' Da and b Cbh. (102)

Let &1, &, F and C be the corresponding real matrices defined in (G0)—(E3), respectively. We know from
Theorem that

G'(X)H =U[& o S(UTHV,) + & o T(UTHV}) + Diag (Cdiag(S(UTHV:)))  FoUTHVRVT,  (103)
where 7, £1, €2, F and C are defined by @)—-(E3]) with respect to o, respectively. Denote
A(H) = G"(X)H — (Gs(X) — Gs(X)).

Moreover, since there exists an integer j € {0, ..., |b|} such that |a’| = |a| + j, we can define two index sets
by :={la]+1,...,]la]+7} and by := {|a| +j+1,...,|a|+|b|} such that a’ = aUb; and b’ = be. From (I01])
and (I03), we obtain that

A(H) = UR(H)V" + O(|H|?), (104)

where E(H) € Vmx™ ig defined by

5 Diag (Ri(H),...,R,(H)) 0
R(H) :=
( ) 0 RT+1 (H) )
Ri(H) = (&1)aja ©S(U, HVy,) + Diag ((Cdiag(S(UTHW)))aja,)» L=1,...,7, (105)
B (E1)byv, © S(U, HVy,) 4 Diag ((Cdiag(S(UTHV1)))b,0,) 0 0

and v := (¢'(0))# for any i € by. By ([22)), we obtain from (O8] that
[2(X) 0]+T HV =T U[S(X) 0V'V.

Let H:=U HV,U:=U U and V :=V' V. Then, UTHV = UTU HVV = UTHV. We know from (Id)
that there exist Q; € Ol®l 1 =1,...,r and M € Ql’l, N € 0" lel such that

ULHV, =ULHV, = Q] Hoyo Qi + O(|H|?), 1=1,...,r,
UFEVy UFHV] = [OF AV, OFAV:| =M™ [y Hie| N+ O(|H?).

Moreover, from ([[3) and (I6]), we obtain that

S(Ug HVay) = QFS(Haya))Q1 + O(IH|?) = £(X) a0 = EX)aray + O(IH|), 1=1,...0m,

[UFEVs UFHVS] = MT [Hy Hoo| N = [S(X)p = S(X)w 0] + O(|H|?).
Denote h = ¢/(X; H) € R™. Since the single value functions are strongly semismooth [51], we know that
S(Ug HVy,) = Diag(ha,) + O(|H|?), 1=1,....r,
S(Uy, HVy,) = Diag(hy,) + O(|H|*),  [Uj,HVs, Uy, HV3] = [Diag(hy,) 0]+ O(||H]?).
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Therefore, since C = ¢'(0) — Diag(n), by (I03) and (I06), we obtain from (I04) that
A(H) = U [Diag(¢'(0)h) 0]V" =U [Diag(g'(0)h) 0]V" + O(|HI|?). (107)

On the other hand, for X sufficiently close to X, we have U (X) =>"._, ww}, 1 =1,...,r. Therefore,

1€a;

Gr(X)=G(X) - Gs(X) =" [gi(0) = g:i(@uiv] +>_ gi(o)u;v} . (108)

I=11i€a, i€b

We know from Theorem B3] that G is differentiable at X if and only if ¢ is differentiable at o. Since g is
1-order G-semismooth at @ and o(+) is strongly semismooth, we obtain that for any X € Dg N B (shrinking
B if necessary),

9(0) = 9(@) = ¢'(0)(0 = 7) + O(| H|*) = ¢'(0)(h + O(|H|*)) + O(| H|]*) = ¢'(0)h + O(| H|]*).
Then, since U € O™ and U € O™ are uniformly bounded, we obtain from (I08]) that
Gr(X) =U [Diag(¢'(0)h) 0]VZ+O(|H]?).
Thus, from (I07), we obtain that A(H) = Gr(X) + O(|[H||?). That is, for any X € D¢ converging to X,
G(X) - G(X) - G'(X)H = ~A(H) + Gr(X) = O(|H|]*) .

“ = 7 Suppose that G is 1-order G-semismooth at X. Let (U, V) € O™*"(X) be fixed. Assume that

0 =05+h e D, and h € R™ is sufficiently small. Let X = U [Diag(c) 0] V' iand H=T [Diag(h) 0] v

Then, X € D¢ and converges to X if h goes to zero. We know from Proposition Bl that for all h sufficiently
close to 0, G(X) = UDiag(g(a))Vqlr. Therefore, for any h sufficiently close to 0,

Diag(g(7 + h) — (@) = T (G(X) - G(X) V1 =T G (X)HV, + O(|H|?).

Hence, since obviously Diag(¢'(o)h) = UTG’(X)Hvl, we know that for h sufficiently small, g(a + h) —
9(@) = ¢'(@)h + O(]|h||?). Then, g is 1-order G-semismooth at &. a

4.4 Characterization of Clarke’s generalized Jacobian

Let X € N be given. In this section, we assume that g is locally Lipschitz continuous near &@ = o(X) and
directionally differentiable at @. Therefore, from Theorem 1] Theorem and Remark [Il we know that
the corresponding spectral operator G is locally Lipschitz continuous near X and directionally differentiable
at X. Furthermore, we define the function d : R™ — R™ by

d(h) :==g(@+h)—g@) —g@;h), heR™. (109)

Thus, since g is absolutely symmetric on the nonempty open set 57, we know from (B0 and (B2]) that d is
also a mixed symmetric mapping, with respect to Plotl x ... x Plarl x £PI?l over Rl x ... x Rlerl x RIPI,
Moreover, since g is locally Lipschitz continuous near & and directional differentiable at &, we know that g is
B-differentiable at & (cf. [47]). Thus, d is differentiable at zero with the derivative d’(0) = 0. Furthermore,
if we assume that the function d is also strictly differentiable at zero, then we have

d(w) — d(w'
lim L(,w)zo. (110)
B ]

Thus, by using the mixed symmetric property of d, one can easily obtain the following results. We omit
the details of the proof here.
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Lemma 4.2 Let d : R™ — R™ be the function given by ([I09). Suppose that d is strictly differentiable
at zero. Let {w*} be a given sequence in R™ converging to zero. Then, if there exist i,j € a; for some
le{l,...,r} ori,j €b such that wt # wf for all k sufficiently large, then

lim dl (wk) — djk(wk)
k—o00 w; — u)j

=0; (111)

if there exist i,7 € b such that w¥ + wf # 0 for all k sufficiently large, then

ok ok
lim d; (w") + d;(w")

=0: 112

and if there exists i € b such that w¥ # 0 for all k sufficiently large, then

di (w*
lim (7“2 ) _o. (113)
k— oo wy

Let U() := G/'(X;-) : VX" — YmX" he the directional derivative of G' at X. We know from (37) that
for any Z € Vmxn,

W(Z) = G'(X52) =T |80 ST 2V1) +E0T(T 2V1) F 0T 2V, V' +TS(D@Z)V',  (114)

where D(Z) = ($(Zusa): -+ 5(Za,0,)s Zoa) € W, Z =T ZV and () : W — V™" is given by (BT) with
®(-) : W — W being the spectral operator defined by (B3] with respect to the mixed symmetric mapping
#() := ¢'(7; ). Since the spectral operator G is locally Lipschitz continuous near X, we know that W(-) =
G'(X;-) is globally Lipschitz continuous (cf. [44] Theorem A.2] or [41, Lemma 2.2]). Therefore, dp¥(0)
and 0¥ (0) are well-defined. Furthermore, we have the following useful results on the characterization of
the B-subdifferential and Clarke’s subdifferential of the spectral operator G at X.

Theorem 4.4 Suppose that the given X € N has the decomposition [23). Suppose that there exists an
open neighborhood B C R™ of @ in o such that g(-) is differentiable at o € B if and only if ¢'(7;-)
is differentiable at o —@. Assume further that the function d : R™ — R™ defined by ([I09) is strictly
differentiable at zero. Then, we have

OpG(X) =0p¥(0) and OG(X)=0W¥(0).
Proof. We only need to prove the result for the B-subdifferentials. Let V be any element of IpG(X).
Then, there exists a sequence {X*} in D¢ converging to X such that V = klim G'(X"). For each X*, let
— 00
Uk € O™ and V¥ € O™ be the matrices such that

Xk =Ukm(xk) o)(vHT.

For each X*, denote oF = o(X*). Then, we know from Theorem that for each k, o, € D,. For k
sufficiently large, we know from Lemma [BI] that for each k, G is twice continuously differentiable at X.

Thus, klingong(Xk) = (G’ (X). Hence, we have for any H € V™",
lim Go(XMH = G5(X)H =T [E? o ST HV) +E90T(T HV,) F oU HV,|V .  (115)
Moreover, we know that the mapping Gr = G — G is also differentiable at each X* for k sufficiently large.

Therefore, we have
V= lim ¢'(X*) = G%(X) + lim Gr(XH). (116)
—00

k—o00
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From the continuity of the singular value function o(-), by taking a subsequence if necessary, we assume
that for each X* and 1,1’ € {1,...,7}, 0:(X*) > 0, 0;(X*) # 0;(X*) for any i € a;, j € ap and | # 1.
Since {U*} and {V*} are uniformly bounded, by taking subsequences if necessary, we may also assume that
{U*} and {V*} converge and denote the limits by U> € O™ and V> € Q", respectively. It is clear that
(U=, V=) € 0™"(X). Therefore, we know from Proposition B3] that there exist @, € Ol“l, 1 =1,...,r,
Q' € 0 and Q" € 0" lel such that U>® = UM and V> = VN, where M = Diag(Q1,...,Q,,Q’) €
O™ and N = Diag(Q1,...,Q,,Q") € Q™. Let H € V™*" be arbitrarily given. For each k, denote
HE .= (UMTHV*. Since {(U*,V*)} € Q™" (X*) converges to (U°° V°°) € @m"( ), we know that
klin;oﬁk (U*)THV*. For the notational simplicity, we denote H := U HV and H := (U)THV®®.

For k sufficiently large, we know from (2II) and (54)) that for any H € VX" G (X*)H = UFAF(VF)T
with
Diag (Af, ..., AF) 0
0 e
where for each k, AF = (&/(0%))a,a, © S(HY ) + Diag((C(o)diag(S(H*)))a,), L =1,...,r,

aray

AF =

c Van ,

ALy = [(E1(0")u o S(TT) + Diag((C(0)diag(S(H*)) + (Ex(0* ) o T(T)  (Fa(o*))oe o

and & (%), Ea(a*), F(oF) and C(c*) are defined for o* by (B0)-(G2), respectively. Again, since {U*} and
{V*} are uniformly bounded, we know that

lim GR(X¥)H = U=( lim AF)(V>)T = TM( lim AMNTT (117)

Next, we shall show that V 6 0p¥(0). For each k, denote w* := 0% — & € R™. Moreover, for each k,
we can define W} := Q,Diag(wk )Qf € Sll, 1 =1,...,r and Wk, := Q'[Diag(w}) ]Q”T € Vlblx(n=lal),
Therefore, it is clear that for each k, Wk .= (WF, .. Wz JWE ) €W and k(WF) = w*. Moreover, since
hmkﬁmak = 7, we know that l1mkﬁooW =0in W. From the assumption, we know that (;5( ) =¢'(7;-) and
d(-) are differentiable at each w* and ¢'(w*) = ¢/(c%) — d’'(w*) for all w*. Since d is strictly differentiable
at zero, it can be checked easily that limy_,.. d’(w*) = d’(0) = 0. By taking a subsequence if necessary, we
may assume that limy_, . ¢’(c*) exists. Therefore, we have

lim ¢ (w") = lirn g (). (118)
k— o0
Since ® is the spectral operator with respect to the mixed symmetric mapping ¢, from Theorem [5.3] in
Section [l we know that ® is differentiable at W € W if and only if ¢ is differentiable at k(). Recall
that ® : W — V™*" is defined by B6). Then, for k sufficiently large,  is differentiable at W Moreover,
for each k, we define the matrix C* € V™*" by

Diag (Wf,...,WF) 0 o
0 Wk+1 '

cr=U

Then, we know that for k sufficiently large, ¥ is differentiable at C* and limj_,oC* = 0 in V"*". Thus,
we know from (II4) that for each k,

T

V(CRH = G(X )H+U[<1>(Wk)D(H)}V v H e v,

where D(H) = (S(ﬁalal), ce S(ﬁarw),ﬁba) € W is defined by (35) and & (W*)D(H) can be derived
from (I2])). By comparing with ([I6]) and (ITT), we know that the conclusion then follows if we show that
lim A* = Jim M™®'(W*)D(H)N . (119)

k—o00 k—o00

1We could present the results in this subsection after introducing Theorem in Section ‘We include it here for the
sake of readability and notational convenience.
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For any (4,7) € {1,...,m} x {1,...,n}, consider the following cases.
Case 1: i = j. It is easy to check that for each k,

(A%)is = (g/(a")0F); and  (MTH(WH)D(H)N) = (¢/ (w")h);,

i

~

where hF = (dlag(S( ) dlag(be)) and h = (d1ag(S( a))s dlag(be)). Therefore, we know from
([II8) that
lim (A*);; = lim (¢'(*)h%); = lim (' (w*)h); = Jim (M%'(W’f)D(H)N)

k—o00 k—o00 k—o00 k—o00 i

Case 2: i,j € a; for some [ € {1,...,7},i # j and oF # a;-“ for k sufficiently large. We obtain that for
k sufficiently large,

(Ak);; = S BN (S (MY, )i,

o aray
(MTEI\)/(Wk)D(H)N) Lﬂb,})(s(ﬁalal»ij-

ij wi —w;

Since 7; = 7; and ¢;(T) = ¢;(7), we know that for k sufficiently large,

gi(a") — g; (") _ 9@ +w") — g;(T + w") _ 9@+ w") — g:(@) + g; (@) — g;(7 + W)
ok — ok N wk — wk N wk — wk
T J T J T J
di(wh) — d;(w®) | ¢i(w*) = ¢ (w")
= — + L . (120)
wy — w; w; — w;

Therefore, we know from (I11]) that

_ gi(o") — g;(d*) k ¢i(w*) — d(w") o &
Jim T{%(S(Halaz))w = lim W(S(Halal))ij :

which implies lim (AF);; = lim (MT@(W’C)D(H)N)
k—o0 k—o0 ij
Case 3: i,j € q; for some | € {1,...,r}, i # j and of = 0;? for k sufficiently large. We have for k
sufficiently large,

(A%)i5 = ((9'(0*)ii = (' (0*))ig) (ST )i
(M®WHDEIN) = (6 (w))is = (& (wF))ig) (S (Hava))i

)

Therefore, we obtain from (II8) that

lim ((¢'(0%))ii = (9'(0")ig) (S(HE 0,))ig = lim (& (w"))is = (' (w*))i5) (S(Hayar))is -

k—o00 k—o00

Thus, we have lim (A¥);; = lim (MT@(W’“)D(H)N)
k— o0 k— o0 17
Case 4: i,j €b, i # j and oF = a;-“ > 0 for k sufficiently large. We have for £ large,
ok (aF T
(AR)ij = ((9'(0™)i = (9'(0%))ig) (S(HE))is + L TFLEN(T(HY,))

(el +a'.

(ME® (WHDHIN) = (¢! (w¥))i — (& (w¥))i) (S(Hip))ij + LLEPBL (T (M)

%
1] +w
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Since 7; =7, = 0 and ¢;(7) = g;(7) = 0, we get

gi(oM) +g;(0")  _ di(wh) +d;(wh) | di(wh) +(wh)

121
af—ka;? wf—l—wf wf—l—wf ( )

Therefore, we know from (12 and (II]) that klim (A%, = klim (MT:I;’(W]“)D(H)N) N
—00 —00 ij
Case 5: i,j €b,i # j and oF # 0;? for k sufficiently large. For large k, we have

(cFY=qgi(c® ~ iak<~ak ~
(AF);; = L)) (§(HE)),; + L ae) (P (HE)),;,

_ 13 3
=0} o +crj

~ ) — s (wF ~ (wF (" —~
(MT‘I)/(Wk)D(H)N) = LBl (S (Hip) )iy + LS (T (Hyy) )i

ij W —wj wy +wj

Thus, by ([20) and (IZI), we know from ([IT) and (I2) that lim (A¥);; = lim (M%’(Wk)D(H)N)
—00 —00
Case 6: i,j €b, i # j and oF = a;-“ = 0 for k sufficiently large. We know for k large,

ij

(AF)ig = ((9'(6"))ii — (9'(6%))i5) (SCHE))ij + (9 (0"))is (T(HE)) s,

(ME® (WHDHIN) = ((¢/ ()i — (& (w*))is) (S(Hun))is + (6 (w)is (T (Hn))i

)

Again, we obtain from (ITH) that lim (A*);; = lim (M%’(Wk)D(H)N) .
—00 —00 17

Case 7: i € b, j € c and oF > 0 for k sufficiently large. We have for k sufficiently large,

k gi(d*) Tk TS k gi(w*) =
(M) = E 2y, (MFEWHDUDN) = S5 (e
Since 7; = 0 and g;(7) = 0, we get
gi(0") _ gi(@+w*) —gi(@) _ di(w") n i (w*)
ok wk Wk wk

Therefore, by (TT3), we obtain that lim (A¥);; = lim (M%’(W’C)D(H)N)
—»00 —»00 1]
Case 8: i € b, j € c and o = 0 for k sufficiently large. We have for k sufficiently large,
(M%) = (o' @) (HL )iy, (MT¥(WHDHN) = (&' (")) (Hic)is
Therefore, by (ITS), we obtain that lim (A*);; = lim (MT@(W’“)D(H)N) .
—00 —00 17

Thus, we know that (II9) holds. Therefore, by (I16) and (II7)), we obtain that V € dp¥(0).

Conversely, suppose that V € 9p¥(0) is arbitrarily chosen. Then, from the definition of dp¥(0), we
know that there exists a sequence {C*} C VX" converging to zero such that ¥ is differentiable at each
C* and V = limy,_, ¥/ (C*). For each k, we know from ([I4) that ¥ is differentiable at C* if and only if

the spectral operator ® : W — W is differentiable at W* := D(C*) = (S’(é’C ), 8(CE ), 55@) ew,

ai1al Ay Ay

where for each k, Ck = UTCkV. Moreover, for each k, we have the following decompositions

ara;

S(Cha) = QFASCE QDT 1 =10 or Gl = Q" [2(Ch) o] (@),
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where QF € Ol Q" € Ol and Q"* € ©"~lel. For each k, let
wh = (A(S(CEL)), - MS(CE L)), 0(Chy) ) € R™,
M = Diag(Q’f, o ,Q’:,Q”“) cQ™, NF.= Diag(Q’f, N .,Q’j,Q”k) € Qn.

Since {M*} and {N*} are uniformly bounded, by taking subsequences if necessary, we know that there
exist Q; € Ol Q' € O and Q” € 0"’ such that

lim M* = M = Diag(Ql, . ,QT,Q’) lim N* = N = Diag(Ql, . ,QT,Q”).
—00

k—o00

For each k, by (I28) (in Section[Bl), we know that for any H € Vm*"

V(CH =T [0 ST HV,) + 50 7T HV,) F 0T HV,| V' +T [&'(WHDH)| V', (122)

where D(H) € W is defined by @H). Let R* := &} (W*)D(H), k=1,...,r +1.

For each k, define o := &+ w* € R™. Since limj_,cw”® = 0 and for each F, wf >0 for all 1 € b, we
have 0% > 0 for k sufficiently large. Therefore, for k sufficiently large, we are able to define

X" .= UM|Diag(c") 0NTV' € vm=m.

For simplicity, denote U = UM € O™ and V = VN € O". It is clear that the sequence {X*} converges
to X. From the assumption, we know that ¢ is differentiable at each o* and d is differentiable at each w”
with ¢'(o%) = ¢/ (w*) + d’(w*) for all o*. Therefore, by Theorem B3] we know that G is differentiable at
each X*. By taking subsequences if necessary, we may assume that limy_, ., ¢'(w"*) exists. Thus, since d is
strictly differentiable at zero, we know that (IIg]) holds. Since the derivative formula (28) is independent
of (U,V) € 0™"(X), we know from (5) that for any H € V™x",

G(XMYH = U[E?OS(UTH71)+?goT(UTH71) ?OOUTHVQ} V'
_[ Diag (Q1Q}QT,...,Q.QFQT 0 .
+T (@@ ) V', (123)
0 QL. Q"

where for each k, QF = (£/(0%))aa, © S(Haya,) + Diag((C(o*)diag(S(H)))a,), L =1,...,r and
Oy, = [(51 (0®))ob 0 S(Hyp) + Diag((C(o™)diag(S(H)))s) + (E2(0™))wb o T (Hyp)  (Fa(0®))se © ﬁbe} ,

&1 (0%), Ex(0%) and F(o*) are defined by (50)—(E), respectively and H := ]\_/[TUTHVN = MTHN. There-
fore, by comparing (122) and ([I23]), we know that the inclusion V € dpG(X) follows if we show that

Jim (RY,...,RE RE)) = Jim (Q:195QT,...,Q.Q8Qr, Q"0 Q") . (124)

Similarly to the proofs to Cases 1-8 in the first part, by using (II8) and ([II)-([II3) in Lemma E2 we
can show that (I24)) holds. For simplicity, we omit the details here. Therefore, we obtain that 0pG(X) =
0p¥(0). This completes the proof.

O

5 Extensions

In this section, we consider the spectral operators defined on the Cartesian product of several real or complex
matrices. The corresponding properties, including continuity, directional differentiability, (continuous)
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differentiability, locally Lipschitzian continuity, p-order B-differentiability, p-order G-semismoothness and
the characterization of Clarke’s generalized Jacobian, can be studied in the same fashion as those in Section
and Section [ Instead of presenting the proofs here, we refer the readers to the PhD thesis of Ding [15]
to work out details.

Without loss of generality, from now on, we assume that X = §" x V™2X"2 with m = mq + ms. For
any X = (X1, Xo) € S™ x V™2X"2_ denote r(X) = (A(X1),0(X2)). Let N be a given nonempty open
set in X. Suppose that g : R™ — R™ is mixed symmetric, with respect to P = P™! x £P"™2, on an open
set Ax in R™ containing ky = {k(X) | X € N}. Let G : X — X be the corresponding spectral operator
defined in Definition

Let X = (X1,X3) € N be given. Suppose the given X; € S™ and X, € V™2%"2 have the following
decompositions

X, = PDiag(A\(X1))P'  and X, = U[Diag(c(X2)) 0]V, (125)
where P € O™, U € O™ and V = Wl Vg} € O™ with V; € V2Xm2 and V, € Y2x(n2—m2)  Depote
X:=A(X1),7 :=0(X2) and & := (A\,7). We use 71 > ... > U, to denote the distinct eigenvalues of X
and Uy, 41 > ... > Up 4y, > 0 to denote the distinct nonzero singular values of X 5. Define the index sets

al:{l|xz:7l,1§2§ml} lzl,...,Tl,
ap:={i|g; =7, 1 <i<ma} l=ri+1,...,m+r2.

Define b :={i|7; =0, 1 <1i < ma}. We have the following result on the continuity of spectral operators.

Theorem 5.1 Let X = (X1,X32) € N be given. Suppose that X1 and X5 have the decompositions ([25).
The spectral operator G is continuous at X if and only if g is continuous at k(X).

In order to present the results on the directional differentiability of spectral operators of matrices, we
introduce some notations. For the given mixed symmetric mapping g = (g1,82) : R™ — R™! x R™2,
define the matrices A°(R) € S™, EY(R) € S™2, EY(R) € V™2*™2 and FO(R) € Vm2x(n2=m2) with respect
to® = (\,7) by

(81(R)i —(81(R); ..~ ~
=~ EX# XN,
(AO(E))Z'J' = )\i_)\j ' # / 1,) € {1,...,77’),1},
0 otherwise,

(&2(F): = 8:F) 57 45

(EL(R))ij == G — 0 ije{l,...,ma},
0 otherwise,
(82(R))i + (82(F)); .. , _
fo; i #0, .
(E(R))ij = 7i + 0, ifoi+o; 7 i,je{l,...,ma}
0 otherwise,

wnd (£2(%)
g20K))i ..
Fo@)y =4 o, 170 e ma), je{l,... ns—ma).
0 otherwise.

Suppose that g is directionally differentiable at . Then, we know that the directional derivative
g'(7;-) = (g1(F; ), gh(R;-)) : RmMatm2 — R™1H™M2 gatisfies that for any (Q1,Q2) € Px and any (hy, hy) €
R™ x R™2,

(gll(ﬁ; (Q1hy1,Q2hy)), g5(; (Q1h1,Q2h2))) = (ngll(ﬁ; (h1,hy)), Q25 (F; (hl,hz))) : (126)



where Pz is the subset of P = P™! x £P™2 defined with respect to & by
Pz = {(Ql,Qg) e P™ x £P™? | (X, E) = (le, an)} .

It is easy to check that (Qq,Q2) € P if and only if there exist Q) € Plal [ = 1,...,r, Q4 € Pl
l=ri+1,...,71 + 7y and Q£1+T2+1 € +Pl such that

@1 = Diag (Q}, ..., Q1) €P™ and Q= Diag ( o, Qhte, Q;1+T2H) € +P"2 . (127)

Denote (b() = g/(E; ) For any h e R™, rewrite (b(h) € R™ as (b(h) = ((bl (h)7 SRR ¢T1+T2 (h)v ¢T1+T2+1(h))
with ¢;(h) € Rlel for I = 1,... 7 + 79 and ¢y, 4rp+1(h) € RIPl. Therefore, we know from (26) and (I27)
that the directional derivative ¢ is mixed symmetric mapping, with respect to P1otl x ... x Plaritral 5 +PIb],
over Rlotl x . x Rleri+r2l x RI’l. Denote

W= Slail x| Slarenl  ylblx(bl+ne—mz)

Let @ : W — W be the corresponding spectral operator defined in Definition 222 with respect to the mixed
symmetric mapping ¢, i.e., for any W = (Wi, ..., Wy 40, Wei4rpt1) €W,

(I)(W) = ((I)l(W)v sy (I)T1+T2 (W)a (I)T1+T2+1(W))

with - ~
R;Diag(¢(k(W)))R ifl=1,...,m +ro,
(W) =q — e
MDlag(gthrTerl(’i(W)))Nl ifl=r1+ry+ 17
V\Lhere IE(W)NZ ()‘(lej Tt /\(WTlJrTz)a U(WTl/szJrl)) € Rmv El € @‘al‘ (VV[), and (Mv N) € @|b\,\b|+n27m2 (WT1+T2+1)7

N =[N; Ny with Ny € Vbltna=ma)xibl /N, ¢ y(Ibl+na=ma)x(n2=m2) Then, the first divided directional
difference gl')(X; H) € X of g at X along the direction H = (Hy, Hy) € X is defined by

gl(X;H) = (g[ll] (X; H), g)(X; H))

with
gV(X;H) = A°®)oP H,P + Diag ((I)l(D(H)), D (D(H))) esm,
g[zl] (7, H) = [5?(%) o S(UTszl) + 58(%) o T(UTHQVQ ]‘—O(E) o UTH2V2:|
Dlag ((I)TlJrl(D(H))a"-7(I)T1+T2(D(H))) 0 Mo X1
€ yma2xnz ,
0 Pry 1 (D(H))
where
—T . — —T — —T — —T — =T, — =
D(H) = (PalHlPal, e Par1 HiP,, , S(UGTIHHQVQHH), e S(UWHWHQVQHHZ), U, H2[V Vg]) cew.

Now, we are ready to state the results on the directional differentiability of the spectral operator G.

Theorem 5.2 Let X = (X1,X2) € N be given. Suppose that X1 and Xo have the decompositions
@28). The spectral operator G is Hadamard directionally differentiable at X if and only if g is Hadamard
directionally differentiable at x(X). In that case, G is directionally differentiable at X and the directional
derivative at X along any direction H € X is given by

/(X 1) = (Pel! ()P, Ugl (i)Y )
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In order to present the derivative formulas of spectral operators, we introduce the following notations.
For the given X = (X1, X2) € N, suppose that g is F-differentiable at & = k(X ). Denote by g’ (%) € R™*™
the Jacobian matrix of g at ®. Let 71 (%) € R™ and n2(K) € R™2 be the vectors defined by
(e ®)i - (g'l(ﬁ))i(iﬂ) if 35 € {1,...,m1} and j # i such that \; = Xj, )
(771 (’i))l = { Il(E))u otherwise , (S {1, cee ml}

and

" (=)).: — "(=)).,. 1 y ) ) T — O
(na(R)), = { (g%(n)) i — (85(R))igi+1y if 3j€{1,...,ma} and j # i such that 7; = 7, ief{l,... ma}.
2

(85(R))ii otherwise,

Define the corresponding divided difference matrices A(F) € R™>*™ and & (R) € R™*™2 the divided
addition matriz E(F) € R™2*™2_ the division matriz F(F) € R™2*("2=m2) respectively, by

(81(F)i — (81(%));

(A(E))ij = Xl—xj lfxz;&x‘” 1,] € {1,...,m1},
(m (%)), otherwise,
(82(R))i — (82(R); .o ,
(E1(R))sj = 7 o, 0255 el ma),
(n2(R)), otherwise,
(82(F))i + (82(R); .o | —
(52(E))ij = g;+0; lfUi—i_Uj 70, i,jE{l,...,mg},
(82(F))ii otherwise,
(82(F)i .. _
Foy =4 oz HTA0 g e e —ma).

(g) (EZ))M otherwise,
Define the matrices C1 (%) € R™*™ and C(R) € R™>*™ by
C1(F) = g\ (%) — [Diag (m (%)) 0] and Ca(R) =g5(%) — [0 Diag(n2(R))] -
Then, we have the following results on the F-differentiability of spectral operators.

Theorem 5.3 Let X = (X1,X32) € N be given. Suppose that X1 and X5 have the decompositions ([25).
The spectral operator G is (continuously) differentiable at X if and only if g is (continuously) differentiable
at £ = k(X). In that case, the derivative of G at X is given by for any H = (Hy, Hs) € X,

G'(X)(H) = (PIA(R) o P'Hi P + Diag (C1()1)] P,

A e o 128
U[51(E)oS(UTHng)+Diag(Cg(E)h)—i—&(ﬁ)oT(UTHng) f(z)oUTszg} VT), (128)

where h:= (diag(P" HyP),diag(S(T" HsV1))) € R™.
The following theorem is on the locally Lipschitzian continuity of spectral operators of matrices.

Theorem 5.4 Let X = (X1, X2) € N be given. Suppose that X1 and Xo have the decompositions ([23).
Then, the spectral operator G is locally Lipschitz continuous near X if and only if g is locally Lipschitz
continuous near k(X).

For the p-order B(ouligand)-differentiability of spectral operators, we have the following theorem.

Theorem 5.5 Let X = (X1, X2) € N be given. Suppose that X1 and X2 have the decompositions ([25).
Let 0 < p <1 be given. Then,
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(i) if g is locally Lipschitz continuous near £(X) and p-order B-differentiable at k(X), then G is p-order
B-differentiable at X ;

(ii) if G is p-order B-differentiable at X, then g is p-order B-differentiable at r(X).

Suppose that g is locally Lipschitz continuous near x(X). Thus, we know from Theorem [5.4] that the
corresponding spectral operator G is also locally Lipschitz continuous near X. We have the following
theorem on the G-semismoothness of spectral operators.

Theorem 5.6 Let X = (X1,X3) € N be given. Suppose that X1 and X5 have the decompositions ([25).
Let 0 < p <1 be given. Then, G is p-order G-semismooth at X if and only if g is p-order G-semismooth
at k(X).

Finally, we assume that g is locally Lipschitz continuous near £ = (X ) and directionally differentiable
at ®. From Theorems and Theorem [5.4] the spectral operator G is also locally Lipschitz continuous
near X and directionally differentiable at X. Then, we have the following results on the characterization
of the B-subdifferential 95G(X) and Clarke’s subdifferential 0G(X).

Theorem 5.7 Let X = (X1, X2) € N be given. Suppose that X1 and X2 have the decompositions ([25).
Suppose that there exists an open neighborhood B C R™ of & in fiar such that g(-) is differentiable at k € B
if and only if ¢ = g'(R;-) is differentiable at kK —F. Assume that the function d : R™ — R™ defined by

d(h) = g(®+h) — g(R) — &'(R;h), heR™

is strictly differentiable at zero. Then, we have

9pG(X) =00 (0) and 9G(X) = 9U(0)),

where U(-) := G'(X;-) : X — X is the directional derivative of G at X.

6 Conclusions

In this paper, we introduced and studied a class of matrix-valued functions, termed spectral operators
of matrices, which frequently arise and play a crucial role in various applications including matrix opti-
mization problems, matrix completion, multi-dimensional shape analysis and others. Several fundamental
properties of spectral operators, including well-definedness, continuity, directional differentiability, Fréchet-
differentiability, locally Lipschitz continuity, p-order B(ouligand)-differentiability (0 < p < 1), p-order
G-semismooth (0 < p < 1) and the characterization of Clarke’s generalized Jacobian, are studied system-
atically. These results provide the necessary theoretical foundations for many applications. Consequently,
one is able to use these results to design some efficient numerical methods for solving large-scale matrix
optimization problems arising from many important applications. For instance, Chen et al. [7] proposed
an efficient and robust semismooth Newton-CG dual proximal point algorithm for solving large scale ma-
trix spectral norm approximation problems. In [7], the properties of the spectral operator, such as the
semismoothness and the characterization of Clarke’s generalized Jacobian, played an important role in the
convergence analysis of the proposed algorithm. The work done in this paper on spectral operators of
matrices is by no means complete. Due to the rapid advances in the applications of matrix optimization in
different fields, spectral operators of matrices will become even more important and many other properties
of spectral operators are waiting to be explored.
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