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Abstract

In traditional two-stage mixed-integer recourse models, the expected value of the total
costs is minimized. In order to address risk-averse attitudes of decision makers, we con-
sider a weighted mean-risk objective instead. Conditional value-at-risk is used as our
risk measure. Integrality conditions on decision variables make the model non-convex
and hence, hard to solve. To tackle this problem, we derive convex approximation
models and corresponding error bounds, that depend on the total variations of the
density functions of the random right-hand side variables in the model. We show that
the error bounds converge to zero if these total variations go to zero. In addition, for
the special cases of totally unimodular and simple integer recourse models we derive
sharper error bounds.
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1 Introduction

Stochastic programming is a methodology for modeling optimization problems under
uncertainty. Traditionally, this uncertainty is accounted for by minimizing the expected
total costs, and thus implicitly, a neutral stance toward risk is assumed. For recurring
problems that have to be solved many times, this approach is justified by the law of
large numbers. However, in many other applications we face a single-shot problem in
which avoiding risk is desired.

In this paper, we focus on a class of models from stochastic programming that
explicitly incorporate this aversion toward risk: mean-risk models. In these models,
a weighted average of the expected total costs and a measure of risk is minimized.
Thus, a balance is struck between minimizing the cost on average and avoiding high
levels of risk. In particular, we will consider mean-risk models with two time stages,
integer decision variables, and conditional value-at-risk (CVaR) as the risk measure.
The random parameters in our model are the second-stage right-hand side and cost
vector, and the technology matrix. Moreover, a key assumption is that the random
right-hand side vector is continuously distributed. We refer to these models as rwo-
stage mixed-integer mean-CVaR recourse models.

Integer decision variables are often required for realistic modeling of, e.g., indivis-
ibilities or on/off decisions. However, including them in mean-CVaR recourse models
makes these models significantly harder to solve than their continuous counterparts.
Indeed, for continuous mean-CVaR recourse models, efficient solution methods are
available from the literature. These methods exploit the convexity of the objective
function. See, e.g., Ahmed [2], Miller and Ruszczynski [31], and Noyan [32] for
decomposition algorithms based on the L-shaped algorithm by Van Slyke and Wets
[52] and Rockafellar [37] for a progressive hedging algorithm.

Mixed-integer mean-CVaR recourse models, however, are generally not convex so
that the aforementioned convex optimization-based methods cannot be applied. Thus,
alternative solution methods are required for these models. Schultz and Tiedemann
[44] show that the problem can be reformulated as a large-scale mixed-integer linear
program (MILP) if the probability distributions of the random variables in the model
are discrete and finite. Based on this reformulation they propose a decomposition algo-
rithm using Lagrangean relaxation of the nonanticipativity constraints. Other authors
solve the large-scale MILP reformulation using standard MILP solvers (e.g., [47]) or
develop heuristics for specific problem settings [5]. However, these solution methods
can only solve problems of limited size.

We will take a fundamentally different approach to deal with integer decision
variables in mean-CVaR recourse models. Instead of aiming for an exact optimal
solution, we will construct approximation models with a convex objective func-
tion. The rationale of doing so is that these convex approximation models can be
solved efficiently using techniques from convex optimization, similar as continu-
ous mean-CVaR recourse models. To guarantee the performance of the resulting
approximating solutions we derive error bounds on the convex approximations.
Such convex approximations and corresponding error bounds have been derived
for risk-neutral mixed-integer stochastic programming problems; see Sect. 2.3 for
a review of them. However, to our knowledge, this is the first paper that considers
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convex approximations for mixed-integer stochastic programs in a risk-averse set-
ting.

The main contribution of this paper is that we construct convex approximations and
derive corresponding error bounds for two-stage mixed-integer mean-CVaR recourse
models. These error bounds converge to zero if the total variations of the probability
density functions of the random right-hand side variables in the model converge to
zero. Intuitively, this means that any mixed-integer mean-CVaR recourse model can
be approximated arbitrarily well by a convex approximation if the variability of the
random right-hand side variables in the model is sufficiently large. For the special
cases of totally unimodular (TU) and simple integer mean-CVaR recourse models we
perform a specialized analysis to derive tighter bounds. For the latter type of models,
it turns out that the bound is particularly small if the random right-hand side variable
in the model has a decreasing hazard rate.

The remainder of the paper is organized as follows. In Sect. 2 we formulate the
mathematical model and review the relevant literature. Next, in Sect. 3 we consider the
general setting of two-stage mixed-integer mean-CVaR recourse models and derive
convex approximations with asymptotically converging error bounds. Section 4 deals
with the special cases of TU and simple integer mean-CVaR recourse models. Sec-
tion 5 provides a discussion of the results and directions for further research. Finally,
Appendix A contains a generalization of existing risk-neutral results that we use in this
paper and Appendix B contains proofs of several lemmas, propositions, and theorems.

2 Problem formulation and literature review
2.1 Problem formulation
We consider the two-stage mixed-integer mean-CVaR recourse model

Tei? {cx +Q£(x)}, (1

where X = {x € R"' | Ax = b} represents the set of feasible first-stage decisions

that have to be made before some random parameters & are known, and 9,5 is the
mean-CVaR recourse function

20(x) = (1= p)Q() + pRP(x), x eR™, 2

with weight parameter p € [0, 1]. Here, the mean recourse function Q and the CVaR
recourse function R? are defined by

0(x) :=E¢ [v(E, x)], xeR", (3)
RP(x) := CVaRg [v(§,x)], x € R™, “)

where CVaRg is the B-conditional value-at-risk (8 € (0, 1)) defined in Definition 1,
and v is the second-stage value function, defined by
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v(é,x)::myin{qylWy:h—Tx,yeZ’forf}. 3)

The second-stage decision variables y represent the recourse actions that can be taken
after the realization of & := (q, T, h) is known, in order to compensate for infea-
sibilities in the goal constraint Tx = h. For ease of exposition, we assume that the
first-stage decision variables x are continuous. However, all results in this paper still
hold when some or all of these variables are restricted to be integer.

As an example of an application of our model, we discuss a stylized version of the
disaster relief planning problem of Alem et al. [5] in Example 1 below.

Example 1 Consider the problem of distributing relief goods (water, food, medicine,
etc.) after a natural disaster. A priori, the location and size of the disaster are naturally
uncertain. However, where to store the relief goods needs to be determined before
the disaster takes place. The goal is both to minimize the financial cost and to avoid
shortages of relief goods at locations of need. We can model this problem using a
two-stage mixed-integer mean-CVaR model.

In the first stage (before the disaster) we have to decide how many relief goods to
store at each available storage location. The first-stage costs are the cost of acquiring
these goods. When the disaster strikes, the required amount of relief goods in every
area becomes known. In the second-stage, we need to allocate vehicles to transport
goods from the different storage locations to the affected areas. The second-stage costs
consist of the cost of using these vehicles plus a penalty on any unsatisfied demand
(shortages) of relief goods. Since high shortages should be avoided, this problem
is naturally modeled using a risk-averse approach. Furthermore, note that integer
variables are needed to model the number of allocated vehicles in the second stage. A

Our goal is to construct convex approximations a@g of the form ﬁ,’? =(1-p) 0+

pRP for the mean-CVaR recourse function Qﬁ. Since convex approximations Q of
Q are available in the literature (see Sect. 2.3), we focus on constructing convex
approximations RP of RP. As a performance guarantee, we will derive an upper
bound on

IIfo - Qfolloo = sup |fo(x) — Qﬁ(x)L
xeX

Since
125 — 2P)lse < (1 = p)Q = Olloo + PIRP — RP||os. (©6)

we will focus on deriving an upper bound on ||R? — RP||s. Bounds on || Q — Olleo

are known from the literature. However, since these existing bounds only apply to

recourse models with randomness in the right-hand side vector & only, we generalize

them to our setting in Appendix A, where we allow g and T to be random as well.
Throughout this paper, we make the following assumptions.

Assumption 1T We assume that
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(a) the recourse is complete and sufficiently expensive, i.e., —oo < v(§,x) < 00,
forall ¢ € & and x € R™, where & denotes the support of &.

(b) the expectation of the £; norm of £ is finite, i.e., E¢||§]1 < oo, where [|§]; :=
2721 |‘Zj|+271:1 ;%1=1|Tij|+22n:1 |hi|,

(c) the recourse matrix W is integer,

(d) the support & of £ can be written as & = 59 x &7 x 5", where 57 is finite.
Moreover, 4 is continuously distributed on 5" with joint pdf I

(e) (g, T) and h are pairwise independent.

Assumption 1(a)—(b) ensure that Q (x) and RP (x) are finite for every x € R"!. Next,
Assumption 1(c) is required for the proof of Theorem 1. However, this assumption is
not very restrictive, since any rational matrix can be transformed into an integer one by
appropriate scaling. Assumption 1(d)—(e) restrict the random right-hand side vector &
to be continuously distributed. This is the key assumption on the random parameters
& in our paper. The remaining assumptions in Assumption 1(d)—(e) are for ease of
presentation; similar results as in this paper can be obtained for relaxed versions of
these assumptions. Finally, we note that we assume that the probability distribution
of £ is known or can be accurately estimated, based on, e.g., historical data or expert
opinions.

2.2 Conditional value-at-risk

In our risk-averse stochastic programming approach, we use conditional value-at-risk
(CVaR) as the measure of risk. For probability parameter 8 € (0, 1), the 8-CVaR of
a random variable 0, written as CVaRg[0], has the interpretation of the conditional
expectation of 6, given that 6 is at least as large as its S-quantile. Thus, intuitively,
CVaRg[0] represents the average of the 100(1 — B)% worst values of 6. We use
the minimization representation of CVaR by Rockafellar and Uryasev [38] as our
definition.

Definition 1 Let 6 be a random variable and let 8 € (0, 1) be given. Then, the f-CVaR
of 0 is defined as

CVaRg[6] = mlﬂg {g + 125E0[ (6 — §)+]}-

Our choice for CVaR is motivated by the fact that this risk measure satisfies several
desirable theoretical properties. First of all, CVaR is a coherent risk measure [38],
and thus satisfies the axiomatic properties proposed by Artzner et al. [7]. In contrast,
several popular risk measures such as value-at-risk violate some of these properties [1].
Second, Ogryczak and Ruszczyniski [34] show that mean-CVaR recourse models are
consistent with second-order stochastic dominance, a tool that establishes a preorder
of random variables. This is relevant, since consistency with second-order stochastic
dominance is desirable for accurately modeling risk aversion [26]. Third, Schultz
and Tiedemann [44] show that mixed-integer mean-CVaR recourse models exhibit
desirable properties such as continuity and stability. Furthermore, they show that under
mild technical conditions an optimal solution to these models exist.
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Due to its desirable properties, CVaR is one of the most popular risk measures
in the literature on risk-averse optimization under uncertainty. For instance, it is the
most popular choice for applications in supply chain network design under uncertainty
[19]. See, e.g., [18,36,43,46-48,54] for applications of mean-CVaR recourse models
in this field. Other areas of application include disaster relief planning [5,32,33],
(energy) production planning [4,9,21,27], transportation network protection [29], and
water allocation [56]. The popularity of CVaR, and of mean-CVaR recourse models
in particular, underlines the relevance of the models studied in this paper.

2.3 Solution methods for risk-neutral mixed-integer recourse models

Traditional solution methods for risk-neutral mixed-integer recourse models com-
bine solution methods from deterministic mixed-integer and stochastic continuous
optimization. See, e.g., Laporte and Louveaux [25] for the integer L-shaped method,
Carge and Schultz [12] for dual decomposition, Ahmed et al. [3] for branch-and-bound,
Sen and Higle [45] for disjunctive decomposition, and [6,8,11,16,22,35,55] for recent
work on cutting plane techniques. In general, however, these solution methods have
difficulties solving large problem instances because they aim at finding an exact opti-
mal solution. In contrast, we merely aim at finding good or near-optimal solutions to
our mixed-integer mean-CVaR recourse model by means of convex approximations.
For this reason, the remainder of this subsection is devoted to the literature on convex
approximations for the corresponding risk-neutral case.

Convexity properties of risk-neutral mixed-integer stochastic programming prob-
lems were first analyzed by Klein Haneveld et al. [23] for the special case of simple
integer recourse models. In fact, they exactly identified the probability distributions
for which the mean recourse function Q in such models is convex. For all other cases,
they derive so-called a-approximations Q of Q and corresponding error bounds.
These convex approximations are extended by van der Vlerk to TU integer recourse
models [50] and mixed-integer recourse models with a single recourse constraint [51].
However, only for the latter type of model does he derive an error bound for these
convex approximations.

Recently, substantial progress has been made in deriving error bounds for con-
vex approximations of mixed-integer recourse models with multiple non-separable
recourse constraints. For example, for TU integer recourse models, Romeijnders et
al. [39] derive an error bound for the a-approximations from [50]. This error bound
depends on the total variations of the density functions of the random right-hand side
variables in the model. In particular, if these total variations are small, then the error
bound is small and hence, the convex approximation is good. This is confirmed by
numerical experiments in [42]. A tighter error bound is derived for an alternative con-
vex approximation, called the shifted LP-relaxation approximation; see [41]. In fact,
it is shown that the error bound is the best possible in a worst-case sense. The main
building blocks in the derivation of this error bound are total variation bounds for the
expectation of periodic functions.

The latest developments in this area are the extension of these convex approxima-
tions to the general case of two-stage mixed-integer recourse models. In particular,
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Romeijnders et al. [40] extend the shifted LP-relaxation approximation to this case,
while van der Laan and Romeijnders [49] generalize the «-approximations. For both
approximations, a corresponding asymptotic error bound is derived, which converges
to zero as the total variations of the density functions in the model go to zero. These
bounds are derived by exploiting asymptotic periodicity of the second-stage value
functions in combination with the total variation bounds from [41].

In this paper we generalize several results from this convex approximation literature
to the risk-averse case. In particular, in Sect. 3 we use the asymptotic periodicity of
mixed-integer value functions to derive convex approximations for general mixed-
integer mean-CVaR recourse models. Moreover, we derive error bounds for these
convex approximations using the total variation error bounds on the expectation of
periodic functions from [41]. We also use these total variation bounds in Sect. 4 in a
specialized analysis of TU integer and simple integer mean-CVaR recourse models.

2.3.1 Total variation

Similar to the error bounds for risk-neutral models from the literature, the error bounds
in this paper will depend on the fotal variation of the one-dimensional conditional
density functions of the random right-hand side variables in the model. Therefore,
we conclude this section by defining the notion of total variation and some related
concepts.

Definition2 Let f : R — R be a real-valued function and let / C R be an interval.
Let I1(I) denote the set of all finite ordered sets P = {z1, ..., zy+1} Withz] < --- <
Zn+1 in I. Then, the fotal variation of f on I, denoted by |A| f (1), is defined by

Al f(I):= sup V¢(P),
Pell(l)

where V¢ (P) := ZlN:l | f(zix1) — f(zi)]. We write |A| f := |A|f(R). We say that
f is of bounded variation if |A| f < +00.

Since the error bounds that we derive in this paper depend on the total variations
of the one-dimensional conditional density functions of the random right-hand side
variables in the model, we assume that these conditional density functions are of
bounded variation.

Definition3 For every i = 1,...,m and r_; € R”"!, define the ith conditional
density function f;(-|t—;) of the m-dimensional joint pdf f as

[ ; (F
0, if f_j(t-;) =0,

where f_; represents the (marginal) joint density function of /_;, the random vector
obtained by removing the ith element of /.
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Definition 4 We denote by 7" the set of all m-dimensional joint pdfs f whose
conditional density functions f;(-|t—;) are of bounded variation for all z_; € Rm-1
i=1,....,m

3 General two-stage mixed-integer mean-CVaR recourse models

In this section we will derive convex approximations with corresponding error bounds
for general mixed-integer mean-CVaR recourse models. The approach is based on the
analysis by Romeijnders et al. [40] for the risk-neutral case. Although our mean-CVaR
recourse model can be reformulated as a risk-neutral recourse model, the resulting
model differs in structure from the model considered in [40]. We first lay out this
structural difference.

To reformulate our model as a risk-neutral model, note that by Definition 1,

RB(x) = mln{§+1 L [(v(s,x)—;)+]}, x e R, %

Based on this expression we introduce a new recourse function
R*(x,0) =Ee[v° (6. x)], xeR", ¢ eR, (8)
where v¢ is the corresponding second-stage value function, defined as
VO E x) = wEx)—F, Eed, xeR", ¢ eR. ©)

Using these two functions the mixed-integer mean-CVaR recourse model (1) can be
reformulated as

min {cx—i—(l—p)Q(X)-i-,O{‘i‘p_R*(x O} (10)
xeX,ceR

Interpreting ¢ as a first-stage variable, as suggested by [38], we observe that (10)
reduces to a risk-neutral mixed-integer recourse problem. Here, for any £ € & and
x € R™ the second-stage value function v¢ can be written as

vg(g’x):flénz{ﬁlTerWy:h,n—qy—Z— ¢y €LY xRY, n,z e Ry}

Observe that the right-hand side of the constraint n — gy — z = — ¢ does not
depend on A, but only on the first-stage variable ¢. This means that, in contrast with
Romeijnders et al. [40], the problem in (10) corresponds to a risk-neutral mixed-integer
recourse model in which not all right-hand side variables are random. Since the results
in [40] heavily rely on the pdfs of these (continuously distributed) random right-hand
side variables, they are not applicable to the risk-neutral reformulation above and
hence, an additional analysis is necessary. Moreover, this subtle difference in the
right-hand side has surprising consequences for the type of convex approximation that
we will derive.
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3.1 Asymptotic semi-periodicity of vé

The first step in our analysis is proving that the value function v® is asymptotically
semi-periodic in h; see Proposition 1. By asymptotic semi-periodicity we mean that
on particular unbounded subsets of its domain, v¢ is the sum of a linear and periodic
function. Gomory [17] identified this for the pure integer case and Romeijnders et al.
[40] generalized it to the mixed-integer case. In this section we use the notation of the
latter reference. We also repeat some of the definitions they introduced for the sake of
completeness.

To understand why v¢ exhibits semi-periodicity, consider the LP-relaxation vy p
of the mixed-integer value function v and let ¢ € &9 be fixed. By the basis
decomposition theorem by Walkup and Wets [53], we can identify basis matrices
B¥ and corresponding polyhedral cones AK € R™, k e K9, such that for all
h — Tx € A, the function vLp(€, x) attains its value through the basis matrix Bk,
i.e., vpp(€é,x) = qu(Bk)_l(h — Tx). We will see that a similar result holds for
thg mixed-integer value function v, but only on shifted versions AK(d*) of the cones
AY ke K9,

Remark 1 Throughout this paper we omit the dependence of, e.g., AF and d* on ¢.
Instead, we assume without loss of generality that the index sets K9, g € &9, are
disjoint, i.e., K9' N K92 = @ for all q1, g» € E9 with g1 # ¢». Note, however, that it
is still possible that, e.g., B¥1 = Bk for some k| € K9, ky € K92, with q1 # q2.

Definition 5 Let A C R™ be a closed convex cone and let d € R be given. Then, we
define A(d) as the set of points in A with at least Euclidean distance d to the boundary
of A.

Romeijnders et al. [40] show that there exist constants d* > 0,k € K9, such that
forall h — Tx € AK (dk ), the mixed-integer value function v(&, x) attains its value
through the basis matrix B¥. That is, v(&, x) = q gk (BYY™V(h — Tx) + v*(h — Tx),
where the function ¥ represents the “penalty” incurred from having integer decision
variables. These functions I//k are Bk—periodic on A¥(d¥). Tt turns out that v¢ exhibits
the same type of periodicity.

Definition 6 Let the function g : R” — R” be given and let B be an m X m matrix.
Then, g is called B-periodic if g(x) = g(x + BI) for every x € R" and / € Z™.

Proposition 1 Consider the second-stage value function v¢ from (9) for a fixed q €
E49. Then, there exist dual feasible basis matrices BX of vy p, closed convex polyhedral
cones AF = {t e R™ | (Bk)_lt > 0}, positive constants d* and r*, and Bk-periodic
functions 1//k, k € K1, such that
(i) UK AF =R",
(i) (int A%) N (int AY) = @ for every k, 1 € K9 with k # 1,
(iii) forevery k € K4,

Vi, x) = (g (BN h = Tox) + y*(h — Tx) — &), h — Tx € AF@@h),
where Y = ! if g (BY) ™ = g (BH 7!,
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@iv) foreveryk € K1
0<vyks) <rk, seR™.

Proof Since W is an integer matrix by Assumption 1(c), the result follows directly
from Theorem 2.9 in [40] and the definition of v¢. O

Proposition 1 shows that on shifted convex cones A¥(d*), the approximating value
function v¢ is the positive part of the sum of a linear and a periodic function in /.
Hence, v¢ is indeed asymptotically semi-periodic in /.

3.2 Convex approximations of v¢ and RP

In this subsection we construct two convex approximations 8¢ and ¥, of the second-
stage value function v®, yielding two corresponding convex approximations RP and
Iéf of the CVaR recourse function R?. Moreover, we derive a characterization of the
differences v¢ — 9% and v¥ — ﬁg,. These characterizations are used in Sect. 3.3 to derive
upper bounds on the approximation errors |R? — Iéﬂ| and |RP — 1%5 [

3.2.1 Construction of the convex approximations

We will use the asymptotic periodicity of v from Proposition 1 in order to construct
two types of convex approximations of v¢. For ¢ € 89, k € K9, and { € R given,
we know from Proposition 1 that

v (€, x) = (qp (BN (= Tx) + y*(h = Tx) = )", h = Tx e A%@d¥).

Observe that the first-stage decision vector x appears as an argument of the BX-periodic
function ¥¥. This means that for 1 — T'x € AX(d¥), the function v (&, x) is periodic
in x. This periodicity is the cause of the non-convexity of v¢ (£, x) in x. In order to
construct convex approximations of v¢, we propose two “convexifying” adjustments
to this periodic term wk (h — Tx).

A first convex approximation of v¢ is obtained by replacing ¥ by its mean value I'%.
This results in a shifted version of the LP-relaxation with shifting constant I” k Hence,
we refer to this kind of approximation as the shifted LP-relaxation approximation.
Since every Bk-periodic function is also pyI,,-periodic with p; = |det(Bk)| (see
[40]), we can characterize the mean value of wk as

" B Pk Pk X
r ::”km/o | vt dsn. (11)

Surprisingly, however, in our mean-CVaR recourse model we need to make an adjust-
ment in order to be able to derive an asymptotically converging error bound. In
particular, for k € K¢ with gg« = 0, we should use the mean value of k-0t +¢
instead of I'*. In Example 2 we illustrate in more detail why this adjustment is needed.
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To construct a second convex approximation of v¢, we replace the term Tx in
the argument of ¥ by a constant vector « € R”, yielding ¥*(h — ). We call the
resulting approximation a generalized o-approximation; cf. [49]. This approximation
is still semi-periodic in /4, and thus not convex in . However, it is convex in x, which
is what we desire for optimization purposes.

Both approaches above yield an approximation of v¢ (&, x) forh— Tx € A (d*) for
each k € K9. We combine these approximations by taking the pointwise maximum
overall k € K9.

Definition 7 Consider the mixed-integer value function v¢ from (9) and let B, ¢ Bk
and Y*, k € K9, g € E9, be the basis matrices, corresponding cost vectors, and
BX-periodic functions from Proposition 1, respectively. Then, we define the shifted
LP-relaxation approximation v¢ of v® by

+
5, x) = (max {qu(Bk)_l(h - Tx)+Fk] —g) L EcE, xeR", [ eR
where for every k € K9,

Ik " S S v dsy - ds, if g # 0,
o p,:’" CPEWR) — Oy Fds) - dsy+C0 i gge =0,

with py := | det(B¥)|. Moreover, for every £ € &,x € R" and ¢ € R, we define the
generalized a-approximation 35 of v¢ with parameter ¢ € R by

+
B, x) = (maX{qu(B) (h — Tx>+w<h—a)}—z) .

As mentioned before, we make an adjustment to the shifted LP-relaxation approx-
imation in the case gg« = 0. Instead of using the mean value I” k of Yk, we use the
mean value of (% — ¢)* + ¢. In the example below we show that this adjustment
is necessary in order to derive error bounds that are asymptotically converging, in
the sense that they converge to zero as the total variations of the conditional density
functions of the random right-hand side variables h;,i = 1, ..., m, go to zero.

Example 2 Consider a mixed-integer value function v given by

v(é,x):min{u|y+—y_—|—u=h—x, y+,y_ €Z4+, uelRy}, £€&,xeR,

where 59 = (1}, BT = = {(11}, and & Fh = R. The LP-relaxation v p of v equals
vep = 0, since for every h:=h-—xe¢ RWlthh > 0 we can selecty =h, yo o=
u = 0and for i < 0 we canselect y~ = —h, y* = u = 0. Indeed, if 2 > 0, then y*

is the basic variable corresponding to basis matrix B! = [1] with costs gz = 0 and if
h < 0, then y~ is the basic variable corresponding to B> = [—1] with ¢ g2 = 0. Since
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the mixed-integer value function v equals v (&€, x) = w(ﬁ) =h— szj forall h € R,
we have ' = y2 = ¢ and thus I'' = "2 = [} yr(s)ds = 1.

Now suppose that we simply use I'% (rather than ng ) to construct the convex
approximation

+
W, x) = (krgalug{qu(B"rl(h —x)+ I - z}) =(1-¢)". ted. xeR,

of v¢ and the corresponding convex approximation Rf(x) := mincer {¢ +
ﬁ R*(x, {)} of RP, where R*(x, ¢) := E¢[9¢ (£, x)]. We will show that the resulting
approximation error || R? — RP| o is not asymptotically converging in general.

First note that for every x € R we have R? (x) = minger {§ + ﬁ(% — §)+} =
CVaRg [%] = % by definition of CVaR. Now, suppose that / is uniformly distributed
on the interval [0, N], where N is a positive integer, and consider the value x = 0 for
the first-stage decision variable. Then, since & is continuously distributed we know
from [38] that RA(x) = CVaRg[v(§, x)] = Eu[v(é, x) | v(&, x) > gp(x)], where
qp(x) is the B-quantile of v(§, x) = w(ﬁ) = h — |h]. It follows by straightforward
computation that Rf (x) = 1 — g/2. Hence, |[RP(x) — RF(x)| = |} — B/2I, which
is positive if 8 # % Note that this expression does not depend on N. Hence, as N
goes to infinity (i.e., the total variation of the density function of /& goes to zero), the

approximation error remains constant, i.e., it does not converge to zero asymptotically.
A

Using the approximating value functions from Definition 7, we define correspond-
ing convex approximations of the CVaR recoure function R?. These can be seen as
extensions of the convex approximations in [40,49] to our mean-CVaR setting.

Definition 8 Consider the CVaR recourse function RP from (4). We define the shifted
LP-relaxation approximation RP of RP by

3B(x) — mi 1 px n
RP(x) .—I{Ilelﬁ{g-k g R (x,0)}, xeR™,

where R*(x, ¢) 1= F; [0%(&, x)], with 8¢ defined in Definition 7. Moreover, we define
the generalized o-approximation 155 of R? with parameter & € R” by

e -
RE(x) .=g§{;+m1¢;(x,;)}, x e R™,

where R¥(x, ¢) := E¢[¢ (¢, x)], with 9 defined in Definition 7.

Since the approximations from Definition 8 are convex, the resulting convex approx-
imation models can be solved using techniques from convex optimization. As a result,
they can be solved much more efficiently than the original (non-convex) model in
(1). This is indeed true for the generalized a-approximations, whereas for the shifted
LP-relaxation approximation some computational challenges remain.
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The first computational challenge is that the shifted LP-relaxation approximation
RF requires computing the means ng for all k € K. For special cases, such as pure
integer recourse models with a totally unimodular recourse matrix W (cf. Sect. 4),
it is possible to derive analytic expressions for these means. However, in general
they need to be approximated in practical computations. In contrast, the generalized
a-approximations only need computation of the function values ¥*(h — «), which
are obtained by solving a single mixed-integer linear program, or in fact a Gomory
relaxation of this mixed-integer linear program.

The second computational challenge is that the convex approximations are defined
as the maximum over all dual feasible basis matrices Bk, k € K1, of which there are
exponentially many in general. This challenge can be overcome for both approxima-
tions by taking the optimal basis matrix of the LP-relaxation instead of the maximum,
see also [49]. This is again an approximation, but van der Laan and Romeijnders [49]
show both theoretically and using numerical experiments that it yields good results.

Finally, we remark that for computational purposes the continuously distributed
random vectors in the model need to be discretized. For instance, using Jensen [20]
and Edmundson—Madansky [14,30] lower and upper bounds or using a sample average
approximation (SAA), see [24]. However, if the discretization is fine enough, this does
not affect the quality of the convex approximations.

3.2.2 Properties of ¢ and |7f';

We now present several properties of the approximating value functions 9¢ and 75 In
particular, we focus on the differences v4 — 9% and v% — f)é, which can be interpreted
as the underlying difference functions in the approximation errors |R? — RP| and
|RP — 155 |. Since several proofs of the results in this subsection are similar to the
proofs of corresponding results in [40] for the risk-neutral case, we postpone them to
the Appendix. Moreover, since the derivations for 9¢ and 75 are analogous, we will
avoid repetition and focus on ¢ in our discussions.

First we show that the difference between v* and its shifted LP-relaxation approx-
imation 9% is uniformly bounded.

Lemma 1 Consider the value function v* from (9) and its shifted LP-relaxation
approximation 0% and generalized a-approximation f)g from Definition 7. Then, there
exists a constant y > 0 such that for every { € R,

Iv* = llee <y and [[v* = Flloo < .

Proof See Appendix. O

Next, we work towards a characterization of the difference v — 9% in terms of
periodic functions. Recall from Proposition 1 that for any given ¢ € &9, k € K9,
and h — Tx € A*(dy), the value of v (£, x) is generated by the dual feasible basis
matrix BX,i.e., v (£, x) = (g (BY) "1 (h = Tx) +y* (h — Tx) —£) " The following
lemma shows that on a subset o + A of AX(d}), the convex approximation ¢ (£, x)
is generated by the same basis matrix BX.
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Lemma 2 Consider the value function v5 from (9) and its shifted LP-relaxation
approximation 0¢ from Definition 8. Moreover, let B¥, A*, and d* be the basis matri-
ces, cones, and scalars from Proposition 1. Then, for every q € £ andk € K4, there
exists a vector o* € A¥ (dy) such that

& x) = (g (B = Tx) + Tf —¢)", h—Tx eo® + 4K,
and
9 (&, x) = (qpe (BN " (h = Tx) + y*(h —a) = £)", h—Tx e o* + 4F,
Proof See Appendix. O

Since o% + Ak € AK(d¥), it now follows that for all h — Tx € o* + A¥, both v¢ and
¢ are generated by the same basis matrix B¥. Using this fact, we can derive subsets
of o* + A¥, k € K4, on which the difference v¢ — 9¢ is Bk—periodic with a mean
value of zero. In particular, if gz« # 0, then (using 0 < wk < rk),

YR (h—Tx)—=T* i qp(BY)"'(h—Tx) = ¢,

4 _ ~C =
ve (&, x) —v°(§,x) 0, if qu(Bk)_l(l’l —Tx)<¢— rk’

whereas if gzx = 0 we have (using the definition of ng )

Vi, x) = 05 & ) = (W —Tx) — &) — b,

where uf = p™ [+ [P W (s) — ©)Vdsy ... dsy. Indeed the right-hand sides
above are B¥-periodic functions of /. Moreover, it can be shown that the complement
of these subsets on which v¢ — 9¢ is BX-periodic, k € K9, is “relatively small”, in the
sense that it can be covered by finitely many hyperslices. We summarize these results
below.

Definition 9 A hyperslice in R™ is a set H of the form
H:={seR"|b<als<b+86),
where a € R™\{0},b € R,and 6 € R with § > 0.

Proposition 2 Consider the value function v® from (9) and its convex approximations
¢ and v from Definition 1. Then, for every q € E9 and ¢ € R, there exists a finite
number of closed convex polyhedral sets «/; € R™, j € J, ! whose interiors are
mutually disjoint, such that

(i) forallh — Tx € o7}, j € J/, we can write

V(€ x) = 095, ) = ¢S (h — Tx), and v (&, x) = B5(E, x) = ¢ (h — T),
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where ¢§ and ¢_’§ are bounded B*-periodic functions for some k € K9 with mean
value equal to zero.
(i) the set </Vg_q =R"M\U jedt </ can be covered by finitely many hyperslices.

Proof See Appendix. O

3.3 Total variation error bounds

We now derive upper bounds on the approximation errors [RB(x) — RP (x)| and
|RP(x) — 155 (x)| using the results from Sect. 3.2.2. We outline our approach for

RP; the analysis for 155 is analogous. A
We first derive an upper bound on |R*A(x, ¢) — R*(x, ¢)|. For every x € R"! and
¢ € R, we have by definition of R* and R* that

IR*(x,£) — R*(x, )| = |Ee[v¥ (¢, x)] — Ee[0° (€, )]
< By [[Ea[f €, x) - 96, 0] ]

=E, 1 |:‘ /]Rm (vg(q, T,s,x)—0(q,T,s, x))f(s)ds}] ,
(12)

where we use that the right-hand side vector / is independent from (g, T') by Assump-
tion 1(e). Consider the integral over R in (12) forafixedg € % and T € E7. The
main idea is to use Proposition 2 to split up this integral into integrals over two types of
subsets of R™: subsets mf i»Jj€J g , on which the expression vé — 9% in the integrand
isa Bk—periodic function for some k € K7, and the complement JV{I of these subsets.
Then, the integrals over <7}, j € J, f , can be bounded using a result from [40] that
exploits periodicity in the integrand. Furthermore, the integral over the complement
set </V§q can be bounded using Lemma 1 and another result in [40] that provides an
upper bound on the probability P{h — Tx € L/ng | g, T'}. Together, this yields a uni-

form upper bound on |R*(x, ¢) — R* (x, 2. Finally, is not hard to prove that this also
constitutes an upper bound on ||R? — R#||.

Theorem 1 Consider the CVaR recourse function RP from (4). Moreover, consider its
shifted LP-relaxation approximation RP and generalized a-approximation 155 with

parameter o« € R™ from Definition 8. Then, there exist finite, positive constants C
and Cy such that for all f € F™ we have

R 1 m
B B : .
IRP = Rl = 1— clgth[mmcmﬂ)} (13)
and
. 1 "
IRP = Rflloo < 1— ﬁCZZEh,i[|A|fi('|h—i)]- (14)
i=1
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Proof We will prove (13); the proof of (14) is completely analogous. First, we show
that || R — RP ||« < ﬁ | R* — R*||s. Fix x € R"™ and let ¢* be the minimizer in the
minimization representation of Rg(x) in (7). Since ¢* is not necessarily optimal for
the minimization problem defining Iéﬁ (x) in Definition 8, we have Iéﬂ (x) — Rg(x) <
ﬁ(l@; (x, ¢") = Rj(x, M) < ﬁ ||I§E — R} llo. Using an analogous argument for
the reverse difference, we obtain ||Rg — Rglloc < ﬁ”RZ — Rj§||oo.

Next, we derive a constant C; such that ||R* — R* lo < Cj Z;-":] En_,

[|A|fi(~|h_i)]. Let x € R™ and ¢ € R be given and take (12) as a starting point.
Splitting up the integral in the right-hand side of (12) according to Proposition 2 yields

| / (1) — 06 0) f5)ds

=X | /T vy BT 0s
Jed; ’

+ / |0 &y, x) — 0% &y, )| £ (5)ds,
Tx+JV{q
(15)

where we write & = (¢, T, s),s € R™. Consi.der the first term in the right-hand side

of (15). Since Tx + <7 is a convex set and ¢; is a bounded zero-mean B*/ -periodic
function for some k; € K¢, we can apply Theorem 4.13 from [40] to obtain

: 1y N
| fT - ¢ () f (s)ds| < Zrkf|det(B"f>|gEh_i[mmom_»]- (16)

Next, consider the second term in the right-hand side of (15). Applying Lemma 1 to
this integral, we obtain

\ f(s)ds

X+,

/ |v§(§v,X)—f)g(és,x)|f(S)dSSV/
Tx+ A T i

=yPlh—Tx € Ji/gq lq,T}. (17)
By Proposition 2(ii), the set Ji/{q in the right-hand side above can be covered by
finitely many hyperslices. By Theorem 4.6 from [40], this implies that there exists a

constant DY > 0 such that P(h — Tx € A7 | ¢, T} < D937 By [|Al fi (-1h-p)].
Substituting this into (17) yields

//V" 08 (& x) — 05 (&, x)| f(9)ds < y DT B [I1AIfi C1h_i)]. (18)
¢

i=1
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for some constant DY > 0. Now, defining C? := y D9 + Zjle %rki | det(B¥i)|, and
substituting (16) and (18) into (15), we obtain

[ G = 0 @) s = €0 Y B [lAlACR-0) 19
i=1

Finally, defining C; := max,ecz¢ C¢ and substituting (19) into (12) yields

IR*(x,£) — R*(x. )] < Eq. [cq ZEh,.[mmuh_i)]}

i=1

< C1 Y En [lAlfiClh-))].

i=1

Now, (13) follows from the inequality [|Rg — I§,3||<>Q < #Hl@l’g — R;}HOO and the
observation that the right-hand side above does not depend on the value of x or . O

The error bounds from Theorem 1 are asymptotically converging, i.e., they converge
to zero as the total variations of the density functions of the random right-hand side
variables in the model converge to zero. For instance, for independently distributed
normal random variables this is the case if all standard deviations o; go to co. In fact,
Theorem 1 implies that any mixed-integer CVaR recourse function Rg can be approx-

imated reasonably well by a convex approximation Ié,g or 1?5 if the aforementioned
total variations are small.

Interestingly, the error bounds from Theorem 1 differ from their risk-neutral coun-
terparts in Proposition 3 only by an additional factor 1+ Hence, combining these
error bounds with corresponding risk-neutral error bounds as suggested in (6) results
in an expression for the joint error bound with a similar asymptotic behavior.

4 Two-stage TU integer mean-CVaR recourse models

In this section we derive tighter error bounds for the special case of two-stage TU
integer mean-CVaR recourse models. That is, we consider the model from Sect. 2.1
and we make the additional assumption that the second-stage value function can be
written as

v x) :=min{gy | Wy = h—Tx, y € Z?}, (20)
y

where W is a totally unimodular matrix. This is indeed a special case of the value
function (5) from Sect. 2.1, withnz =m,q = (¢, 0),y = (3,2),and W = (W — 1,1,
where I, is the m x m identity matrix. We exploit the special structure of this
model to derive sharper error bounds for the shifted LP-relaxation and generalized
a-approximation than those in Theorem 1.
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4.1 Convex approximations

The TU integer structure of the value function v from (20) allows for simplified

representations of the convex approximations RP and 1%5 from Definition 7. These
will be used in the proofs of the tighter error bounds in Theorem 2 and 3. We first
derive a simplified representation of v itself.

Since W is a TU (and thus, integer) matrix, it follows that

v(E,x) =min G5 | Wy = [h— Tx], 5 € 2}
y

=min{gy | Wy > [h — Tx], y € R},
5

where the round-up operator [-] is defined element-wise for vectors. By Assump-
tion 1(a) and strong LP-duality, we obtain the dual maximization problem

v, x) = m}'f\x{M'h —Tx]|AW <4q, » e RY}.

Here, the dual feasible region {A € R | A W < g} is anon-empty, bounded polyhedron
for every ¢ € £9, and hence it has a positive, finite number of extreme points. These
extreme points can be characterized as =y Bk (BF)~1, k € K9. Note that at least
one of these points is optimal in the dual problem. Hence, we can write

v(€, x) = max {Arh = Tx1). 1)

Based on (21) we can derive simplified representations of the convex approximations
RP and 1?5 from Definition 7.

Lemma3 Let RP(x) = CVaRglv(§, x)] be the CVaR recourse function from (4),
where v is the TU integer value function from (20). Then, the convex approximations
RP and Rg from Definition 8 can be represented as

RP(x) = CVaRg [0(&,%)], RE(x) = CVaRg [Ta(&, x)],

forall x € R", where 0 and v, are defined by

- k 1 ~ k

8, 0) = max {A"(h = Tx + 3tn)}, Ba(§, %) = max {2°(Th —al +a =T},
forallé € B, x € R", where 1, = (1,...,1) € R™.

Proof Let& € 5,¢ € R, and x € R™ be given and consider the function 9% (£, x)
from Definition 7. By Example 3.4 in [40] it follows from straightforward analysis
that 0% (£, x) = (D(&, x) — ¢)*. Then, from the definition of R? and the definition of

CVaR, it follows that RP (x) = CVaR[v(&, x)]. The proof for 15,1 is analogous. O
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Note that the convex approximations RP and 1%5 in Lemma 3 are structurally similar
to the original CVaR recourse function R?, while the approximating value functions
v and 7, are structurally similar to the mixed-integer value function v in (21).

4.2 Error bounds

In this subsection we derive tight error bounds for the shifted LP-relaxation approx-
imation R? and the generalized o-approximation 1%5 by exploiting the TU integer
structure of the value function v. Since the derivations for R® and 1?5 are analogous,
we only discuss the derivation for the former.

Our approach to derive sharp error bounds consists of three main steps. First, in
Lemma 4 we find an upper bound on the approximation error RP (x) — RP (x) in terms
of the approximation error for a risk-neutral recourse function, under a conditional
probability distribution. Second, we apply existing results from the risk-neutral liter-
ature to this approximation error to obtain an error bound, in terms of this conditional
probability distribution. Finally, we rewrite this error bound in terms of the original
probability distribution; the resulting error bounds are presented in Theorems 2 and 3.

By definition of CVaR we have

RP(x) = min {¢ + T B0 2) — 07},

where an optimal argument ¢ is given by the S-value-at-risk (VaR) of v(§, x), defined
by ¢#(x) == min{¢ € R | P{v(E,x) < ¢} > B} ; see [38]. By Lemma 3, the
approximation RP (x) has a similar representation, with the 8-VaR of (£, x) as an
optimal argument: Z’ﬁ(x) ‘= min {{ eR|P{UE, x) <} > ,8}. Note that ¢# (x) #
&ﬁ (x) in general. However, since {5 (x) is optimal for RP(x) and feasible for RP (%),
we obtain the inequality

A 1
RP(x) = RP(x) < mEq,T[Eh[(ﬁ@, 0 =P @NT - (e — Pt
(22)

Using this inequality as a starting point, we will derive an upper bound on the approx-
imation error R? (x) — R? (x). An analogous derivation will yield an upper bound on
the reverse difference R?(x) — RP (x).

We start by deriving an upper bound on the expression

AP(x;q, T) =By [ (D&, x) — P = (v(E, x) — P ))T] (23)

in the right-hand side of (22). For the sake of argument, suppose that we could remove
the positive part operators in (23). Then, we would obtain AP(x;q, T) =y [f) &, x)—
v(§, x)]. Note that this is the approximation error for a risk-neutral recourse function.
Hence, we could directly apply existing results from the risk-neutral literature [41] to
obtain an upper bound. Using this idea, we take the approach of conditioning on two

@ Springer



492 E.R. van Beesten, W. Romeijnders

complementary cases. In the first case, the positive part operators indeed drop out,
while the second case reduces to zero.

Lemma4 Letg € E9, T € ET and x € R™ pe given and consider Aﬂ(x; q,T)
from (23). Then,

AP (x;q, T) < PIOE, x) > P () | ¢, TIEL [0(5, x) —v(E, %) | 05, x) > P (0)].

Proof We take (23) as a starting point and consider the complementary cases 0 (&, x) >
¢P(x) and 0(¢, x) < ¢P(x). First, suppose that d(&, x) > ¢#(x). Then, (0(£, x) —
¢ )T = 0(€, x)—¢P (x). Using this factand (v(§, x) —£P ()" = v, x)—¢P (x),
we obtain

(D&, x) — PN — W& x) = Pt <8 x) —viE, x). (24)

Second, suppose that (£, x) < ¢P(x). Then, (0(¢,x) — ¢#(x))* = 0. Using
(W&, x) = ¢P(x)T >0, we get

D&, x) =P )T — wE, x) - Pt <o. (25)

Using (24) and (25) and defining pf = P{o(&, x) > {ﬂ(x) | g, T} = 0, we find by
conditioning on ¥ (£, x) > ¢#(x) and D (&, x) < ¢P(x) that

AP(x; g, T) < pPEA[DE, x) — v(E, x) | D&, x) > ¢P(x)]
+ (1= pPE,[0] D&, x) < P (0)].

The result follows from the observation that the second term above equals zero. O

Remark 2 In Lemma 4 it could be that P{d (£, x) > ¢#(x) | ¢, T} = 0, in which case
the conditional expectation E;[0(&, x) — v(£, x) | D(&, x) > ¢P(x)] is ill-defined. In
that case, we define this conditional expectation as zero. Then, we clearly have that
AP (x; q,T) <0, so Lemma 4 remains valid. A

Lemma 4 provides an upper bound on A?(x; ¢, T) in terms of the approximation
error of a risk-neutral model under a conditional probability distribution. This means
that we can directly apply existing error bounds for risk-neutral recourse functions to
obtain an upper bound on AP(x; g, T)and thus, on RP (x)— RP(x). Note, however, that
this upper bound will be in terms of the conditional pdf of h, given D(£, x) > ¢#(x).
By rewriting this upper bound in terms of the original pdf f of &, we obtain the error
bounds in Theorem 2. These uniform error bounds can be interpreted as the risk-averse
generalizations of Proposition 4 in the Appendix.

Theorem 2 Consider the CVaR recourse function RP from (4), where v is the TU
integer value function from (20), and consider its shifted LP-relaxation approximation
RP and generalized o-approximation 1?5 from Definition 8. Then, if f € ™, we
have

m

~ 1 _
B _ pB - * (. .
IR = R ow = 5 s 3o 7e(Ba [l 1)), (26)

i=1
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1
1—,81,

NE

IRP - R o < ie (B (1Al Ch-0]), e

1

where for everyi = 1,..., m, we have X;‘ =K, [A; i1 with A(’; ; = MaXgekq {)»f},
q € E9, and the function g : Ry — R is defined by

(28)

1/8, 0<t<4,
gt) =
1—2/t, >4

Proof See Appendix. O

In comparison with Theorem 1, Theorem 2 provides tractable analytic expressions
(in terms of )_L;“) for the constants C and C». Using these expressions, the error bounds
from Theorem 2 are generally much tighter than those from Theorem 1. Moreover,
observe that the error bounds from Theorem 2 differ from their risk-neutral coun-
terparts in Proposition 4 only in the additional factor 1%, similar as for the error
bounds from Theorem 1 in Sect. 3. Finally, it should be noted that the error bounds
for the shifted LP-relaxation approximation RP are a factor 2 smaller than those for
the a-approximation 1%5

It turns out that we can derive even tighter bounds by exploiting the fact that the
expectation in Lemma 4 is conditional on 9(&, x) > ¢#(x). Intuitively, this means
that the (upper bound on the) approximation error RP(x) — RP(x)is only determined
by values of & for which (€, x) is large. Since the TU integer approximating value
function ¥ is monotone in #;, it follows that for a given x, g, T, and h_;, this is
equivalent to h; > t; for some t; € R. Hence, we only need to account for the total
variation over the interval [7;, +00), for some appropriately defined scalar 7;.

Definition 10 Let v be the second-stage value function from (20) and let v and D,
be as in Lemma 3. Furthermore, let ¢f (x) := min {¢ € R | P{v(¢,x) < ¢} > B}

denote the S-VaR of v(&, x) and similarly, let gc B(x) and g:f (x) denote the B-VaR
of 0(&, x) and ¥4 (&, x), respectively. Finally, let i = 1, ..., m, be given and define
£_;:=1(q,T,h_;). Then, forevery é&_; € 89 x BT x R"~!, we define

.6 =inf {h; € R| (06, %) > ¢P () v (v(6. %) > P(x)}, and
&) =inf (b € R| (Ta(E.x) > ¢P(0) v (v(E ) > ZP )}
Theorem 3 Consider the setting of Theorem 2 If f € ™, then for every x € R we

have

R 1 m
RO = RE 0l = 7= T B r |2 i (B AL G (6. +00)]) |

i=1

(29)

= ;Eq,T[AZ,ig(Eh,i[|A|fz’('|h7i)([fﬁ’ia(ffi), +o0)])].

IRP(x) — RE (x)] <

(30)
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where g is the function from Theorem 2 and for everyi = 1, ..., m, the constants
)”Z»i 1= maxgeKy {kg‘}, q € E49, are as in Theorem 2, and fﬁi and fﬁ’ia are defined in
Definition 10.

Proof See Appendix. O

Theorem 3 exploits the fact that CVaR represents the expected value of the (1 —
B) x 100% worst-case values only. As a result, the error bounds in Theorem 3 only
depend on the total variation of the conditional pdfs of /4 over that part of its support
that corresponds to these worst-case values. Since this support decreases if 8 increases,
this total variation is non-increasing in 8. This effect explains why, contrary to what
Theorem 1 suggests, the approximation errors |R’3 (x)— RP (x)] and |R‘6 (x)— 1%5 (x)]
may actually be decreasing in 8. We illustrate this for the special case of simple integer
recourse models in the next subsection.

4.3 Simple integer recourse

In this subsection we study the behavior of the error bounds from Theorem 3 in the
special case of so-called one-dimensional simple integer recourse (SIR). Similar as in
the risk-neutral case [23,28,41], we can exploit the special structure of this problem to
construct a convex approximation with a sharp error bound. Surprisingly, for random
variables /& with a non-increasing positive tail, the error bound depends on the hazard
rate of the distribution of /. Contrary to the bound in Theorem 1 from Sect. 3, this
error bound is not necessarily large if $41. This is a desirable property, since we are
generally interested in large values for the CVaR parameter § € (0, 1). In fact, we
prove that for heavy-tailed distributions with a decreasing hazard rate the error bound
converges to zero if S11.

The one-dimensional simple integer recourse model is defined as a special case of
the TU integer recourse model defined by (20), with np = 1, w = [1], g = 1 and
T = [1]. Note that ¢ and T are assumed to be deterministic; only the right-hand side
vector i € R is random, with pdf f and cdf F. The second-stage value function can
then be written as

v(h,x) =Th—x]%, h,xeR, 31
while its convex approximations 0 and v, reduce to
d(h,x) =t —x~+1/2)7 and Tu(h,x) =(Th—al+a—x)T,

forall 4, x € R. Below we analyze the error bounds from Theorem 3 for these convex

approximations. However, since the bounds for R and 1%5 differ only by a factor 2,
we present the results for the shifted LP-relaxation R? only. We start by presenting a
simplified version of the error bound in (29) from Theorem 3.

Corollary 1 Let R? be the CVaR recourse function from (4), where v is the SIR value
function from (31). Moreover, let RP be the shifted LP-relaxation approximation from
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Definition 8. Then,
IR~ R oo = (1817 (17, +00) ). (32)
<173

where t8 := F~1(B8) — 1 and g is defined in (28).
Proof See Appendix. O

It is not immediately clear whether the error bound in Corollary 1 is increasing or
decreasing in 8. On the one hand, the fraction ﬁ increases in 8 and goes to +00

as B11. On the other hand, g(|A|f([t#, +00))) decreases in B and goes to zero as
B11, since the left end-point T8 of the interval over which we take the total variation
of f goes to +o00. Below, we identify conditions on the tail of the pdf f under which
the error bound goes to zero as 811. We do so for random variables % for which the
pdf f has a positive, non-increasing right tail; see Assumption 2. This includes many
commonly-used probability distributions such as the normal, gamma, Weibull, and
lognormal distribution.

Assumption 2 The pdf f of the random variable £ has a positive, non-increasing right
tail. That is, there exists a scalar z € R such that f is positive and non-increasing on
[z, +00).

Corollary 2 Consider the setting of Corollary 1 and suppose that Assumption 2 holds.
Then, for B > F(z + 1), we have

||R’3 _ Iéﬂ”m < Lﬁ)
831 -5

Proof Since 8 > F(z + 1), it follows that # > z. Since f has a non-increasing right
tail, this implies that |A|f([t/5, +oo)) = f(tg). The result now follows from the
observation that g(#) < 1/8 forall + > 0. O

The error bound from Corollary 2 is closely related to the hazard rate of h. It turns
out that the error bound (and hence, also the error itself) converges to zero if this
hazard rate goes to zero.

Definition 11 Let /4 be a continuous random variable with pdf f and cdf F. Then, the
hazard rate A of h is defined as

o SO

= , teR
1—F(@)

We say h has a decreasing hazard rate if lim;_, oo A(¢) = 0.

Theorem 4 Let R be the CVaR recourse function from (4), where v is the SIR value
function from (31). Moreover, let RP be the shifted LP-relaxation approximation from
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Definition 8. Suppose that Assumption 2 holds and that h has a decreasing hazard
rate. Then,

lim | R? — RP|| = 0.
B

Proof For B sufficiently close to 1, the condition 8 > F(z + 1) of Corollary 2 holds.
Hence, by Corollary 2 it follows that

: B _ pP Ly fGP 1y fETNB-D
}31?1‘ [R” — R llc < 8%1 T = 8}31%1 IO (33)

Consider the limit in the right-hand side above. Performing a change of variable
t = F~1(B), and using that limgy; F~'(B) = +o0, we get

. fETY®-D e fe=D
I FE ey — A e =0

where the last equality follows by Lemma 5 in Appendix B. Substituting this into (33)
completes the proof. O

Theorem 4 shows that the convex approximation RP is good for large values of
if 4 has a decreasing hazard rate. Since every distribution with a decreasing hazard
rate has a heavy tail [15], the convex approximation is good in cases where extreme
events are relatively likely to occur. Interestingly, this is precisely the situation in
which explicit modeling of risk is desired. More generally, contrary to what the error
bounds from Theorem 1 suggest, Theorem 4 provides evidence that the approximation
errors of our convex approximations need not explode as 84 1. In fact, they may even
converge to zero.

5 Summary and conclusions

We considered two-stage mean-CVaR recourse models, where the second-stage prob-
lem is a mixed-integer linear program. These models are non-convex due to the
presence of integer variables and hence, they are extremely hard to solve. Inspired
by results from the literature on corresponding risk-neutral models we construct con-
vex approximation models, which can be solved efficiently using techniques from
convex optimization. In particular, we define two types of convex approximations of
the CVaR recourse function Rg.

In order to guarantee the performance of the resulting approximate solutions, we
derive error bounds: upper bounds on the approximation errors. These error bounds
depend on the total variations of the one-dimensional conditional density functions
of the random right-hand side variables in the model. In particular, the error bounds
converge to zero if all these total varations go to zero. This implies that al/l CVaR
recourse functions Rg can be approximated arbitrarily well by a convex function if
these total variations are small enough.

@ Springer



Convex approximations for two-stage mixed-integer mean... 497

For the special case of two-stage TU integer mean-CVaR recourse models, we
derive sharper error bounds by exploiting the special structure of these problems. In
particular, for simple integer recourse models we show that the error bound is small
if the random right-hand side variable in the model has a decreasing hazard rate,
implying that its distribution is heavy-tailed. In such a situation, explicit modeling of
risk aversion is desired to accurately model the underlying practical decision problem.
Hence, our convex approximation approach works well in precisely those cases in
which risk-averse optimization is relevant.

Future research efforts may be aimed at finding sharper error bounds for other spe-
cial cases of two-stage mixed-integer mean-CVaR recourse models. Other directions
for future research include assessing the actual performance of the approximations
(compared to their error bounds) in a numerical study and constructing convex approx-
imations for mixed-integer mean-risk recourse models with other risk measures than
CVaR.
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manuscript.
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Appendix A: Random g and T in risk-neutral models

In this appendix, we generalize error bounds for convex approximations of risk-neutral
mixed-integer recourse models to the case where also g and T are random. In the risk-
neutral literature [40,41,49], convex approximations of the mean recourse function Q
with corresponding error bounds exist, but for a setting where only the right-hand side
vector & is random. We extend these results to the case where also g and T are random.
We state these results here since we use them to prove our results in the risk-averse
setting. Hence, we make the same assumptions as in Sect. 2, i.e., & and (¢, T') are
pairwise independent, where 4 has a joint pdf f and ¢ has a finite support 9.

Similar as in the main body of this paper, we consider two settings: general two-stage
mixed-integer recourse models (cf. Sect. 3) and the special case of TU integer recourse
models (cf. Sect. 4). For both classes of recourse models, we consider two types of
convex approximations of the mean recourse function Q: the shifted LP-relaxation
approximation O and the (generalized) a-approximation Q.

A.1 General mixed-integer recourse

We first consider the general case of two-stage mixed-integer recourse models. Con-
sider the mean recourse function Q from (3), i.e.

0(x) = Ee[v(, x)].
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We define two convex approximations of Q, based on the approximations in [49] and
[40].

Definition 12 Consider the general mixed-integer mean recourse function Q from
(3). We define its shifted LP-relaxation approximation Q and its generalized o-
approximation Q, with parameter @ € R™ by

O(x) :=Fe[0(5, x)], and Qq(x) :=Ee[Hp (5, x)], x €R™

respectively, where v and 7, are defined by
0 x) = max [qp (BY =T + '], g€ B, xeRY,
(S

B €, x) = max {qu(Bk)_l(h —Tx)+y*h —(x)} . Ee€ &, xeRM,

where I'F := p™ [P% .. [P yk(s)dsy - dsp, pe = |det B¥|, and B¥ and y*,
k € K4, are as in Proposition 1.

We provide a uniform error bound for each of the two convex approximations
defined above. These bounds are generalizations of Theorem 5.1 in [40] and Theorem 4
in [49] to the case where also ¢ and T are random.

Proposition 3 Consider the mean recourse function Q from (3) and its convex approx-
imations Q and Q, from Definition 12. Then, if f € €™, there exist finite, positive
constants C1 and Cy such that

10 = Olloo < C1 Y _En_ [IAIfi(1h-)]. (34)
i=1
10 = Qulloo < C2 Y B [IAIfi(Ih-i)]. (35)

i=1

Proof From Theorem 5.1 in [40] we know that if ¢ and T are deterministic, then there
exists a constant C? > 0, such that

10 = Olloo < BY :=C4 Y "En_,[|AIfi C1h_i)].

i=1

It can indeed be shown (by going through the proofs in [40]) that this bound depends
on g but not on 7', hence the notation BY and C9. Now let x € R"! be given. Then,
using Jensen’s inequality, independence between (¢, 7') and &, and the error bound
above, we have

10(x) — 0| = |Ee[v(€, x) — 0, 0]
= |Ey.r[Eejq.r[v(E x) — D, 0)]]|
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< By 1| [Ealv . ) — 6, 0]
< Eq.rlB]

< max {BY}.
qe=q

Now, defining C, = max,eze{C?}, (34) follows from the observation that this upper

bound on |Q(x) — Q(x)| does not depend on x. The proof of (35) is analogous, except
for the fact that we use Theorem 4 from [49] instead of Theorem 5.1 from [40]. O

From the construction of the constants C; and C» in the proof, it is not hard to see that
the error bounds from Proposition 3 reduce to the existing bounds from Theorem 5.1
in [40] and Theorem 4 in [49] if ¢ and T are deterministic.

A.2TU integer recourse

Next, we consider the special case of two-stage TU integer recourse models. That is,
we make the additional assumption that the second-stage value function is defined as
in (20). It is not hard to show that in this case the approximating value functions v and
Vg reduce to the functions from Lemma 3 (see Example 3.4 in [40] and Example 3
in [49]).

Again, we provide an error bound for both convex approximations: Q and Q. This
result is a generalization of Theorems 5 and 6 from [41] to the case where also g and
T are random.

Proposition 4 Consider the mean recourse function Q(x) = Eg[v(&, x)] from (3),

and assume that v has a TU integer structure, i.e., v is as in (20). Furthermore, let Q
and Qg be the convex approximations of Q from Definition 12. Then, if f € F™, we
have

. 1 &
10~ Ol = 5 3T w8 (ALfCn-0) | (36)
10 = Balloo = D A/En [2 (141 /i Clh-) | (37)
i=1
where )_L:k = Eq[maxkem {gpk (Bk)_le,-}], i =1,...,m, with e; the ith unit vector

in R™, and g is the function from Theorem 2

Proof From Theorem 6 in [41], we know that for any ¢ € &9 and T € 57T, we

have
v, 0 — 0. 0)]| < —Zx* En g (141 C1h-n) .

where A* ‘= maxiecgy {qu(Bk) 1e,} depends on g but not on 7. Now, (36) follows
by same llne of reasoning as in the proof of Proposition 3. The proof of (37) is similar,
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but we use Theorem 5 instead of Theorem 6 from [41], resulting in an error bound
that is a factor 2 larger. O

Appendix B: Proofs of several lemmas, propositions, and theorems

Proofof Lemma 1 Let vfp be the LP-relaxation of v¢ and fix ¢ € 59. Then, by e.g.,
[10,13], there exists a constant y,; > O such that [ve(E, x) — UEP(S, x)| <y, for all
T eZT he&" xeR",and¢ € R. Next, we show that |vfp($, x) =05 (&, )| <7y
forall T € 7, h € E" x € R™,and ¢ € R, where 7y := maxeckq r¥. By definition
of UEP and 0%, we have

+
[vip(€, x) — 05 (€, x)| = ‘(g%{qgkwk)”(h —Tx)} — K)
+
- (pastam 10— 10+ 1 =c) |
< \g%{qmwkr%h = T} = max{gp (BY™ (h = Tx) + I}

< max (| ¥ R
< max(|rf)

where the last inequality follows from I Zk > 0,k € K9, ¢ € R. We consider two
cases. First, suppose ¢{ < r4. Then, 0 < I gk <y for every k € K9 and using the
above it follows that |UEP($, x) — 0%(&, x)| < Fy. Second, suppose ¢ > Fy. Let k*
be the maximizing index for ¢ (£, x). We consider two subcases. Firstly, suppose
that g g+ = 0. Then, ng* = ¢ and it follows that maxyexa{q g« (Bk)_l(h —Tx)} <
¢. Hence, |vﬁp(§,x) — 9%, x)] =10 = (¢ — 0)T| = 0. Secondly, suppose that
qpe # 0. Since I} > I'* forall ¢ € Rand I'f = I'"if gp # 0, we have
066, x) = (maxgexafgp (B ™'(h — Tx) + I'*} — ¢)". Hence, similar to the
inequalities above, we have |vI{P(E, x) — 08(&, x)| < maxgega{| ¥} < Tq-

Now, define y := max,ezq{yy +74}. Then, using the above we have [V =08 || oo <
lvé — vfplloo + ||UEP — 9%]loo < y. The proof of ¢ — 4|lee < y is analogous. O

Proofoflemma2 Letq € 9,k € K9, and ¢ € R be given. We will show that there
exists 0% € A*(d*) such that for every | # k and h := h — Tx € o + A*,

(qpe B h+1F—0)" = (quBHY 'h+ 1! —¢)", heo+ 4k (38)
By LP-duality, we kqow that for the LP-relaxation vrp of v we have vip(§,x) =
maxiexa{qpk (B¥)~1h}, where the index k € K9 is optimal if h € AF Fix k,1 € K4
with [ # k. Then, the above implies that g (BX)™'h > qp (B~ 'h, h € Ak
Suppose that g g« (BH~! = qpi (BY~!. Then by Proposition 1(iii), ¥* = . Hence,
F{k = Pg and (38) holds for %! = 0.

Next, suppose that gz« (B~ £ qpl (B")~!. Then, there exists some s* € AX(d*)
such that gz (B*)~'s* > gpi(B")~'s*. Fix such an s*. We distinguish two cases.
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First, suppose that gz # 0. Then, Fgl =rl <. For alarge enough scalar y > 1, we
find qu(Bk)_l(ys*) > qpi (BH ™! (ys*) + rl. Observing that I'* > 0, this implies
that

(ap B s+ I =) = (quBY s+ T =¢)". (39)

Second, suppose that ggr = 0. If ¢ < r!, then by definition, Fcl < r! and hence, (39)
holds true. Conversely, if { > r!, then Fgf = ¢ and hence, (qu(Bl)’l(ys*) + F;l —
£)T = 0. It follows that (39) holds.

Combining all cases above, we conclude that (38) holds for okl = ys*. Moreover,
since s* € Ak (dk) and y > 1, we have okl e Ak (dk). Now, similar as in the proof of
Proposition 3.7 in [40], taking the intersection of the shifted cones oM+ Ak k1 e K4,
k # 1, yields a set o* + Ak, where of € Ak(dk). From the construction of this set
and (38) we conclude that 9% attains its value through the basis matrix B¥ for all
h — Tx € o + A¥. The proof for b5 is analogous. O

Proof of Proposition 2 We prove the result for 9¢; the proof for 75 is analogous. Let
q € &1 be fixed and note that for every k € K7, we have by Proposition 1, Lemma 2,
and 0% + A% € A¥(dy) that both v% (£, x) and ¢ (£, x) are generated by the same
basis matrix BX if h — Tx € o* + AX. Using this observation we will construct sets
o, j € Jf , such that (i) holds.

For every k € K4 we do the following. Firstly, if gz« = 0, then we define <7 =
ok + A¥. Then, for h — Tx € % we have v¢ (&, x) — 05(&,x) = (W*(h — Tx) —
OF = p" P [Pk (s) — ¢)Fdsy -+ dsy. Clearly, this is a zero-mean B*-
periodic function of 7 — Tx. Secondly, if gz # 0, then we define the sets @+ =
{s € o+ AF | gpe (B 1s > ¢} and o := {s € oX + AF | g (BY) s < ¢ —rF).
Then, for h — Tx € .+, we have v (€, x) — 0% (&, x) = Y¥(h — Tx) — I'*, and for
h—Tx e o, wehave v’ (£, x) — 1% (£, x) = 0.Inboth cases, we obtain a zero-mean
B*-periodic function of 7 — Tx. Now, defining the sets <7j, j € J/, as the sets <7,
A+, and -, k € K9, described above, (i) clearly holds.

Finally, we show that for these sets @7, j € J, 4 (ii) holds. Observe that Ji/{q =

RM\U].EJ;,MJ- = (R™\ Ureke (0" + AD) U (Upegals € oF + a5 ¢ =k <
q gk (BH~ls < ;}), where K9 := {k € K | gk 7 0}. Then, by Lemma 3.9 in [40],
there exist hyperslices Hi'i,i =1,...,m,k € K9,such that R™\ UkeKq (ak+Ak) -
Urexs Uiz Hiy- Moreover, defining the hyperslices Hy, := {s € R" | ¢ —r* <
qpe(BH s <(hke K9, we have | gqls € oF + AF | ¢ — rk_< gpe(B5™ s

¢} S Ukexo HY - Hence, &7 € (Upexo Uity Hik) U(Ureis B )i A can
be covered by finitely many hyperslices. O

A

Proof of Theorems 2and 3 We take Lemma 4 as a starting point and we temporarily
fixge 9, T e & T and x € R™ . Note that the conditional expectation in Lemma 4
can be written as Ehﬂ [0(q, T, hf, x)—v(q, T, h)"? x)], where hf is the random vector

defined by its joint pdf ff = f(-|0(&, x) > ¢P(x)). Now, applying Theorem 6 from
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[41] to the conditional expectation in Lemma 4, we obtain

1 m
Mg 1) =535 By [s0alflicn ], (40)
i=1 ’

where hf‘—i denotes the random vector hf without its ith element. Note that substi-
tuting (40) into (22) already provides us with an upper bound on the approximation
error R? (x) — R (x). However, this bound is in terms of the conditional pdf ff . The
rest of this proof is concerned with manipulating the right-hand side of (40) such that
we end up with error bounds in terms of the original pdf f.

Consider the expected value in (40). Since g(-) is concave, it follows by Jensen’s
inequality that

By [salcml )] < s(B Dalrlicind ). (1)

x,—i

We will derive two upper bounds on the expected value in the right-hand side of (41).
Using the definition of fﬁ ;(-]-), we have

By (1ALl )] = f AL Gl £P e
x,—i ’ Rm—1

AlfL G
=/@5 ACD (B i

)
= [, 1A, @2
@x,—i
b o . m—1 B . B,.. . B
where ©; _; = {r; € R | fe_i(t-) > 0} and f'(:;t-;) denotes fy (1)

as a function of #;. We derive two upper bounds on |A|fxﬂ (+; t—;). Define the set
ZPa) = {n e R|8(q.T.1,x) > ¢P()}. Since AX > 0, k € K9, it fol-
lows by definition of 0(&, x) that ¥(&, x) is monotonely non-decreasing and lower
semi-continuous in i; for every i = 1, ..., m. Hence, the set %ﬁ ; (1) is of the form
TP = P (12), +oo), where ¥ (1) == inf{h; € R|§(¢, %) > ¢#(x)}. Now,
by definition of ¥, we have £ (1) = plﬂ]l[ 1/ (0), where PP = PloE x) >

¢P(x) | ¢, T}. From this expression it is immediately clear that

1 >Tf,i (t—i)

lALfE Gty < p—1ﬁ|A|f<~; ). (43)

Alternatively, using fﬁ [(t-i) < ? (t—;) (by definition of fﬁ ; and rﬁ ;(t-i)), we have

— x,i

AL = 1AL G (1 0, +00))

L )+ 4 e (128 ¢
S (L) + 1Al G (12020, +o0))

IA
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< Z1A1f Gz (1202, +00)) (44)

Hence, we have found two alternative upper bounds on |A| fx’3 (5 t—;).
Returning to (42), define ®@_; := {t_i e R"™ | flit) > 0} and observe that
(—v)f i € ©®_;. Using this fact and (43), we obtain

B B .
By (ALl 0 =0 | 181G dre

= Lﬂ/ [ALfi Cle—i) f—i (t=i)dt—;
Px @—i
< B [1AlfiCh-)]. 45)
Similarly, using (44) instead of (43) we obtain
Ehfﬂ.[|4|.f£i('|hf,f,’)] = 5B, [IAIﬁ( h_) ([l (ho), +oo))] (46)

Now, combining (22), (40), (41) and (45), we obtain

RP(x) — R'f’(x)_z(1 5 qT{prAq,g<—Eh 1Al fi¢lh- »])}

Since lﬁ > 1 and g is non-decreasing and concave with g(0) = 0, we can move the

Px

factor lﬂ in front of the function g to obtain an upper bound, i.e.,
Px

R o) — Rﬂ(x)_z(l i r[xe (B LAl ficn-0])]
2(1_ i) g(Ba DAL Cn-D]).

where we use the definition of )_\;‘ and the fact that )\Z’ig(Eh_i [|A|fi(.|h_l~)) does

not depend on 7. An analogous proof shows that the right-hand side above is also an
upper bound on the reverse approximation error R (x) — RP(x). Observing that this
upper bound does not depend on x completes the proof of (26) in Theorem 2. The
proof of (29) in Theorem 3 is analogous, but instead of (45) we use (46).

Finally, the proofs of the error bounds (27) in Theorem 2 and (30) in Theorem 3
for the o-approximation 1%5 are analogous to the proofs of (26) and (29), respectively.
The only difference is that instead of using Theorem 6 from [41], we use Theorem 5
from that reference to obtain an analogue of (40). O
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Proof of Corollary 1 Direct application of (29) from Theorem 3 yields

A 1 .
R @) = RO = =g (141 (Ef +00)).

where f}? := inf {h eR| oM, x) > Px) v vh,x) > Eﬁ(x)}. Here we used
that )‘Z,i = 1, which follows directly from the dual representation of v(, x) in (21)

for the simple integer case. Now, consider the definition of ff above. It is not hard to

verify that ¢#(x) = v(F~1(B), x) and Eﬂ(x) = O(F~Y(B), x). Using the definition
of v(h, x) and 0(h, x) it follows that inf{h € R | 0(h, x) > (P (x)} > F~1(8)—1and
inf{h € R | v(h, x) > £P(x)} > F~1(B) — 1. Substituting this into  and observing
that the result does not depend on x proves (32). O
Lemma5 Leth be a random variable such that Assumption 2 holds. If h has a decreas-
ing hazard rate, then

p S
m —— -

= 0.
100 1 — F(1)

Proof Define F(t) :=1— F(t), A, :== F(t — 1) — F(¢), and B; := F(t),t € R. We

first show that lim;_, o £ g(:)l) = lim;_ oo A’;[B' = 1. For the sake of contradiction,
suppose lim;_, o A’;ZB’ # 1. Since A’;‘tB’ > 1 for all t+ € R, this means that there

exists ¢ > 0 such that for all 7y € R, there exists ¢ > #y such that A’BLTB’ >1+4g¢,ie.,
%: > g, l.e., i: < 1/e.Letsuchane > 0, o € R, and t > max{rg, z + 1} be given.
Consider A(r — 1) = % Since f is non-increasing on [z, +00) by Assumption 2,
we have A, = [’ | f(s)ds < f(t — 1). Hence,

-1
k(t—l):f(t_1)> A (At+Bt>

F(I—l)_At+Bt= Ay

A A
- AI - £ _1+€

Define ¢ := % We have shown that for every 79 € R there exists some ¢ > #y such

that A(t — 1) > &. This contradicts our assumption that lim,_, o, A(f) = 0. Hence, by
Fa=1) _

Fut) —
Now, using the algebraic limit theorem it follows that

contradiction it follows that lim;_, o

. fa—=1 fa@—=1) F@—-1)
lim —— = lim | = - —
=00 F(t) =0 \ F(t—1) F()
. fae=10 . F@—1)
= lim = - lim = =
t—oo F(t —1) 1= F(t)

0-1=0,
where we used the fact that / has a decreasing hazard rate. O
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