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Abstract

We seek tight bounds on the viable parallelism in asynchronous implementations of coordi-
nate descent that achieves linear speedup. We focus on asynchronous coordinate descent (ACD)
algorithms on convex functions which consist of the sum of a smooth convex part and a possibly
non-smooth separable convex part.

We quantify the shortfall in progress compared to the standard sequential stochastic gradient
descent. This leads to a simple yet tight analysis of the standard stochastic ACD in a partially
asynchronous environment, generalizing and improving the bounds in prior work. We also give
a considerably more involved analysis for general asynchronous environments in which the only
constraint is that each update can overlap with at most ¢ others. The new lower bound on the
maximum degree of parallelism attaining linear speedup is tight and improves the best prior
bound almost quadratically.
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1 Introduction

We consider the problem of finding an (approximate) minimum point of a convex function F' :
R™ — R of the form

F(z) = f(z)+ ) Ux(an),
k=1

where f : R® — R is a smooth convex functio, and each ¥, : R — R is a univariate convex
function, but may be non-smooth. Such functions occur in many data analysis and machine learning
problems, such as linear regression (e.g., the Lasso approach to regularized least squares [28]) where
Uy (zk) = |xk|, logistic regression [21], ridge regression [26] where Wy (z)) is a quadratic function,
and Support Vector Machines [12] where Wy (xy) is often a quadratic function or a hinge loss
(essentially, max{0, zy}).

Due to the enormous size of modern problems, there has been considerable interest in parallel
algorithms for the problem in order to achieve speedup, ideally in proportion to the number of
processors or cores at hand, called linear speedup. One of the most natural parallel algorithms is to
simply have each of the multiple cores perform coordinate descent in an (almost) uncoordinated way.
In this work, we analyze the natural parallel version of the standard stochastic version of coordinate
descent (SCD): each core, at each of its iterations, chooses the next coordinate to update uniformly
at randor?.

One important issue in parallel implementations is whether the different cores are all using up-
to-date information for their computations. To ensure this requires considerable synchronization,
locking, and consequent waiting. Avoiding the need for the up-to-date requirement, i.e., enabling
asynchronous updating, was a significant advance. The advantage of asynchronous updating is
to reduce and potentially eliminate the need for waiting. At the same time, as some of the data
being used in calculating updates will be out of date, one has to ensure that the out-of-datedness
is bounded in some fashion. This is captured by the assumption of g-bounded asynchrony: each
update can overlap with at most ¢ others; ¢ is at most the number of cores times the ratio of the
lengths of the longest and shortest updates.

The performance of an asynchronous algorithm is typically measured against its sequential
counterpart by the linear speedup benchmark: if p cores are used in the asynchronous algorithm,
the running time is a factor of O(p) faster than the sequential counterpart. In the context of
minimizing a convex function, the running time is measured by the convergence rate towards the
minimum point.

The asynchronous version of SCD is called Stochastic Asynchronous Coordinate Descent (SACD).
The question we address in this paper is:

What is the maximum possible value of ¢ such that whenever q < q,
SACD is guaranteed to achieve linear speedup
under the g-bounded asynchrony assumption?

In some prior analyses, in addition to ¢g-bounded asynchrony, several other seemingly natural as-
sumptions were (implicitly) made, but they are unlikely to hold in practice. Several works have
successfully avoided the use of some or all of these assumptions, but at the cost of having a substan-
tially smaller ¢. The main contribution of this paper is to derive the asymptotically best possible
value of ¢, while avoiding the use of every one of these assumptions. We now state our result for

n fact, having a continuous gradient suffices.
2There are also versions of the sequential algorithm in which different coordinates can be selected with different
probabilities.



strongly convex functions informally.

Theorem 1 (Informal). Let q be an upper bound on how many other updates a single update
can overlap. Liss and Lyax are Lipschitz parameters defined in Section [2. Let F(z) = f(x) +
S ope1 Yi(zk) be a strongly convex function with strongly convex parameter pp, and suppose f(z)
has strongly convex parameter py. Without using any additional assumption, we have: if ¢ =

O(okmas) then B [F(27+1) — F*] < (1 - gmf (F(zt) — F7).

Standard sequential analyses [19] 25] achieve similar bounds with the % replaced by 2; i.e., up to
a factor of 6, this is the same rate of convergence. Furthermore, the bound on ¢ is asymptotically
tight, as we show in a companion work [10].

Next, we discuss the assumptions which were used or avoided by the prior works concerning
SACD. We will also compare their bounds on ¢ with ours.

Three Assumptions in Prior Work The first analyses to prove rate of convergence bounds
for stochastic asynchronous computations were those by Avron et al. [1] (for the Gauss-Seidel al-
gorithm), and by Liu et al. [I8] and Liu and Wright [I7] (for coordinate descent). Liu et al. [I8]
imposed a “consistent read” constraint on the asynchrony; the other two works considered a more
general “Inconsistent Read” model. Subsequent to Liu and Wright’s work, several implicit assump-
tions, discussed below, were identified by Mania et al. [20] and Sun et al. [27].

Next, we give precise descriptions of the three assumptions used in prior work, and explain why
they might not hold in practice. Before doing so, we note that when a core makes an update, it
typically comprises four steps: (1) choose a coordinate k to update uniformly at random; (2) read
the values of the coordinates needed for Step 3 from the main memory; (3) use the coordinate
values read in Step 2, denoted by Z, to compute the gradient V. f(Z); and (4) use the computed
gradient to make an update to the value of coordinate k in the main memory. In the sequential
case, the values read in Step 2 are the most updated, so the ¢t-th update will read the values from
right after the (¢ — 1)-st update. But in an asynchronous setting, the values read by each update
can be outdated; Assumption 1 was used by Liu et al. [I§] to constrain the form of this datedness.
In this setting, we let 2' denote the coordinate values in memory right after the (¢t — 1)-st update.

Assumption 1. [Consistent Read (CR)] All the coordinate values read by an update computation
may have some delay, but they must appear simultaneously at some moment. Precisely, the values
read by the t-th update must be of the form x'=T for some T > 0.

It is not hard to see why Assumption [l does not hold in practice: in Step 2, the values of
different coordinates are read one-by-one, not simultaneously. This is why all the later work,
including ours, uses the inconsistent read model: the values read by the ¢t-th update can be any of
the (:E'i_ﬁ, -+, a7 ™), where each 7; > 0 and some or all of the 7;’s can be distinct.

To describe Assumption 2] note that each update takes a non-trivial amount of time to finish,
which we call the timespan of the update. Moreover, the timespan of different updates are typically
not the same: in an experimental study, Sun et al. [27] showed that iteration lengths in coordinate
descent problem instances varied by factors of 2 to 10. Thus, in general, the ordering of the updates
based on their starting times (the ST order) is not the same as the ordering of the updates based
on their commit times (the CT order). It is clear that in the ST order the random choice of
coordinate for each update is independent of the other updates, and thus it is uniformly random,
which is a helpful property we desire when analyzing SACD. In contrast, as illustrated in Example[Tl
in Section [2, in the CT order the choice of coordinate for one update can be influenced by other
recently committed updates, and therefore, conditioned on the history of previous updates, the



choice need not be uniformly random; indeed, it is unclear what the distribution of choices of the
coordinate to update becomes. We call this the Undoing of Uniformity. However, as first pointed
out in Mania et al. [20] (see their Section 3.1), several earlier works implicitly made the following
Assumption [2] which states that the CT order enjoys the same favorable property as the ST order.

Assumption 2. [Uniformity Preservation (UP)] When the updates are enumerated using the CT
order, the random choice of coordinate for each update is independent of the other updates, and
thus it is uniformly random.

Avron et al. [I] also raised a similar issue w.r.t. their asynchronous Gauss-Seidel algorithm.

To avoid using Assumption 2, one simple solution is to use the ST order instead of the CT order,
as was done in [20, 27] for the analysis of SACD on smooth functions. For non-smooth functions,
we need a slight twist to the ST order which we call the Single Coordinate Consistent (SCC) order;
see Section [2] for its definition and justification. However, both the ST and SCC orders create
several subtle challenges in the analysis of SACD. Note that just before the ¢-th update makes its
random choice of coordinate, denoted by k;, some earlier updates might not have committed yet.
We remark that the choice of ki might affect the updated values computed by those earlier updates.
To see why, suppose that k; = 1, and the ¢-th update timespan is short. Further, assume no
nearby updates pick coordinate 1. Then it is possible that the ¢-th update commits earlier than the
(t—1)-st update, and therefore the (¢t — 1)-st update might read the value of coordinate 1 computed
by the t-th update. For any other random choice of ki, i.e., if k; # 1, then as coordinate 1 has not
been updated recently, the (¢ — 1)-st update will read an earlier value of coordinate 1. As the reads
by the (¢ — 1)-st update can differ due to different choices of k;, the change made by the (¢t — 1)-st
update is influenced by the choice of k;. Moreover, due to analogous reasoning, for the ¢-th update,
the coordinate values it reads when k; = 1 can differ from those it reads when k; # 1.

The subtlety here is: when we use the ST order, the “future” (an update which appears later in
the ST order) can influence the “past” (an update which appears earlier). This apparent confusion
of causality creates substantial challenges in obtaining a complete and rigorous analysis; several
prior work chose to bypass the issue with Assumption B] or the stronger Assumption B below.
Again, the fact that Assumption Bl had been used in earlier work was first pointed out in Mania et
al. [20] (see their Assumption 5.1).

Assumption 3. [Common Value (CV)] The random choice of coordinate for an update does not
affect the values read by the update.

Assumption Bf* [Strong Common Value (SCV)] In addition to Assumption[3, the values read by
an update are independent of subsequent choices of coordinate.

Yet another order, named After Read (AR), was proposed by Leblond et al. [16], albeit for a
different problem. Translated to the SACD algorithm, it would require swapping the order of Steps
1 and 2; i.e., in Step 1 all coordinate values are read, and then in Step 2 a random coordinate
is chosen to be updated. Clearly, this will be highly inefficient if the problem is sparse. The AR
order would use the times at which Step 2 is started to order the updates; there is no Undoing of
Uniformity in this order. However, it will not suffice for non-smooth functions (see our justification
of the SCC order in Section [2]).

Table [I] provides a comparison of our results with prior work.

Related Work Convex optimization is one of the most widely used methodologies in applica-
tions across multiple disciplines; we refer readers to Nesterov’s text [22] for an excellent overview.
Coordinate Descent is a method that has been widely studied; see Wright [31] for a recent survey.



Maximum Avoiding Assumption
Parallelism ¢ Non
Step Size with linear |Smooth| CR? | UP? | SCV?

speedup Uy
Liu t al. [I8] > Ly | ©(2) | NO | NO | NO | NO
. . L Jn 1/2
Liu and Wright [17) | T > 2Lmax | © (mLi) YES [YES| NO | NO
Mania et al. [20] r>e <£—;) See caption NO |YES|YES| NO
Sun et al. [27] T > 0(qL) 1 NO |YES|YES| YES
Our Result I'>Loax | © (LmLi_\ﬂ YES |YES|YES| YES

Table 1: Comparisons of the analyses of SACD. See Definition [ for the specifications of Lipschitz
parameters L, Lyax, Lres and Liss; pif is the strong convexity parameter. When there is no non-
smooth Wy, the update increment is the computed gradient divided by I'. Thus, the larger the T,
the less aggressive the update. Mania et al. achieve linear speedup compared to the case ¢ = 1
for ¢ = O(n'/%); however, the case ¢ = 1 is slower by a factor of ©(L?/ (i1 Liax)) compared to a
standard stochastic algorithm. In [17], Liu and Wright implicitly used the Strong Common Value
(SCV) assumption, namely that the choice of coordinate for update t does not affect the value
of #' read by update t nor the values read by earlier updates. This is the reason they can use
the parameter L..s to bound gradient differences. To avoid using the SCV assumption, we have
introduced a new but similar parameter Lies.

Relevant works concerning sequential stochastic coordinate descent include Nesterov [23], Richtarik
and Takéc [25], and Lu and Xiao [19].

Distributed and asynchronous computation has a long history in optimization, going back at
least to the work of Chazan and Miranker [6] in 1969, with subsequent milestones in the work of
Baudet [2], and of Tsitsiklis, Bertsekas and Athans [30} [3]; subsequent results include [5l [4]. For
a survey formalizing pre-2000 work, see Frommer and Szyld [14]. Also see Avron et al. [1] for an
informative discussion of asynchronous linear system solvers.

In the last few years, there have been multiple analyses of various asynchronous parallel im-
plementations of stochastic coordinate descent [18, [17, 20, 27]. We have already mentioned the
results of Liu et al. [I8] and Liu and Wright [I7]. Both obtained bounds for both convex and
“optimally” strongly convex functionsﬁ, attaining linear speedup so long as there are not too many
cores. Liu et al. [I8] obtained bounds similar to ours (see their Corollary 2 and our Section [2]),
but the version they analyzed is more restricted than ours in two respects: first, they imposed the
strong assumption of consistent reads, and second, they considered only smooth functions (i.e., no
non-smooth univariate components Wy ). The version analyzed by Liu and Wright [17] is the same
as ours, but their result requires both the UP and SCV assumptions. Their bound degrades when
the parallelism exceeds ©(n!/ 4)@ Our bound has a similar flavor but with a limit of ©(n'/2).

The analysis by Mania et al. [20] removed the UP assumption and needs only the SCV as-
sumption. However, the maximum parallelism was much reduced (to at most nt/ 6), and their
results applied only to smooth strongly convex functions, and furthermore is efficient only on non-
sparse problem instances. We note that a major focus of their work concerned a simple analysis of

3This is a weakening of the standard strong convexity.
4This is expressed in terms of a parameter 7, renamed ¢ in this paper, which is essentially the possible parallelism;
the connection between them depends on the relative times to calculate different updates.



HOGWILD!, an asynchronous stochastic gradient descent algorithm used in data-intensive machine
learning tasks, namely to learn functions of the form Zévzl fe(x), where x € R™, and each f, is
convex and corresponds to a loss function for one training data instance. HOGWILD! is due to
Niu et al. [24]; it was the first asynchronous and lock-free SGD algorithm, and it achieves linear
speedup on sparse problems.

The analysis in Sun et al. [27] removed the CV assumption and partially removed the UP
assumption. However, this came at the cost of achieving no parallel speedup. They also noted that
a hard bound on the parameter ¢ could be replaced by a probabilistic bound, which in practice
seems more plausible.

As already mentioned, a companion work [I0] shows the bound on ¢ in this paper is tight.

Another widely studied approach to speeding up gradient and coordinate descent is the use of
acceleration. Recently, attempts have been made to combine acceleration and parallelism [I5] [13]
11]. But at this point, these results do not extend to non-smooth functions.

In a companion work, Cheung and Cole [8] analyzed asynchronous tatonnement in a class of
economies for which tatonnement is equivalent to gradient descent. They gave worst-case analyses
for a special family of convex functions arising in these settings [9], while this work focuses on
stochastic analyses.

Our Technical Contributions There are two key contributions in our work. First, we identify
an amortization approach for demonstrating convergence amid asynchrony. Briefly, each update
yields a progress term, modulo an error cost which occurs due to asynchrony. A fraction of the
progress per update is used to demonstrate overall progress, while in expectation the remaining
fraction of the total progress can be shown to compensate for the error costs of all the updates.
In short, it is the amortization of progress against errors that leads to our convergence analysis.
With this perspective, it is intuitively clear why we need the bounded asynchrony assumption and
the Lipschitz parameter bounds: the former to control how error blows up with the datedness of
information being used, and the latter to control how one update affects the gradient measurements
of other updates. When we use the SCV assumption as was done by Liu and Wright [I7], the
amortization approach leads to a clean and fairly short analysis, and also improves the parallelism
bound given in [I7]; see Section

While there is no short answer as to why our approach improves the parallel bound (partly
because our analysis is substantially different from the one in [I7]), we point out a notable difference
between our analysis and those in [I7] and [20]. In the two prior works, error bounds are global in
the sense that they involve distance terms between the current point and the optimal point (see
equation (A.18) in [I7], and all the lemmas in Appendix A.1 of [20]). In contrast, all our error
bounds can be kept local, i.e., they can be expressed only in terms of the magnitude of an update
and its range of variation, and also of gradient changes due to updates, but the optimal point is
not involved in the error bounds at all.

The second key contribution is to provide a rigorous analysis that removes the UP and SCV
assumptions. We give a brief explanation of why this is technically challenging. The standard
stochastic analysis relies on showing an inequality of the following form: E [F(2'™!) — F(2*)|2'] <
(1 — 48" - [F(z') — F(a*)] for some positive 6°. To remove the UP assumption, Mania et al. [20]
used the ST order, while we use a slight twist (the SCC order); but with either of these orders, a
direct use of the standard stochastic analysis is not possible, since with these orders the “future”
can affect the “past”.

Fundamentally, this apparent confusion in causality occurs because the standard choice of timing
notation, i.e., a single integer parameter for ordering all updates, is inherently insufficient to rep-
resent the wide range of causality patterns in the asynchronous setting. Consequently, we need to



develop a more sophisticated notation which allows us to conveniently capture all possible causality
patterns and derive useful error bounds. The SCV assumption removes the possibility of the future
affecting the past, and thus guarantees that a! is the same regardless the choice of coordinate at
time ¢, which is why it can lead to the aforementioned simple analysis.

One key idea is to judiciously overestimate the error terms affecting the ¢-th update so that
they do not depend on the choice of coordinate by the ¢-th update, which then allows averaging of
the error over this choice. A second observation is that these errors can be expressed in terms of
a mutual recursion, which, with the right bounds on ¢, remain bounded. Very briefly, the mutual
recursion provides a way of capturing the maximum possible errors among all possible causality
patterns. We will explain how in Section @]

Organization of the Paper In Section [2 we describe our model of asynchronous coordinate
descent and state our results. In Section B we give a high-level sketch of the structure of our
analysis, and show that with the Strong Common Value assumption we can obtain a simple analysis
of SACD; this analysis achieves the maximum possible speedup (i.e., linear speedup with up to
©(y/n) cores). Note that this is the same assumption as in Mania et al.’s result [20] and less
restrictive than the assumptions in Liu and Wright’s analysis [I7]. Then, in Section [, we give
the full analysis of SACD. All omitted proofs can be found in the appendix. Also, for the reader’s
convenience, at the end of this paper, we provide a table of the notation and parameters we use.

2 Model and Main Results

Recall that we are considering convex functions F' : R" — R of the form F'(z) = f(z)+Y p_; Yr(zk),
where f : R™ — R is a smooth convex function, and each ¥, : R — R is a univariate and possibly
non-smooth convex function. We let * denote a minimum point of F' and X™* denote the set of all
minimum points of F. Without loss of generality, we assume that F*, the minimum value of F', is
0.

We review some standard terminology. Let e; denote the unit vector along coordinate j.

Definition 1. The function f is L-Lipschitz-smooth if for any x, Az € R", ||V f(z+Az)-V f(z)] <
L - ||Az||. For any coordinates j,k, the function f is Lj;,-Lipschitz-smooth if for any x € R™ and
reR, |Vif(x+r-e) = Vif(x)] < Lj, - |r|; as is conventional, we write Ly, L Lik. [ S Lyes-
Lipschitz-smooth if, for all j, ||V f(z+7-¢;) = Vf(2)|| < Lyes - |7|. Let Liax = max; y Ljx; we note

1/2
that if f is twice differentiable, then Lyax = max; Lj;. Let Lies £ maxy (Z?:1(ij)2)

Note that if the convex function is s-sparse, meaning that each term Vi f(z) depends on at
most s variables, then Ly < /SLmax. When n is huge, it seems plausible that the only feasible
problems are going to be sparse ones.

The Difference Between L, and Liss In general, Ligs > Lyes. Lyes = Lyss when the rates of
change of the gradient are constant, as for example in quadratic functions such as " Az + bz + c.
We need Lgss because we do not make the Common Value assumption, as we explain at the end of
the simple analysis in Section [Bl
By a suitable rescaling of variables, we may assume that L;; is the same for all j and equals Lyax.
This is equivalent to using step sizes proportional to L;; without rescaling, a common practice.
Next, we define strong convexity.

Definition 2. Let f : R" — R be a convexr function. f is strongly convex with parameter py > 0,
if for all z,y, f(y) — f(z) 2 (Vf(2),y —z) + guslly — z]]*.



The Update Rule Recall that in a standard coordinate descent, be it sequential or parallel
and synchronous, the update rule, applied to coordinate j, first computes the accurate gradient
g§- £ V; f(z!), and then performs the update given below.

Wi(d, g,x) 2 _gd — Fd2/2 — Ui(z+d) + ¥;(z);
+

t+1

Ty

¢ Lot
— T+ argcllrnaXWj(d, g5, 75) Lz
and Vk # j, xffl — a:’,;, where I' > L.« is a parameter controlling the step size. As is well known,
if ¥; =0, then d; (gﬁ», 3:3) = —gﬁ»/F, i.e., it is simply an update in proportion to the gradient.
However, in an asynchronous environment, an updating core (or processor) might retrieve out-
dated information #! instead of x!, so the gradient the core computes will be g; =V, f(z"), instead
of the accurate value V,f(z'). Our update rule, which is naturally motivated by its sequential
counterpart, is

a:z*l —xf +dj(g,ah) = @b+ A and Yk # j, attt « af. (1)

We call this the the ¢-th update (in the SCC order), and denote it by U;.

o~

We let W;(g, ) £ mCElLXW(d,g,l’) = Wj(c?j(g,:n),g,x).

Note that W;(0, g, z) = 0; thus Wj(g, x) > 0 always. It is well known that in the synchronous case,

Wj(vj f(xh), a:g) is a lower bound on the reduction in the value of F', which we treat as the progress.
Finally, we let k; denote the coordinate being updated at time ¢.

Algorithm 1 SACD Algorithm.
Input: The initial point ! = (x%,a:%, coeah).

Multiple processors use a shared memory. Each processor iteratively repeats the following
six-step procedure, without any global coordination:

Step 1: Choose a coordinate j € {1,2,--- ,n} uniformly at random.

Step 2: Retrieve coordinate values #' from the shared memory.

Step 3: Compute the gradient V, f(z").

Step 4: Request a write lock on the memory that stores the (up-to-date) value of the

j-th coordinate[d
Step 5: Retrieve the j-th coordinate value, then update it using rule (D])ﬁ
Step 6: Release the lock acquired in Step [l

The SACD Algorithm The coordinate descent process starts at an initial point 2! = (z1,23,---  z}).

Multiple cores then iteratively update the coordinate values. We assume that at each time, there
is exactly one coordinate update which is being written (in Step 5 of the SACD algorithm). In
practice, since there will be little coordination between cores, it is possible that multiple coordi-
nate values are updated at the same moment; but by using an arbitrary tie-breaking rule, we can
immediately extend our analyses to these scenarios.

®Instead of having a lock in lines 4-6, a compare-and-swap operation can be used to perform the update in Line
5. This has the effect of using the hardware lock that is part of the compare-and-swap operation.

SEven if the processor had retrieved the value of the j-th coordinate from the shared memory in Step [ the
processor needs to retrieve it again here, because it needs the most updated value when applying update rule ().



In Algorithm [, we provide the complete description of SACD. The retrieval times for Step 2l plus
the gradient-computation time for Step [B] can be non-trivial, and also in Step ] a core might need
to wait if the coordinate it wants to update is locked by another core. Thus, during this period of
time other coordinates are likely to be updated. For each update, we call the period of time spent
performing the six-step procedure the span of the update. We say that update A interferes with
update B if the commit time of update A lies in the span of update B.

Later in this section, we discuss why locking is needed and when it can be avoided; we also
explain why the random choice of coordinate should be made before retrieving coordinate values.

Managing the Undoing of Uniformity: The Single Coordinate Consistent Order Before
stating our result formally, we need to disambiguate our timing scheme. In every asynchronous
iterative system, including our SACD algorithm, each procedure runs over a span of time rather
than atomically. Generally, these spans are not consistent — it is possible for one update to start
later than another one but to commit earlier. To create an analysis, we need a scheme that orders
the updates in a consistent manner.

Using the commit times of the updates for the ordering seems the natural choice, since this
ensures that future updates do not interfere with the current update. This is the choice made in
many prior works. However, as discussed by Mania et al. [20], this causes uniformity to be undone,
as shown in the following example.

Example 1. Suppose there are three cores and four coordinates, suppose that the workload for
updating x1 is 2.99 time units, the workloads for updating xo,x3,x4 are 1 time unit (the 2.99 is to
avoid ties), and suppose every update takes the same 0.5 time units for Steps j—6. Assuming the
cores all start at the same time, then P[ky = 1] = 1/43, which is the probability that all cores choose
to update the first coordinate. Contrariwise, P[ko = 1|ky = 1] = 1. And, in general, the probability
distribution which the random variable k; follows is strongly dependent on the recent history.

When there are many more cores and coordinates than the simple case we just considered, and
when the other asynchronous effectsEI are taken into account, it is highly uncertain what is the exact
or even an approximate distribution for k;11 conditioned on knowledge of the history of kq,--- , k.

To bypass the above issue, we introduce the Single Coordinate Consistent Order, SCC for short,
defined as follows. We begin from the updates ordered by start time. Then, for each coordinate
separately, we rearrange the updates to this coordinate so that they are in commit order, while
collectively occupying the same places in the start ordering. The next example illustrates all three
orders. The start times given by the ST order correspond to actual times; but henceforth, the index
t will refer to the position of an update in the SCC order, and to the values computed by these
updates.

Example 2. In Figure [l we show siz updates to two variables, x1 and xo, starting at timest = 1

to 6, and ending at times 7-12. The updates are named Uy-Ug. In the order listings below, to

facilitate comparisons, we give each update an argument comprising the variable it updates.
Update Orders:

ST: Ul(l‘Q), Ug(lj), U3(5171)7 U4($2)7 U5($1)7 UG(:E?)
CT: Ul(l‘Q), Ug(lj), U6($2)7 U2($1)7 U5($1)7 U4($2)
SCC: Ul(l‘Q), Ug(l‘l), U2($1)7 U6($2)7 U5($1)7 U4($2)

The updates to x1 are in the same positions in the ST and SCC orders, in the same order in the
CT and SCC orders. Likewise for xs.
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Figure 1: Illustration of the ST, CT and SCC orders

We can also understand the SCC order in terms of start times 1,2,...,7. The t-th update in
the ST order starts at time ¢ and commits at some integer time in the range [t + 1,¢ + ¢ + 1] (this
follows from our assumption that the asynchrony is g-bounded). Remember that the “times” are
simply providing an ordering; they are not measured in a common unit. Uy, the t-th update in the
SCC order, has an integer start time in the range [max{1,t — ¢+ 1},t + ¢ — 1] and commits at an
integer time in the range [t 4+ 1,t + g + 1] (see Lemma [T]).

Clearly the history has no influence on the choice of k1. However, there is a new issue: future
updates can interfere with the current update. Here the term future is used w.r.t. the SCC order;
recall that an update U, to one coordinate with an earlier starting time can commit later than
another later starting update U, to a different coordinate, and therefore U, could interfere with U,.

Further Remarks about the SACD Algorithm In many optimization problems, e.g., those
involving sparse matrices, the number of coordinate values needed for computing the gradient in
Step Bl of Algorithm [ is much smaller than n, i.e., in Step 2, the core needs to retrieve only a tiny
portion of the full set of coordinate values. Also, the sets of coordinate values needed for computing
the gradients along different coordinates can be very different. Therefore, the random choice of
coordinate (in Step [Il) should be made ahead of the process of retrieving required information from
the shared memory.

If the convex function I’ does not have the univariate non-smooth components, each update
simply adds a number, which depends only on the computed gradient, to the current value in the
memory. Then the update can be done atomically (e.g., by fetch—and—add@), and no lock is required.

However, for general scenarios with univariate non-smooth components, the update to x; must
depend on the value of z; in memory right before the update (see (Il)). Then the update cannot
be done atomically, and a lock is necessary. We note that when the number of cores is far fewer
than n, say when it is e/n for some € < 1, delays due to locking can occur, but are unlikely to be

"E.g., communication delays, interference from other computations (say due to mutual exclusion when multiple
cores commit updates to the same coordinate), interference from the operating system and CPU scheduling.
8The fetch-and-add CPU instruction atomically increments the contents of a memory location by a specified value.



signiﬁcant@ As already mentioned, even if the update is carried out using a Compare-and-Swap
operation, the lock is still present within the hardware implementation of this operation.

Justifying the SCC Order We begin by justifying why Step 5 in the update algorithm needs to
use the most up-to-date value of z; (or more generally, of x;), via the the following convex function
example.

Example 3. Let F be a convezx function on n — 1 variables. Then define the n variable convex
function F as follows.
1, _
F(ZE) = 5:171 + \I’l($1) + F(JEQ, ... ,l‘n)

0 if —1<x; <
00 otherwise

1
where ¥y (x1) = { 2

Suppose T = 1, and suppose x} = —1. Further suppose the t-th and (t + 1)-st updates are both to
x1, and suppose they both read the value ' for their gradient computation. Then they compute
increments arg max{d — d*/2 — W(xy + d) + ¥(x1)}. If they both used the value —1 for x they
would both increment x1 by +1; the two updates would result in x1 being set to 1, a value for which
F = o0.

Note that update rule (I)) implies that the sequence z',22,..., 27! is obtained by applying

the computed increments Az!, Az?, ... Az, one at a time, and in this order. For this order to
be consistent with Step 5 using the most up-to-date value, we need that in this order, for each
individual coordinate, the updates be in their up-to-date order, i.e. in their commit order. This is
why we use the SCC order for our analysis. In the next example, we will show that an analysis
based on the ST order need not work when F' has a non-smooth part W.

Example 4. Let F be a convex function on n — 1 variables. Then define the n variable convex
function F as follows.

1 _
F(x) = §:s% + Uy (z1) + F(zo, ..., 2p)

) >
where Uq(x1) = { 0 ifa 2 —1

00 otherwise

Suppose I' =1, and suppose x(l) = —1. Further suppose there are three consecutive updates to x1:

o Updates 1-3 start at times 1-3 respectively.

o At time 4, Updates 2 and 8 read the value of x1 (which equals —1) and calculate the gradient
w.r.t. x1 (Vg f = —1).

o At times 5 and 6 respectively, Updates 2 and 3 apply the update on x1 (z) < x1—arg maxd{%vxlf-
d—Td?/2 -V (xy +d)+V(x1)}). A simple calculation shows that both these updates incre-
ments x1 by 1. Therefore, after time 6, the most up to date value of x1 is —1+1+1=1.

o At time 7, Update 1 reads the value of x1 (which now equals 1 after applying Updates 2 and
3) and calculates the gradient w.r.t. x1 (Vy f =1);

9The standard birthday paradoz result states that if ey/n cores each chooses a random coordinate among [n]
uniformly, the probability of a collision is ©(¢?).
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e Finally, at time 8, Update 1 applies the update on x1. After this, the most up to date value
of x1 is 0.

In this example, the values of Ax for Updates 1-3 are respectively —1, 1, and 1. If we use the ST
order and apply Update 1 first, then after this update, the value of x1 becomes 33(1] — 1= -2, which
is less than —1 and thus F(x) = co. In contrast, with the SCC order, as these updates are to the
same coordinate, we will apply these Ax based on the commit time order, and then F(x) will never
be co.

2.1 Results

We assume that our algorithms are run until exactly T' coordinates are selected and then updated
for some pre-specified T. The initial value of x is denoted by !, and the first update in each order
is said to be at time ¢t = 1 w.r.t. that order. The commit times are constrained by the following
assumption.

Assumption 4. There exists a non-negative integer q such that the only updates that might inter-
fere with the update at time t in the ST order are those that commit at timest+ 1,t+2,...,t+q.

When asynchronous effects are moderate, and if the various gradients have a similar computa-
tional cost, the parameter ¢ will typically be bounded above by a small constant times the number
of cores.

As we are using the SCC order, we need to express the constraint in terms of the latter ordering.

Lemma 1. Let Uy be the t-th update in the SCC order. Its (integer) start time lies in the range
[max{1,t — ¢+ 1},t + q — 1] and its commit time is in the range [t + 1,t + q+ 1]. Also, update Us
in the SCC order might interfere with Uy only if s € [t —2¢ + 1,t + q — 1].

For simplicity, we relax the first range to [t — 2¢,t + ¢]. Also the earlier an update starts, the
greater the variation in values in might read, and so for our analysis, we will assume the start time
is max{1,t — ¢+ 1}. We cannot set U;’s commit time in a similar way, however, as its commit time
could affect which other updates might read its committed value.

Theorem 2 (SACD Upper Bound). Given initial point x', Algorithm [ is run for emactly T z'ter-
ations by multiple cores. Suppose that Assumption [§] holds, I' > Lyax, and ¢ < min { 3751 270L }

res

(i) If F is strongly convex with parameter pp, and f is strongly convex with parameter pir, then

1 HE T
Blrer <1 L |7 g
(@] = 3n pp+1T —py (z7)
(i3) Now suppose that F is conver. Let R be the radius of the level set for x!, Level(z!) = {z | f(z) <

f(zY)}. Then
1

1+ min { &, A@L 1.7

In a companion paper [10], we show that the first bound is tight up to constant factors. Specifi-
cally, for any constant ¢ > 1, for ¢ > 74F‘/_ +96¢Inn+ 435, we give a family of convex functions for
which, with probability at least 1 — 1 / n® the first n¢ updates make essentially no progress toward
the optimum. This result holds even for Smooth convex functions. There remains a constant factor
separating the upper and lower bounds, and in this range we do not know how much if any parallel
speed-up is possible.

E [F(a:TH)] < F(xh).

Problem Instances with large L..s and Lyss Both L5 and Ligs can be as large as /n - Liax-
For problem instances of this type, the bound on ¢ becomes ©(1); i.e., it does not demonstrate any
parallel speedup.
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3 The Basic Framework

Recall that k; denotes the index of the coordinate that is updated at time ¢t. We let g};t = Vi, f(2)
denote the value of the gradient along coordinate k; computed at time ¢ using up-to-date values
of the coordinates, and g}};t denote the actual value computed, which may use some out-of-date
coordinate values.

3.1 Classical Analysis of Stochastic Sequential Coordinate Descent

This classical analysis proceeds by first showing that for any chosen k;, F(z!)—F(2!T!) > /Wkt (g};t , xit)
Taking the expectation yields

1 o~
E [F(z') — F(a:“’l)] > - E Wj(g§,$§)
J=1
1 HF t
>———— . F(x by [25, Lemmas 4,6
>l B W) Oy )
a @ t
22 Bty P
°. Pla) )
Note that in strongly convex case, we have defined o = wfilf—uf It follows that E [F(z'1)] <

(1—2)-E [F(2')]; iterating this inequality yields E [F(z'T)] < (1 - 2)'. F(z!).
3.2 Warm-up: A Simple Analysis for the Strongly Convex Case with the Strong
Common Value Assumption

The following analysis already generalizes and improves the results shown in Liu et al. [18] and Liu
and Wright [17].

Suppose there are a total of T' updates. We view the whole stochastic process as a branching
tree of height 7. Each node in the tree corresponds to the moment when some core randomly picks
a coordinate to update, and each edge corresponds to a possible choice of coordinate. We use 7 to
denote a path from the root down to some leaf of this tree. A superscript of m on a variable will
denote the instance of the variable on path 7. Note that for each path m we reorder the coordinate
instances so that they are in the SCC order. For each path 7w and for each coordinate k, this simply
reorders the instances of z; on path 7.

Contrary to intuition, in general we cannot associate a single value of x with each node of the
tree because future choices of coordinate to update can affect the recent past; thus we need to
specify the path in order to know a coordinate value. In contrast, the SCV assumption ensures
there is a single value of x for each node. A double superscript of (m,¢) will denote the instance of
the variable at time ¢ on path , i.e., right before the ¢t-th update.

As we will be computing expected values by averaging over the n random coordinate choices for
the t-th update U, we introduce a notation to capture this choice: m(k,t) will denote the path with
the time ¢ coordinate on path 7 replaced by coordinate k. Note that 7(k;,t) = m. (Recall that k;
is the coordinate chosen by update U; on path 7.)

Recall that ™! denotes the value of 2 on path m when precisely the first ¢ — 1 updates in the

SCC order have been applied; however, ™! may or may not actually be present in memory at any
time. Also, recall that xgt’tﬂ = tht + Aa;;;’t, and xZ’tH = xZ’t for k # k;, where Axgt’t is the

increment computed by U;. So a:;;(k’t)’t denotes the value of zy, on path 7(k,t) immediately prior

to update Uy, and xz(k’t)

E]

** denotes the value of xj, on path 7(k,t) immediately prior to update Us.

12



Similarly, g, ™t 2 ¥, f(z™) denotes the true (accurate) gradient on path 7 immediately prior to

update U;, gkt’ the inaccurate gradient used by U; on path 7, and gg(k’t)’t

used by U; on path 7(k,t).
To handle the case where inaccurate gradients are used, we employ the following two lemmas.

the inaccurate gradient

Lemma 2. IfI' > Lyax, F(2™) — F(2™%1) > Wy, (g5 27") — &+ (" — 95

2
Lemma 3. IfI' > Ly, F(z™)—F(z™*) > L (Aazﬁf) -1 (g;;t ggf)2, where Aa:zt’t denotes

the increment computed by update Us.

Proving these results for smooth functions is straightforward. The version for non-smooth
functions is less simple, and makes use of the SCC order; it follows from Lemma [I7 in Appendix [Al
Combining Lemmas 2] and 3] yields

T e s F s 2 1 s ~Tr
P~ FE™) > 0 Wi Gnhaph) + ¢ (8af) — 5 @ —ap)%  ©)

As we will see, the following claim is one reason why this analysis, which uses the SCV assump-
tion, is much simpler than that for the fully asynchronous setting.

Claim 1. With the SCV assumption, (i) for any T <'t, ™R s the same for any coordinate k,

and thus equals ™7 ; (ii) for any T < t, 2™ BT s the same for any coordinate k, and thus equals
™",

Proof. Part (i) follows directly from the SCV assumption.

For part (ii), we argue inductively on 7 as follows. Suppose the claim holds for earlier times.
By part (i), for any two coordinates k, k', Fr 071 — ga(k)7=1 for + < ¢t. Thus the computed
gradients for update U,_; are the same on paths w(k’,t) and w(k,t). Also, as the claim holds for
earlier times, the values read on both paths for Step 5 of update U/,_1 are the same, meaning that
these updates are identical and hence so are the outcome of these updates; i.e., 2™ 17 = pm(k:t).7
As this is true for all 7 <, the claim follows. O

We take expectations over all paths 7 on both sides of inequality ([B). We compute the ex-
pectation of % . Wkt (gk ,xZ t) as follows. We group each collection of n paths which differ only
on their ¢t-th coordinate choice; in other words, if 7w is a path in a group, then the n paths in
the group are W(l,t) 7(2,t),...,m(n,t). We first take the expectation within each group, which

is the summation o - >}, Wk( kbt ﬂ(k’t)’t). By Claim (i), ™%t = 2™ for any coordi-
nate k, and hence gﬂ(lC R v pf (@™ B8 = v f(2™) = gz’t. Thus the summation simplifies to

e Sy Wk(gk ,xy "), which is at least 5= F(2™") by inequality (2). Then we take the expectation
over all groups to obtain

E [F(x”’“‘l)] < (1 _ %) -E [F(xﬂ,t)]

g () - oo -] 0
To obtain E [F(2”*1)] < (1 - %)T - F(x!), it suffices to show that
< I T T—t 4 1 - - T—t
S5E ()] (5 = X g m -] (- 5) ®)
t=1 =1



In the remainder of this section we give a simple proof of the above inequality. We first prove
Lemma M below, which bounds the expectation, within each group of n paths, of the gradient
differences squared.

Lemma 4. With the Strong Common Value assumption,

_r(k k 3qL?es m(k,t).s
B — g0y < My g aao
s€[t—2q,t+q)\{t}

~7r(k t),t

Proof. By deﬁnmon gﬂ(lC DA v ef(a™ ) the gradient of up-to-date point 2%t and § =
ki)t

Vif(zE™ ) the gradient of the point actually read from main memory, out-of-date pomt :17 m(
By Lemma [ the updates Us, for s < t — 2¢q, have been written into memory before update U
starts. Thus, the difference between 2™*t:t and z7*:1:t is due to a subset U of the updates U
with s € [t — 2¢,t 4+ ¢q] \ {t}. Let

U= {tl,tg, -'-7t\U|}-

Viewing A:L"Zt(%’t)’ti as the n-vector with a non-zero entry for coordinate k;, and zero elsewhere,
we have:
e N N S
27kt am(kit), ity v )
Z kt_’“ Db g > ¢
R N
We define: xﬂ(k,t),t ] _ jw(k,t),t + ke, ‘ )
Ul ; —Aag " >
Then, z™*:[0] = 27t and 27 kDT[] = 27*D:t, By the definition of Ly and the triangle

inequality, we obtain

|wr@m0) - v parton]|”
U1

<Z |9 7@ ®04 1 1)) - v (a0 [J])H>2

U]

< < Z Lyes A
i=1

The last inequality followed from applying the Cauchy-Schwarz inequality to the RHS, and
relaxing U to [t — 2q,t + q] \ {t}.
By Claim [I{i), 270t = 77kt By Claim M(ii), 2™ *")t = g7kt Thus,

w(k,t),t;
k

i

>g3q S L (aaon) (6)

s€t—2q,t+q]\{t}
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By |5 — gl ] = B [Vis T = Vip (a0 P

== Z (Vi f(E™F D0 = 7, f(2™ R0 2
m
= % Z (Vi fE™EDE) 7, f(amRt)t))2
I
= VDY — VD)
<Mln S @AM Gy, )

sE€[t—2q,t+q)\{t}

To obtain the bound in (H), it suffices to have

w80 (- )"

t=1
3qL

a\T-t 7 (k,t),5\2

S (- 2)T Y mlaa

t=1 selt—2q,t+q)\{t}

: : 9q°L; a2 2 q o 1 .
and in turn it suffices that =—== /(1 — £-)%¢ < . Since 5= < 5- and ¢ < n, it suffices that

272

gqnﬂ / % < %2, or ¢ < % The bound in Theorem [ then follows readily (with Lges replaced by
Lycs, and setting I' = Lpax).

Why Lies is needed in general In (), we are seeking to bound Diff = 3°,, ||V f(&7*:01) —
Vi f (2™ 0:)||2. The SCV assumption ensures that &7 and 27 ¢ are independent of &/,
but this need not hold in the fully asynchronous setting. As it happens, in the fully asynchronous
setting, we will be able to obtain bounds of the form |Z7*' 1)t — pm(K0.t| < > s Ay, ie., independent
of k', where the sum is over s with t —2¢ < s <t + ¢ and s # t (the bounds A; are larger than
analogous terms |Amﬂ(kt | when the SCV assumption holds). On using the Lipschitz parameters,

this gives a bound of the form Diff < 3¢ ZS K Lsk,A2 <3¢, L2_A2, which is weaker than the

res

corresponding bound of 3¢ >, L2 (Az k(k s *)2 when the SCV assumption holds.

4 The Framework for the General Analysis

At a high level, the new framework has the same general structure as the basic framework described
in Section It consists of three parts. In the first part, we obtain the following variant of ()
without using the SCV assumption.

E [F(z')] < (1 — ?jin) ‘E [F(z")] + E[g (Ax;;’tf — Errt}.

FErr; will be specified in Lemma [Bl below.
The second part, which is the heart of the analysis, bounds E [Erry] in terms of E (sz;s)2,
for a suitable range of s values, and other terms (Dy)?, which we will define later, and which are

themselves bounded in terms of E [(szu“)ﬂ and (D,)? for a suitable range of u values.
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The third part deduces the bounds in Theorem [ by means of a suitable potential function
(a.k.a. a Lyapunov function) and an amortized analysis.

4.1 Part 1: Demonstrating Substantial Progress

Recall that 7(k,t) denotes the path in which coordinate k; at time ¢ is replaced by coordinate k; to
reduce clutter we now abbreviate this as 7(k). Note that w(k;) = w. We let prev(t, k) denote the
time of the most recent update to coordinate k, if any, in the time range [t — 2q,t — 1]; otherwise,
we set it to .

Lemma 5.

where Err; = 3—7112[ Z Z < ( ~m(kt),s g;rjkt),t>2

t—2¢q<s<t ki=1
&s=prev(t,ks) A

Lar <xszs),t B xszt)yt)2 +% <A$Z£kt),s>2 )]

B C

L 2 att wk)t\2 L mt amt)?
3 (=) g (o )

D E

w

By @, 303 Wl a0 > 3 ap(Ertos

k=1 ktzl kt 1

which gives E[F(z'*!)] < (1 — ?jin) E[F(z")] + E[g (Aa:zt’t>2 — Errt].

To prove Lemma [B, we start from (3)), and then apply the following two lemmas regarding
shifting the parameters in W. (See Appendix [Al for proofs.)

Lemma 6 (/W Shifting on the g parameter). For any g;, g;-,

—

Wi(gj,z;) >

Wi, a5) — 3—F'(gj—g})2.

[SNRN )

Lemma 7 (/W Shifting on the z parameter). Suppose there are ¢ updates to coordinate k over the
time interval [t — 2q,t — 1]. Then

ife=0,  W(gr' af®™h = W(gr',ap"

. Tir/ T w(k), T T 3 ~m,prev(t,k T
ng > 0’ |1I(gk7t’xk( )5t ) > I;[r(gk,t’:nk,t) N ﬁ (gk prev(t,k) _ gk,t)Q
3
_ 2P(1‘Z’t B wz(k)7t)2 _ 5 . ( A wz,prev(t,k))Q.
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4.2 Part 2: Bounding FErr;, the Error Term

We begin by stating the following lemma, which bounds the difference in the increments computed
by two updates to a coordinate x; when the inputs to Step 5 vary. To avoid notational clutter, we
write U and d in lieu of ¥, and E] (to review its definition see the update rule in Section [2)); also,
by x1 and z2 we mean two possible values of x;, and by g; and g» two possible values of g;.

Lemma 8. For any g1, g2, %1, %2 € R and I' € RT, |d(g1,z1) — d(g2, 2)| < |z1 — 22| + £ - [91 — g2l
and hence

~ ~ 2 2
(g1, o) = dlg222)) < 2001~ 2 + 55+ (91— 92)°
If U is the zero function, then |d(gy, 1) — d(ga, x2)| = 191 — g2l

4.2.1 Additional Notation

In this subsection, we will be defining notation of the form A} 2, where e refers to various
parameters we will specify as needed, and the max refers to taking a suitable maximum. Without

spelling it out, we will assume the analogous notation with Aml 1s also being defined. In addi-

tlon we will define Ag,, 20° £ Afaan” — Anprr”, and Ay, 27° £ max{|A? 1Ay,

n
mlnxks

span }
The next step in our analysis is to generalize Lemmal to settings in which the SCV Assumption

needs not hold, so as to bound the “error” terms in Err;. We seek to carry out an analysis analogous
to (). The first difficulty we face is that the bound we obtain is going to depend on the span of
possible values of A:EZ;S, which we denote by Aspanznz;s, where Amaxxz;s is the maximum possible
value for this increment over all asynchronous schedules on path 7, assuming the first ¢t — 2¢g — 1
updates are already fixed. Thus, in addition to bounds on the various gradient differences, we will
need to bound Agpanzy’®. We begin with this task.

Notice that we have assumed that the first ¢ — 2¢ — 1 updates are known rather than the first

s — 2q — 1. To reflect this, we denote the maximum possible value of the update by Amaxxk;s,
and analogously, we write Aépan . We are interested in (s,t) pairs with t —2¢ < s < t+ ¢, or

equivalently, s — q < t < s+ 2q; these are the updates Us whose value may not be determined at

the start of update U; and which may affect update U;. We call t the reference time for update Us.
For notational convenience, rather than give a bound on Aspanxk , we will bound A;‘panznzt

instead. So, suppose that the ﬁrst u — 2qg — 1 updates have been fixed, for some u with ¢t — ¢ <

u<t+2q. Let 2" and x” resp., be the largest and smallest values that xztt could attain
~T0,U,T ~T0,U,T

with the first u — 2¢ — 1 updates already fixed; similarly, let g~ > ke and Irnin ks be the largest and
smallest gradient values that could be computed by update U with the first u — 2q — 1 updates
already fixed.

Lemma [§] implies

max kt min kt

u ot Tt Tt |2 2 Tt ~mau,t |2
(Aspan ) < 2(xmax,kt - ‘Tmin,kt) + T2 (gmax ke gmm kt)

We use a Lipschitz bound to obtain

Ut ~mut \2
(gmax N gmin,kt) < [ § : Lk k; Max { ‘Amax ks |Am1n ks )
t—2q<s<it+gq
and s#t A 7r ] 2
spanlg, :
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The reason for the three terms is that in determining each gradient, for each s in the given range,
the relevant update could be read or not read; so the difference due to this coordinate could stem
from its maximum value, its minimum value, or their difference.

By the Cauchy-Schwartz inequality,

U Tt Tt mau,t 2
(Aspan > < 2($max ke xmin,kt)

6
+ F_q Z Lk ki max{‘Amax k | |Am1n ks 27
t—2q<s<t+q
and s#t (Agpan Z 5)2}‘ (8)

Legitimate Averaging via Exclusion Recall that in Section B.2] a crucial step for obtaining a
good parallelism bound was to perform averaging over the n paths in each group, i.e., to replace the
terms Lk K bY L2_ by averaging over k;. To do this here we would need JAN 5 and AN * to
have the same value on every path 7(k). But this need not be the case, because the computatlon of
Aty could read the result of update U, and therefore depend on the choice of k;. To address
this, we will create terms which upper bound AY, . x ZS and which have the same value on every
path 7(k), and similarly for A% a°.

Our first key observation, concerns Us and U;: one of them commits first. Suppose s commits
first; then the value computed by U does not use the value computed by U, either directly as an
input, or indirectly because its inputs do not use this value either. Otherwise, U; has no impact on
Agpan$kt

We introduce new terminology to capture this observation. If update s commits before Uy, we
will say that U; is excluded from the computation of Us. To capture the exclusion of U, we define
Aﬁlii}:s}; * to be the maximum value U, can compute on path 7, assuming that U/, commits before
U;, and the first u — 2¢g — 1 updates are fixed.

The updates that cause the output of Us to vary are those that might commit before or after
Us; these are always a subset of the U, with v € [s — 2¢, s + ¢q]. We also observe that if update U
commits before U, then U; commits before any update U, with v > t+¢g. We can safely incorporate
this constraint in the notation Al . and A%gi}. The notation extends to Agpan and Ay,e in the
natural way.

Note that 7(k) and 7(k’) are identical paths apart from the coordinate chosen at time ¢. The

phrase “U; is excluded from the computation of Us” could cause us to conjecture that Aﬁw{‘i} W(k)
are identical for all k, and similarly for the A l{g} Z( S 1f it were so, we could rewrite (ISI) as

follows, and average over k;:

2 6
t q At} m,s\2
(Asupanxzt ) <...+ 2 E Lfcs max{ e (Agpin}x};j) }
t—2q<s<t+
and st

However, this conjecture needs not be true with the current definition, so the above averaging is
not yet valid. For, as explained in the next paragraph, a problem can arise if there is a coordinate
k, = k; with t < v <t + ¢; when averaging over all k; we are certain to encounter paths with this
property. (As an aside, we note that the conjecture is true when ¥ = 0 and the ST order is used.)

Suppose k, = ki, v # t, and suppose U; is excluded. Given the SCC order, it would appear U,
should also be excluded. But then suppose there is some other update Uy with ¢t — 2¢ < s <t +q,

ks # ki, and on some path 7(k) where k # ki, in computing Arun;{lf(} ™% U reads the result of
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update U,. Then to be sure the same maximum value were computed by Us on path 7, we would
need it to read this excluded value. So this value cannot be excluded. Instead, we define the
computation to act as if it were in the SCC order, but with update I/; simply not present, i.e., as
if there were a total of T'— 1 updates over the whole computation. (This only pertains to updates
Us witht —2¢ < s<t+qand s F#t.)

This looks promising, as we would anticipate that Arun;{lf(} ZS < A“maxznk , and so it would seem
the last term on the RHS can be bounded recursively. But unfortunately, this property need not
hold if there are updates to the same coordinate on 7 in the range [t + 1,min{s,u} + ¢]. To
understand the issue we revisit Example Bl Suppose updates U; and U1 are both to coordinate
x1, with 2 = —1 as before. If both updates are present, and both read value x; = —1 for their
gradient computation, then U; computes an increment of 1 and U1 an increment of 1 . However,

. . . . t} i+l 41
if Uy is excluded, then Uiy computes an increment of 1; i.e., Aﬁlix} Zt:; > Al n J; ,

to the desired property.

To avoid the difficulty illustrated by the above example, we will need to modify the definition
of Aumii}xg **. These modifications enable Lemma [ below, which ensures Amix}xg * has the prop-
erties we need to carry out the averaging in the analysis. Recall that depending on the choice
of asynchronous schedule, U; may or may not read values computed by updates in the range
[s —2¢, min{s,u} + ¢] \ {t}. We will want to pretend that s can make this choice for an expanded
range of updates, namely a subset of [s — 4¢, min{s,u} + ¢] \ {t}. In effect, this enlarges the set
of possible asynchronous schedules. To be very precise: let [ be the maximum commit time for
updates Uy,Ua, ..., Uy—4q-1; Us may read or not read any values computed by updates U, that
commit after time [ for r € [s — 4¢, min{s,u} + q| \ {t}. We call this U,’s extended computation.

So as to identify the updates U, with » > u — 4¢ that commit by time [, we introduce the
following set A™" of updates: A™" = {r|u —4q < r < u — 2q and U, has committed before
some U, for p < w — 4q}, which means the updates in A™" have committed before U, starts
its extended computation. Also, rather than just excluding U, we allow any additional subset
S={v|u—4q¢ <v <u+q}\ A™" of updates to be excluded; we follow this by maximizing over all
such S. This also implies that the range of s in which we are interested becomes u —4q < s < u+q.
Note that if s € A™% then Agpg?mg *=0.

Later on, we will be allowing the exclusion of sets R other than just {t}, so we also incorporate
this in our definitions. For R, S disjoint from A™", we define:

contrary

the maximum value that Axg;s can assume when the
first (u — 4g — 1) updates and all updates in A™" on

A%&S:EZ;S £ path 7 have been fixed, and update U, is excluded
from the computation of U for v € RU .S and for
v > U+ g

A R,S m,s
MAXC[y—dg,u+q)\ A vU{s) Dmlax T -

Au ﬂ ° = Amaxxk

u,R _m,s A
Amaxxk =

Now we have the desired properties:

Lemma 9. i. Ifte R andu <t+ 2q, then Amaxajk(k)’s is identical on every path (k).
ii. If s <t then Amaxxk < ASR 4T )
iti. If R C R then Amaxiﬂk < Ar"nfxxz 5,

iv. Aﬁuﬁcxzs < Amaxx
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Proof. i. We begin by showing that the set A™*):% is the same for all k. Recall that u < t + 2q.
By Lemma [ the start time for U; is at least t — g+ 1 > u — 3¢ + 1. For p < u — 4q, again by
Lemma I} U, has commit time at most v —4¢ — 1+ ¢+ 1 = u — 3¢. So if U, commits before U, for
some p < u — 4q, U, has commit time at most u — 3¢ — 1. Thus U,’s commit time is unaffected by
the choice of coordinate by Uy, and therefore A™¥)% is the same for all k.

Now, recall that 7(k) is the path in which coordinate k; at time ¢ on path 7 is replaced by
coordinate k. By definition, if ¢ € R, then U; is excluded from the computation of Aumixz # As

the paths 7(k) are identical apart from their ¢-th coordinate, and as the sets A™K)u are the same
for all these paths, it follows that Ar"naxxz(k) is exactly the same for every k.

ii. This follows from the next two observations: (a) the update does not read any of the variable
values computed by updates U, for v > s + ¢ and therefore reducing the top end of the range
in going from reference time ¢ to s does not change the possible updates computed by Us; (b)
AT N[t —4q,t—2q) C A™ and therefore there are at least as many updates that are not yet fixed
with reference time s compared to reference time t; furthermore, the fixed values in A™!\ A™* are
all values that could be computed in the computation with reference time s.

iii. Recall the definition of A&;ﬁ(mg ® and let S’ be the set for which A&;ﬁ(mz . Aumf;( S’ xgss
Now, we let S = (R'US’)\ R; thus SUR = S"UR’. Clearly, Ar“ﬁfé’slxg’s ALES, r S < ALE ZS

iv. This follows immediately from iii. O
Recall that we defined Agpimz S = AYE Z S—Aumﬁxz * and Affa?xg * = max {|Aum£< 2 8 A;fl s Agpfn Z S1

We want to have one term to cover every update in which :Eks is involved. Accordingly, we define

AR TS ,__ u,R ™S __ u,R S u,R
Amaxxks o U'QILI}%()](<S Amaxxks a ulslla;éu Amaxxks _s—I}]l?Z(<sAmaxxk ’
<utq <s+4q -
where we use Lemma [9(ii) for the final equality.
u,R _ms u,R s u,R_ms xR 8 ~R ms AR ms s
We let Aspanazk = Amaxa;k — AinTrl s Agpanty = Apax®;” — Apinty. and Avarmk =
R
max{‘AmaX ks ! mmek , Spanxk } We smlphfy the notation when R = (), defining Amaxznzs =
-0 s A ms A 2D TS A
Apax®y”y Dspantyy® 2 Agpanay® and Ayarzy, Ava,a: . Clearly, if u C [s — ¢, s, then
u,R _m,s N T8 w,R_ms T8
Agan®,” < Aspana:k < Aspanznks and Ayy'z,” < Avara: < Ava,xk (9)

Finally, we will want to know the expected effect of update U;. Thus, we define

—_ _ 2 2
(Dt)2 £ E [(Amaxxzt —Amina:;;’t> ] and (Ai()2 £ E [(Aajzgt) } .
Since exactly T" updates are made, we assume that (Dt)2 ) (Af)z =0fort=0andt>T+1

throughout the analysis.

Next, we introduce analogous notation for the gradients.
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the maximum value of g;* can assume when the

first (u — 4g — 1) updates on path 7 have been fixed, and
= update U, is excluded from the computation of Us for

v € RUS and for v > u + ¢; for all r € A™", the

value of the update U, is already fixed;

~’U4,R,7T,S A R S ™8,

gmax,ks = MaXgcCu—4q,utq\A™vU{s} gmax ks )

—R,m,s A ~u,R,m,s,

gmax,k5 = IMaXs—g<u<s gmax ks

_m,s A _Oms d N _—m,s

gmax,ks - gmax,ks an gspan ks gmax,ks gmin,ks'

p 2 N Tt 2
4.2.2 Bounding (D;)" =E Aspanazk
2 242 L2

We are now ready to bound (Dt)2. Let vq := 2.% and vy = %.

Lemma 10.

I (D) < (ﬂ +

2ie > [(m)+ (Af)2].

2
1 q s€[t—bq,t+q]\{t}

Proof. Recall that Aspanazk = max;—g<r<t Alax® kt ming_g<,/<¢ Amm . We call r and ' the
reference parameters. By Lemma [8, we obtain a bound of
2
rm,t r ot rdmt 0wt
t_qllglf?ﬁsgt |:2 (‘Tkt xkt ) + ﬁ (gkt gkt ) ]’ (10)

where :E’,;’f’t is the value of xztt right before Step 5 of update U; when r is the reference parameter;
the maximum is also over the maximum and minimum possible values of the four terms in the
above expression.

The first difference on the RHS of the above expression is going to involve updates to coordinate
Tk, 1.e., updates Uy, with ks = k; and min{r — 4q, 7’ —4q} < s < t. We will consider the maximum
and minimum possible values for these updates. This Suggests a bound of (A’"max s A’"mm 283)2
for each such s. But recall that the definition of A7, a}"® allows the exclusion of updates U, for a

worst case set of v when computing U; (this is the effect Of the maximization over S in the definition

of AT . ), and therefore the first difference in ([I0) may be as large as (AT xy S) r (Ar ap 5)2,
meaning that the actual bound is (max {|A7, .z}’ rinTr | Ahax®y — ATz . )2.

By Lemma [0fii), we can modify the range of r, o from [t —q,t] to [mln{s t—q},s] C[s—q,s]
as s < t. Thus the first term in (I0) is bounded by

~ it}
Z Avar 7];8) N
t—5q<s<t
ks=kt
We use a similar argument to bound the second term in (I0). The value of g,i’t@’w’t can vary due

to the updates A"mz;s for r —4q < s < r-+q and s # t; equivalently, s — ¢ < r < s+ 4q. Recall also
that t — ¢ < r < t. Thus, for s > ¢, the relevant range of r is [s — ¢,t] C [s — ¢, s], and for s < t,
as before, the relevant range is also at most [s — ¢, s]. Using the Lipschitz bound for the gradients,
we obtain:

~r0mt  ~r 0wt 2 it o
N A D D ()
A== t—5q<s<t+q
sF#£t
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Thus, using the Cauchy-Schwartz inequality for the second inequality below, we obtain

(o) <2( ¥ Be) (X LewBlel)

t—5q<s<t t—5q<s<t+q
ks=kt sF#£t
{t} 12¢ 2 {t} =
<10¢ > (A= )’ + 1z > L (B #)2,
t—bq<s<t t—5q<s<t+q
ks=kt s#t

Now we average over all n choices of k;; consequently, 7 is now being viewed as a random variable
where k; on 7 is being chosen uniformly at random, while the coordinates at times other than t are
fixed. Notice that on all the paths 7 being considered in the averaglng, the value of each Amiﬁ ZS
is the same as their computation does not involve the update to xkt, and because at most the first
(t — 4q) updates have been fixed in any of these terms, none of the updates that could affect the

update to a:};t in its extended computation have been fixed; similarly for A:ni} 7% Consequently,

for each s, the term A, 2%, is the same on each path. Thus the averaging is snnply averaging the
values Ly, 1, as k; varies. Recall that by Definition [, LZ_ = maxy, Z;-L:l(ij)2; this yields

N Tt 2
o [ (S
10q ~{t} 2 12q {t} =
é? Z (Bvar ) T o Z L (Buar ’fs)
t—5q<s<t t—5¢<s<t+gq
s#£t
10 — 2 12 ~ 2
<Y @Bt Y e @eal) tv@. (12)
t—5q<s<t t—5q<s<t+q
s#t
Now, Azp® € [A%ar®, ASu@i’] € [Amina]®, Amaxty’]; thus,

|Zminngs s ZmaxxkS | < |A$ZSS| +( spanxg;s)' Also, (Zminngs)2a
(Bnaxa)” < 2(A277)° +2 (Bapana ). So, (Ruara®)? < 2 (Azf*)?
+ 2 (Zspanxz;s)z. Consequently,

EktKZspanx;;’) ] <Ekt[22q Z (Zspanxg;8)2+ (AmZ;S)z

t—5q<s<t

Mils Y @)+ (007
n t—5q§;§t+q
s#t

Taking the expectation over every group, which on the RHS amounts to taking the expectation
over every path w, yields

0 = | (Bama) | < 205 (B[ (Smef)”] + E [(a0)7))

t—b5q<s<t
24 L ~ e 2 s 2
+ 7;]F2ms Z (E [(Aspanxk;s) } +E [(A:Ekf) D )
1—5g<s<i+q
sF#£t
Lemma [T0] follows. O
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4.2.3 Gradient Bounds

~r0mt Dt _mt

In the previous subsection, one of the terms being bounded was (gkt ., )2 = (Grrax ke
_m,t 2
gmin,kt)
2
Here, we will bound term FE, (g;;’t - g;;’t> . Unfortunately, gzt’t might not be in [yfn’itn kt,yxm o)

and so we cannot simply apply Lemma [I0. The reason is that gzt’t is a function of 2™ )t and this
up-to-date x value could depend on the value of update U; for recall that U; might finish before
some updates Us with s < ¢, and the latter updates could then read the updated value of the
coordinate being updated by U;. As already explained, there are also other ways that the choice of
k; by update U; could affect earlier updates.

We start by upper bounding term E by (Zloe[t—2q,t—1] Lkzo,kt Af,g@rle’é‘)f. The challenge is that

changing either coordinate £, or k; may change the value of Atn’lgxle’lo or of Aﬁgn:n;;’lo which implies
0 0
2

that a simple averaging of the terms L%lmkt to obtain a term Lig

as was done to obtain ([2)) is
not possible. Instead, we will bound this term recursively. The somewhat more general result
we will need is stated in the following lemma. Its proof, which is quite involved, is deferred to
Appendix [A 4l

o L2 _ 160g2A2 _ 32 _ 6r
Let A —%"‘1,7’—T,Vg—ﬁ(ﬁ—f—T),andyzl—ﬁ.

Lemma 11. For any u € [t — 2q,t], if r < 1, then

7, 2
E[( S Lk A

lo€[t—4q,t+q]\{u}

SEE T [0 (a7 [0+ (a2)7].
q s€[t—7q,t+q]\{u}

Then, on substituting for D; from Lemma [0, we obtain the following bound on term FE.
Claim 2. [Bounding Term E] If r < 1, term E is bounded by:

r
=y (@@
q s€lt—7q,t+q)\{t}

+ 1/41“(2 + Q) Z [(DS)2 + (Af)z] + vyl (A;X)2 .
q 1 s€[t—5q,t+q])\{t}

With more effort one can also bound the gradient difference terms A and D as follows, as shown
in the appendix.

Claim 3. [Bounding Term A] If r < 1, term A is bounded by:

D DI [ ERNPS o FE SOV

n n
s€[t—"Tq,t+q]\{t} s€[t—2q,t—1]

n 2”;’F (ﬂ n 2) 3y [(Ds)2 + (Af)z} + 2”;’F (a%)?.
q q s€[t—5q,t+q]\{t}
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Claim 4. [Bounding Term D] If r < 1, term D is bounded by:
2V2P

D SN GO M SR [N oY

sE[t—2q, SE[t—T4q,
t—1] t+q]\{t}

4T 4T
+ V; <ﬂ + Q) Z [(93)2 + (Af)ﬂ + V; (Ag()Q.
1 1 s€lt—5q,t+q]\{t}

. . —_V t —_ t . JE—
In Section £.2.2] to obtain a bound on E [Aspanznzt’ }, we bound Aspanxzt’ in terms of Aspanxg;s

for s € [t—>5q,t+¢q|. In contrast, in the proof of Lemma[IIl we start by bounding Avarajzl’lo in terms
0

Iy

. ! !
of various Aspanxgl’ll; but then, for each l;, we bound Aspanle’l 2,

2

in terms of various Aspanxgl’ we

continue recursively until one of the following two cases occurs.

1. When the recursion reaches a term Aspanxg;s with s < u — ¢, as this term does not depend on
U,, one can safely average over k,, thereby replacing the multiplier Lzo K, PY %L?ﬁ

2. When the recursion reaches a term Aspanxg;“ it needs to stop. Now to remove the multiplier
2

fax- Unfortunately, there is no averaging and so we “lose”

Lioku we simply upper bound it by L
a factor of %, which could otherwise more than compensate for a growth by a factor of ¢*, as
in the non-recursive analysis. We save one O(q) factor by using an unbalanced Cauchy-Schwartz
inequality described in the appendix. (This might not appear to be sufficient, but in fact it is.
The reason is that for each time wu, this error term originates from w itself. The other error terms
originate from O(g) times in a range u + ©(q), and so are O(g) times as numerous, so in fact we

are saving a O(q?) factor.)

4.2.4 Finalizing the bound on Err;
We finish Part 2 of the analysis by expressing the bound on E [Erry] in terms of (D,)? and (Af)z.

2
Recall that A? = % +1and r = %W, and we make ¢ sufficiently small to ensure that r < 1.

Lemma 12.

E [Erry] < (115r >F (Aix)z + wl Z [(Ds)2 + (Af)ﬂ
- s€lt—Tq,t+q\{t}

b 1|2r n 3r2 n or3 n 3r2 n r3 n r4
where w = — | —
q| 3 1280 25600 1 —r  426(1 —r)  2844(1 —r)

Proof. We begin with the bound in Lemma 5l ~ We have already bounded terms A, D, and FE.
Terms B and C are bounded as follows.

Claim 5. [Bounding Term B] Term B is bounded by
2 . mlks)t (k) t) 2 v 2
t—2q<s<t k=1 sE[t—2q,t—1]
&s=prev(t,ks)
Claim 6. [Bounding Term C|] Term C' is bounded by
r = (ke),s) 2 r X\ 2
fh X S ()] <f v

t—2q<s<t ki=1 t—2¢<s<t—1
&s=prev(t,ks)
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Summing up these bounds yields
E [Err] < <% + 4% + 1/4) r (A§)2
n

vy 3 2v 2(vs + v Tv 2v Tv
tlmaxd i BV 2 2t Tvs (v TVa L
3q n 3q ng 3q

G

SUEDY ((Ds)2+(A§)2). (13)

SE[t—Tq,t+q]

Via some elementary calculations, presented in Claim [7 in Appendix [A.5] we show that the
quantity G above can be bounded by

+

1 2r 3r2 n 9r3 n 3r2 n r3 n rd
q 3 1280 ' 25600 1 —r 426(1 —r)  2844(1 —r)

and that 2% + % < 11% as 1 < g < n and r <1, which implies the bounds stated in the lemma.

T

O
4.3 Part 3: The Amortization
We let o = % — % From Lemmas Bl and 12, we obtain:
7r ket),t  w(ke,t),
E[F') - F@)] 255 [Z D> Wilgp ™, i ﬂ
k=1k;=1
+ol (AN —wr Y [(0)7+ (A7) (14)

s€[t—Tq,t+q]

The term (A§)2 and (D,)? in (Id) will be paid for by the progress terms from time s by means
of an amortization. Also, we will account for the term (D;)? using the bound from Lemma [T

N R LD M (AR (15)

q s€[t—5q,t+q]\{t}

For the purpose of amortizing the (Ds)2 terms, for some constant v > 0 which we will specify
later, we add terms +4T (Dy)? — AT (Dy)? to the bound from (), and then we use (I5) to bound
(v 4+ @) (D;)?, which yields

E [F(:Et) o F(:Et+1 |:Z Z W gk w(kt,t),t ’ Z(kt,t),t):|

k=1ks=1

+(g—w)F(A§)2+vF(Dt)2—wF > @)+ (Y]
sE[t—Tq,t+q)\{t}

(w+7)[<yq1 +%>F > <(Ds)2+(A§)2)], (16)

s€[t—bq,t+q]\{t}
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In the standard convergence analysis for a sequential stochastic coordinate descent, one shows
that

1

t t+1 W(kt, it (k,),

E[F(z") — F(a >3— [ZW Ly )]
|
k=1 k=1

To obtain an analogous bound, we have to show all the additional terms in (I6) make a non-
positive contribution over the T steps of the algorithm, analogous to the use of (B in the basic
framework. To this end, we apply the following theorem regarding rates of convergence. This
theorem uses amortization terms AT and A~ to define a potential function H (t), which could also
be viewed as a Lyapunov function. We note that the same result, but without the amortization
terms AT and A~, can be found in [25]. AT represents progress that has occurred, but which is
being saved to pay for future errors; A™, in contrast, represents the effect of errors in the past,
which will be paid for by future progress.

Theorem 3. Suppose that ' > Lyax. Let q be a fized integer parameter. Let AT(t), A= (t) be
non-negative functions with A*(1) =0, A~(T+1) =0, and let H(t) := E [F(z")] + AT(t) — A (t).
Suppose that

a. H(t) >0 for allt > 1;
b. forallt>1, H(t+ 1) < H(t), i.e., H(t) is a decreasing function of t;
c. there exist constants o, B > 0 such that for any t > 1,
Ht)—H(t+1) > = E[Z Wk(ka(‘Tt),xZ)} + b AT (t).
n P n
(i) If F is strongly convex with parameter pp, and f has strongly convex parameter pg, then for all
T>0,
T
E [F(xT+1)] < HT+1) < [1 — mln{a A é}] - F(zh).
nopp+T—pp ' n

(ii) Now suppose that F is conver. Let R be the radius of the level set for x'. Formally, let
X = {z|F(x) < F(z")}; then R = sup,cy infzrex~ || — 2*||. Then, for all T >0,

F(z!)

. B ’
1 4 min { 2n-F(z1)’ 4n-1?(m1)’ 8n?’l€2 } ’ F(ﬂj‘l) T

We will be applying Theorem [l with a = 8 = %

In order to obtain condition (c) of Thereom Bl from (1)), it suffices to show
[(1 — 3i> At(t) — A‘(t)} —[AT(t+1) - A" (t+1)]
n

>~ (o-@)T (AN =T (D) +=l Y [(D) 4+ (aY)]
s€[t—7q,t+q)\{t}

+(w+’y){<yl+ﬁ>l“ S ((D8)2+(A§)2)]. (17)

q q s€[t—5q,t+q]\{t}

E[F")] < HT +1) <
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. . Lis
Lemma 13. Inequality (IT) holds if 7¢ <n, ¢ = w4+ (y+w) (% + ”—2) [y=o0-w, A= F5+1,

q
_ 160¢2A 1
—n S 595 1 (md

t—1 s+7q

UMD S

s=t—Tq v=t (1 T 3n

t—1 s+q
A=Y Y [c (Dy)? + ¢ (AUX)Q] .

We note that as Dy = 0 and AX = 0 for t = 0 and for t > T + 1, with the above definition,
AT(1)=0and A= (T +1) =0.
We are now ready to conclude the proof of our main result.

Proof of Theorem[2. We set o = 8 = 1.

By Lemmal[I3] if r < %, the conditions for applying Theorem B hold: (c¢) holds by construction;
this implies that (b) holds as the RHS of (c) is non-negative; finally, as A~ (T'+1) = 0, H(T+1) > 0,
and together with (b) this implies (a). As A~ (T'+1) = 0, we conclude that E [F(z7)] < H(T+1);

this inequality also holds in expectation, thus we are done.
2
16042 (—Lrj +1)

We now apply Theorem Bl which yields the stated results. Recall that r = — . Thus,
Lyn_ } O

. 1 . .
to achieve r < 53¢ it suffices to have ¢ < min { F0L— 270

Note that we have not sought to fully optimize the constants.
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A Omitted Proofs and Subsidiary Lemmas

We begin with the proof of Lemma [Il Next, in Appendix [A.Il we prove Lemmas 2] and Bl the
basic progress lemmas. In Appendix[A2] we prove Lemma 5 the progress lemma for the general
analysis. Then, in Appendix[A.3], we give several bounds on how much W can change when one of
its arguments is altered, leading to proofs of Lemmas [6H8. We follow this, in Appendix [A.4] with
the proof of the recursive bound given in Lemma 2Tl which is used to show Lemma[2. We continue,
in Appendix [AJ5] with the proofs of the claims from Section 2.4l Finally, in Appendix [A.6 we
prove Theorem [3] and Lemma [I3]

Proof of Lemmal[l. Let Uy, be an update to coordinate x; with start and finish times s, and fp,
resp. Let U, be the update to coordinate x; with the earliest start time before s, that commits
later than U4, if any. Let U, be the update to coordinate x; with the latest start time after s; that
commits earlier than Uj, if any. Let the start and finish times for U, and U, be (sp, f3), and (s, fe),
resp. Note that the start and commit times of an update differ by at most ¢ + 1 as there are at
most ¢ interfering updates for each update.

Suppose the SCC order for U, is s. If U, does not exist then s > sp; it is convenient to set
(Sa, fa) = (Sp, fp) in this case. Similarly, If . does not exist then s < sp; it is convenient to set
(Se, fe) = (S, fp) in this case. Then it is always the case that s, < s < se.

Case i. s < sp.

Then s, < s < sp < fo < fo < sq+ g+ 1. It follows that sp < s, + ¢ — 1 and hence s > s — g+ 1.
Also fy <sp+q+1<s4+q—1<s+4+qg—1.

Case ii. s > sp.

Then sp < s < 8. < fe < fo < sp+q+ 1. It follows that s < s, +¢g—1 and f, < s+q.

Case iii. s = sp.

Then f, <s+q+ 1.

Therefore, for any updates, their SCC order s and their commit time f3 satisfy s < fp < s+q+1.
Now we determine the SCC range for updates that might interfere U,. Note that they have commit
time in the range [sp + 1, fp — 1].

Case 1. s < sp.

The commit time for possibly interfering updates is in the range [sp + 1, f, — 1] C [s,s + ¢ — 2] and
hence their SCC rank is in the range [s — (¢+1),s+¢—3]=[s—q¢—1,s + ¢ —3].

Case ii. s > sp.

The commit time for possibly interfering updates is in the range [s, + 1, f, — 1] C [s — ¢+ 2,5+ ¢]
and hence their SCC rank is in the range [s —¢+2—(¢+1),s+q—1] =[s—2¢+1,s +¢—1].
Case iii. s = sp.

The commit time for possibly interfering updates is in the range [sp + 1, fp, — 1] C [s+ 1, s+ ¢] and
hence their SCC rank is in the range [s+1— (¢+1),s +¢—1] =[s—q,s +¢—1].

For all ¢ > 1, this range is contained in [s —2¢ + 1,5 + ¢ — 1]. O

A.1 The Basic Progress Lemmas, Lemmas [2] and [3

We recall two known results.

Lemma 14 (Three-Point Property, [7, Lemma 3.2]). For any proper, conver and lower semi-
continuous function Y : R — R and for any d— € R, let
dt = argmaxycp {—Y(d) —T'(d—d~)?}. Then for any d' € R,

Y(d)+T(d —d7)? > V() +T(d" —d7)?+0(d —d*)>
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Lemma 15 ([29, Lemma 4]). For any g1,g2,x € R and T € RT,

(g1, ) — 67(92,35)‘ <1 lg1— gl
We can now lower bound /Wj(g, x) in terms of Jj(g, x).

~

—~ 2
Lemma 16. For any g,x € R and ' € R, Wj(g,2) > L (dj(g,m)> .

Proof. We apply Lemma [I4] with d~ = d’ = 0, with I replaced by %I‘, and Y (d) = gd — ¥(z) +
U(z + d). Then Wj(d,g,z) = —Y(d) — I'd?/2, and hence d*, as defined in Lemma [[4] equals
di(g,z). These yield

~ ~ 2
Y(0) > Y (di(g.2) + T+ (dig,2))

J

~ ~ 2
Since Y(0) = 0 and —Y (d;(g,2)) = W;(g,z) + 5 <dj(g,x)> , we are done. O

We are now ready to show Lemmas [2] and Bl they follow directly from Lemma [I7 below. We
will use the following well-known observation: for any 1 < k <n, z € R" and r € R,

flotr-e) < J@) + Vi)t 2 (15)

where ey is unit vector along coordinate k.

Lemma 17. Suppose there is an update to coordinate j at time t according to rule (Il), and suppose
that T' > Lyax. Let gj =V f(2') and §; = V;f(Z). Then

-~ 1 B
and F(z) — F(z1) > Wj(gj,xz-) T (95 — gj)z.

Proof. To avoid clutter, we use the shorthand d; := (fj(gj, rt) and de = Ej(gj, mz) By update rule
(IID, CZ]' = A.’L’;
F(ﬂjt+1) — f(il?t+1) + \Ijj($§+1) + Z\I’k(ﬂj?—l)
k#j
-~ I - -
< f(@) +gidj + §(dj)2 + (2 dj) + > Tp(af)
k#j
(By ([18), (), and the assumption I' > L. > L;)
s o 5 N
= F(a) + gid; + 5(d;)* = W(a5) + ¥;(a5 + d;) + (95 — 55)d

= F(a") — W;(g;,2%) + (95 — 35)d;.

— ~

Hence, F(a')— F(a'") > W;(g;,2%) — (95 — §;)d;.
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Then we can apply Lemma [T6] to prove the first inequality in Lemma [I7

—~ R A -
F(a') — F(z"™) > Wi(g;, a%) — (95 — §)dj > 5 (d )2 = lg; — gil - |d;]
I - 1(2 - I - .
> E(d])2 5|0 (95 — 3;)* + E(dj)z (by the AM-GM ineq.)
T - 1
Z(dy)z T (95 — G5)
We prove the second inequality in Lemma, [I7] as follows:
F($t)_F(xt+1)>W'(§j, z5) = (g '—Qj)J'>W( i Gjs ]) (9j — 35)d;
( 5> 975 ]) (g g])d _( )
Wilgj,2%) + (9 — 3;)(d; — dy) > Wy(gj,a}) — lg; — 451 - |d; — dj
1
> Wlgy,a) ~ (o ;)% (By LommalI5)

A.2 The Expected Progress, Lemma

Proof of Lemma[3. Recall that we write 7(k,t) to denote the path in which coordinate k; at time
t is replaced by coordinate k, and to reduce clutter we abbreviate this as m(k). Recall also that we
let prev(t, k) denote the time of the most recent update to coordinate k, if any, in the time range
[t — 2q,t — 1]; otherwise, we set it to ¢. From (3]),

E [F(a;t) _ F( t+1)]
1 7T(k) 7T(k) ),t r 2 1 ™, ~T, 2
> %Ew Z Wi (g, ), 2, )] +5 @0 B | (o - ar)

Tr
kt 1
1 7rk 7r s r 2 1 T, ~TT, 2
4

1 w(k (k) t m(k)t  w(ke),t) 2
L e e
- k=1 kt 1
r 2 1 ) 2
+3 (A" - fEﬂ [ (g;;’t — ggt’t) ] (by Lemma [6).
For the next bound, we will be applying Lemma [7l to shift the xz(k)’t parameter in /Wk to
azgt = xz(kt)’t. Note that applying this lemma introduces additional terms (the case I > 0) only

if z; is updated at some time s € [t — 2¢,t — 1]; this means that k& = ks where t — 2q < s < t,
and to avoid double counting the effect of updates to the same coordinate, we can further limit s
to s = prev(t, k), or equivalently that ¢t —2g < s < t and s = prev(¢, ks). This yields the claimed
result. O

A.3 Bounding How Much W and c?Vary as a Function of Their Arguments

The next five lemmas concern an arbitrary coordinate z;. To avoid notational clutter, we write
W, W, d, and ¥ in lieu of W; W;, d, and ¥}, resp. Also, by z; and x2 we will mean two possible
values of z;, and by g1 and go two possible values of g;.
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We first present the proofs of Lemma [l and Bl To prove Lemma [, we will need two additional
lemmas, to be presented below.

Proof of Lemma[8.

-~

Wigi,xz) = max W(d, g1, x) > W(d(g2), g1,)

= —g1-d(g2) — T - d(g2)*/2 + V() — U(z + d(g2))
= —g2-d(g2) — T - d(g2)*/2 + V() — U(z + d(g2))

+ (92 — 1) - [d(g1) + (d(g2) — d(g1))]

— ~

(92,2) — g1 — g2| - |d(g1)| — |g1 — ga| - |d(g2) — d(g1)]

v
=

—~

-~ 1
> W(ga,z) — g1 — g2| - |d(g1)| — f(m — g2)? (By Lemma [T5))
> W(g2,x) — f(gl - 92)2 - Z(d(g1))2 — f(g1 — 92)2 (AM-GM ineq.)
- 9 1~
> W(ga,z) — =(g1 — 92)° — =W (g1, ). (By Lemma [I6))

r 2
O

Next, we demonstrate Lemma [8 it is a simple corollary of Lemma [I5] and the following lemma.

Lemma 18. For any g,x1,72 € R, ‘c?(g,:nl) - c?(g,xg)‘ < lxy — x2].

~

Proof. For i = 1,2, let d; :== d(g,x;). By the definition of c?, for i = 1,2, there exists a subgradient
U'(z; + d;) such that
g+F-di+\I’/($i+di) = 0.

If dy = dy, we are done. If dy > dy, then ¥/ (z; + dy) < U'(z3 + d2). Since ¥ is convex,
z1 +di < x9+dy and hence 0 < dy — do < x9 — 771.
If ds > di, by the same argument as above we have 0 < dy — dy < z1 — 3. O

Lemma [l is a simple corollary of Lemmas [I5] and [I8]

Proof of Lemma[8.

~ ~ 2 ~ - - ~ 2
<d(91,$1) - d(gz,iﬂz)) = <d(91,$1) —d(g1,72) + d(g1,72) — d(92,$2)>

< 2(&91@1) - 67(91,@))2 +2 (‘/1\(91,332) - 3(92,@))2
2

<2(z —x2)* + 2 (g1 — g2)°.

The next two lemmas will be needed to prove Lemma, [l

Lemma 19 (W Shifting on = parameter). Let W(g, z1) = W(dy,g,21) and W(g, z9) = W(dy, g,22).
Then

9

W(g,xl) +U(zg) — ¥(z1) > W(g,xg) —g(zg — 1) = Tda(xg — 1) —

o | =

. (1’2 — x1)2.
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Proof. We use Lemma [ with d~ = 0, d* = d}, and Y (d) = gd — ¥(x) + ¥ (1 4 d). We note that
Y(d)+ g -d"”? = -W(d',g,r1). Also, we observe that —W (d’, g, z1) is strongly convex with strong
convexity parameter I'. As W (d’', g,z1) is maximized at dy, we conclude that -W(d', g,x1) >
—W(cil,g,xl) + g(dul — d/)2 = —W(g,xl) + g(dl — d/)2. Thus

I —~ T o
Y(d") + 3 (d)? > —W(g,z1)+ 5 (d —dy)*

The above inequality holds for any d’. In particular, we pick d’ = 29 — 21 + Jg, yielding
— o o T o
W(g,z1) 2 —g(z2 — 21+ do) + ¥(21) — V(rz+dp) — 5 - (22 —a1 + dy)?

T o o
+§-(x2—a:1+d2—d1)2.

By adding ¥(z2) — ¥(x1) to both sides, we obtain

—

Wi(g,z1) + ¥(x2) — ¥(z1)

o o T o
> —g(xg — 21+ do) + ¥(x2) — U(xe +da) — 5 (zo — 1 + d2)?

T o o
~(a:2 —x1 + do —dl)2

v

3
_ r L
= W(g,22) — g(x2 — 1) — Dda(w2 — 1) — = - (x2 — 1) + 5 (zo — 21 + dy — dy)?

—~ v

> W(g,x2) — g(xa —x1) — Tda(xg — 1) — = - (2 — x1)2.

o Hro| H

Lemma 20 (¥ Shifting). Let W(gl,ml) = W (dy, g1, %1) and W(gg,azg) = W (da, g2, %2). Then
- - - - T -
U(zg +dz) = W(z1 +dy) < 92(331—$2+d1—d2)+§‘(l’1—l’2+d1)z-

Proof. By the definition of c/l\g, we have the following inequality, which directly implies the one
stated in the lemma.

~

~ I’ ~ ~ T ~ ~
—gody — 5 (d2)? —W(xg +dy) > —go(r1 —x9+dy)— 5 (21— 22+ d1)? — U(z) +dy).

O

Proof. of Lemma[7l Suppose the latest update to coordinate k occurred at time #. Also suppose
that

(k)st

t—2
e the changes to zj, from z 7 to azg are di1,dq2, -+ ,dig;

e the changes to x) from xz—zq to xZ’t are da1,dag, -+ -, doyp.

Furthermore, let

gl = Vi f(a™) and  d:=argmax W(d, g, zp").
d
In other words, xz(k)’t = :El,;_zq + Ef:l di, and ZEZ’t = xz_% + Zle doy.
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By Lemma [19]

377 a _7(k), , 7(k), a T, a
W (g, aq ™) + W) — w(ap ™) > W(gg,ap") — gt -

On the other hand, let gz be the gradient used to compute the update dyy. By Lemma 20], on
setting xo = xZ’t —dyy and 1 = :Ez(k)’t — dy¢, and noting that di = dqiy and dy = dyy, we obtain

us ™ s us P s us
\P(:Uk’t) _ \Ij($k(k)7t) < gg(xk(k)’t _ ‘/Ek’t) + 5(xk(k)ﬂt _ ‘/Ek’t + d2€)2-
Combining the above two inequalities, and letting ¢ := :L"Z’t — xz(k)’t, yields
T17(a 7(k)t 7 4 .7t b a 7 I 2 r 2
Wigisxy, ") = Wi(gk, oy, )+(gk_gk)'5_rd’6_§'6 —5’(d25—5)
—~ 1 r v r
> a mty - b a2 L2 o N 2 L2
> Wigk,z;,") or (9% — 9k) 25 I'(d—0)6 —T'¢ 25
r r r
— —(dye)* + = - 2dy - 6 — =6°
2( 2¢)" + 5 20 5
= - 1 a 3 Tr v
=Wk 27" = 50k — 98)° = 5T0% = 5 (da)? = T(d = 6)6 + T(dag — 6)
Tra T 1 a 3 r 9
> Wgk,23") = 59k — 98)° — 5T0° = 5(dze)? = T|d — dae - |9]
2 2 2
= 4 1 “ r r .
> W (g i) = ook — gf)* = 200% = S (da)® — S (d — ).
r . 1
By Lemma [8] 5 (d —dog)> < T - (do)* + T (g8 — gb)?
a7k, 7 (4 T 3 a 3T
Thus,  W(gh,ap ") = W(ghap") = 55 - (9 — gf)* — 200" = T+ - (dar)™. (19)

A.4 The Recursive Analysis yielding a proof of Lemma [11]

Recall that the definition of Ar“ngxxgj (see Section [£.2.1]) assumes the first u—4q updates are already

fixed.
To prove Lemma [I1] we will make use of a recursive bound on

2
7,
(2 e () )
lo€[u—q,t+q\{u}

a bound that expresses the effect of performing one level of recursion, along with additional compu-
tation — suitable overestimates, and the calculation of some expectations. This bound is presented
in the next lemma. It is applied repeatedly in order to prove Lemma [Tl

Both lemmas make use of two techniques. It will be helpful to explain them upfront.

Unbalanced Cauchy-Schwartz Inequality To bound an expression of the form

2
<Zl§j§q/ zj> , rather than have the bound ¢’ Zlgqu' z]2-, we would like to multiply a few of the z;
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by just a constant. We achieve this with two applications of the usual Cauchy-Schwartz Inequality,
and we illustrate this for the case that “a few” means two of the z;.

< Z zj)2§2(zk—|—zl)2+2< Z Zj>2§4(z,%+z12)+2(q/—2) Z zyz'

1<i<q’ 1<5<q’ 1<5<q
J#k,l 7kl
<423+ 27) + 2 g 2]2- (this is just a convenient over-estimate).
1<i<q
JFk,l

Recentering Suppose a < b,c < d. Then b? < [c+ (d — a)]? < 2¢? +2(d — a)?. we use this bound
when b denotes a value (of the form Azy) which varies over the different paths across which we
want to average, while the values ¢ and d — a are unvarying. This is a technique we already used
in Section

Lemma 21l is a bound on a sum of A, terms. However, we will start by obtaining a recursive
bound on an analogous sum of Agp,n terms. To this end, we define

2
A Lkls’klsfl
Vn 2 El ) ) I —&
lOE[U—%H‘Q]\{“} ll7l27"' 7lm€[u_q7t+q]7 lS ERm\Sm
all ls distinct, all ls7#u,lo; where R,
all [s<ts—1+q, where ={l1,l2,,lm}.
ts—1=min{t,lo,l1,,ls—1};
SmC{lslkis=ki,_,}.
2
2 trruRm\{lm} 7T,l
L3k (Aspan 7)) (20)

We note that the second summation is over all choices of I5, 1 < s < m, and of S,;;, which satisfy
the stated conditions. This comment also applies to similar subsequent summations.

. 2
Note that Vg = 0 and Vo = E| iy cpu g eq o L s, (S5m0 ) ]

lo
AISO, lm—l < min{lm—latm—2 + Q} <tm-1+g. (21)

Lemma 2] below gives our recursive bound; it is then used to prove Lemmas 22 and [[Il Finally,
we prove Lemma 2] via Lemma 23] which is stated right before the proof of Lemma 211

Lemma 21. Fort—2q <u <t,

2 (A2)m+1 (4q)m N 52 7,8\ 2
Vi1 < 40¢V,, + E > 120q1% ((Aspanasks )"+ (Axp®) ) (22)

s€[t—Tq,t+q]\{u}

+E [24L§m(A2):# ((Zspan:cg;“)Q + (Aa;;;;“f) ] : (23)

Lemma 2] readily yields a bound on Vy. Recall that r = %W.

Lemma 22.

3r2[? 2 X\ 2 3rI? 2 X\ 2
VOSW Z [('Ds) +(As) } —l—m- [(Du) +(Au) ]
sE[t—?\%t;—q}
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Proof. We will apply Lemma [2T] recursively to V. Note that as m increases by 1, each sum

A? (4q)

is multiplied by , and the first term has a multiplier of 40¢q (which is why we chose r =

40q - #). We obtam

22NN S 9
Vo< (L4r+rit.-) - E[( yo BT <(Aspanx2j)2 + (adfy) )

s€[t—7q,t+q]\{u} "
96q(A*)L2 ok [~  nu w2
+ 7(]( n) ((Aspan k )2 + (Aazk; ) > >:|

37‘21—‘2 2 X\ 2 37‘1—‘2 2 X\ 2
< ( 5) ( ) ( u) ( u) ’
— r)ag? Z ! A; —r I A
160(1 )q sclt—Tatial\{ }[ } 5q(1 ) [ ]

as Lmax < T, 7 < 1, and replacing 160¢%A? /n by 7. O

Recall that R, —1 = {lo,l1,- - ,lm-1} and t,,—1 = min{t,lo,l1, -+ ,l;m—1}. In the proofs of
Lemmas [ and 2T}, we define Afm- try” as follows. If s ¢ A™'m—1 then Atm- txy” is the value

of Axg * when U, reads all its inputs and makes its update 1mmed1ately after first t,,_1 —4q — 1

Atm 17Rm 1 7I'S
max k

updates committed; otherwise, Atm- 1:1:ks = . We make the following observation.

Observation 1. Form > 1, B
i. If s € [tm—1 — 4q,tm—1 + q] \ {u}, then Atmﬂzztzgs € [At’" 1 Rm—1 z” , Abm=1:Fm— I:Ezss] :

min

ii. If s € [tm—1 — 4q,tm—1 + q] \ {u}, then &tmflxw’s is independent of U, and U, for v € Ry_1;
iii. If s € [t —4q,t + q| \ {u}, then ﬁtxg;s € [Atm 1’(2) 2 Atm 1’@:11283] ;

min

. If s € [t — 4q,t + q], then Al 2% is independent of Z/{u.

. ~ tm_1,R ,
Proof. i. When s € A™tm—1, Atxg;s = AT 1xZ *m and so the result is immediate. We also

note, for use in (ii), that in this case &%Zf is independent of R, 1.

While if s ¢ A™'m-1 we argue as follows. Note that every element in R,, 1 is at least t,, 1.
By Lemma [Il the updates in R,,_ 1 have commit time at least t,,_1 + 1, while each of the first
tm—1 — 4q — 1 updates have commit time at most ¢,,_1 — 49— 1+ ¢+ 1 =t;,—1 — 3¢q. Thus, in this
case too, the updates in R, are excluded from the computation of update Us.

Also, by the definition of Atxz;s, U, reads all its inputs and makes its update immediately after
first t,,_1 — 4¢ — 1 updates committed, all updates in A™!m-1 have been fixed before U, starts its
reads. Consequently (i) holds in this case too.

ii. We have already shown the independence for v € R,,—1 in the proof of (i).

For update U, first recall that t,,_1 — 2¢ < w. If s € A™m-1 we want to show that
Atn’lnaxl’Rm lxz ¥ is independent of U,. By the definition of A™!m-1 1{; commits earlier than some
update U, where p < t,,—1 — 4¢q. By Lemma [Il the commit time of U, is at most p + ¢+ 1 <
tm—1 — 3¢ < u — q, hence Us must commit before time u — ¢, and hence it is independent of U,
whose start time is at least u — ¢ + 1 by Lemma[ll If s ¢ A™t, Aty > depends only on the first
tm—1 — 49 — 1 < u — 2q updates, and these updates must be 1ndependent of U,, by Lemma [Il

iii. The argument is similar to (i).

iv. The argument is similar to (ii). O
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2
Proof of Lemmal[Idl For brevity, we write V = Ly, & Af,arx” o) Recall that
loe[t 4q, t—i—q}\{u} Lo M k

2
t,0 . ml
v=< > Lklo,kuAvaerﬂ)

lo€[t—4q,t+q)\{u}

t,0
= < Z Lklo,ku max {Aspanxkl

lo€[t—4q,t+q]\{u}

2
7r A
mln klo .

By Observation [Iiii), recentering and applying the Cauchy-Schwarz inequality,

Y < 10q Z Lizo,ku |:<Aipgn 7rlo> (Atx;;lo) :|

lo€[t—4q,t+q)\{u}

2
m,l T,
<10¢ Y L} (AgpgnkaO) 100 > LR (M)
lo€lu—gq,t+q]\{u} s€[t—4q,u—q)

~ 2
+100 > LR (BW))

s€t—4q,t+q)\{u}

maxxkl

Note that by Lemma [(ii), Aﬁp@anxk o< Amm{t lo},0 Zlo For s < u—q, Aé’,ﬂan’s is independent
O S

of update U, as Aspana:k s independent of updates U, for v > s + q. Also, as already noted,

Atxgss is independent of k, by Observation [I(iv). Thus, taking the expectation of the previous
bound as k, varies, yields

Ey,[V] < Ey, [10(] Yo Ligk (Asn;g;]{uo}@ Zlo) ]

lo
lo€[u—g,t+q]\{u}

+ Eg, [10q Z Ln <A§p®anxk;s) ’ ]

L?ﬁ ANt _ms 2

s€[t—4q,t+q)\{u}

Note that for s € [t —4q,t+q]\ {u}, Atxk ° Ax® [Zminmg;s, Zmaxxzf]. Thus, by recentering,
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- 2 _ 2
(A%Z’S) <2 (Aw2’5)2 +2 (Aspanx;;’s> . Then we average over all paths m:
S S 0

min T 2
E[V] < E|:10q Z Lilo,ku <Aspan{t,lo},@;pklv(l)0> :|
lo€lu—g,t+q\{u}
L2— ~ .S T8
+E [30(] > . ((Aspanﬂ«’k; )+ (A )2) ]
s€[t—4q,t+q]\{u}

37"2F2 67"F2
ST (D) + (A + 7= ()" + (a)’]
q sE[t—?\q{,tii-q}

+ 30¢q Z L,

—res [(Ds)2 + (Af)z] (by Lemma [22])
s€[t—4q,t+q)\{u}

3r212 Z [(,Ds)g . (Af)ﬂ n 6rT2 . |:(Du)2 n (Af)ﬂ

~ 16(1 —7)g sE[t—Tq,t+q] L=r
\{u}
3rT? 2 X\ 2 _ 160A%¢? _LZ
+ T6q Z [(Ds) + (A7) ] (as r= and A = T2 + 1.)

s€t—4q,t+q]\{u}

t77l717R7n71\{l77l71} 7l'7lm71 2
In the next lemma we bound ( Aggan T .

lm—1

Lemma 23. Suppose ly, 11, - € [u—q,t+q]\{u}, ts = min{t, lo,l1, - ,ls}, Rm—1 = {lo,l1, " s lm—1}
and lg < ts+q for s <m. Then
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Atm 1L, Rm—1\{lm— 1} Tylm—1 2
span kl

< 40g Z

Im€[tm—1—4¢,min{ly,—1—1,u—g—1}\({u}URm_1)

and klm: lm—1

2 ~ 2
tm—1,Rm—1_m,ly ton—1 T ln
|: (Asgtanl m 1xkl n> + (A m 1xk n) :|

m lm
+ 40q Z

Im€min{ly,—1—1,u—q—1}+1,lm—1—1\{u}URm—-1)
and ky,, =k,

2 ~ 2
tmflyRmfl 777l'm tm—1 7T7lm
[ (Aspan Ty, " > + <A Ty, " ) }

F G

H I
2
tm—1,Rm-1_mu tne1,Rim—1 .U\ 2
+38- ]]'(klm,lzku and u<lm—1) ° [ (Aspan T ) (Amax CL‘ku )
J

40q
5 >
me[tmfl_4Q7m1n{tmf1+q,u_q_1}]\({lm717U}URm71)
2 ~ 2
2 tm—1,Rm— JIm 2 m— JAm
<Lkzmk1m1 (Aspanl 1$zlm > +Lkzmk1m,1 <At 1$;€rlm ) >>
K L

+ 12 )3

i Elmin{tn 1 +¢,u—q—1}4+Ltm—14+g)\ ({1 ,u}URm 1)

2 ~ 2
2 tm—1,Rm-1_m,lm 2 tm—1,.Tlm
< Lklmklmfl (ASpan ;L'kl'm > + Lklmklm—l <A ;Ukl'm

o~

M N
+ %-n(ugtm,ﬁq)-L{klm [(Ai;;sn“&"lxg;“f + (Af;;;;ﬂmlx;;“ﬂ L (24)
O
Proof. Recall that t,,—1 = min{t,lo,l1, - ,l;—1}, and Ry,—1 contains l,,,—1. Also recall that

Avfaﬂr 15 ﬂjzs—maX{Atm 1,R Zs_Am 1, 7rs ‘Atm 1,R 7rs ‘Am 1, WS

max min max min Ty, s

First, let’s expand the term

<Atmfl7Rm71\{lmfl}$7rylm71) 2

span K

2
_ tm—1,Rm—1\{lm—1 Tlm—1 tm—1,Rm— 1\{lm 1} Tlm—1
= (Al finet\nibg ey o =

min

lm—1 lm—1

tm—1 7Tlm

By Lemma [§] and recalling that the definition of Aya "'« Ty, " allows the choice of whether to read
the results of updates Us with s € [t;,—1 — 4q, tm—1 + ¢, we " obtain
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(Ai’glafnl7Rm71\{lm71}$7ﬂlm71> 2

klmf 1

2
tmo1,Rm—1 7,
< 2< g AVir ! llefnm>

Im €[tm—1—4q,
lmfl _1}\Rm71
and ki, =k,

+£ ~Am—1,Rm—1,T,lm—1 _~tm717Rm7177r7lm71 2
I‘2

max,k;, . min,k;
2
o ¥ s
Im€[tm—1—4q, "

lmfl_l}\Rmfl

and klm :kl,m7 1

2 tm—1,Rm—1_ m,lm 2
D SR )
lm €[tm—1—4q,
tmfl‘}'q}\Rmfl
By applying the unbalanced Cauchy-Schwarz inequality, the first term on the RHS of (25) can
be bounded as follows (the 5¢ in the first inequality occurs because by (2I)), l;,—1 < t;m—1 + ¢, and
hence the range for [, is of size at most 5q):

2
tm—1,Rm— )
2< ) Al 1R 1:1;;;@)
lmE[tmfl_Zlq’lmfl_l}\Rmfl

and klm: lm—1

2
<4-(5q) > (Al fmragin)

lmE[tmfl —4q,
lm—1—1\({u}URm 1)
and ki, =k,

2
ton— ,Rmf ™,
+4- ]l(klm,lzku and u<lp_1-1) "~ (Avar ' lxkuu) ' (26)

Again, by using an unbalanced Cauchy-Schwarz inequality, the second term on the RHS of (28]
can be bounded as follows:

2
2 tm—1 Rmfl 0 lm
ﬁ( Z Lklmklmfl ’ Avar xklm
lme[tm—l—4q,tm71+q]\Rmf1
4(5q) 2 tmfl Rmfl 7Tlm 2
< T2 Z Lkzmkzm,l <Avar Ly, )
Ilm€ltm-1—4q,
tmfl‘f‘[ﬂ
\({U}URmfl)
4 2 tm—1 Rmfl ™,U 2
+ ﬁ ’ ﬂ(uStmfl‘i‘q) : Lk‘uk}lm71 <Avar l‘k; > . (27)

Observation [I(i) implies that for any s = I, € [t—1 — 44, tm—1 + q] \ {u}, (Atm’l’R"“l:EZ;s)z,

min

- 2
tm— 7R7 - ’ 2 tm— 7R” - ’ - ’ i
(Am T tap®)” < (|As§an1 " leﬂ +|Abm 13:285‘) , and consequently by recentering,
tm—1,Rm-1_m,s 2 tm—1,Rm-1_m,s 2 Ntm_1,.T,8 2
AV ") < 2(Aspan ) +2(A z ) (28)
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A . tm—1,Rm-1_mu tm—1,Rm—-1_mu Atm—1,Rm—-1_mu
Similarly, since Apmax T € [Amin T, , Afhax z,) ],

AtmflyRmfl U 2 <2 At’n’L7lyRmfl ™U 2_|_2 AtmflyRmfl U 2 (29)
var xy < span Lo max Thy )

In summary, (28] is bounded by (28] and (21); we split the range of the first term in each of
these bounds, and bound the Ay, terms as in (28)) and (29]). This yields the result. O

We can now prove Lemma 211

Proof of Lemma[Z1. Next, we bound the LHS of the inequality in Lemma[2Il To obtain our bound,
we start with (24]) and multiply both sides by

L2
le kl57 1 L2
H 1"2 klo Ky
ls eRmfl \Smfl
where R,,—1

={l,lo, lm—1}

and sum over all choices of lg, 1, ,l;,—1, and over all choices of a set 5,,,_1 defined shortly, where
these parameters satisfy the following constraints.
iolgyly, e 1 € [u— q,t+q].
ii. All the [ are distinct and [, # u for all s.
iii. Let ts—1 = min{t,lo,l1, -+ ,ls—1}; ls < ts—1 + ¢ for all s.
iv. Sp—1 C{lslki, = K, }-
v. Let R;,_1 = {ll,lg, .. ,lm}; forall s> 1,1, € Ryp_1 \ Sim—1-
This multiplication of the LHS term of (23]) yields

L i
S > (% om e
lo€[ 1,02,

u—q,t+q)\{u} “lm—1€[u—q,t+q],  1s€Rm—1\Sm—1
all Is distinct, all ls7u,lo; where R, 1
all 1s<ts—1+q, where :{ll,lg,”' ,lmfl}.

ts—1=min{t,lo,l1, ls—1}
all Sp—1 C{lslki,=ku,_, }-

2
2 tmflyRmfl\{lmfl} 7r7lm71
Lkloku <Aspan L, )

m—1

which is V,,_1.
On the RHS, we start by looking at terms H and M to obtain the recursive term V,, on the RHS
of the Lemma 21l We use the inequality (Aé’;a}“Rm’la;Zl’lm)z < (Aégla’f m’lle’lm)z, which holds by

Lemma [0(ii). The multiplication applied to these two terms yields
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L%lsk1571 2
<E|d0g Y 3 ( 11 Tﬁkloku

lo€[u—q,t+q] U1,02, lm €[u—q,t+ql, Is€Rm—1\Sm—1
\{u} all I distinct, all ls#u,lo; where R, 1
all 1s<ts—1+q,where ={l1,l2, Jlm—1}-

ts—1=min{t,lo,l1, ls—1};
all Sy C{ls [k, =k,

and s<m—1};
klm:klmfl

2
tm,Rm—1_m,lm
. (Aspan x ki, )

+E|10g Y 3 ( II L’fri’;)

lOE[U_Q7t+Q]\{u} l1,l2, ,lmE[u—%t-HJ], ls eRmfl\Smfl
all I distinct, all ls#u,lo; where Ry,—1
all s<ts_1+q, where ={l1,l2, Jlm—1}-

ts—1=min{t,lo,l1, ls—1};
Smflg{ls ‘kls :kl571
and s<m—1}.

L2
L2 . klmklmfl At'rmRm 1$7|' m 2
kl() K F2 span klm

These two terms correspond to including [,, in S, and not including it in the constraint for V,,;
in other words, summed together these two terms equal V,,
We now analyze the remaining non-recursive terms.

Recall that A? = T“ + 1. Term J is bounded as follows, as we explain below:

2

S (Y (I Men.

loe[u_%t'i'[ﬂ l1,l2,- 7lm71€[u_q¢+q} ls ERmfl\Smfl
\{u} all Is distinct, all ls7u,lo; where Ry, —1
all [s<ts_1+4q, where ={l1,l2, Jlm—1}-
ts—1=min{t,lo,l1,,ls—1};
all Syo1C{lslki,=ki,_, }.

2
tm—1,Rm—1_mu t R ™2
-8-1 ki, =ku |:<Asggn " Ll > (Ang;xl " 1xku ) :| >:|

and u<lpm—1

A2 m—1 2
< E[ > 512, A" n)m [(Aﬁg;n“Rmxg;“) + (A Tome 1xgu“)2] } (30)
loyl1, -+ lm—1

€lu—q,t+q\{u}
u<tm-1+q

Recall that by 1)), l;,—1 < t;—1 + ¢, justifying the bound on the sum. We first bound L%l & Dy
0 u

L2 .. Then we can average, in turn, over the random coordinate choices of ky,, ki, ..., ki,,_,. As
2
kj_k

we will explain below, depending on whether each ls_1 is in S;,_1 or not, the averaging of %

2 2\ym—1
over k;, , will provide either an % or an % . % factor. To elaborate, the factor % on the
RHS is due to a combination of the following observations:

Lres

2
()
i. Asin Section .2.2] the m —1 factors of ~—+ = ATQ are due to the expectation over the bundle

R t,R
which does not affect the terms Agpan' ' 21", Ak’ '@ ku , as

of n paths obtained by varying k;

s—17
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ls—1 € Ry—1 and ls—1 # u. In more detail, there is always a term due to the case kj, , ¢ Sm—1,

2
which, on averaging, yields a term % L= when ki, = k;,_,, there is also a term for the case that

FQ ?
ki, , € S;m—1, which, on averaging, yields a term of the form %; in combination, they yield a term

%2. (if Is € Sp—1, then k;, = k;,_,, and in this case taking the expectation yields an 1/n factor).
ii. The extra factor of n in the denominator is due to the expectation of ]lkzm,fku'

__ For the remaining terms, first note that, on the RHS of (24)), for any s € [t;,—1—4q, t;—1+q]\{u},
At"“lazzf is independent of any updates in R,,—; or update U,, by Observation [Iii). In addition,

for s < u—g, Aiggﬁl’R”“l:Ezf also doesn’t depend on any updates in R,,,_1 or update U,,.

For term F', note that on the RHS, [,, is being renamed s. Here we can start by averaging over
2
ky, as l,, < u — ¢, which yields a factor of % < FZF. The remaining m — 1 factors of %2 are as
before. The final factor of 1 is due to the condition k;,, = ki,,_, .

2

E Lle kl371 L2
> ) I —)kn
loe[u_%t'i'[ﬂ l1,l2, 7lm71€[u_q¢+q} ls ERmfl\Smfl
\{u} all Is distinct, all ls7u,lo; where Rp—1
all [s<ts—1-+q, where ={l1,l2, Jlm—1};
ts—1=min{t,lo,l1, ,ls—1};
all Syt C{lslkiy=ki,_, }.

2
tm— 7Rmf ,lm
-40q - E (Aspanl 1lem >

Im €[tm—1—4q,u—q—1]

\{u}URm-1)

ki =ki,,_4
2\m
2(A ) tm—1,Rm—1_m, 2
< E[ > 000 Y (Aspanl 1xkss> } (31)
losl1,+ Jlm—1 5€[Lm—
eluaita\{u} dgaiq)

For the next expression, we sum terms G and I. Again, we can start by averaging over k,
as Atmflle’lm is independent of U,, by Observation [{(ii), as l;, € [tm—1 —4¢,lm—1 — 1] C [tm-1 —
4q,t;m—1 + q] (as can be seen by applying (21])).

2

E Lle kl371 L2
> 2 I —5)L.
lOE[u_Q7t+Q] 1,12, 7lm71€[u_q¢+q} ls ERmfl\Smfl
\{u} all Is distinct, all ls7u,lo; where Ry—1
all Is<ts_1-+q, where ={l1,l2, Im-1};
ts—1=min{t,lo,l1, ,ls—1};
all Sp—1C{ls ki, =ki,_, 1.

~ 2
- 40q - 3 < Albm—1 ‘/E;cr[fnm)

Im€ [tmfl _4q,lm71 _1}
\({u}URm-1)

lm =Pl —1
(a2 s’
S S D >R (s N
o)1, lm—1 5€[tm—1—4q,lm—1—1]\{u}

€lu—q,t+q)\{u}

2
For term K, there is an additional term L%l ki, , to average over; we bound it by %
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L2
Lx.( 5 (n e
lo€[u—q,t+q] l1,l2, Ilm—1€[u—q,t+q]

ZSERmfl\Smfl
\{u} all Is distinct, all ls7u,lo; where Ry,—1
all [s<ts—1-+q, where

={l1,l2, Jlm—1};
ts—1=min{t,lo,l1, - ,ls—1};
all Sp—1C{lslkiy =k, }.
L2
Z Kty Rt t R I\ 2
40q 7"}2m 1 <Asglan17 m lle,mm)
Im €[tm—1—4q,u—q—1]

\({u}URm-1)
L (A" tm—1,R 2
2 ~res m—1,tm—-1_,T,S
< E[ Y. AR > (A tap) ] (33)
losl1, - lm—1 SE[tmfl_4q,u_q_1}
€lu—g,t+q\{u}

For the next expression, the sum of terms L and N, we obtain

Lkls kg
El ) > (I —)w
lOe[u_‘Lt‘Fq} llyl27"' 7lm716[u_Q7t+q} lseRmfl\Smfl
\{u} all I distinct, all ls7u,lo; where Ry,—1

all 1s<ts_1+q, where ={l1,l2, Jlm—1};
ts—1=min{t,lo,l1, " ls—1};
all Sp—1C{ls|ki =k}

2
- 40q - E % (£t7n71x7rvlm)2
T2 iy,
lme[tmfl_‘lq,tmfl‘i“ﬂ

\({u}URy—1)

§E[ Z 40q F2M Z

T2pm+l
o)1, s lm—1 5€[tm—1—4q,tm—1+q]\{u}
€lu—q,t+q)\{u}

(Afrap) i } L (39

Finally, for term O, the bound is

> (x  (1m Bem

T2 ki ke
lo€lu—qt+q] * li,l2, lm—1€[u—q,t+q] ls€Rm—-1\Sm—1
\{u} all I distinct, all [s#u,lo; where R,,_1
all [s<ts_1+q, where ={l1,l2, JIm-1};
ts—1=min{t,lo,l1,,ls—1};
all Sp—1C{lsky =ki,_ }-
2
L ok,

2
—1 tm—1,Rm—1 U ty Ry 7ru
- 8- 7F2m ]lugtmfﬁ-q |:(Aspnan " ‘/Eku ) (A ax :| >:|
2

2 (A2ym—1 9
SE[ > s, LT [(AtMLle;pg;“)

tm—1,Rm— U
F2nm span (Amaxl ‘x k ) :|:| (35)
loyli, ylm—1
€lu—g,t+q]
\{u}
u<tm—1+gq

Therefore, the sum of the bounds on the non-recursive terms, reordered as 32 34} BT B3] B0,
B8, equals
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DS > a8 (3] (36)

lodi, - Jlm—1  s€[tm—1—4¢,lm—1—1]

€lu—q,t+q]\{u} \{u}

[ L2—(A2)m " 2
+E ) > At (A ] (37)

- Lol lm—1 Se[tmfl_‘lq,tmfl‘%‘ﬂ F " ( )

€lu—q,t+q]\{u} \{u}

[ (A2)m tm—1,Rm—1_m,s 2
TE > D, 40gr* ey (Aspan e, (3%)

- oyl lm—n $E€[tm—1—4q,u—q) " ( )

€lu—g,t+q]\{u} \{u}
i L2 (A)™ ¢ 4 1R 2
2 ~res m—1,tm—-1_T,S
0501, 5bm—1 SE€[tm—1—4q,u—q
€lu—q,t+q]\{u} \{u}

B A2 m—1 o 2 o
+ E|8 Z ernax( n)m - <<A§glanl7RM1l‘k; > + (Amj‘;hRmflﬂj‘k; )2> :| (40)

- loy1, L

Sfu gt a\fu)
uStmfl"l‘q
LL(A2)m‘1
E 8L2 Tes
D SRt

lOvll )ttt 7lm71
€lu—q,t+q]\{u}
uStmfl +q

2
. <(A§gzan17Rm1x;;lu) + (AtngnaX17Rm1xz;u)2> :| . (41)
To obtain the final result, we combine these bounds. We start by bounding the sum of (36)
and ([B7) as follows. Noting that At’"*lznz;s,AxZ;" € [Aminxz;“,Amaxznz;u] for s < t;,—1 +q, by

~ 2 _ 9
recentering, (Atmflngs) <2 (Aspaanf) +2 (Aa;z;s)z, we obtain

D> > el (Ba)’|

lo,l1, lm—1 5€[tm—1—4¢,lm-1—1]

€lu—q,t+q]\{u} \u}

L2 (A" 2
2 : § : 2 “res tm—1 .78
lo,l1, lm—1 Se[tmfl_‘l%tmfl‘i'[ﬂ
€lu—q,t+q\{u} \{u}

A Y+l (ggym , s .
<e| 3 st CLEE (S (80))| (®
SE[t—Tq,t+q]
e

The additional A? is from 1+ % on the LHS of ([@2)), and the (4¢)™ is due to the t + ¢ — (u—q) <
(t+q) — (t — 3q) = 4q choices of ly,l1,- -+ ,l,,—1. We also relax the range [t,,—1 —4q, t;m—1 +q] \ {u}
and the range [tm—1 — 4¢, lp—1 — 1] \ {u} to [t = 7q,t + g] \ {u} as ly—1 <t +¢q, tm1 +q<t+gq,
and t;,—1 —4g>u—5¢>t—1q.
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Next, we sum [B8) and B9). As t,,—1 = min{¢t,lo, -+ ,lm—1} > s — ¢, we obtain

(A2)m tm— 7Rm7 ™,8 2
DS S g (sl o)

lod1, s lm—1 5€[tm—1—4q,u—q)

€lu—gq,t+q]\{u} \{u}
Lros(A2) tm—1,Rm-1_m,s 2
*E[ 2 D N G
loyl1, s lm—1 sE[tm71—4qyu—4)
€lu—g,t+q]\{u} \{u}
(A2)m+1(4q)m 5 2
gE[ > 40qF2T(ASPan 7. (43)

s€[t—Tq,t+q]\{u}
Adding ([@2]) and (@3] yields the term (22)) on the RHS of Lemma 21
Finally, we sum (@0) and (41)). For u < t,,,—1+q, as Almotfm—1,, 2 L Argt e - [Zminxz;“,zmaxmg 1,
2 2 _
by recentering <A$;;1’R””’1:E;;’Lu> <2 (Aspanxk ) +2 (A:E ) ,and (Aﬁg;#ﬂm*lxg;“) < (Aspanxk; )2.

2\ym—1
T A () s e

l07l1 3 7lm71
€lu—qt+q]\{u}
uStmfl +q

L2 (A2)m—1
; E[ S s G
lO,lly"'ylmfl
€lu—q,t+q]\{u}
UStm—H—q

2
. <<Aé’glan17lex;;lu> + (Afﬁg;l Rm—1 xz;u) 2> :|
<E [24L3m7( )ni 7 (Bpanafy")? + (Az]; )2)] .
This yields the term (23]) on the RHS of Lemma 2] which concludes the proof. O

A.5 The Claims from Section [4.2.4]
Recall that w(k) = 7(k,t). The following observation will be useful.

Observation 2. For u < t, Amaxa:k( £ > Afﬁgxxzik“) Afn?n k( £ Afn?n m(ku)u , and thus
Eu ki)
Agbﬂénx;;s e < AI;pman Z( b

Proof. This is immediate from the fact that replacing k, by k; on path 7 allows more choices of
input in calculating the update to x,,. O

Proof of Claim[3. [Bounding Term B] We begin by noting that

k - ks), - ku),
xT(( s )5t _ xw,t 2q + Z Axw( ),u _ xw,t 2q + Z Aww( w),U and
ks ks ku ks kuy ?

t—2q<u<t t—2q<u<t
&k‘UZkJs &ku:ks
w(kt)t mit—2q w(ke),u
a:k =y + E Az,
t—2q<u<t
&ky=ks
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Note that as t — 2¢ < u, and as the updates U, are fixed for r < t —4q on the RHS of the following
. k( uliu Afngxzn;;sk“)u} Also, as u < t, and by Observation [2]

the range [Am m(ku)u Aﬁg :Ez(k“)’ } [Am W(kt)’u,Afﬁgxx;;(th)’u}. Further note that Az W(kt)

min k minTk
7'('(]{2,5)

lies in the same range, [At 0 Ty Afngx k(kt) ]

expression, we have Amﬂ(k“) € [A

min
Therefore,

2 (ks w 2
el X X (-]
t—2g<s<t ky=1
&s=prev(t,ks)

2r - e’
co® XS [ X (st
t—2q<s<t k=1 -t—2q<u<t

&s=prev(t,ks) &ky=ks

2" - 2 = . 2
< 32 1 E[ E E (Aipﬂ;n (ke > } (by the Cauchy-Schwarz inequality)
k=1 t—2q<u<t

4
< 3_q Z I'(D,)” = % Z - (D,)* (recall that vy = %)
n u€(t—2q,t—1] s€[t—2q,t—1]
]
Proof of Claim[3. [Bounding Term A] We begin by observing:
s w(ke)t)?
E[ 2 Z2n2F (k ks ) }
t—2¢<s<t  kp=1
& s=prev(t,ks)
1 ~7(kt),s 7(kt),t 2
t—2q<s<t k=1

Note that gﬂ( % and gz(kt)’t are on the same path 7(k;). The difference of these two values is
7'('(]62,5 l()

bounded by a sum of terms of the form Lkl ‘ where [y needs to satisfy two conditions:

1. Iy € [s —2¢,max{s + ¢q,t — 1}]; 2. If [ 2 t, L{lo commits before U, reads coordinate Thy, - As
Z(kt),l()‘ < max { ‘At 0 ﬂugt), maxZ Z(kt Mo ‘} <
lo

min kl

t—
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Af,aq Z(kt) . Thus

[ 2 ZZn2I‘ ('Z(k _g’;(kt)’ty}

t—2q<s<t ky=1

n 1 - 2
! Y S (N meadegn)

t—2q<s<t ki=1 lo€[s—2q,max{s+q,t—1}|\{s}

- (henas))]
SE[ > %(( > LkloksAéa@er“) (Lksksmgj)zﬂ

t—2g<s<t lo€[t—4q,t+q]\{s}
(recall that m = m(ky).)

Then, using Lemmal]]]for the first inequality, I' > Lyax for the second inequality, and Lemma [I0]
to bound F(Dt) for the third inequality, yields

E|: Z Z n2F < kskt ,prev(t,ks) _ g;l(kt)’tf]

t—2g<s<t
& s=prev(t, ks)

vl vl
S VD SR S NTO N R SR CSAPeN
t—2q<s<t re[t 7q,t+q)\{s} t—2q<s<t
+ Z max -T AX) (as Lksks < Lmax)
t— 2q<s<t

SLWM > @ @]+ T2 er 07+ (4]
K s€[t—Tq,t+q]\{t} !
oY (A
s€[t—2q,t—1]
e SR [ S-S i EE N Sk

n n
s€[t—Tq,t+q]\{t} s€[t—2q,t—1]

F2r(Le2) S D) (a0 22 ray

" U7 selt—sqira\(t)
Proof of Claim[@. [Bounding Term C]|
r . w(kt),s 2 r T8\ 2
t—2q<s<t ki=1 t—2q<s<t
&s=prev(t,ks)
P X 2
< —
—2n Z (A5)"
t—2q<s<t—1

49



Proof of Claim[j [Bounding Term D] We bound the term

2
E[%g D kel Dot (gz(k)’t - gg(kt)’t) ] We will use the term g,
allow us to compare values on two different paths, as follows.

k),t—2 . .
T2 og an intermediary to

rk)t w2 _ 4wtk wk)t—20\2 | 4 [ a(k)t-2 m(ke),t) 2
3<gk — 9 ' ) §§<gk — 9 q) +§<gk q_gk )
47zt wk)t—2¢\2 4 [ ak)t—2q0  w(ke)t)2
< _ W ) _ ) _ 5
=3 (gk 9k > + 3 (gk 9k ) ) (45)

as gy m(k).t=2q gﬂ(kt)t %% ince the gradients at 2™!29 do not depend on update ;.

For the first term on the RHS of (45]), we apply Lemma [[1] for the third inequality, and then
apply Lemma [I0 to bound the (Dt) term which was generated by Lemma [I1] as follows.

el 4t (k) t-2q) 2 e 4 I ATk
as (o g <ET g (X D)
k=1 k=1" t—2¢<lo<t—1

1<~4 -
AP T o]

k=1" t—2¢<lo<t—1

< 4V3F2 Z |:(Ds)2 n (Ai()z] n 41/?;‘2 [(Dt)2 n (Aix)ﬂ

3q sE[t—Tq,t+q)\{t}

< 4u3I? Z |:(Ds)2+ (A§)2]

34 s€[t—Tq,t+q]\{t}
2 2
+ 4”‘5 : <% + %) > [+ a0+ 4V§P S(AKZ (46)

s€lt—5q,t+q]\{t}

For the second term on the RHS of ({#H), for t —2¢ < s <t —1, as Axgkt)’s and Af{{ﬁxgkt)’s
are in the range [At’@ a:k( ths ,Afﬁgxxzs(kt)’s] , by recentering and by the Cauchy-Schwarz inequality,

min

4( ae)t-2q  mtk)t)2 4 wlh)s )
g <gk(kt)’t 2 _gk(kt)i) = g( Z Lks,kAxkfk ), )

s€t—2¢,t—1]
=20 Y <(A§,?an “(’“”8)2+(Afﬁ?ﬁixlﬁk”’s>2>-
sE€[t—2q,t—1]

This yields

[mZZ ( (ke) t—2q gn(kt),t)2:|

k=1k;=1
1 =~ 16 (k). 2
<m0 ¥ n((aer) + (aert))
ki=1k=1 se[t—2q,t—1}
<E|:izn:gq Z <<At@ (kt) ) <At{t} m(kt),s >2>:|
= n2 3 ros span .
k=1 s€[t—2q,t—1]
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By Lemma [9 (Aspan Z(kt)’S)Z < (Zspanwz(kt) >2 and (Atmﬁ Z(kt)) < 2(Aspanx2(kt) >2 n
2(A$Z§kt)’s> . Thus,

B[ E S () | < e (@) (a2)?)

k=1k=1 s€t—2q,t—1]

20,12
<G X ((p)*+ (a5, @
s€t—2¢,t—1]

Combining (45)), (46) and (47)) yields the result. O

Claim 7. The term G in (13)) is bounded by % {2{ + % + % + % + 426(;)—7’) + 28447&41_7“)].

2 2 .
Proof. Recall that r = % : (% + 1) (see the second paragraph of Section L.2.3)). As stated
2 272
before Lemma [0, v, = %, vy = 24?171%2“5, and as stated before Lemma [l v3 = 1% (% + T),
vy = %. Also, note that % <fasq>1, 11+ < 3 55, and v + 24q ;’—8.

vy 3 81y 2(V3 + V4) Tvg A Tvy
“"16”({15q’2n}Jr g T n T3 \g T3 )t

1 121 3q2 8o 3 2 24r r 7 2
5FMX%FEE}+TT+<Z(LﬂfH>+1—r>§6+E<1—r+0
3 r? r 14r \ 3r
+<Z <1—r+r>ﬁ+ 1—r> %}

IN

<1[r<1+1>+r2 R N <3+1+§>
~q 9 16 1280 25600 1—71\40 16 10
r3 3 rd 9
g <1280> R <25600>]
< 1 [& N R N 93 N 3r? N r3 N rd }
=13 T 1280 T25600 T T+ 42601 —r)  2844(1 1)

O

A.6 Proofs for the Amortized Analysis, Section Theorem [3] and Lemma

The following lemma, is key to the demonstration of progress in both the strongly convex and convex
cases.

For any t > 1, we define: PRG(t Z Wk Vif(@h), zh).
k=1

We will use the following lemma from [25] Lemmas 4,6]. The version we present here is slightly
different from the one in [25], but the proofs are essentially the same.

Lemma 24 ([25, Lemmas 4,6]).
(a) Suppose that f, F are strongly convex with parameters pg, prp > 0 respectively, and suppose that
I'> py. Then

ur t
PRG(t — . F .
02— Fa)
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z! — 2*|| < co. Then

(b) Suppose that f,F are convex functions. Suppose that R := ming«cx~

PRG(1) >m1n{1 F(:”t)} F(ah).

2" 2T'R?
Proof of Theorem[3. We begin by showing (i). By assumption (c) and Lemma 24](a),
H@y—H@+J)2[%-EPRQ@]+§-A+@ﬂ
« HF t /8 +
>|————— - E|F —AT(t)| >0 -H(t
> [& A B[P + 5] 0

S - S 1) 8
where —mm{n prEs =t

Thus H(t +1) < (1 —=06)H(t) for all ¢ > 1. TIterating the above inequality T times yields
H(T+1)<(1-0)TH(®).

To finish the proof note that since AT (1) =0 and A=(1) >0, H(1) < F(z!).

Now we show (ii). By the second assumption, Lemma 24] and the fact that E[X?] > E[X]?,

H(t) — H(t + 1)

> (2 BlPRo()] + 2 () 2 [ min {3 S mpreoy + 2. v

We consider two cases:

o If E[F(xt)] < AT(t), then AT (t) > , thus
% -mm{i, grgz )]} "E[F(z")] + g CAT(t) > % - H(t).

o If E[F(a!)] > A" (t), then E[F(z!)] > H(t) , thus

%-min{%,%g:z)]}'E[F(:Et)]+§'z4+(t) > %-min{%,4§l(722}-H(t).

Since H is a decreasing function, H(t) < H(1) < F(z'). Thus, unconditionally,
t
a -min{1 M} -E[F(a:t)]—l-é-A (t) >m1n{ b a o H( )} - H(t)
n

n 2" 2I'R2 "4n’ 8nI'R2

. I3 « « 9
2mm{2n-F(3:1)’éLn-F(azl)’8nF7€2}'H(t) ’

Note that the term min { o Fﬁ(xl)’ 4nF('x(:c1)’ Snf’fnz} is independent of t. We denote it by €. Thus,
H(t) — H(t+1) > ¢ H(t)?. Dividing both sides by H(t) - H(t + 1) yields
1 1 H(t)
Hit+1) H@E) = HE+1) =

R R
HT+1) H()~

Iterating the above inequality 7" times yields

1 1 1
dh — >l +— > T+ ——. i H(1) < F(x!
and hence HT 1) > el + o) - el + Flal) (since H(1) < F(x'))
(ii) follows by taking the reciprocal on both sides of the above inequality. O
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Proof of Lemma[I3. By calculation,

AR — AT+ 1) = ti = (D) +c(a%)?]

s=t—Tq

t+7q 1
- Z 1\v—t [C(Dt)2+C(AtX)2]
v=t+1 (1 3_n)
t—1
=gt 3 o) ]
t+7q 1
=Y [+ (8]
v=t+1 (1 3n)
t+q t—1
A (t+1)— A (t) = Z [c (Dy)? +C(A5){)2] - Z [C(Dt)2 +c (Aix)ﬂ :
v=t+1 s=t—q

Therefore

(1 )4t —am)] - [ar@+ 1) - A+ )]

t—1 t+7q

-3 [e(D.)? + (82)?] - _Zlﬁ [o(D)? + e(a)’]
-3 eetody] - 5 oot e

= Y @) e(ad)?]

sE[t—Tq,t+q)\{t}

t+7q 1 , ,

- < 2 Tyt Q> () +e(a)?]. (48)
v=t+1 (1 - %)

In order to achieve (7)), we compare the coefficients of each of the terms ¢ (Dy)?, ¢ (Alf<)27 ¢(Dy)?,

¢ (Af)z in (I7) and @8). Since ¢ = @ + (7 + @) (V—ql - %) I the coefficient of (Ds)* and (Af)2 in

(@R) is at least as big as in (7). Therefore, it suffices to have the coefficients of (D;)* and (Af)z
satisfy the following inequalities.

C i 1
sz. [;erq]
:%[qw-i‘(’Y‘Fw)(Vl—i‘W)]' [371((1_;”)74“ B 1—1§> +q]
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1 1 1
and g—wZ—[qw—l—(7+w)(u1+u2)]-[371( T 1>+q]-
q (=50 1=

If 7qg < 3n — 2, then by the fact that (1 +z)° <1+ % for any z < ﬁ and s > 1,

1 \7e+l 3
>—|—q§3n[<1—|— ) ]+q

3n< ! — !
(KRR

3n—1 S 3n-1
3n
(7 +1) <3n1 1)
<3n|l+ —1|+q
1— .
T 3n—1
Tq+1
<3 <14 2
< <3n—1—7q>+q_ q+2+q,
if?m_?’i{‘_m <2 ie.,if 7g<n—1.
1
Then it suffices that v > = [qw + (v + @)(v1 + 112)] (15g + 2)
q
1
and 0o—w > 6[qw—i—(’y—i—w)(ul+V2)](15q+2).
272
Recall that vy = % < gand vy = 24ZLFLQE <g o= % - % (see the first line of Section (A.3]),
3 7,,4

q
_ 1
y=0—wand r < 5. O

_ 1 |2r 32 9r3 3r2 T . .
and w = 3 T 1280 T 2600 T 1= T meai=r) T =) |- One choice of values that suffices is
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A Table of Definitions and Parameters

Notation / Definition / Description First
Parameter Appearance
F:R" =R F(z) = f(x) + > 5_q Yi(z)
f:R* =R F' is the convex function we Abstract
U,:R—R want to minimize.
€j the unit vector along coordinate j
Lj \Vif(x+r-e;) = Vif(z)] < Lj-|r|
Lires IVf(@x+7-e) =V (@) < Lyes|r|
Lo L 8 max, (Z;L:l([/kj) 2) 1/2 Definition [T
Lo Lipax = max; k Ljg
it f is twice differentiable, then Ly ax = max; Lj;
strong convexity parameters of f, F'
Bfs HF Fly) = f(2) 2 (Vf(@),y —x) + guylly — =[] Definition 2
F(y) = F(z) > (VFE(x),y — a) + gprlly — 2|
U, the t-th update (in the SCC order)
r parameter used in the update rule
W;(d, g,x) Wi(d,g,x) £ gd +Td?/2 + V;(z +d) — U;(x)
Wj(g, x) Wj(g, r) £ maxq W(d, g, ) Near
dj(9.) dj(g.x) £ argmax, W(d, g.) Ean. (1)
asynchronous $§-+1 — :L"E + Jj(gj, w;),
update rule where g; is the (inaccurate) measured gradient.
the updates that can interfere with the update
q at time t in the ST order are those that Assumption 4
commit at times t+ 1,14+ 2,--- |t +¢q
A:Uzt’t the increment computed by the ¢t-th update on path 7 | Near Lemma, [I]
ki the coordinate that is updated at time ¢ Beginning
o 9 = Vif(a') of
accurate gradient along coordinate k at time ¢ Section
T a root-to-leaf path in the branching tree
(e t) . the root-to-leaf path with time t. Begir.lning of
coordinate on path 7 replaced by coordinate k Section [3.2]
m(ke, t) (ke t) =7
ot for any variable e, ™! denotes its value

at time t along the path 7
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otation efinition escription irs
Notat Definit D pt First
Parameter Appearance
g AT = {r|lu —4q <r < u — 2q and U, has committed
before some U, for p < u —4qg — 1}
AU,R7S m,S h b]. . h
max L, see the table 1n the next page
u,R ] u,R S A u,R,S ms 3
Anjax 2— ArjaxT Z = maxg Afay l’z Section [.2.T]
u,R ms u,R ms A u,R s u,R _m,s
Aspanxk Aspanwk = Amaxxk - Amm
T8 s A
Aqrilaxwk;s Arunax = Amaxwk
u,R_m,s u,R ms A u,R ms uR 8 u,R _m,s
Avir Avaray, = max {Aspanxk [ Amaxay”|, | A}
~R T8 ~R s A t,R s
Amaxmks Amaxxl.gS = IMaXs_¢<t<s Amaxxk
—~R T8 ~R ms o AR ms AR ms
Aspanxlg5 Aspanwks = Amaxxlg5 - Aminxlg5
“~R 7 ~R ms a
Avar ks Avarxlg5 - max {Aspan k |Amax k; |Am1n k; }
~ 8 ~ ms A #0 T8
Amaxmkzs Amaxxk5 = Amaxxk
N ™8 N s A D T8
Aspany Aspanty = Aspanly] Section [4.2.1]
T8 ~ s & D ws
Avarxk Avarxk = Avar ks
~u,R,S,m,s
max ks see the next table
~u,R,m,s ~u,Rms ~u,R,S,m,s
gmax,ké max,ks maxsg[U—4q7u+Q]\(AW’uU{S}) gmax k
—R,m,s —Rm,s ~u,R,m,s
gmax,kS gmax ks = IMaXs—g<u<s gmax ks
_m,s —T,8 _ Dms
gmax,k:5 gmax ks gmax ks
_m,s —T,S$ A —T,S —m,8
gspan,ké gspan ks gmax,kz gmm ks
2 2 A N m,t N Tt 2
(D) (D" = E[(Amaxxkt ~ Aumin, )] Section [4.2.1]
X\ 2 xX\2 a T,t\ 2
(Af) (AF)" = E[(Azg)]
The time of the most recent update to
prev(t, k) coordinate k, if any, in the time range Lemma [7
[t — 2q,t — 1]; otherwise, we set it to ¢.
2 24¢°L2
V1, Vo v & % and vy £ % Lemma [I0]
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Notation / Definition / Description First
Parameter Appearance
2
A, r AE Lf‘g* +landr2 160‘1 -A?
N A Lemma [TT]
V3, Uy ng%({z—i-r) andu4:17"r
Vm Eqn. (20)
ﬁtmflxz;s Before Observation [l
N 1 2 2 3 4
w w=y [? + 1250 T 2600 T i T 426(1—7") + 2844T(1—r) Lemma T2
0 0= % — Section A3l
0 a parameter introduced for amortization Eqn. (10
cEw+(y+w) ( ) Lemma [I3]

For any set R, S C [u—4q,u+ q] \ A™"* U {s}, when the first (v — 4¢ — 1) updates on
path 7 have been fixed, and update U, is excluded from the computation of Uy for

v € RUS and for v > u + ¢; for all » € A™" the value of the update U, is already fixed,
then:

AuRS T8 A

. S
max_ T, the maximum value that sz, can assume
S

~u,R,S,m,s
gmaxkS

(1>

. ~T, S
the maximum value of g,”° can assume
S
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