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Abstract

This paper studies convex generalized Nash equilibrium problems that are given by
polynomials. We use rational and parametric expressions for Lagrange multipliers to
formulate efficient polynomial optimization for computing generalized Nash equilibria
(GNEs). The Moment-SOS hierarchy of semidefinite relaxations are used to solve the
polynomial optimization. Under some general assumptions, we prove the method can
find a GNE if there exists one, or detect nonexistence of GNEs. Numerical experiments
are presented to show the efficiency of the method.
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1 Introduction

The generalized Nash equilibrium problem (GNEP) is a kind of game to find strategies
for a group of players such that each player’s objective function is optimized, for given
other players’ strategies. Suppose there are N players and the ith player’s strategy is
a vector x; € R" (the n;-dimensional real Euclidean space). We write that

Xi = (-xi,la"'v-xi,ﬂ[)a X = (-xlv"'axN)'

B Jiawang Nie
njw @math.ucsd.edu

Xindong Tang

xindong.tang @polyu.edu.hk

Department of Mathematics, University of California San Diego, 9500 Gilman Drive, La Jolla,
CA 92093, USA

Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10107-021-01739-7&domain=pdf
http://orcid.org/0000-0003-2637-8274
https://orcid.org/0000-0002-4951-768X

1486 J. Nie, X. Tang

The total dimension of all strategies is n := nj +- - - +ny. The main task of the GNEP
is to find a tuple u = (uy, ..., uy) of strategies such that each u; is a minimizer of
the ith player’s optimization

min fi (U1, ..o, i1, Xiy Uig 1, .., UN)
xiER"l 11
Fi(u_i): st gi U, oo w1, X Uig 1, .., un) =0(]7 € &), (1.1)
gijr, ... ui—1, X, Uiy, ...,uy) = 0( €1;),
where u_; := (uy,...,u;j—1,uiy1,...,uy), the f; and g; ; are continuously differ-

entiable functions in x;, and the &;, Z; are disjoint finite (possibly empty) labeling sets.
The point u satisfying the above is called a generalized Nash equilibrium (GNE). For
notational convenience, when the ith player’s strategy is considered, we use x_; to
denote the subvector of all players’ strategies except the ith one, i.e.,

X = (X1, ..., X1, Xig1, ..., XN),

and write x = (x;, x_;) accordingly.

This paper focuses on the generalized Nash equilibrium problem of Polynomi-
als (GNEPP), i.e., all the functions f; and g; ; are polynomials in x. For each
i=1,...,N,let X; be the point-to-set map such that

Xi(ror) = {x,. R (12)

8ij(xi,x_i) =0, je&,
&, jxi,x_;) >0, jel;

The X;(x_;) is the feasible strategy set of F; (x_;). The domain of X; is
dom(X;) :={x_; e R"7" : X;(x_;) # 0}.

The tuple x is said to be a feasible point of the GNEP if x; € X;(x_;) for all i. Denote
the set

X = {x e R” (1.3)

8 j(xi,x—)=0,j€&,i=1,...,N,
g, j(xi,x-)>0,jel,i=1...,N |’

Then x is a feasible point for the GNEP if and only if x € X.

Definition 1.1 The GNEP given by (1.1) is called convex Vifforalli =1,..., N and
for all given x_; € dom(X;), the objective f;(x;, x_;) is convex in x; on X; (x_;), all
gi,j(xi,x_;) (j € &) are affine linear in x;, and all g; ;(x;, x_;) (j € Z;) are concave
in Xi.

' In some literature, this is also called player-convex, to distinguish from jointly-convex GNEPs; see [14].
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For instance, consider the 2-player GNEPP

3 3 3
. 2 . 4
min Y- (o=, )? | min Y (G =y [T k)

x1€R3 ;T xeR? jT] k=1 (1.4)
st xITx;—1=0, st lxil? = lx2)? = 0.
(x11, x12, x13) = 05

In the above, the || - || denotes the Euclidean norm. For each i, the Hessian of f; with
respect to x; is positive semidefinite for all x_; € dom(X;). All players have convex
optimization problems, so this is a convex GNEP. One can directly check that it has a
unique GNE u = (u1, up) with

_ (Y2 22 _“ 11)
M\ B )T \vios Yios Yios )

GNEPs originated from economics in [4,10]. Recently, it has been widely used
in many areas, such as economics, transportation, telecommunications and pollution
control. Convex GNEPs often appear in applications. We refer to [1,3,8,52] for recent
work on applications of GNEPs. Some application examples are shown in Sect. 6.

For the classical Nash equilibrium problems (NEPs) of polynomials, there exist
semidefinite relaxation methods [2,48,50]. Convex GNEPs can be reformulated as
variational inequality (VI) or quasi-variational inequality (QVI) problems [15,23,24,
36,51]. The Karush-Kuhn-Tucker (KKT) system for all player’s optimization problems
is considered in [13]. The penalty functions are used to solve convex GNEPs in [18,
19,22]. Some methods using the Nikaido-Isoda function are given in [14,57,58]. The
Lemke’s method is used to solve affine GNEPs [54]. For general nonconvex GNEPs,
we refer to [5,12,16,28,47]. It is generally quite difficult to solve GNEPs, even if they
are convex. This is because the KKT system of a convex GNEP may still be difficult
to solve. The set of GNEs may be nonconvex, even for convex NEPs (see [48]). We
refer to [17,20] for surveys on GNEPs.

Contributions

This paper focuses on convex GNEPPs. Under some constraint qualifications, a feasi-
ble point is a GNE if and only if it satisfies the KKT conditions. We introduce rational
and parametric expressions for Lagrange multipliers and formulate polynomial opti-
mization for computing GNEs. Our major results are:

— For GNEPPs, we introduce the rational expression for Lagrange multipliers and
study their properties. We prove the existence of rational expressions and give a
sufficient and necessary condition for positivity of denominators. Moreover, we
give parametric expressions for Lagrange multipliers for several cases. For all
GNEPs, parametric expressions always exist.

— Using rational and parametric expressions, we formulate polynomial optimization
and propose an algorithm for computing GNEs. Under some general assumptions,
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we prove that the algorithm can compute a GNE if it exists, or detect nonexistence
of GNEs. This is the first numerical method that has these properties, to the best
of the authors’ knowledge.

— The Moment-SOS semidefinite relaxations are used to solve polynomial optimiza-
tion for finding and verifying GNEs. Numerical experiments are presented to show
the efficiency of the method.

The paper is organized as follows. Some preliminaries about polynomial optimiza-
tion are given in Sect. 2. We introduce rational expressions for Lagrange multipliers
in Sect. 3. The parametric expressions for Lagrange multipliers are given in Sect. 4.
We formulate polynomial optimization problems for computing GNEs and show how
to solve them using the Moment-SOS hierarchy in Sect. 5. Numerical experiments
and applications are given in Sect. 6. Conclusions and some discussions are given in
Sect. 7.

2 Preliminaries
Notation

The symbol N (resp., R, C) stands for the set of nonnegative integers (resp., real
numbers, complex numbers). For a positive integer k, denote the set [k] := {1, ..., k}.
For a real number ¢, [#] (resp., [#]) denotes the smallest integer not smaller than ¢
(resp., the biggest integer not bigger than #). We use e; to denote the vector such that
the ith entry is 1 and all others are zeros. By writing A > 0 (resp., A > 0), we
mean that the matrix A is symmetric positive semidefinite (resp., positive definite).
For the ith player’s strategy vector x; € R, the x; ; denotes the jth entry of x;,
for j = 1,...,n;. When we write (y, x_;), it means that the ith player’s strategy is
y € R"™ while the vector of all other players’ strategy is fixed to be x_;. Let R[x]
denote the ring of polynomials with real coefficients in x, and R[x],; denote its subset
of polynomials whose degrees are not greater than d. For the ith player’s strategy
vector x;, the notation R[x;] and R[x;]; are defined in the same way. For ith player’s
objective f; (x), the notation Vy, f;, V)%l_ fi respectively denote its gradient and Hessian
with respect to x;.

In the following, we use the letter z to represent either x, x; or (x, ) for some
new variables w, for convenience of discussion. Suppose z := (z1,...,2;). For a
polynomial p(z) € R[z], the p = 0 means p(z) is identically zero on R!. We say the
polynomial p is nonzero if p # 0. Let o := («1, ..., ) € N/, and we denote

o «
7 ;:le...zll, lo| := o1 + - + .

For an integer d > 0, denote the monomial power set

N, = e eN': Jo| <d).
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Convex generalized Nash equilibrium problems and polynomial... 1489

We use [z]4 to denote the vector of all monomials in z whose degree is at most d,
ordered in the graded alphabetical ordering. For instance, if z = (z1, z2), then

2 2 .3 2 2 .3
[z]3 = (1, z1, 22, 27, 2122, 25, 21+ 2122+ 2125+ 23)-

Throughout the paper, a property is said to hold generically if it holds for all points in
the space of input data except a set of Lebesgue measure zero.

2.1 ldeals and positive polynomials

Let F := R or C. For a polynomial p € F[z] and subsets 7, J C F[z], define the
product and Minkowski sum

p-l:={pqg:qel}, I+J:={a+b:acl bel}.

The subset [ is an ideal if p - I € [ for all p € F[z] and I 4+ I C I. For a tuple of
polynomials ¢ = (g1, ..., qm), the set

Ideallg] := q1 - Flz] + - - - + qm - Flz]
is the ideal generated by ¢, which is the smallest ideal containing each ¢; .
We review basic concepts in polynomial optimization. A polynomial o € R[z]
is said to be a sum of squares (SOS) if 0 = p]2 + o+ p,% for some polynomials

pi € R[z]. The set of all SOS polynomials in z is denoted as X'[z]. For a degree d, we
denote the truncation

Yzla == ZlzlNR[zla.
For a tuple g = (g1, . . ., &) of polynomials in z, its quadratic module is the set
Qmod([g] := Y[z]+ g1 - X[zl + -+ & - X[z].
Similarly, we denote the truncation of Qmod[g]
Qmod[gloy = Xlzlod + g1 - Zzl2d—deg(en) + - + & - Z[z]2d—deg(sr)-

The tuple g determines the basic closed semi-algebraic set

S(g) == {zeR :g1(z) 20,..., () = 0}. 2.1)
For a tuple h = (hy, ..., hy) of polynomials in R[z], its real zero set is
Zh)={zeR :hi(x) =...=hs(z) =0}.

The set Ideal[#] + Qmod][g] is said to be archimedean if there exists p € Ideal[h] +
Qmod[g] such that the set S(p) is compact. If Ideal[/#] + Qmod[g] is archimedean,
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then Z(h) N S(g) must be compact. Conversely, if Z(h) N S(g) is compact, say,
Z(h) N S(g) is contained in the ball R — ||z||> > 0, then Ideal[k] + Qmod[g, R —
lzlI?] is archimedean and Z(h) N S(g) = Z(h) N S(g, R — ||z||?). Clearly, if f €
Ideal[#] + Qmod|[g], then f > 0 on Z(h) N S(g). The reverse is not necessarily true.
However, when Ideal[/] + Qmod[g] is archimedean, if f > 0 on Z(h) N S(g), then
f € Ideal[h] 4+ Qmod[g]. This conclusion is referenced as Putinar’s Positivstellensatz
[53]. Interestingly, if f > 0 on Z(h) N S(g), we also have f € Ideal[k] + Qmod|[g],
under some standard optimality conditions [40].

2.2 Localizing and moment matrices

Let RN denote the space of all real vectors that are labeled by o € NZ2 4+ A vector
y e RN is labeled as

y = (y"‘)aeNIZd'

Such y is called a truncated multi-sequence (tms) of degree 2d. For a polynomial
f= Za e, fuz® € R(z]og4, define the operation

(Fox) = D fada (2.2)

The operation ( f, y) is a bilinear function in (f, y). For a polynomial ¢ € R[z], with
deg(q) < 2d, and the integer t = d — [deg(q)/27, the outer product g - [z1:([z])T is
a symmetric matrix polynomial in z, with length ("7"). We write the expansion as

T _ o
¢ =) Ly
for some symmetric matrices Q. Then we define the matrix function

L) = Dy Yo Qa: (23)

Itis called the dth localizing matrix of g generated by y. For given g, the matrix L;d) [v]
is linear in y. Localizing and moment matrices are important for getting semidefinite
relaxations of solving polynomial optimization [29,38,39]. They are also useful for
solving truncated moment problems [21,43] and tensor decompositions [44,45]. We
refer to [31,32,34,35,37,42,50] for more references about polynomial optimization
and moment problems.

2.3 Lagrange multiplier expressions

We study optimality conditions for generalized Nash equilibrium problems. Con-
sider the ith player’s optimization. For convenience, suppose & U Z; = [m;] and
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g '=(&i1,..., & m) Foragiven x_;, under some suitable constraint qualifications
(e.g., the linear independence constraint qualification (LICQ), Mangasarian-Fromovite
constraint qualification (MFCQ), or the Slater’s Condition; see [7] for them), if x;
is a minimizer of F;(x_;), then there exists a Lagrange multiplier vector A; :=
(Xi1s .+, Aim,;) such that

Vi i) = 220 & j Vi 81, (x) = 0,
AL gi(x), g j(x)=0( €&), 2.4
rij =20 €Zy), gij(x) =0 €Zy).

This is called the first order Karush-Kuhn-Tucker system for F; (x_;). Such (x;, A;)
is called a critical pair of F; (x_;). Therefore, if x is a GNE, under constraint qualifi-
cations, then (2.4) holds for all i € [N], i.e., there exist Lagrange multiplier vectors
A1, ..., Ay such that

Vi fi(x) = X ki j V81, j(x) = 0G € [N,
i Lgi(x) (i €[ND), g j(x)=0G €[N], j € &), 2.5)
Lij=0G€[N]jel, g jx) =03 €[N],jeT.

A point x satisfying (2.5) is called a KKT point for the GNEP. For convex GNEPs,
each KKT point is a GNE [17, Theorem 4.6].
For each critical pair (x;, A;) of F; (x_;), the Eq. (2.4) implies that

Vi 8i,1(x) Vi 8i2(x) -+ Vi; 8iim; (x)

i ) i > i 1Tt )\' v f:

8i,1(x) 0 - ,\l; X'Q(X)
0 gia(x) - 0 = _ . (2.6)
0 0 o 8im (X) —l’,ml_/ [ —

Gix) o fi
If there exists a matrix polynomial L;(x) such that
Li(x)Gi(x) = In,, 2.7

then the Lagrange multipliers A; can be expressed as
ki = Li(x) fi (x).

The vector of polynomials A;(x) := (A; 1(x), ..., A; m, (x)) is called a polynomial
expression for Lagrange multipliers [46], where A; j(x) is the jth component of
Li(x) fi(x). The matrix polynomial G;(x) is said to be nonsingular if it has full
column rank for all x € C". It was shown that G;(x) is nonsingular if and only
if there exists L;(x) € R[x]"itni)xmi guch that (2.7) holds [46, Proposition 5.1].
The nonsingularity of G;(x) is independent of objective functions or other player’s
constraints.
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1492 J. Nie, X. Tang

For example, consider the GNEP given by (1.4). The first player’s optimization has
a polynomial expression of Lagrange multipliers

df1(x)

1,j

T
Al =Xx] Vi f1, A jr1 =

— A (= 1,2,3). 2.8)

For the second player, the matrix polynomial G (x) is not nonsingular, and polynomial
expressions do not exist. In Sect. 6, we give arational expression for the second player’s
Lagrange multipliers.

3 Rational expressions for Lagrange multipliers

In Sect. 2.3, a polynomial expression for the ith player’s Lagrange multipliers exists
if and only if the matrix G;(x) is nonsingular. For classical NEPs of polynomials,
the nonsingularity holds generically [46,48]. However, this is often not the case for
GNEPs. Let g; = (gi,1, - - - » &i,m;) be the tuple of constraining polynomials in F; (x_;)
and G;(x) be the matrix polynomial as in (2.7). If there exists a matrix polynomial
Li (x) and a nonzero scalar polynomial g; (x) such that

Li(x)Gi(x) = qi(x) - Ln,, 3.1
then g; (x)A; = I:i(x)ﬁ(x) for all critical pairs (x;, A;) of F;(x_;). Let
Ai(x) = Li(x) fi(x). (3.2)

Denote by A ,j (x) the jth entry of )Av(x).

Deﬁnltlon 3.1 For the ith player’s optimization F;(x_;), if there exist polynomials
A, T A, m; and a nonzero polynomial ¢; such that g;(x) > O for all x € X, and
)A»i,j (x) = gi(x)A;,j holds for all critical pairs (x;, A;), then we call the tuple

hilqi = G () /qi(X), <o Ay () /i (%))

a rational expression for Lagrange multipliers.
The following is an example of rational expression.

Example 3.2 Consider the 2-player convex GNEP

min_ fi(x1, x2) min  f>(x1, x2)
x1€R2 x€R! 3.3)
s.t. 2— xlTxl —x2>0;|s.t. 3xp— xlTxl >0,1—x>0.

The matrices of polynomials G1(x) and G7(x) are

—2)61,1 3 -1
Gi(x) := —2x12 , Ga(x):=| 3xr — xlTx1 0
2—x1Tx1—x2 0 1—x
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For x; = (0,0) and x, = 2, the G (x) is the zero vector. For x; = (+/3,0) and
x3 = 1, rank(G3(x)) = 1. Both G(x), G2(x) are not nonsingular, so there are no
polynomial expressions for Lagrange multipliers. However, (3.1) holds for

1. T

q1(x) =2 — xa, QZ(X):1_§XI )161, O
Py =[-3% —X2 1], fo)y = |, 3 32 33 G4
B = 2 2 P2 = %xlTxl—xz 11]

The Lagrange multiplier expressions are

T T
—xi1V 1— 0 -3 0
x| x]f17 Aot = (1-x2) 0f2 Aoy — xp X1 —3x fz' (3.5)

Al = ,
2q1 32 0x2 ’ 3q2 0x)

In Sect. 3.2, we show that if none of the g; ; is identically zero, then a rational
expression for }; always exists.

3.1 Optimality conditions and rational expressions

Suppose for each i, there exists a rational expression Ai/ qi forthe ith player’s Lagrange
multiplier vector. Since g; (x)A; j = A;(x) and g; (x) > 0 for all x € X, the following
holds for all KKT points

gi (1) Vi, fi () = Y7Ly i j(3) Vi i, j(x) = 0G € [N]),
Ai(x) L gi(x),gi,j(x)=0(j €&,ie€[N], (3.6)
g j(x) =0, j(x)>0(j €Z,i € [N]).

Under some constraint qualifications, if x is a GNE, then it satisfies (3.6). For convex
GNEDPs, if x satisfies (3.6) and ¢;(x) > 0, then x must be a GNE, since it satisfies
(2.5) with A; j givenby A; ; = )A»i,j (x)/qi(x). This leads us to consider the following
optimization problem

min [x]] ©[x],
xeX

$.1. i () Vs, i) = 37 A j 00V gij () =0G € [IND. (39
Aij(x) Lgij(0)(je&ULii e [N]),
Aij(x) = 0(j €Z;,i € [N]).

In the above, @ is a generically chosen positive definite matrix. The following propo-
sition is straightforward.

Proposition 3.3 For the GNEPP given by (1.1), suppose for each i € [N], the
Lagrange multiplier vector A; has the rational expression as in Definition 3.1.

(1) If (3.7) is infeasible, then the GNEP has no KKT points. Therefore, if every GNE
is a KKT point, then the infeasibility of (3.7) implies the nonexistence of GNEs.

(i) Assume the GNEP is convex. If u is a feasible point of (3.7) and q; (u) > 0 for all
i € [N], then u must be a GNE.
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1494 J. Nie, X. Tang

In Proposition 3.3 (ii), if g; () = 0, then # may not be a GNE. The following is
such an example.

Example 3.4 [18, Example A.8] Consider the 3-player convex GNEP

min —x min (x; — 0.5)2 min (x3 — 1.5x1)?

xleR' szRI X3€R1

st x3<x1+x=<1,|st. x3<x1+x2=<1,|st. 0=<x3=<2.
x1 > 0; x> 0;

For the first two players (i = 1, 2), the Eq. (3.1) holds for

. Xi(l—x1—x2) xj xj x1 +x2—1
Li(x):=| xi(x3 —x1 —x2) X x; X1 +x2 —x3 [, gi(x) :=x;(1 — x3).
0 00 1—x3

For the third player (i = 3), the Eq. (3.1) holds for

~ ._1 2—x311 .
L3(X)-—§'[ 11] q3 = 1.

—Xx3

The Lagrange multiplier expressions can be obtained by letting Ai(x) = Li(x) f, (x).
It is clear that u1 = 0,u> = 0.5,u3 = 0 satisfy (2.5) with g1(#) = 0. However,
u1 = 0 is not a minimizer for the first player’s optimization Fy (#_1). It is interesting
to note that foru; = %, Uy = % u3z = 1, the tuple u = (u1, uz, u3) satisfies (2.5) with
q1(u) = q2(u) = 0, but u is still a GNE [18].

We would like to remark that for some special GNEPs, the equality g; (u) = 0 may

imply that u; is a minimizer of F; (u—_;). See Example 3.8 for such a case.

3.2 Existence of rational expressions

We study the existence of rational expressions with nonnegative g; (x). The following
is a useful lemma.

Lemma3.5 Fortheithplayer’s optimization Fi(x_;), ifevery g; j(x) is not identically
zero, then a rational expression exists for A;.

Proof Let H;(x) = G;(x)T G;(x), where G;(x) is the matrix polynomial in (2.6).
If every g; ;j(x) is not identically zero, then the determinant det H;(x) is also not
identically zero. Let adj H; (x) denote the adjoint matrix of H;(x), then

H;(x) - adj H; (x) = det H; (x) - I,.

For L; (x) := adj H; (x) - G;(x)T, we get the rational expression

1 ~ o
Aij(x) = mLi(x)'fi(x)~ (3.8)
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Moreover, g; (x) > 0 for all x, since H;(x) is positive semidefinite everywhere. O

The rational expression in (3.8) may not be very practical, because the determinantal
polynomials often have high degrees. In practice, we usually have rational expressions
with low degrees. If each ¢;(x) > 0 for all x € X, then every solution of (3.7) is a
GNE. One wonders when a rational expression exists with g; (x) > 0 on X. The matrix
polynomial G; is said to be nonsingular on X if G;(x) has full column rank for all
x € X. For the GNEP given in Example 3.2, both G1(x) and G2(x) are nonsingular
on X. The following proposition is useful.

Proposition 3.6 The matrix Gi(x) is nonsingular on X if and only if there exists a
matrix polynomial L;(x) satisfying (3.1) with g; (x) > 0 on X.

Proof First, if the matrix polynomial G;(x) has full column rank for all x € X,
let Hi(x) = Gi(x)TG;(x), then H;(x) is positive definite and the determinant
det H;(x) > 0 for all x € X. Therefore, for Li(x) := adj H;(x), the Eq. (3.8) is
satisfied with ¢; (x) := det H;(x) > 0 over X. Second, if (3.1) holds with ¢; (x) > 0
on X, then G;(x) is clearly nonsingular on X. O

Remark 1 1If G;(x) is nonsingular on X, then the LICQC must hold for the ith player’s
optimization. Furthermore, if this holds for all i € [N], then all GNEs are KKT points.

3.3 A numerical method for finding rational expressions

We give a numerical method for finding rational expressions for Lagrange multipliers.
It was introduced in [49] for solving bilevel optimization problems. Let G;(x) be the
matrix polynomial defined in (2.6). For convenience, denote the tuples

ge = (8i,jlielNyje&» 8T = (8i,j)ielN],jeT;-
For a priori degree d, consider the following linear convex optimization:

max y
Li.qi.y .
st. Li-Gi =gqi Ly, qi(v) =1, (3.9)
qi — vy € ldeal[gglag + Qmodlgr]ad,
Li € (R[x]od—deg G;)™ > mitm).

In the above, the first equality is the same as (3.1). The second equality ensures that
gi is not identically zero, where v is a priori point in X. The constraint ¢; — y €
Ideal[gg; ] + Qmod|gg, ] forces the g; (x) > y on X. Therefore, if the maximum y is
positive, then g;(x) > 0 on X. By Lemma 3.5, one can always find a feasible y > 0
satisfying (3.9), for some d < deg(H (x)), if none of g; ;(x) is identically zero. By
Proposition 3.6, if each G; (x) is nonsingular on X and the archimedeanness holds for
X, then there must exist y > 0 satisfying (3.9) for some d. If (I:i, qi, y) is a feasible
pointof (3.9), then one can get a rational expression for Lagrange multipliers by letting
Aj,j(x) = Li(x) fi (x).
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Example 3.7 Consider the GNEP in Example 3.2. We have
ge =0, g = (Z—XITX1 — X2, 3x2 —xlTxl, 1 —x2).

Let L (x) and L, (x) be the matrix polynomials in (3.4), and ¢; (x) = 2 — x2, ¢ (x) =
lA— %xlTxl. Let v := (0,0, 1) for both players, and y; = 1, y» = 1/2. Then, the
(L;i(x), gi(x), ;) is a feasible point of (3.11), for each i = 1, 2. In fact, we have

g (v)=q) =1, qgx)—y1=1—-—x2=1-( —x2) € Qmod[gr]>,
@) =y =1 — txlx =12 —xTx) —x2) + 5 GBx2 — xl'x1) € Qmod[gz]>.

The rational expressions for Lagrange multipliers are given by (3.5).

Example 3.8 Consider the following GNEP

min_ f1(xy, x2)
R3

min_ f>(xy, x2)
X1€ x2€R3
T T

r r st 1—x{x1—x;x>0.

st 1—xi{x1 —x;x>0;

The constraining tuples g¢ = @, g7 = (1 — xlTx1 — szxz). Let v := (0,0,0),
M=r=0qg) =1-x]x,¢) =1-x]x,and

- 1 1 1 A 1 1 1
L, = —§x1’1, _EXI’z’ —EX],:;, 1|, L= —EJQ,], _§x2,23 _§x2,3s 1.

One can verify that g1 (v) = ¢2(v) = 1 and

qi(x) =y =1—xlxy=xlx;+1-(1—x]x; —x]x2) € Qmod[gzl,
@) —yp=1—xlxi=xIx+1-0—xlx —xIx) € Qmod[gzl>.

By Proposition 3.6, we know (i 1(x), q1(x), y1)and (I:z(x), q2(x), y») are minimizers
of (3.9) for i = 1, 2 respectively. Therefore, we get the rational expression

T T
—x; V —x5 V
A= l—xlfl, Ay = 2—xzfz (3.10)
2-q1(x) 2 gqa(x)
Foreachi = 1,2, if ¢;(x) = 0, then 0 < xiTxi <1—=x_;Tx_; = 0. This implies

x; = (0, 0, 0) is the only feasible point of the ith player’s optimization and hence it is
the minimizer. Therefore, each feasible point of (3.7) is a GNE.

One can solve (3.9) numerically for getting rational expressions. This is done in
Example 6.6.
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4 Parametric expressions for Lagrange multipliers

For some GNEPs, it may be difficult to find convenient rational expressions for
Lagrange multipliers. Sometimes, the denominators may have high degrees. This is
the case especially when m; > n;. If some ¢; has high degree, the polynomial opti-
mization (3.6) also has a high degree, which makes the result moment SDP relaxations
(see Sects. 5.1 and 5.2) very difficult to be solved. To fix such issues, we introduce
parametric expressions for Lagrange multipliers.

Definition 4.1 For the ith player’s optimization F; (x_;), a parametric expression for
the Lagrange multipliers is a tuple of polynomials

A, @) = G (X, @),y i (X, @7)),

in x and in a parameter w; = (w; 1,...,w; ) with s; < m;, such that (x;, A;)
is a critical pair if and only if there is a value of w; such that (2.4) is satisfied for
Aij = Aij(x, ;) with j € [m;].

The following is an example of parametric expressions.

Example 4.2 Consider the 2-player convex GNEP

min_ f>(xy, x2)
xze]R

min_ f1(x1, x2)
xleR

sk, x11—2x12+x22>0,]s.1.

1—X2’1 -xlTxl >0,
x1,1 = 0,x12 > 0;

X12+x2.2 —X%I +1>0,
2—x2>0,14+x72>0,
X2.1 ZO.

The Lagrange multipliers can be expressed as

A =o11,

A= %xl,l(ai{fl —w11) + %xl,z(aaxffz +2w1,1),

A3 = 321{1] — 1,1 + 2x2,1X1,1A1,2,

Aig = 31{12 + 21,1 + 2x2,1X1,241,2;

A1 =w2,1, @1
dap =~ [(ale +2x2, 16()21))6214-(3xf2 —wzl)(X22+1)]

A3 = 3?;22 + A2 — w1,

Ao = adxfl +2x2,102,1.

Parametric expressions are quite useful for solving the GNEPs. The following are
some useful cases.

(i) Suppose the ith player’s optimization F; (x_;) contains the nonnegative constraints,
i.e., its constraints are
xi1>0,...,%0, >0, g;x)>00(=n+1,...,m).
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Let s; := m; — n;, then a parametric expression is

Si
()\i,la ceey )\i,n,-) = Vx,-fi - Zklzl @ik Vx,-gi,k+ni»

4.2
Minit1s oe s Mimy) = (@41, ..., 04 ;). (4.2)

(i1) Suppose the ith player’s optimization F;(x_;) contains box constraints, i.e., its
constraints are

Xij—aij>0,bj—x;>0,j=1,...,n

Let s; := m; — 2n;, then a parametric expression is

b—x,’,j agi.k+2n- .
Mj = p=a '(ax,j Zk 1 @ik '78)6,-,,-1)’]_1’3""’2’”_1
a—x; j 3 f; 08i k+2n; . 43
A j = b—aj‘< Lo S i )ﬂJ=214a~-~»2”i @3)

Bxi,/ dx,gj
Aij = @i j—on;- j=2mi 41, m

(iii) Suppose the ith player’s optimization F; (x_;) contains simplex constraints, i.e.,
its constraints are

1—elx; >0,x.1>0,...,%, >0, 8&.j(x) >0, j=ni+2,...,m.

Lets; := m; —n; — 1, then a parametric expression is

Mijj= (Ve fi— 0 0ik - Vi, 8ikanmi+1) xiy j=1

L Ofi NS oo 08i knj+1 . . )
i = gt = Ml @ik o = A J =2+ | (44
Aij = O j—n;—1- j=ni+2,...,m;

(iv) Suppose the ith player’s optimization F; (x_;) contains linear constraints, i.e., its
constraints are

aiji—bj(x,i)zo,j:l,...,r, g, jx) >0, j=r+1,...,m;,

. o T
where each b; is a polynomial in x_;. Let A = [a; -+~ a,] . Assume rankA = r.
If we let s; := m; — r, then a parametric expression is

Cits ey i) = (AAD) VAV, fi = D00 @ik - Vi i)
Rirtts e himy) = (@i, ..o, Wig).
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(v) Suppose there exists a labeling subset 7; := (t1, ..., #;) C [m;] such that

V& (X) ... Vi g (x)
gi,tl (-x)

8i,n, (X)

is nonsingular for all x € C". By [46, Proposition 5.1], there exists a matrix
polynomial D; (x) suchthat D; (x)-G;(x) = I,.Lets; := m; —r, then a parametric
expression is

ity hi) = Di) (Vo fi = D0 @ik * Vi ik+r)s
Riggts e himy) = (@i1, -0, Wig).

We would like to remark that parametric expressions for Lagrange multipliers
always exist. For instance, one can get a parametric expression by letting w; ; = A; ;
for all j. Such expression is called a trivial parametric expression. However, it is
preferable to have small s;, to save computational costs.

4.1 Optimality conditions and parametric expressions

Suppose all players have parametric expressions for their Lagrange multipliers as in
Definition 4.1. Let s := s1 + - - - + sy, and denote

X = (X,01,...,WN).

The optimality conditions (2.5) can be equivalently expressed as

Vi fi@) = 2L A j (0 V81, () = 0 € [N]),
Ai(x) L gi(x), g, j(x) =0(j €&,ie[N)), (4.5)
gij(x) =0, j(x) >0(j €Z;,i € [N]).

For convex GNEPs, a point x is a GNE if there exists w := (w1, ..., wy) such that x
satisfies (4.5). Therefore, we consider the optimization

min_[x]] © [x],
eX xRS .
st Vi fi(x) = 250, Ai j () Vg1, j(x) = 0 € [ND), 4.6)
hi i) L gij(x) (j € & UTii € [N,
Aij(X) 2 0(j € i i € [N]).

X

In the above, the ® is a generically chosen positive definite matrix. The following
proposition is straightforward.
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Proposition 4.3 For the GNEPP given by (1.1), suppose each player’s optimization
has a parametric expression for their Lagrange multipliers as in Definition 4.1.

(1) If (4.6) is infeasible, then the GNEP has no KKT points. If every GNE is a KKT
point, then the infeasibility of (4.6) implies nonexistence of GNEs.
(i) Assume the GNEP is convex. If (u, w) is a feasible point of (4.6), then u is a GNE.

5 The polynomial optimization reformulation

In this section, we give an algorithm for solving convex GNEPs. We assume each 1;
has either a rational or parametric expression, as in Definition 3.1 or 4.1. If A; has
a polynomial or parametric expression, we let g; (x) := 1. If A; has a polynomial or
rational expression, then we let s; = 0. Recall the notation

X = (x,w1,...,wN).

Choose a generic positive definite matrix &. Then solve the following polynomial
optimization

min [x]{ © [x],
5.1 i 00V, fi (00) = 2721 2 j (0 Vi g3, (1) = 0 € [N]),
i j(x) Lgij(x)(je&UT;,ie[N)), (5.1)
gi,j(x)=0(j€&,ie[N],
8i.j(x) =0( €Zi,i € [N]),
)\.[)j(x) > 0(] EI,',i € [N])

If (5.1) is infeasible, then there are no KKT points. Since ® is positive definite, if (5.1)
is feasible, then it must have a minimizer, say, (u, w) € X x R®. For convex GNEPs,
if gi(u) > O for all i, then u must be a GNE. If g; (u) < 0 for some i, then u may or
may not be a GNE. To check this, we solve the following optimization problem for
those i with g; (1) <0

3 = H}Cln fitxiyu_i) — filuj,u_y)

. . (5.2)
st g ji,u;)) =00 €&), g jxi,u_;) 20 €I).

This is a polynomial optimization in x;. Since # € X, the point u; is feasible for (5.2),
so0 8; < 0.If §; > 0 for all 7, then ¥ must be a GNE. The following is an algorithm for
solving the GNEP.

Algorithm 5.1 For the convex GNEP given by (1.1), do the following:

Step 0 Choose a generic positive definite matrix © of lengthn + s + 1.
Step 1 Solve the polynomial optimization (5.1). If it is infeasible, then there are no KKT
points and stop; otherwise, solve it for a minimizer (u, w).
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Step 2 Ifall gi(u) > 0, then u is a GNE. Otherwise, for those i with g; (u) < 0, solve the
optimization (5.2) for the minimum value §;. If §; > 0 for all such i, then u is a
GNE; otherwise, it is not.

In Step 0, we can choose @ = RT R for a randomly generated square matrix R
of length n + s 4+ 1. When © is a generic positive definite matrix, the optimization
(5.1) must have a unique minimizer, if its feasible set is nonempty. This is shown in
Theorem 5.4(ii). Since the objective f;(x;, u—_;) is assumed to be convex in x;, if it
is bounded from below on X; (u_;), then (5.2) must have a minimizer (see [6, Theo-
rem 3]). In applications, we are mostly interested in cases that (5.2) has a minimizer,
for the existence of a GNE. In the Sects. 5.1 and 5.2, we will discuss how to solve
polynomial optimization problems in Algorithm 5.1, by the Moment-SOS hierarchy
of semidefinite relaxations. The convergence of Algorithm 5.1 is shown as follows.

Theorem 5.2 For the convex GNEPP given by (1.1), suppose each Lagrange multiplier
vector A; has a rational expression as in Definition 3.1 or a parametric expression as
in Definition 4.1

(1) If (u, w) is a feasible point of (5.1) such that q;(u) > 0 for all i, then u is a GNE.

(i) Assume every GNE is a KKT point. If (5.1) is infeasible, then the GNEP has no
GNEs. If O is positive definite and every q;(x) > 0 for all feasible x of (5.1), then
Algorithm 5.1 will find a GNE if it exists.

Proof (i) This is directly implied by Propositions 3.3 and 4.3.

(ii) If (5.1) is infeasible, then there is no GNE, because every GNE is assumed to be a
KKT point and it must be feasible for (5.1). Next, assume (5.1) is feasible. Since
O is positive definite, the optimization (5.1) has a minimizer, say, (¢, w). By the
given assumption, we have g; (#) > O for all i. So u is a GNE, by (i). O

Remark 2 For convex GNEPs, we can choose not to use nontrivial expressions for
Lagrange multipliers, i.e., we consider the polynomial optimization (5.1) with s; = m;
and}; ; = w; jforalli and j. By doing this, we can get an algorithm like Algorithm 5.1
to get GNEs. However, this approach is usually very inefficient computationally,
because it results in more variables for the polynomial optimization (5.1). Note that
when Lagrange multiplier expressions (LMESs) are not used, each Lagrange multiplier
is treated as a new variable. Moreover, solving (5.1) without LMEs may require higher
order Moment-SOS relaxations. This is shown in numerical experiments in Sect. 5.1.
In Example 6.1(i-ii), we compare the performance of Algorithm 5.1 with and without
LMESs. Computational results show the advantage of using them.

In Theorem 5.2(ii), if ¢; (x) > O for all x € X, then we must have g; (x) > 0 for
all feasible x of (5.1). Suppose (u, w) is a computed minimizer of (5.1). If # is not a
GNE, i.e., §; < 0 for some i, we can let /' C [N] be the labeling set of i with §; < 0.
By Theorem 5.2, we know g;(#) = 0 for all i € A. For a priori small ¢ > 0, we can
add the inequalities g; (x) > ¢ (i € N) to the optimization (5.1), to exclude u from
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the feasible set. Then we solve the following new optimization

min [X]IT O [x];

xeX xRS
st qi(x)Vy, fi(x) — ZTL] i j(X)Vygi j(x) =0( €[N,
):\i,j(x) Leg j(x)(je&UL,ie[N), (-3)

A j(x) > 0(j €Z;,i € [N]),
gi(x) > e (i e N).

If ¢ > 0 is not small enough, the constraint g; (x) > ¢ may also exclude some GNEs.
If the new optimization (5.3) is infeasible, one can heuristically get a candidate GNE
by choosing a different generic positive definite @ in (5.1). In computational practice,
when a GNE exists, it is very likely that we can get one by doing this. However, how to
detect nonexistence of GNEs when (5.1) is feasible can be theoretically difficult. The
theoretical side of this problem is mostly open, to the best of the authors’ knowledge.

5.1 The optimization for all players

We discuss how to solve the polynomial optimization problems in Algorithm 5.1, by
using the Moment-SOS hierarchy of semidefinite relaxations [29,31,32,34,35]. We
refer to the notation in Sects. 2.1 and 2.2.

First, we discuss how to solve the optimization (5.1). Denote the polynomial tuples

@i = {ai () Vi, fi%) — iii,j<x)vxigi,j(x)] Ufgii:je&
J=1

{00 81500 ¢ j € T, (5:4)

v = {00 j e T U{h, 000 e T}, (5.5)

For notational convenience, for a vector p = (pi, ..., ps), the set {p} stands for
{p1, ..., ps}, in the above. Denote the unions

@ :=Ucb,-, o= Uq/,-.

i=1 i=1

They are both finite sets of polynomials. Then, the optimization (5.1) can be equiva-
lently written as

Dmin := min 6(x) := x1T ©x
st.px) =0 (Vped), (5.6)
qgx) >0 (Vg e V).
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Denote the degree
do := max{[deg(p)/2]: pe ® UV}.
For a degree k > dy, consider the kth order moment relaxation for solving (5.6)

P := min (0, y)
y

sty =1, L[yl =0(p € ), 5.7)
Mily] = 0. L[y = 0(q € ¥),
y € RN

Its dual optimization problem is the kth order SOS relaxation

max y (5.8)
s.t. 0 —y €ldeal[®@]or + Qmod[¥ ]o. ’

For relaxation orders k = dy,dy + 1, ..., we get the Moment-SOS hierarchy of
semidefinite relaxations (5.7)—(5.8). This produces the following algorithm for solving
the polynomial optimization problem (5.6).

Algorithm 5.3 Let 0, @, W be as in (5.6). Initialize k := dy.

Step 1 Solve the semidefinite relaxation (5.7). If it is infeasible, then (5.6) has no
feasible points and stop; otherwise, solve it for a minimizer y*.

Step 2 Letu = (u, w) == (y;,, ..., Yo, ). If wis feasible for (5.6) and ¥y = 0(u),
then u is a minimizer of (5.6). Otherwise, let k := k 4+ 1 and go to Step 1.

In the Step 2, e; denotes the labeling vector such that its ith entry is 1 while all
other entries are 0. For instance, whenn = s = 2, y., = yoo10. The optimization (5.7)
is a relaxation of (5.6). This is because if x is a feasible point of (5.6), then y = [x]a
must be feasible for (5.7). Hence, if (5.7) is infeasible, then (5.6) must be infeasible,
which also implies the nonexistence of KKT points. Moreover, the optimal value 9
of (5.7) is a lower bound for the minimum value of (5.6), i.e., ¥ < 0(x) for all x that
is feasible for (5.6). In the Step 2, if u is feasible for (5.6) and ¥; = 6(u), then u must
be a minimizer of (5.6). The Algorithm 5.3 can be implemented in GloptiPoly 3
[27]. The convergence of Algorithm 5.3 is shown as follows.

Theorem 5.4 Assume the set Ideal[ @] + Qmod[¥] C R[X] is archimedean.

(1) If (5.6) is infeasible, then the moment relaxation (5.7) must be infeasible when the
order k is big enough.

(ii) Suppose (5.6) is feasible and ® is a generic positive definite matrix. Then (5.6) has
a unique minimizer. Let u®) be the point u produced in the Step 2 of Algorithm 5.3
in the kth loop. Then u® converges to the unique minimizer of (5.6). In particular,
if the real zero set of @ is finite, then u® is the unique minimizer of (5.6), when k
is sufficiently large.
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Proof (i) If (5.6) is infeasible, the constant polynomial —1 can be viewed as a positive
polynomial on the feasible set of (5.6). Since Ideal[@ ]+ Qmod[¥ ] is archimedean,
we have —1 € Ideal[® ]y + Qmod[¥ ]ok, for k big enough, by the Putinar Posi-
tivstellensatz [53]. For such a big &, the SOS relaxation (5.8) is unbounded from
above, hence the moment relaxation (5.7) must be infeasible.

(i1) When the optimization (5.6) is feasible, it must have a unique minimizer, say, x*.
To see this, let 6 be defined as in (5.6), K be the feasible set of (5.6), and R, (K)
be the set of tms’s in R\2 admitting K-representing measures. Consider the linear
conic optimization problem

min (0, y)
{s.t. yo=1,y € Ra(K). (5.9)

If @ is generic in the cone of positive definite matrice, the objective (0, y) is a
generic linear function in y. By [41, Proposition 5.2], the optimization (5.9) has a
unique minimizer. The minimum value of (5.9) is equal to ¥p,iy. Therefore, (5.6)
has a unique minimizer when @ is generic. The convergence of u® to x* is shown
in [55] or [38, Theorem 3.3]. For the special case that @ (x) = 0 has finitely many
real solutions, the point u® must be equal to x*, when £ is large enough. This is
shown in [33] (also see [39]). O

The archimedeaness of the set Ideal[® ]+ Qmod[¥ ] is essentially requiring that the
feasible set of (5.6) is compact. The archimedeaness is sufficient but not necessary for
Algorithm 5.3 to converge. Even if the archimedeaness fails to hold, Algorithm 5.3 is
still applicable for solving (5.1). If the point u(®) is feasible and ¥, = 0(u®), then u®
must be a minimizer of (5.1), regardless of the archimedeaness holds or not. Moreover,
without archimedeaness, the infeasibility of (5.7) still implies that (5.1) is infeasible.
In our computational practice, Algorithm 5.3 almost always has finite convergence.

The polynomial optimization (5.3) can be solved in the same way by the Moment-
SOS hierarchy of semidefinite relaxations. The convergence property is the same. For
the cleanness of this paper, we omit the details.

5.2 Checking generalized Nash equilibria

Suppose u = (u, w) € R" x R¥ is a minimizer of (5.1). For convex GNEPPs, if all
qi(u) > 0, then u is a GNE, by Theorem 5.2(i). If ¢; (#) < O for some i, we need to
solve the optimization (5.2), to check if u = (u;, u_;) is a GNE or not, Note that (5.2)
is a convex polynomial optimization problem in x;. For given u_;, if it is bounded
from below, then (5.2) achieves its optimal value at a minimizer.
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Consider the ith player’s optimization with ¢; (#) < 0. For notational convenience,
we denote the polynomial tuples

Hi(u) = {gij(xivu_y): j e &FU{hij(xiusy) - gij(xiu_y): j €L}
m;
U{gi (xi, u—i) Vy, fixi,u—;) — Z)\i,j(xis u_i) Vi & j(xi, u_)},
j=1
(5.10)
Ji(u) :={gij(xi,u_y): j € L;} U {)A\i,j(xia u—i):je€Li}. (5.11)

Like in (5.4)-(5.5), the set {p} stands for {p1, ..., ps}, when p = (p1,..., ps) is a
vector of polynomial. The sets H;(u), J;(u) are finite collections.
Under some suitable constraint qualification conditions (e.g., the Slater’s Condi-
tion), when (5.2) has a minimizer, it is equivalent to
ni = min &(x;) = fi(xi, u—;) — fi(ui, u_;)
Xi eR"i
st p(x) = 0(p € Hyw)), (5.12)
q(xi) = 0(q € Ji(u)).

Denote the degree in variables x; for its constraining polynomials

d; := max {[deg(g; (xi, u—))/2, deg(p(x;))/2,
deg(q(xi))/2: p € Hi(u),q € Ji(u)1}. (5.13)

For a degree k > d;, the kth order moment relaxation for (5.6) is

(k) .

n; = m}n (¢i(xi), y)
st.yo=1, LY y1=0(p € Hiw)), (5.14)
Mily] = 0. L [y] = 0(q € Jiw)).
y € RN,

The dual optimization problem of (5.14) is the kth order SOS relaxation

max y
{s.t. £ (x;) — y € Ideal[H; (u)]or + Qmod[J; (u)]2k. (5.15)

By solving the above relaxations for k = d;,d; + 1, ..., we get the Moment-SOS
hierarchy of relaxations (5.14)-(5.15). This gives the following algorithm.

Algorithm 5.5 For a minimizer u = (u;, u—;) of (5.1) with g;(u) < 0, solve the ith
player’s optimization (5.12). Initialize k := d;.

Step 1 Solve the moment relaxation (5.14) for the minimum value nfk) and a minimizer

y*If r]fk) > 0, then n; = 0 and stop; otherwise, go to the next step.
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Step 2 Lett :=d; as in (5.13). If y* satisfies the rank condition
rank M,[y*] = rank M,_q,[y*], (5.16)

then extract a set U; of r := rank M, (y™*) minimizers for (5.12) and stop.
Step 3 If (5.16) fails to hold and t < k, lett := t + 1 and then go to Step 2; otherwise,
letk :== k + 1 and go to Step 1.

We would like to remark that the optimization (5.12) is always feasible, because u;
is a feasible point since u is a minimizer of (5.1). The moment relaxation (5.14) is also
feasible. Because ni(k) is a lower bound for n;, and n; < ¢ (u;, u—;) = 0, if ngk) >0,
then n; must be 0. In Step 2, the rank condition (5.16) is called flat truncation [38].
It is a sufficient (and almost necessary) condition to check convergence of moment
relaxations. When (5.16) holds, the method in [26] can be used to extract » minimizers
for (5.12). The Algorithm 5.5 can also be implemented in GloptiPoly 3 [27]. If
Ideal[ H; (u)] + Qmod[J; (u)] is archimedean, then nl.(k) — n; ask — 00 [29]. Itis
interesting to remark that

Iy :=Ideal[g; j(xi, u_;) : j € &] C Ideal[H; (u)],
I == Qmod|g; j(x;,u—;) : j € Z;] € Qmod[J; (u)].

If I} + I is archimedean, then Ideal[ H; (1) ]+ Qmod[ J; (1)] must also be archimedean.
Furthermore, we have the following convergence theorem for Algorithm 5.5.

Remark 3 To check the flat truncation (5.16), we need to evaluate the ranks of M,[y*]
and M;_g4 [y*]. Evaluating matrix ranks is a classical problem in numerical linear
algebra. When a matrix is near to be singular, it may be difficult to determine its rank
accurately, due to round-off errors. In computational practice, we often determine the
rank of a matrix as the number of its singular values larger than a tolerance (say, 10~9).
We refer to [11] for determining matrix ranks numerically. Moreover, when (5.12) has
a unique minimizer, the ranks of M;[y*] and M;_4[y*] are one, the flat truncation
(5.16) is relatively easy to check by looking at the largest singular value.

Theorem 5.6 For the convex polynomial optimization (5.2), assume its optimal value
is achieved at a KKT point. If either one of the following conditions hold,

(1) The set I1 + 1> is archimedean, and the Hessian Vfi i (x;", u_;) > 0foraminimizer
x* of (5.12); or
(ii) The real zero set of polynomials in H;(u) is finite,

then Algorithm 5.5 must terminate within finitely many loops.

Proof Since its optimal value is achieved at a KKT point, the optimization prob-
lem (5.2) is equivalent to (5.12).

(i) If I1 + I, is archimedean and V)%[ Ci(xF,u_;) > 0if x7 is a minimizer of (5.12),
then ¢; (x;) — n; € I1 + I, by [9, Corollary 3.3]. Since

I1 + I, € Ideal[H; (u)] + Qmod[J; ()],
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we have ¢;(x;) — n; € Ideal[H; (1)) + Qmod[J; (u)]ox for all k£ big enough.
Therefore, Algorithm 5.5 must terminate within finitely many loops, by the duality

theory.
(i1) If the real zero set of polynomials in H; (u) is finite, then the conclusion is implied
by [39, Theorem 1.1] and [38, Theorem 2.2]. |

Remark 4 1f the objective polynomial in (5.2) is SOS-convex and its constraining
ones are SOS-concave (see [25] for the definition of SOS-convex polynomials), then
Algorithm 5.5 must terminate in the first loop (see [30]). If the optimal value of (5.2)
is not achieved at a KKT point, the classical Moment-SOS hierarchy of semidefinite
relaxations can be used to solve it. We refer to [9,29-32,34,35] for the work for solving
general polynomial optimization.

6 Numerical experiments

In this section, we apply Algorithm 5.1 to solve convex GNEPs. To use it, we need
Lagrange multiplier expressions. This can be done as follows.

— When polynomial expressions exist, we always use them. In particular, we use
polynomial expressions for the first player of the GNEP given by (1.4), the first
player in Example 6.1(ii), the third player in Examples 3.4 and 6.7(i-ii), the pro-
duction unit and market players in Example 6.9.

— We use rational expressions for all players in Examples 6.3, 6.4 and 6.6. Moreover,
rational expressions are used for the second player of the GNEP given by (1.4),
the first two players in Examples 3.4 and 6.7(i-ii), and the consumer players in
Example 6.9. For Example 6.6, the rational expression is obtained by solving (3.9)
numerically.

— When it is difficult to find convenient polynomial or rational expressions, we use
parametric expressions for Lagrange multipliers. For all players in Examples 6.5,
6.8, we use parametric expressions.

We apply the software GloptiPoly 3 [27] and SeDuMi [56] to solve the
Moment-SOS relaxations for the polynomial optimization (5.6) and (5.12). We use the
software YALMIP for solving (3.9). The computation is implemented in an Alienware
Aurora R8 desktop, with an Intel® Core(TM) i7-9700 CPU at 3.00GHzx 8 and 16GB
of RAM, in a Windows 10 operating system. For neatness of the paper, only four
decimal digits are shown for the computational results.

In Step 2 of Algorithm 5.1, if the optimal values §; > 0 for each i such that
qi (1) < 0, then the computed minimizer of (5.1) is a GNE. In numerical computations,
we may not have §; > 0 exactly due to round-off errors. Typically, when §; is near
zero, say, 8; > —107°, we regard the computed solution as an accurate GNE. In the
following, all the GNEPs are convex.

Example 6.1 (i) For the GNEP given by (1.4), the first player has a polynomial expres-
sion for Lagrange multipliers given by (2.8), and the second player has a rational
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Table 1 The computational

Algorithm 5.1 Without LME
results for Example 6.1(i) Tiri(;n n GNE Ti;neou GNE
k=2 n.a. n.a. 4.03 No
=3 2.83 Yes 1350.09 No
expression given as
T
—X) sz f 2

A2l = , x) = xlrxl.

2q2(x)

For each i, the g; (x) > O for all x € X. We ran Algorithm 5.1 and obtained the GNE
u = (uy, up) with

uy ~ (0.7274,0.7274,0.7274), up =~ (0.4582, 0.4582, 0.4582). 6.1)

It took around 2.83 seconds.
(i1) If the first player’s objective is changed to

F1(x) = (a1 + X202 — 2x2.3) (x1.1 + X1.2 — 2x13)% + X1.1 + x12 — 2x13,

then the GNEP has no GNE, detected by Algorithm 5.1. It took around 70.31 seconds
to detect the nonexistence. The matrix polynomials G (x) and G (x) are nonsingular
on X, so all GNEs must be KKT points if they exist.

In the following, we compare the performance of Algorithm 5.1 with the method
of solving the optimization (5.1) without using Lagrange multiplier expressions, i.e.,
each Lagrange multiplier is treated as a new variable for polynomials. The comparison
for Example 6.1(i) is given in Table 1. The computational results for the method using
Lagrange multiplier expressions (i.e., for Algorithm 5.1) are given in the column
labeled “Algorithm 5.1”. The results for the method without using Lagrange multiplier
expressions are given in the column labeled “Without LME”. In the rows, the value
k is the relaxation order for solving (5.1). The subcolumn “time” lists the consumed
time (in seconds) for solving the moment relaxation of order k, and the subcolumn
“GNE” shows if a GNE is obtained or not. When k = 2 for Algorithm 5.1, the degree
of relaxation is less than appearing polynomials, so we display that “not applicable
(n.a.)”. For Example 6.1(ii), the comparison is given in Table 2. This GNEP does not
have a GNE. When no LMEs are used, the 4th order moment relaxation cannot be
solved due to out of memory. However this can be done by using nontrivial LME:s.

Example 6.2 Consider the GNEP in Example 3.4. We use Lagrange multiplier expres-
sions given there. By Algorithm 5.1, we obtained a feasible point & ~ 1074 .
(0.1274,0.4102, 0.3219) of (5.1) with g1 (1) ~ 0.1274 - 10~* and ¢»(21) ~ 0.4102 -
10~%. We solved (5.2), for i = 1,2, to check if # is a GNE or not, and got
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Table 2 The computational results for Example 6.1(ii)

Algorithm 5.1 Without LME

Time Nonexistence of GNE Time Nonexistence of GNE
k=2 n.a. n.a. 3.67 Not detected
k=3 2.77 Not detected 1201.75 Not detected
k=4 70.31 Detected Out of memory

81 ~ —1.0000, 8, ~ —1.8996 - 10~19. Therefore, we solved (5.3) with N = {1}
and ¢ = 0.1, and obtained a GNE u = (u1, u», uz) with

uy ~ 0.5000, ur ~ 0.5000, uz ~ 0.7500, q1(u) ~ g»(u) ~ 0.1250.

It took around 0.89 second.

Example 6.3 Consider the GNEP in Example 3.2 with objectives

2
filx) = Z(m,j — D+ 01 — x12), f(x) = (x2)° — x11x1,2%0 — X2
Jj=1

The rational expressions for both players are given by (3.5). For each i, the ¢; (x) > 0
for all x € X. We ran Algorithm 5.1 and got the GNE u = (u1, u2) with

uy ~ (0.4897, 1.0259), uz ~ 0.7077.

It took around 0.20 second.
Example 6.4 Consider the GNEP in Example 3.8 with objectives

3 3 3 3
N =10x{x =Y " x1j, ) =Y )+ G- DD x

j=1 j=1 j=1 j=1

We use rational expressions as in (3.10). From Example 3.8, we know all feasible
points of (5.1) are GNEs. By Algorithm 5.1, we got the GNE u = (u1, up) with

uy ~ (0.9864, 0.0088, 0.0088), uy ~ (0.0836, 0.0999, 0.0999).

It took around 2.03 seconds.

Example 6.5 Consider the GNEP in Example 4.2 with objectives

J100) = x2,1 (1,0 + (x12)° — Z?:l X1,j - Z§:1 X2,js
F(x) = (x1.1 + x12)(x2.1)> — 3x2.1 + (x2,2)% + x1.1X1 2%2.2.
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We use parametric expressions as in (4.1). For each i, the ¢; (x) > O for all x € X. By
Algorithm 5.1, we got the GNE u = (u1, uz) with

uy ~ (0.6475,0.2786), up ~ (1.0391, —0.0902).

It took around 63.97 seconds.

Example 6.6 Consider the 2-player GNEP

min (x,1)? + 2(x1.2)° min, [lxy 2 - flx2* + 33 2

x1eR xX2€
+3 Z?:l x1,j(x2,) +x2,1 — x2,2
s.t. x11+2x120—x21 <1, s.t. (X2,1)2 + x12x2,1 <2,
(x12)% + (x2,1)? <3, (x1,1)% + (x2,2)% < 3,
x1,1 >0, x22 > 0.

We solve (3.9) numerically for i = 1,2 with v = (0,0, 0, 0),d = 2 to get rational
expressions for A;’s. By Algorithm 5.1, we got the GNE u = (u1, up) with

uy ~ (0.0000, —1.3758), q1(u) ~ 6.7538;
Uy ~ (—0.2641,1.3544),  qo(u) ~ 2.3227.

It took around 0.41 second in solving (3.9) for both players, and 6.40 seconds to find
the GNE. For neatness of the paper, we do not display Lagrange multiplier expressions
obtained by solving (3.9).

Example 6.7 (i) Consider the 3-player GNEP

min, x2,1(, )%+ x2,2(x12)% = (3,02x1,1 — (x3.2)%x12
Ist player: { x1€R
s.t. xlTxl <1 —i—szxz;

min (x2,1)% + (x2,2)% — X1.1%2,1X3,1 — X1,2%2.2%3 2

2nd player: | x2€R?
s.t. x214+x2 =<1 +x3Tx3, x21 >0, x22>0;

. 3 2
min 1 (i1 +xi2))" —x31 — X3
3rd player: { x3€R2 (X i i2))

S X301 = X1,1, X32 = X1,2.
The first player’s Lagrange multipliers have a rational expression, that

_ _xlTVlel

. @1 (x) =1+ x7x.
2100 1 2

For the second player, we let g2 (x) = 1 + x3T x3, and there exists a rational expression
for A, that

_sz sz bi
q2(x)

a2 a2
, Ao =—"—+Ay1, I3= + A2 1.

A2l =
’ 0x2,1 ’ ’ 0x2,2
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For A3, we use the polynomial expression that

93 93
—, AMp=_—
3)63,1 3)(3,2

A3l =

For each i, the g;(x) > O for all x € X. By Algorithm 5.1, we got the GNE u =
(w1, uz, uz) with

uy ~ (0.1097, 0.0750), us ~ (0.0663, 0.0458), u3 ~ (0.1205, 0.0828).

It took around 3.23 seconds.
(i1) If the third player’s objective function becomes

2
(Z?:l(xi,l - xi,z)) — X3,1 — X322,

then Algorithm 5.1 took around 2.86 seconds to detect nonexistence of GNEs. Note
that all the matrix polynomials G;(x) (i = 1,...,3) are nonsingular on X, so all
GNEs must be KKT points if they exist.

Example 6.8 [18, Example A.3] Consider the GNEP of 3 players. Fori = 1, 2, 3, the
ith player aims to minimize the quadratic function

1 7 T
Jix) = % Aixi +x; (Bix—; +b;).

All variables have box constraints —10 < x; ; < 10, for all , j. In addition to them,
the first player has linear constraints x; 1 + x12 +x13 < 20, x1,1 +x12 — x13 <
x2,1 — x3.2 + 5; the second player has x2.1 —x22 < x12 + x13 —x3,1 + 7; and the
third player has x32 < x1,1 + x1,3 — x2,1 + 4. The values of parameters are set as
follows

205 3
11 -1 48 39
Ar=15 5 =5 ’Az:[—l 9]’A3:[3953]
3 -515

—6 10 11 20
Bi=|10-4-179 ,B2:|:
15 8 —2221

1

10-222 12 16 ! -
33—[9 1921—420]’b‘— _11 ’bz—[o]’b3—[2]'

201 =312 1
10—-4 8 1621 |’

We use parametric expressions for Lagrange multipliers as in (4.3). Itisclearg; (x) = 1
for all x € X and for all i = 1,2,3. By Algorithm 5.1, we got the GNE u =
(w1, up, uz) with

up ~ (—0.3805, —0.1227, —0.9932), up ~ (0.3903, 1.1638),
uz ~ (0.0504, 0.0176).
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It took around 8.18 seconds.

Example 6.9 Consider the GNEP based on the Arrow and Debreu model of a compet-
itive economy [4,18]. The first N players are consumers, the second N, players are
production units, and the last player is the market, so N = N + Ny + 1. In this GNEP,
each player has n| = --- = ny variables. Let Q; € R"*" b; € R" & € R’i" and
a; x € R4 be parameters. These players’ optimization problems are:

T T
mu}1 2x Qixi —b; x;

The ith player (a consumer): { i€k} Nel
T T - T
st xyXi < xpéi + ) k=N, +1 i kX Xk

min —x}\;xl
The ith player (a production unit): { x€RY
s.t. xiTxi <i—Nj.

Ny
min - x (Zk Ny Xk = D (o — Ek))
The Nth player (the market): { xyeR N i+ !

S.t. Z;l'izlxN,j =1.

For each i € [N1], the Lagrange multipliers have rational expressions as

T
—x: Vi, fi ad fi
rl=—"—"— X i= + XN A j=1,...,n;),
il 7 i,j axi,j N,j il (J i)

where g; (x) = xNS, + Zk N1+lai,kx17\;xk > Oforallx € X.Foreachi = N| +
1,..., N1 4+ N3, the ith player (a production unit) has polynomial expressions

N =X Vefi A
TNy Y T e

+2X1J m(j:l,...,ni).

For the last player (the market), we substitute xy ,, by 1 — Z'}’;ll
ni—1

jo1 XN = 0, xy,1=>0,...,xN5,n,—1 =0, and hence

xy,j, then the

constraints become 1 — >

-1 Jfn dfn .
)»Nl——Z “XN,j )»N,j+1=a +Anv1(G=1,....n = 1).

j=1 0xp XN,j
Foreachi =1, ..., N1, when n; = 2, the parameters are given as
0; = 0.75+0.25{ 1.5 —0.5i by — 0.440.1: £ = i
"7l 1.5-0.50 i P 0940.10 |0 YT i |

a;,;j =02+0.1i (j=Ni+1,..., N1+ No).
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When n; = 3, the parameters are given as:

142 —i i 0.4+0.1i i
Oi=| —i 14+il—i|, bi=]09+01i]|, &=1i],
i l—il+4i 1.440.1i i

aj,j =02+4+0.1i (j=Ni+1,..., N1+ Na).

The numerical results are presented in Table 3. The “N” is the total number of all
players, the “N7” and “Nz” are the number of consumers and production units respec-
tively, the “n” (resp., “n;”) is the dimension of “x” (resp., “x;”), the “u” is the GNE
obtained by Algorithm 5.1, the “q(u)” gives the value of the denomlnator vector
q(u) :=(q1(u), ..., qn,(u)), and “time” shows the consumed time (in seconds).

6.1 Comparison with other methods

We compare our method (i.e., Algorithm 5.1) with some classical methods for solving
convex GNEPPs, such as the two-step method in [23] based on Quasi-variational
formulation, the penalty method in [18], the exact version of interior point method
based on the KKT system in [13], and the Augmented-Lagrangian method in [28]. All
examples in Sect. 6 are tested for comparisions. For Example 6.9, we test for the case
that N = N =1,n; = 3.

For a computed tuple u := (uy, ..., uy), we use the value

§ o= max{ max (g ;@) max {lgi;6l})
i€[N],j €[N1,j

to measure the feasibility violation. Clearly, the point u is feasible if and only if £ < 0.

If we solve (5.2) for all i € [N], the accuracy parameter of u is § := max;¢[n] |6;]. For

these methods, we use the following stopping criterion: For each time we get a new

iterate u, if its feasibility violation & < 107°, then we compute the accuracy parameter

8.1f 8 < 107°, then we stop the iteration.

For these classical methods, the parameters are the same as given in [13,18,23,
28,57]. When implementing the QVI method, we use Moment-SOS relaxations to
find projections into given sets (the maximum number of iterations for line search
is set to be 100). For the penalty method, the MATLAB function £solve is used
to implement the Levenberg-Marquardt Algorithm for solving all equations involved
(the maximum number of iterations is set to be 100). The full penalization is used
when we implement the Augmented-Lagrangian method, and a Levenberg-Marquardt
type method (see [28, Algorithm 24]) is exploited to solve penalized subproblems.
We let 1000 be the maximum number of iterations for the QVI method, let 1000 be
the maximum number of outer iterations for the penalty method and the Augmented-
Lagrangian method, and let 10, 000 be the maximum number of iterations for the
interior point method. For initial points, we use (1, 0, 0, 1, 0, 0) for Example 6.1(i-ii),
(0,0,0,0,0,0,0,0, 1) for Example 6.9, and the zero vectors for other GNEPs. If the
maximum number of iterations is reached but the stopping criterion is not met, we
still solve the (5.2) to check if the latest iterating point is a GNE or not.
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Table 3 Numerical results of Example 6.9

Number
of Dimension u q(u) Time
players
N =5 _ (0.0000, 1.0000, 0.2889, 0.4778,
Ny =2 Z - 120 0.4166,0.9091, 0.5892, 1.2856, ;22% 1.37
Ny =2 i 0.3143, 0.6857) :
N =6 . (0.0000, 1.0000, 0.2889, 0.4778, 1.5423
Ny =3 Z s 0.4667,0.4000, 0.4354, 0.9002, 2.7230 3.82
Ny =2 = 0.6157,1.2731, 0.3260, 0.6740) 3.9038
_ (0.0000, 1.0000, 0.2889, 0.4778,
x - 73 n =14 0.4667,0.4000, 0.5587, 0.8294, ;'?gié 5196
Nl _3 np=2 0.7901, 1.1729, 0.9677, 1.4365, 14935 :
z2= 0.4025, 0.5975) :
N —3 (0.0000, 1.0000, 0.2889, 0.4778, 1.8913
N —4 n =16 0.4667,0.4000, 0.5704, 0.3963, 3.1884 10678
N1 _; n; = 0.5835,0.8121, 0.8251, 1.1485, 4.4855 :
2= 1.0106, 1.4067, 0.4181,0.5819) 5.7826
(0.0000, 1.0000, 0.2889, 0.4778, 53116
N =9 Y18 0.4667,0.4000, 0.5704, 0.3963, 37480
Ny =4 —, 0.6258,0.7800, 0.8850, 1.1031, < 1861 465.71
Ny =4 = 1.0838,1.3510, 1.2515, 1.5600, 66233
0.4451, 0.5549) :
N =3 W =9 (1.3076, 1.0871, 0.0962,
Ny =1 5 0.8087, 0.5882, 0.0000, 1.2148 0.50
Ny =1 = 0.5789, 0.4211, 0.0000)
N o—4 (1.3696, 1.0886, 0.0652,
N2 n =12 0.3500, 0.7875, 0.5625, 1.2134 376
N1 _ n; =3 0.6245,0.7810, 0.0000, 2.2846 :
2= 0.4443,0.5557, 0.0000)
(1.7172, 1.3109, 0.0000,
N = 0.3500, 0.7875, 0.5625,
Ny =2 Z - 135 0.7006, 0.7135, 0.0097, égégé 42.66
Ny = i 0.9908, 1.0091, 0.0006, :
0.4953, 0.5044, 0.0003)
(1.7734, 1.3398, 0.0000,
0.3500, 0.7875, 0.5625,
N'=6 n =18 0.2250, 0.7958, 0.6542, 1.5192
Ny =3 ;= 0.5780, 0.8160, 0.0001 2.6923 47384
Ny =2 = D FOU O T, A 3.8653

0.8174, 1.1541, 0.0040,
0.4146, 0.5854, 0.0000)

The numerical results are presented in Table 4, and the comparison is summarized
in the following.

1. The QVI method failed to find a GNE for Example 6.1(i), because the projection
set in Step 2 is empty. Therefore the line-search could not finish (see [23, Algo-
rithm 4.1]). This is also the case for Examples 6.1(ii) and 6.7(ii), for which the
GNEs do not exist. For Examples 6.2 and 6.4, the sequence generated by QVI is
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Table 4 Comparison with some methods

Example QVI Penalty IPM A-L Alogrithm 5.1
6.1(31) Time Fail Fail Fail Fail 2.83
Error 4x107?
6.1(ii) Time Fail Fail Fail Fail 70.31
Error no GNE
6.2 Time Fail 3.45 0.19 Fail 0.89
Error 2x 1070 3x 1077 7% 1077
6.3 Time 2.63 8.46 0.12 0.08 0.20
Error 8x 1077 3x 1070 2x 1077 2x 1077 1x1078
6.4 Time Fail 451 0.29 Fail 2.03
Error 3x 107 8 x 1077 4 %1077
6.5 Time 185.29 4.02 37.7 0.03 63.97
Error 9x 107> 2x 1070 5% 1074 3x 1077 4x 1077
6.6 Time 7.78 Fail 0.17 Fail 6.40
Error 6 x 1077 3% 1077 1x 1077
6.7() Time 72.18 0.39 0.16 0.05 3.23
Error 4x 1077 8x 1078 5% 1077 1 x 10710 7x107°
6.7(ii) Time Fail Fail Fail Fail 2.86
Error no GNE
6.8 Time Fail 0.38 0.16 0.01 8.18
Error 9x 1078 1x10°8 1x10°8 3x 1078
6.9 Time 1.223 6.26 0.14 Fail 0.50
Error 3x107° 8x 1070 3x 1077 7x 1077

alternating between several points and none of them is a GNE. For Example 6.8,
the sequence does not converge.

. The penalty method failed to find a GNE for Examples 6.1(i) and 6.6, because the

equation Fg, (x) = 0 cannot be solved for some k (see [18, Algorithm 3.3]). This
is also the case for Examples 6.1(ii) and 6.7(ii), for which the GNEs do not exist.

. The interior-point method failed to find a GNE for Examples 6.1(i), 6.1(ii) and

6.7(ii), because the step-length is too small to efficiently decrease the violation
of KKT conditions. Note that for Examples 6.1(ii) and 6.7(ii), the GNEs do not
exist, so the Newton type directions usually do not satisfy the sufficient descent
conditions.

. The Augmented-Lagrangian method failed to find a GNE for Example 6.1(i),

because the maximum penalty parameter (10'?) is reached before a GNE is
obtained. This is also the case for Example 6.1(ii), for which the GNEs do not exist.
For Examples 6.2, 6.4, 6.6, 6.7(ii) and 6.9, the Augmented-Lagrangian method
failed to find a GNE, because the penalization subproblems cannot be efficiently
solved.
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7 Conclusions and discussions

This paper studies convex GNEPs given by polynomials. The rational and para-
metric expressions for Lagrange multipliers are used. Based on these expressions,
Algorithms 5.1 is proposed for computing a GNE. The Moment-SOS hierarchy of
semidefinite relaxations are used to solve the appearing polynomial optimization prob-
lems. Under some general assumptions, we show that Algorithm 5.1 is able to find a
GNE if there exists one, or detect nonexistence of GNEs if there is none.

For future work, it is interesting to solve nonconvex GNEPPs. Under some con-
straint qualifications, the KKT system (2.5) is necessary but not sufficient for GNEs.
A solution u of (2.5) may not be a GNE for nonconvex GNEPPs. If u is not a GNE,
one needs to find an efficient method to obtain a different candidate. Such a method
is proposed for solving NEPs [48]. For GNEPs, it is not clear how to generalize the
method in [48]. When the point « is not a GNE, how can we exclude it and find a
better candidate? When (5.1) is feasible, how do we detect nonexistence of GNEs?
These questions are mostly open, to the best of the authors’ knowledge.

Acknowledgements The authors would like to thank Christian Kanzow and Daniel Steck for sharing the
code for solving GNEPs. They also thank the editors and anonymous referees for fruitful suggestions.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Anselmi, J., Ardagna, D., Passacantando, M.: Generalized nash equilibria for saas/paas clouds. Eur. J.
Oper. Res. 236(1), 326-339 (2014)
2. Ahmadi, A.A.,Zhang, J.: Semidefinite programming and Nash equilibria in bimatrix games. INFORMS
J. Comput. 33(2), 607-628 (2020)
3. Ardagna, D., Ciavotta, M., Passacantando, M.: Generalized Nash equilibria for the service provisioning
problem in multi-cloud systems. IEEE Trans. Serv. Comput. 10, 381-395 (2017)
4. Arrow, K., Debreu, G.: Existence of an equilibrium for a competitive economy. Econom. J. Econom.
Soc. 22, 265-290 (1954)
5. Ba, Q., Pang, J.: Exact penalization of generalized Nash equilibrium problems. Oper. Res. (2020).
https://doi.org/10.1287/0opre.2019.1942
6. Belousov, E.G., Klatte, D.: A Frank-Wolfe type theorem for convex polynomial programs. Comput.
Optim. Appl. 22(1), 37-48 (2002)
7. Bertsekas, D.: Nonlinear Programming, 2nd edn. Athena Scientific (1995)
8. Breton, M., Zaccour, G., Zahaf, M.: A game-theoretic formulation of joint implementation of environ-
mental projects. Eur. J. Oper. Res. 168, 221-239 (2006)
9. De Klerk, E., Laurent, M.: On the Lasserre hierarchy of semidefinite programming relaxations of
convex polynomial optimization problems. SIAM J. Optim. 21(3), 824-832 (2011)
10. Debreu, G.: A social equilibrium existence theorem. Proc. Natl. Acad. Sci. 38, 886-893 (1952)
11. Demmel, J.: Applied Numerical Linear Algebra. SIAM (1997)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1287/opre.2019.1942

Convex generalized Nash equilibrium problems and polynomial... 1517

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Dreves, A., Facchinei, E., Fischer, A., Herrich, M.: A new error bound result for Generalized Nash
Equilibrium Problems and its algorithmic application. Comput. Optim. Appl. 59, 63-84 (2014)
Dreves, A., Facchinei, F., Kanzow, C., Sagratella, S.: On the solution of the KKT conditions of Gen-
eralized Nash Equilibrium Problems. SIAM J. Optim. 21, 1082-1108 (2011)

Dreves, A., Kanzow, C., Stein, O.: Nonsmooth optimization reformulations of player convex general-
ized Nash equilibrium problems. J. Glob. Optim. 53(4), 587-614 (2012)

Facchinei, F,, Fischer, A., Piccialli, V.: On generalized nash games and variational inequalities. Oper.
Res. Lett. 35, 159-164 (2007)

Facchinei, F., Fischer, A., Piccialli, V.: Generalized Nash Equilibrium Problems and Newton methods.
Math. Program. 117, 163-194 (2009)

Facchinei, F., Kanzow, C.: Generalized Nash equilibrium problems. Ann. Oper. Res. 175(1), 177-211
(2010)

Facchinei, F., Kanzow, C.: Penalty methods for the solution of Generalized Nash Equilibrium problems.
SIAM J. Optim. 20, 2228-2253 (2010)

Facchinei, F., Lampariello, L.: Partial penalization for the solution of Generalized Nash Equilibrium
Problems. J. Glob. Optim. 50(1), 39-57 (2011)

Facchinei, F.,, Pang, J.: Nash equilibria: the variational approach. In: Palomar, D., Eldar, Y. (eds.)
Convex Optimization in Signal Processing and Communications, pp. 443-493. Cambridge University
Press, England (2010)

Fialkow, L., Nie, J.: The truncated moment problem via homogenization and flat extensions. J. Funct.
Anal. 263(6), 1682-1700 (2012)

Fukushima, M.: Restricted generalized Nash equilibria and controlled penalty algorithm. Comput.
Manag. Sci. 8, 201-208 (2010)

Han, D., Zhang, H., Qian, G., Xu, L.: An improved two-step method for solving Generalized Nash
Equilibrium Problems. Eur. J. Oper. Res. 216(3), 613-623 (2012)

Harker, P.: Generalized nash games and quasi-variational inequalities. Eur. J. Oper. Res. 54, 81-94
(1991)

Helton, J.W., Nie, J.: Semidefinite representation of convex sets. Math. Program. 122(1), 21-64 (2010)
Henrion, D., Lasserre, J.: Detecting global optimality and extracting solutions in GloptiPoly, Positive
polynomials in control, 293.C310, Lecture Notes in Control and Inform. Sci., 312, Springer, Berlin
(2005)

Henrion, D., Lasserre, J., Lofberg, J.: Gloptipoly 3: moments, optimization and semidefinite program-
ming. Optim. Methods Softw. 24(4-5), 761-779 (2009)

Kanzow, C., Steck, D.: Augmented Lagrangian methods for the solution of Generalized Nash Equilib-
rium Problems. SIAM J. Optim. 26, 2034-2058 (2016)

Lasserre, J.: Global optimization with polynomials and the problem of moments. SIAM J. Optim. 11,
796-817 (2001)

Lasserre, J.: Convexity in semialgebraic geometry and polynomial optimization. SIAM J. Optim. 19(4),
1995-2014 (2009)

Lasserre, J.: An Introduction to Polynomial and Semi-algebraic Optimization, vol. 52. Cambridge
University Press (2015)

Lasserre, J.: The Moment-SOS Hierarchy. In: Sirakov, B., Ney de Souza., P., Viana, M. (eds.) Pro-
ceedings of the International Congress of Mathematicians (ICM 2018), vol. 3, pp. 3761-3784, World
Scientific (2019)

Lasserre, J., Laurent, M., Rostalski, P.: Semidefinite characterization and computation of zero-
dimensional real radical ideals. Found. Comput. Math. 8(5), 607-647 (2008)

Laurent, J.: Sums of Squares, Moment Matrices and Optimization Over Polynomials, Emerging Appli-
cations of Algebraic Geometry of IMA Volumes in Mathematics and its Applications, 149: 157-270.
Springer (2009)

Laurent, M.: Optimization over polynomials: Selected topics. In: Jang, S., Kim, Y., Lee, D.W.,, Yie, L.
(eds.) Proceedings of the International Congress of Mathematicians, ICM 2014, pp. 843-869 (2014)
Nabetani, K., Tseng, P., Fukushima, M.: Parametrized variational inequality approaches to Generalized
Nash Equilibrium Problems with shared constraints. Comput. Optim. Appl. 48, 423-452 (2011)

Nie, J., Sturmfels, B.: Matrix cubes parameterized by eigenvalues. SIAM J. Matrix Anal. Appl. 31(2),
755-766 (2009)

Nie, J.: Certifying convergence of Lasserre‘s hierarchy via flat truncation. Math. Program. 142(1-2),
485-510 (2013)

@ Springer



1518 J. Nie, X. Tang

39. Nie, J.: Polynomial optimization with real varieties. SIAM J. Optim. 23(3), 1634-1646 (2013)

40. Nie, J.: Optimality conditions and finite convergence of Lasserre ‘s hierarchy. Math. Program. 146(1-2),
97-121 (2014)

41. Nie, J.: The A-Truncated XC-Moment Problem. Found. Comput. Math. 14(6), 1243-1276 (2014)

42. Nie, J.: The hierarchy of local minimums in polynomial optimization. Math. Program. 151(2), 555-583
(2015)

43. Nie, J.: Linear optimization with cones of moments and nonnegative polynomials. Math. Program.
153(1), 247-274 (2013)

44. Nie, J.: Generating polynomials and symmetric tensor decompositions. Found. Comput. Math. 17(2),
423-465 (2017)

45. Nie, J.: Low rank symmetric tensor approximations. SIAM J. Matrix Anal. Appl. 38(4), 1517-1540
(2017)

46. Nie, J.: Tight relaxations for polynomial optimization and Lagrange multiplier expressions. Math.
Program. 178(1-2), 1-37 (2019)

47. Nie, J., Tang, X., Xu, L.: The Gauss-Seidel method for generalized Nash equilibrium problems of
polynomials. Comput. Optim. Appl. 78(2), 529-557 (2021)

48. Nie, J., Tang, X.: Nash equilibrium problems of polynomials, Preprint (2020). arXiv:2006.09490

49. Nie, J., Wang, L., Ye, J., Zhong, S.: A Lagrange multiplier expression method for bilevel polynomial
optimization. SIAM J. Optim. 31(3), 2368-2395 (2021)

50. Nie, J., Yang, Z., Zhou, G.: The saddle point problem of polynomials. Found. Comput. Math. (2021).
https://doi.org/10.1007/s10208-021-09526-8

51. Pang, J., Fukushima, M.: Quasi-variational inequalities, generalized nash equilibria, and multi-leader-
follower games. Comput. Manag. Sci. 2, 21-56 (2005)

52. Pang, J., Scutari, G., Facchinei, F., Wang, C.: Distributed power allocation with rate constraints in
Gaussian parallel interference channels. IEEE Trans. Inf. Theory 54(8), 3471-3489 (2008)

53. Putinar, M.: Positive polynomials on compact semi-algebraic sets. Indiana Univ. Math. J. 42(3), 969—
984 (1993)

54. Schiro, D., Pang, J., Shanbhag, U.: On the solution of affine generalized Nash equilibrium problems
with shared constraints by Lemke‘s method. Math. Program. 142(1), 1-46 (2013)

55. Schweighofer, M.: Optimization of polynomials on compact semialgebraic sets. SIAM J. Optim. 15(3),
805-825 (2005)

56. Sturm, J.: Using sedumi 1.02, a matlab toolbox for optimization over symmetric cones. Optim. Methods
Softw. 11(1-4), 625-653 (1999)

57. von Heusinger, A., Kanzow, C.: Relaxation methods for Generalized Nash Equilibrium Problems with
inexact line search. J. Optim. Theory Appl. 143, 159-183 (2009)

58. von Heusinger, A., Kanzow, C.: Optimization reformulations of the Generalized Nash Equilibrium
Problem using Nikaido-Isoda-type functions. Comput. Optim. Appl. 43, 353-377 (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2006.09490
https://doi.org/10.1007/s10208-021-09526-8

	Convex generalized Nash equilibrium problems and polynomial optimization
	Abstract
	1 Introduction
	Contributions

	2 Preliminaries
	Notation
	2.1 Ideals and positive polynomials
	2.2 Localizing and moment matrices
	2.3 Lagrange multiplier expressions

	3 Rational expressions for Lagrange multipliers
	3.1 Optimality conditions and rational expressions
	3.2 Existence of rational expressions
	3.3 A numerical method for finding rational expressions

	4 Parametric expressions for Lagrange multipliers
	4.1 Optimality conditions and parametric expressions

	5 The polynomial optimization reformulation
	5.1 The optimization for all players
	5.2 Checking generalized Nash equilibria

	6 Numerical experiments
	6.1 Comparison with other methods

	7 Conclusions and discussions
	Acknowledgements
	References




