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A POSTERIORI ERROR ESTIMATES FOR FINITE ELEMENT
EXTERIOR CALCULUS: THE DE RHAM COMPLEX

ALAN DEMLOW! AND ANIL N. HIRANI?

ABSTRACT. Finite element exterior calculus (FEEC) has been developed over
the past decade as a framework for constructing and analyzing stable and
accurate numerical methods for partial differential equations by employing
differential complexes. The recent work of Arnold, Falk and Winther [4] in-
cludes a well-developed theory of finite element methods for Hodge Laplace
problems, including a priori error estimates. In this work we focus on develop-
ing a posteriori error estimates in which the computational error is bounded by
some computable functional of the discrete solution and problem data. More
precisely, we prove a posteriori error estimates of residual type for Arnold-Falk-
Winther mixed finite element methods for Hodge-de Rham Laplace problems.
While a number of previous works consider a posteriori error estimation for
Maxwell’s equations and mixed formulations of the scalar Laplacian, the ap-
proach we take is distinguished by unified treatment of the various Hodge
Laplace problems arising in the de Rham complex, consistent use of the lan-
guage and analytical framework of differential forms, and the development of
a posteriori error estimates for harmonic forms and the effects of their approx-
imation on the resulting numerical method for the Hodge Laplacian.

1. INTRODUCTION

In this paper we study a posteriori error estimation for finite element methods
for the Hodge Laplacian for the de Rham complex generated by the Finite Element
Exterior Calculus (FEEC) framework of Arnold, Falk, and Winther (abbreviated
AFW below). Finite element exterior calculus has been developed over the past
decade as a general framework for constructing and analyzing mixed finite element
methods for approximately solving partial differential equations. In mixed meth-
ods two or more variables are approximated simultaneously, for example, stresses
and displacements in elasticity or pressures and velocities in fluid problems. The
essential feature of FEEC is that differential complexes are systematically used in
order to develop and analyze stable and efficient numerical methods. Historically
speaking, some aspects of mixed finite element theory such as the so-called “com-
muting diagram property” (cf. [10]) are related to differential complexes, and some
early work by geometers such as Dodziuk [15] and computational electromagnet-
ics researchers such as Bossavit and others [7] also contains ideas related to finite
element exterior calculus. However, around 2000 researchers working especially in
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2 A .DEMLOW AND A.N. HIRANI

electromagnetics and elasticity [16, 2] independently began to realize that differen-
tial complexes can be systematically exploited in the numerical analysis of PDEs.
This work has culminated in the recent publication of the seminal work of Arnold,
Falk, and Winther [4] containing a general framework for FEEC (cf. also [3]).

Error analysis of numerical methods for PDE is generally divided into two cate-
gories, a priori and a posteriori. To fix thoughts, let u solve —Awu = f in a polygonal
domain ) with Neumann boundary conditions g—z =0 on 02 and fQ u = 0 assumed
in order to guarantee uniqueness. Also let up € Sj be a finite element approxi-
mation to u, where S;, C H'(Q) is the continuous piecewise polynomials of fixed
degree r with respect to a mesh 7. A classical a priori estimate is

(L1) la = unllas < OR" [l

Such estimates are useful for verifying optimality of methods with respect to poly-
nomial degree and are commonly used to verify code correctness. However, they
provide no information about the actual size of the computational error in any given
practical problem and often assume unrealistic regularity of the unknown solution.
A posteriori error estimates provide a complementary error analysis in which the
error is bounded by a computable functional of u; and f:

(1.2) |w —un| < &un, f)-

Such estimates provide no immediate information about asymptotic error decrease,
but do ideally yield concrete and reliable information about the actual size of the
error in computations. In addition, £(uy, f) and related quantities are typically
used to derive adaptive finite element methods in which information from a given
computation is used to selectively refine mesh elements in order to yield a more
efficient approximation. We do not directly study adaptivity here.

While there are many types of a posteriori error estimators [1, 5], we focus our
attention on residual-type error estimators. Roughly speaking, residual estimators
are designed to control u — uy by controlling the residual f + Auwuy,, which is not a
function (since Vuy, is only piecewise continuous) but is a functional lying in the
dual space of H(Q)/R. Given a triangle K € Ty, let hx = diam(7T). We define
the elementwise a posteriori error indicator

(1.3) 1K) = hicllf + Aunll o) + b N IVun] o, o)

The volumetric residual hg||f + Aup||1,(x) may roughly be seen as bounding the
regular portion of the residual f+ Auy. [Vuy] is defined as the jump in the normal
component of Vuy across interior element boundaries and as Vuy - n on element
faces e C 0f). Since natural boundary conditions are satisfied only approximately in
the finite element method, the latter quantity is not generally 0. The corresponding
term in (1.3) may be thought of as measuring the singular portion of the distribution
f + Auyp. A standard result is that under appropriate assumptions on 7y,

(1.4) lu —un | g @ym < C( Z n(K)?)2.
KeTs

That is, E(un, f) = C(X ke, n(K)?)'/2 is a reliable error estimator for the energy
error |lu — upl| g1 (o) r- An error estimator £ is said to be efficient if £(up, f) <

C|ju—up||, perhaps up to higher-order terms. Given K € Ty, let wg be the “patch”
of elements touching K. We also define osc(K) = hx||f — Pf||L,(x), where Pf is
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the Lo(K) projection onto the polynomials having degree one less than the finite
element space. Then

(1.5) n(K)?<C <|u - Uh”?{l(w() + Z OSC(K)2> )

KCwgk

In our development below we recover (1.4) and (1.5) and also develop similar results
for other Hodge Laplace problems such as the vector Laplacian.

We pause to remark that residual estimators are usually relatively rough estima-
tors in the sense that the ratio &(up, f)/||u — upl| is often not close to 1 as would
be ideal, and there are usually unknown constants in the upper bounds. However,
they have a structure closely related to the PDE being studied, generally provide
unconditionally reliable error estimates up to constants, and can be used as build-
ing blocks in the construction and analysis of sharper error estimators. Thus they
are studied widely and often used in practice.

In this work we prove a posteriori error estimates for mixed finite element meth-

ods for the Hodge Laplacian for the de Rham complex. Let HA° LAt Ao

HA 1 4 Ly be the n-dimensional de Rham complex. Here A* consists of k-forms
and HA* consists of Lo-integrable k-forms w with L integrable exterior derivative
dw. For n = 3, the de Rham complex is H' % H(curl) 3" H(div) &Y L,. For
0 < k < n, the Hodge Laplacian problem is given by ddu + ddu = f, where ¢ is the
adjoint (codifferential) of the exterior derivative d. When n = 3, the 0-Hodge Lapla-
cian is the standard scalar Laplacian, and the AFW mixed formulation reduces to
the standard weak formulation of the Laplacian with natural Neumann boundary
conditions. The 1- and 2-Hodge Laplacians are instances of the vector Laplacian
curl curl —V div with different boundary conditions, and the corresponding FEEC
approximations are mixed approximations to these problems. The 3-Hodge Lapla-
cian is again the scalar Laplacian, but the AFW mixed finite element method now
coincides with a standard mixed finite element method such as the Raviart-Thomas
formulation, and Dirichlet boundary conditions are natural. We also consider es-
sential boundary conditions below.

Next we briefly outline the scope of our results and compare them with previous
work. First, in the context of mixed methods for the scalar Laplacian and espe-
cially FEM for Maxwell’s equations two technical tools have proved essential for
establishing a posteriori error estimates. These are regular decompositions [17, 22]
and locally bounded commuting quasi-interpolants [24]. Relying on recent analyti-
cal literature and modifying existing results to meet our needs, we provide versions
of these tools for differential forms in arbitrary space dimension. Next, our goal
is to prove a posteriori estimates simultaneously for mixed approximations to all
k-Hodge Laplacians (0 < k < n) in the de Rham complex. Focusing individually
on the various Hodge Laplace operators, we are unaware of previous proofs of a
posteriori estimates for the vector Laplacian, although a posteriori estimates for
Maxwell’s equations are well-represented in the literature; [6, 24, 27] among many
others. The estimators that we develop for the standard mixed formulation for the
well-studied case of the scalar Laplacian are also modestly different from those pre-
viously appearing in the literature (cf. §6.4 below). In addition, our work extends
beyond the two- and three-dimensional setting assumed in these previous works.
Throughout the paper we also almost exclusively use the notation and language
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of, and analytical results for, differential forms. The only exception is §6, where
we use standard notation to write down our results for all four three-dimensional
Hodge-Laplace operators. This use of differential forms enables us to systematically
highlight properties of finite element approximations to Hodge Laplace problems
in a unified fashion. A final unique feature of our development is our treatment of
harmonic forms. In §2.4, we give an abstract framework for bounding a posteriori
the gap between the spaces H* of continuous forms and ﬁ’,j of discrete harmonic
forms (defined below). This framework is an important part of our theory for the
Hodge Laplacian and is also potentially of independent interest in situations where
harmonic forms are a particular focus. Since our results include bounds for the
error in approximating harmonic forms, our estimators also place no restrictions
on domain topology. We are not aware of previous works where either errors in
approximating harmonic forms or the effects of such errors on the approximation
of related PDE are analyzed a posteriori.

We next briefly describe an interesting feature of our results. The AFW mixed
method for the k-Hodge Laplace problem simultaneously approximates the solu-
tion u, ¢ = du, and the projection p of f onto the harmonic forms by a discrete
triple (op,up,pr). The natural starting point for error analysis is to bound the
HAF=1 x HA* x Ly norm of the error, since this is the variational norm naturally
related to the “inf-sup” condition used to establish stability for the weak mixed
formulation. Abstract a priori bounds for this quantity are given in Theorem 3.9 of
[4] (cf. (2.8) below), and we carry out a posteriori error analysis only in this natural
mixed variational norm. Aside from its natural connection with the mixed varia-
tional structure, this norm yields control of the error in approximating the Hodge
decomposition of the data f when 1 < k <n — 1, which may be advantageous.

As in the a priori error analysis, the natural variational norm has some dis-
advantages. Recall that residual estimators for the scalar Laplacian bound the
residual f + Awuy in a negative-order Sobolev norm. For approximations of the
vector Laplacian, establishing efficient and reliable a posteriori estimators in the
natural norm requires that different portions of the Hodge decomposition of the
residual f — dop — pp, — ddup, be measured in different norms. Doing so requires
access to the Hodge decomposition of f, but it is rather restrictive to assume access
to this decomposition a priori. We are able to access the Hodge decomposition of f
weakly in our estimators below, but at the expense of requiring more regularity of f
than is needed to write the Hodge Laplace problem (cf. §4.2). In the a priori setting
it is often possible to obtain improved error estimates by considering the discrete
variables and measuring their error separately in weaker norms; cf. Theorem 3.11
of [4]. This is an interesting direction for future research in the a posteriori setting
as it may help to counteract this “Hodge imbalance” in the residual.

The paper is organized as follows. In Section 2 we review the Hilbert complex
structure employed in finite element exterior calculus, begin to develop a posteri-
ori error estimates using this structure, and establish a framework for bounding
errors in approximating harmonic forms. In Section 3, we recall details about the
de Rham complex and also prove some important auxiliary results concerning com-
muting quasi-interpolants and regular decompositions. Section 4 contains the main
theoretical results of the paper, which establish a posteriori upper bounds for er-
rors in approximations to the Hodge Laplacian for the de Rham complex. Section 5
contains corresponding elementwise efficiency results. In Section 6 we demonstrate
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how our results apply to several specific examples from the three-dimensional de
Rham complex and where appropriate compare our estimates to previous literature.

2. HILBERT COMPLEXES, HARMONIC FORMS, AND ABSTRACT ERROR ANALYSIS

In this section we recall basic definitions and properties of Hilbert complexes,
then begin to develop a framework for a posteriori error estimation.

2.1. Hilbert complexes and the abstract Hodge Laplacian. The definitions
in this section closely follow [4], which we refer the reader to for a more detailed
presentation. We assume that there is a sequence of Hilbert spaces W* with inner
products (-,-) and associated norms || - || and closed, densely defined linear maps
d* from W* into W**! such that the range of d* lies in the domain of d**! and
d**1 o d* = 0. These form a Hilbert complex (W, d). Letting V¥ C W* be the
domain of d*, there is also an associated domain complex (V,d) having inner prod-
uct (u, v)yr = (u, v)ypr + (d¥u, d*v)yrr1 and associated norm || - [|y-. The complex
wo = VE=L 5 vk 5 E+L 5 s then bounded in the sense that d* is a bounded
linear operator from V* into V*+1

The kernel of d* is denoted by 3* = B* @ $H*, where B* is the range of d*~!
and $H* is the space of harmonic forms 8%+ N 3% The Hodge decomposition is an
orthogonal decomposition of W¥ into the range B*, harmonic forms $*, and their
orthogonal complement 3% . Similarly, the Hodge decomposition of V'* is

(2.1) vk =8k @ st @ 38

where henceforth we simply write 3kL instead of 3%V except as noted. The dual
complex consists of the same spaces W¥, but now with increasing indices, along
with the differentials consisting of adjoints dj, of d*~!. The domain of dj is denoted
by V¥, which is dense in W*.

The Poincaré inequality also plays a fundamental role; it reads

(22) lollv < lld*v]lw, v e 3"

Here and in what follows, we write a < b when a < Cb with a constant C' that
does not depend on essential quantities. Finally, we assume throughout that the
complex (W, d) satisfies the compactness property described in §3.1 of [4].

The immediate goal of the finite element exterior calculus framework presented in
[4] is to solve the “abstract Hodge Laplacian” problem given by Lu = (dd*+d*d)u =
f. L: Wk — W* is called the Hodge Laplacian in the context of the de Rham
complex (in geometry, this operator is often called Hodge-de Rham operator). This
problem is uniquely solvable up to harmonic forms when f L $*. It may be
rewritten in a well-posed weak mixed formulation as follows. Given f € W*, we
let p = Pgx f be the harmonic portion of f and solve Lu = f — p. In order to
ensure uniqueness, we require v L $¥. Writing o = d*u, we thus seek (o,u,p) €
VE=1 x VF x §* solving

(o,7) = {dT,u) = 0, T eVk1
(2.3) (do,v) + (du,dv) + (v,p) = (f,v), wveVF
<u7 Q> = 0, qc f)k~

So-called inf-sup conditions play an essential role in analysis of mixed formula-
tions. We define B(o,u, p; 7,v,q) = (o, 7y —{(d7, u)+(do, v) + (du, dv) + (v, p) — (u, q),
which is a bounded bilinear form on [V*~1 x V¥ x k] x [VE=1 x VF x §F]. We will
employ the following, which is Theorem 3.1 of [4].
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Theorem 1. Let (W,d) be a closed Hilbert complex with domain complex (V,d).
There exists a constant v > 0, depending only on the constant in the Poincaré
inequality (2.2), such that for any (o,u,p) € VF=L x VF x §* there exists (1,v,q) €
VE=1 x Vk x 9% such that

(24)  Blo,u,pi7,v,q) 2 (llollv + [[ullv + D I7llv + [lollv + llql)-

2.2. Approximation of solutions to the abstract Hodge Laplacian. Assum-
ing that (W, d) is a Hilbert complex with domain complex (V,d) as above, we now
choose a finite dimensional subspace V¥ C V¥ for each k. We assume also that
dvik c V}f 1 so that (Vik,d) is a Hilbert complex in its own right and a subcom-
plex of (V,d). It is important to note that while the restriction of d to V}f acts as
the differential for the subcomplex, d* and the adjoint dj of d restricted to th do
not coincide. The discrete adjoint d; does not itself play a substantial role in our
analysis, but the fact that it does not coincide with d* should be kept in mind.
The Hodge decomposition of V/¥ is written

(2.5) Vi =B} e Ny @35t

Here BF = thk, with similar definitions of Y)ﬁ and 3#- where 1 is in V},. This
discrete Hodge decomposition plays a fundamental role in numerical methods, but
it only partially respects the continuous Hodge decomposition (2.1). In particular,
we have:

B C B
(2.6) Hr C 3% but HY ¢ H*,
3t ¢ 3R

Bounded cochain projections play an essential role in finite element exterior
calculus. We assume the existence of an operator 7, : VF — V}f which is bounded
in both the W-norm || - || and the V-norm || - ||y and which commutes with the
differential: d* o 7r,’§ = 775“ o d®. In contrast to the a priori analysis of [4], our a
posteriori analysis does not require that 7 be a projection, that is, we do not require
that 7, act as the identity on V. In more concrete situations we shall however
require certain other properties that are not needed in a priori error analysis.

Approximations to solutions to (2.3) are constructed as follows. Let (o, up, pp) €
V,f71 X th X ﬁZ satisfy

<O’h,7’h> — <d’7’h,uh> = 0, Th € thil,
(2.7) (dop,vn) + (dup, dvp) + (v, pn) = (fion), ovn € V)P,
(un,qn) = 0, an € Y.

Existence and uniqueness of solutions to this problem are guaranteed by our as-
sumptions. A discrete inf-sup condition analogous to (2.4) with constant ;, depend-
ing on stability constants of the projection operator 7, but otherwise independent
of V}, is contained in [4]; we do not state it as we do not need it for our analy-
sis. In addition, Theorem 3.9 of [4] contains abstract error bounds: So long as the



A POSTERIORI FEEC 7

subcomplex (V},, d) admits uniformly V-bounded cochain projections,

lo —onllv + llu —unllv + llp — prll
< inf |lo—7|ly+ inf |lu—wv
. S nt o=l + inf lu—vly

h
+ inf [[p—qllv+ i inf [[Peu— vy,
qeEVE veVE

where i = sup,.e gk |rj=1 | (I—7f)r||. We will use the notation Pg for the orthogonal
projection onto the subspace S as in the case of Py above.

2.3. Abstract a posteriori error analysis. We next begin an a posteriori error
analysis, remaining for the time being within the framework of Hilbert complexes.
A working principle of a posteriori error analysis is that if a corresponding a priori
error analysis employs a given tool, one looks for an a posteriori “dual” of that
tool in order to prove corresponding a posteriori results. Thus while the proof of
(2.8) employs a discrete inf-sup condition, we shall employ the continuous inf-sup
condition (2.4). Writing e, = 0 — o, e, = u — up, and e, = p — pp, we use the
triangle inequality and (2.4) to compute

leallv+lleallv + llepll < (llesllv + lleullv + [lp = Popnll) + [ Popn — pall

1
<= sup B(eg, eusp — Pypn; 7,0, q) + | Popn — pa
Y (T,v,q)GVk_lkaXka,
I~ llv+llvllv+llgll=1

1
< = sup ((eo, T) — {d7, ey) + (dey, v) + (dey, dv)
Y (T,v,q)Gkalka xHk,
Imllv+lvllv+lgll=1

1
+vsep) + {ew ) + (14 ) IPopn = pull

Employing Galerkin orthogonality implied by subtracting the first two lines of (2.7)
and (2.3) in order to insert 7,7 and 7pv into (2.9) and then again employing (2.3)
finally yields

leallv+llewllv + llepll

1
< - sup ((ah, T —mpT)y — {(d(T — 7T, up)
v (7,0,q)EVFIxVExnk,
(2.10) v +lvllv+lgll=1

+ (f = don = pn,v = myv) — (dun, d(v = mv)) + (eas0))
1
+ 1+ ;)Hpﬁph = pall-

The terms (op, 7—7,7) —{(d(T— 7 7), up) and {f —dop, —pp, v—7pv) +(dup, d(v—
mrv)) in (2.9) can be attacked in concrete situations with adaptations of standard
techniques for residual-type a posteriori error analysis, but no further progress can
be made on this abstract level without further assumptions on the finite element
spaces. The terms (e,, q) and (1 + %)”Pf)ph — ph|, on the other hand, are nonzero
only when §F # $*. In this case (2.7) is a generalized Galerkin method, and further
abstract analysis is helpful in elucidating how these nonconformity errors may be
bounded. We carry out this analysis in the following subsection.
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2.4. Bounding the “harmonic errors”. We next lay groundwork for bounding
the terms ||pn — Peppll and sup,cgr (e, q). Since py, € Hf;, (2.6) and 3* = BF ¢ H*
imply that p, — Pspn € B*. Recalling that v € B* implies that v = d¢ for some
¢ € VF~1 and also that Pgp, € $H¥ L B* yields

(2.11) lpn — Papull = sup  (pn — Pyapn,v) = sup (ph,do).
vEBE [lvf|=1 $eVE-1 |ldgll=1

The discrete Hodge decomposition (2.5) implies that mfd¢ = dwﬁ_ld) €BF Lok >
pr. Also note that by the Poincaré inequality (2.2), supgeyi-1 jqg|=1(Ph,d®) is
uniformly equivalent to supgey -1 4|, =1 (Ph, d$). Thus

(2.12) lon — Papnll S sup (Ph,d(¢ — mh9)).
peVE-1 ¢llv=1

We do not manipulate (2.12) any further without making more precise assumptions
about the spaces and exterior derivative involved. Recall that the goal of (2.12)
is to measure the amount by which the discrete harmonic function p;, fails to be a
continuous harmonic function. If pj, were in fact in $*, we would have d*p, = 0,
which would immediately imply that the right-hand-side of (2.12) is 0. In (2.12) we
measure the degree by which this is not true by testing weakly with a test function
d¢, minus a discrete approximation to the test function.

Before bounding the term supgegn |jq)=1(€u;q) We consider the gap between $F

and 52. Given closed subspaces A, B of a Hilbert space W, let

(2.13) 0(A,B)= sup dist(z,B)= sup |z — Ppz|.
zeA,||z|=1 z€A,|z]|=1

The gap between the subspaces A and B is defined as
(2.14) gap(4, B) = max(6(4, B),d(B, A)).

In the situation below, we will require information about &($*, i)ﬁ), but are able
to directly derive a posteriori bounds only for 5(55’,2,.6’“). Thus it is necessary to
understand the relationship between §(A, B) and §(B, A).

Lemma 2. Assume that A and B are subspaces of the Hilbert space W, both having
dimension n < oo. Then

(2.15) 8(A,B) = §(B, A) = gap(A, B).

Proof. The result is essentially found in [18], Theorem 6.34, pp. 56-57. Assume
first that 6(A,B) < 1. The assumption that dim A = dim B then implies that
the nullspace of Pg is 0 and that Pg maps A onto B bijectively. Thus Case i of
Theorem 6.34 of [18] holds, and (2.15) follows from (6.51) of that theorem by noting
that 6(A, B) = I = Pgllaw) = (I = Pp)Pallw,w)-

If 5(A,B) = 1, then there is 0 # b € B which is orthogonal to Pg(A). Let-
ting {a;}i=1.. m be an orthonormal basis for A, we have Psb = Z?il(ai,b)ai =
M (Ppai,b)a; = 0, since b L Pg(A). Thus 1 = |[I — Pal|(5,4) = 6(B, A), so that
(2.15) holds in this case also. O

Thus we can bound gap($*, ) by bounding only §($%, %), which we now turn
our attention to. First write 6(H%, H*) = SUDg, €6k lgn || =1 llgn — Pgrgn|. For a given
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qn € H%, we may employ exactly the same arguments as in (2.11) and (2.12) above
to find

(2.16) llan — Paanll S sup (qn, d(¢ — o).
peVFE-Ll¢llv=1

We now let {qi,...,qn } be an orthonormal basis for $§ and assume that we have a
posteriori bounds

(2.17) sup (qi,d(¢ — ) < piy i =1,..., M.

PEVEL|I4]lv=1
We obtain such bounds for the de Rham complex below. Given an arbitrary unit
vector g, € HF, we write g, = vail a;q;, where |@| = 1. Inserting this relationship
into (2.16) yields 5(H%, H*) < SUp| =1 Zf\il a;p;. This expression is maximized by
choosing @ = ji/|fi|, where i = {p1, .., piar }. Thus

(2.18) (55, 9%) < |-
Combining (2.18) with (2.15), we thus also have
(2.19) gap(9”*, 95) < |-
Now we turn our attention to bounding ||Pausl| = sup,eqr jq)=1(€u;q). Our

analysis of this term is slightly unusual in that we suggest two possible approaches.

One is likely to be sufficient for most applications and is less computationally in-

tensive. The other more accurately reflects the actual size of the term at hand, but

requires additional computational expense with possibly little practical payoff.
We first describe the cruder approach. Because up L ﬁﬁ,

[Pyupll=" sup  (qun) = sup (g — Pyrq,up)
(2.20) g€9*,[lgll=1 gen* Jlal=1 ’

< 89", 9 lunll = gap(H*, H)||unl-
(2.19) may then be used in order to bound gap($H*, HF).
Next we describe the sharper approach. Since w, L .6];, we have up = up + uﬁ,
where 4, € ‘Bﬁ and uﬁ € SZJ‘. Since SB],?L C BF 1L H*, u,JL- L .V)fl, and jﬁﬁ and $HH*
are both perpendicular to 3%+, we thus have for any ¢ € $* with ||¢|| = 1 that

<uh7Q> = <U£L_7Q> = <uﬁ,q - Pf)hq> = <uﬁ - P3Luilz_7q - Pf)hQ>

(2.21)

< |luiy — Pyrrui|llla = Pr, all < gap($”, 975) |upy — Parewug; |-
But
(2.22) ujf — Pyiup = Pypuj + Pyujr = Pyujb + Pyuy,.

Here the relationship Pquj = Pguy, holds because BF C B* and so Py = 0.
Thus [|uir — Pyruit|| < ||Peup|| + || Pyunl|. | Py || may be bounded as in (2.12)
and (2.16) above:

|| P uyy || = sup (up, d(¢ — mh))
(2.23) peVE-1 |ldo||=1
< sup <uﬁ, d(¢p — o).

pEVE=L [I4]lv =1
Assuming a posteriori bounds gap($*¥, %) < p and || Pyuy || < €, we thus have
(2.24) [1Pyunll S ple + [[Pyunl)-
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Inserting (2.20) into (2.24) then finally yields
(2.25) 1Pyunll S e+ p®[lunl.

We now discuss the relative advantages of (2.20) and (2.25). The corresponding
term in the a priori bound (2.8) is fuinf,cy [[Pgu — v||y, which is a bound for
| Ps, u|| (note the symmetry between the a priori and a posteriori bounds). The
term ji (defined following (2.8)) is easily seen to be bounded by gap(H*,9F) at
least in the case that 7, is a W-bounded cochain projection. Also, it is easily seen
that i is generally of the same or higher order than other terms in (2.8) when
standard polynomial approximation spaces are used. Carrying this over to the a
posteriori context, (2.20) will yield a bound for || Pgup| that while crude is not
likely to dominate the estimator or drive adaptivity in generic situations.

If a sharper bound for ||Pyuy|| proves desirable (e.g., if gap($*, $%)||us|| dom-
inates the overall error estimator), then one can instead employ (2.25). This cor-
responds in the a priori setting to employing the term inf, ¢y | Peu — v|ly and
is likely to lead to an asymptotically much smaller estimate for ||Pguy|. How-
ever, computing the term € in (2.25) requires computation of the discrete Hodge
decomposition of up, which may add significant computational expense.

2.5. Summary of abstract bounds. We summarize our results above in the
following lemma.

Lemma 3. Assume that (W,d) is a Hilbert complex with subcomplex (Vi,,d) and
commuting, V-bounded cochain operator 7y, : V- — Vj,, and in addition that (o, u, p)
and (o, un, pr) solve (2.3) and (2.7), respectively. Then for some (,v,q) € VF~1x
VE x 9% with |||y + |v][v + llgll = 1 and some ¢ € V=1 with ||¢|lv = 1,

leallv + lleullv + llepll < (e T — maT) — (d(T — 7aT), €u)|
(2.26) +|(f = don — pn,v — TRY) — (dup, d(v — TRY))|
+ [(pn, d(¢ — mn))| + pllujy — Pyrug |-

Here i = (XM 12)'/2, where SUPgeyvh-1 ||y =1(%i> (¢ — Th@)) < pi for an or-
thonormal basis {q1,....,qu} of H¥. For the last term in (2.26) we may either use
the simple bound ||uir — Pyrup-|| < |lup| or employ the bound p|luit — Pyrui| <
pe + p?||un|, where

(2.27) sup  (uy,d(¢p— o)) Se
peVE—1 |Igllv=1

3. THE DE RHAM COMPLEX AND COMMUTING QUASI-INTERPOLANTS

As above, we for the most part follow [4] in our notation. Also as above, we shall
often be brief in our description of concepts contained in [4] and refer the reader to
84 and §6 of that work for more detail.

3.1. The de Rham complex. Let Q be a bounded Lipschitz polyhedral domain
in R", n > 2. Let A*(Q) represent the space of smooth k-forms on Q. AF(Q) is
endowed with a natural Lo inner product (-,-) and Ly norm || - || with corresponding
space LoA¥(2). Letting also d be the exterior derivative, HA*(Q) is then the
domain of d* consisting of Ly forms €2 for which dw € Lo A¥*1(Q); we denote by ||| i
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the associated graph norm. (L,A*(Q),d) forms a Hilbert complex (corresponding
to (W, d) in the abstract framework of the preceding section) with domain complex

(3.1) 0= HAY(Q) S HAY Q) S - S HAMQ) = 0

corresponding to (V,d) above. In addition, we denote by W A¥(€2) the correspond-
ing Sobolev spaces of forms and set H"A*(Q) = W AF(Q). Finally, for w C R", we
let |-l =1"llL,ar@) and || - |gw = || - | HA*(w); in both cases we omit w when
w = .

Given a mapping ¢ : Q; — Q, we denote by ¢*w € A¥(;) the pullback of
w € AF(Qy), ie.,

(32) (¢*w)x(vla B3] 'Uk) = We(x) (D¢z(vl)a () D¢x(vk))

The trace tr is the pullback of w from A*(Q) to A*¥(92) under the inclusion. tr is
bounded as an operator HA*(Q) — H~'/2A*(99Q) and H'A*(Q) — H'/2A*(09),
and thus also H'AF(Q) — LyA*(0Q). We may now define HAF(Q) = {w €
HA¥(w) : trw = 0on dQ}. In addition, we define the space HiAF(Q) as the
closure of CPA*(Q) in HYA*(Q). HIA* () essentially consists of forms which are
0 in every component on 9€2, which is in general a stricter condition than trw = 0.

The wedge product is denoted by A. The Hodge star operator is denoted by *
and for w € A*, € A"F satisfies

(3.3) wA = (xw, u)vol, /Q WA = (3w, 1) [y An—F ()
0

% is thus an isometry between LoA* and Ly A" *. The coderivative operator § :
A¥ — A*=1 s defined by

(3.4) *ow = (—1)*d * w.

Applying Stokes’ theorem leads to the integration-by-parts formula

(3.5) (dw, u) = {w, o) +/ trwAtr «pu, we HAFL e HTAF,
o0
The coderivative coincides with the abstract codifferential introduced in §2.1 when
trgo * 4 = 0. That is, the domain of the adjoint d* of d is the space H*Ak(Q)
consisting of forms p € LyA* whose weak coderivative is in LoA*~! and for which
tr x u = 0. We will also use the space H*A¥ = x(HA"*) consisting of Ly forms
whose weak codifferential lies in Lo; note that v € H*A¥ implies that trxv € H—1/2.
The Hodge decomposition LoAF(Q) = B* @ HF @ B} consists of the range Bk =
{dp : ¢ € HA*"1(Q)}, harmonic forms H* = {w € HA¥(Q) : dw = 0, dw =
0, tr xw = 0}, and range B} = {dw : w € H*AM1(Q)} of 6. dim HF is the k-th
Betti number of 2. The mixed Hodge Laplacian problem corresponding to (2.3)
now reads: Find (o,u,p) € HAF~1 x HAF x §* satisfying

(3.6) o = o0u, do+ddu=f—pin Q,
(3.7) tr xu = 0, tr xdu =0 on 99,
(3.8) u L $k

The boundary conditions (3.7) are enforced naturally in the weak formulation (2.3)
and so do not need to be built into the function spaces for the variational form.
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The additional boundary conditions
(3.9) tr xo =0, tr *ddu =0 on 9N

are also satisfied. To see this, note that d and tr commute since tr is a pullback,
and that tr o and tr xddu are both well defined in H~'/2 since §o = 0 and §6du = 0
imply that o, du € H*. Thus by (3.4), tr xo = tr (—=1)*d%u = (=1)*d tr xu = 0.
Similarly, tr x §du = tr (—1)*d x du = (—=1)*dtr x du = 0. These relationships are
roughly akin to noting that for a scalar function u, the boundary condition u = 0
on 0f) implies that the tangential derivatives of u along 0f2 are also 0.

We also consider the Hodge Laplacian with essential boundary conditions, that
is: Find (o, u,p) € HA*1 x HA* x $F satisfying

(3.10) o = d0u, do+ddu=f—pin Q,
(3.11) tro = 0, tru=0 on 98,
(3.12) u L Hk

This is the Hodge Laplace problem for the de Rham sequence (3.1) with each
instance of HA¥(Q) replaced by HA¥(Q). Here we have denoted the correspond-
ing parts of the Hodge decomposition using similar notation, e.g., HF = {w €
3% (w, p) =0, p € BFY.

3.2. Finite element approximation of the de Rham complex. Let 7, be a
shape-regular simplicial decomposition of . That is, for any K1, Ky € Ty, K1 NK>
is either empty or a complete subsimplex (edge, face, vertex, etc.) of both K; and
K5, and in addition all K € 7, contain and are contained in spheres uniformly
equivalent to hx := diam(K).

Denote by (Vi,d) any of the complexes of finite element differential forms con-
sisting of P, and P, spaces described in §5 of [4]. We do not give a more precise
definition as we only use properties of these spaces which are shared by all of them.
The finite element approximation to the mixed solution (o, u, p) of the Hodge Lapla-
cian problem is denoted by (o, un, pr) € V¥ x V}f_l x Hk and is taken to solve (2.7),
but now within the context of finite element approximation of the de Rham com-
plex. In order to solve (3.10)—(3.12) we naturally employ spaces V,f =VF NHAF(Q)
of finite element differential forms.

3.3. Regular decompositions and commuting quasi-interpolants. We also
employ a regular decomposition of the form w = dy + z, where w € HA only, but
@,z € H'. In the context of Maxwell’s equations the term “regular decomposition”
first appeared in the numerical analysis literature in the survey [17] by Hiptmair
(although similar results were previously available in the analysis literature). Pub-
lished at about the same time, the paper [22] of Pasciak and Zhao contains a similar
result for H(curl) spaces which is also often cited in this context. Below we rely
on the paper [20] of Mitrea, Mitrea, and Monniaux, which contains regularity re-
sults for certain boundary value problems for differential forms that may easily be
translated into regular decomposition statements. Recent work of Costabel and
McIntosh [14] contains similar results for forms, though with handling of boundary
conditions that seems slightly less convenient for our purposes.

We first state a lemma concerning the bounded invertibility of d; this is a special
case of Theorem 1.5 of [20].
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Lemma 4. Assume that B is a bounded Lipschitz domain in R™ that is homeomor-
phic to a ball. Then the boundary value problem dp = g € LoA¥(B) in B, trp =0
on OB has a solution ¢ € HiA*"Y(B) with ||¢||mas-15) S gl if and only if
dg = 0 in B, and in addition, trg =0 on 0B if 0 <k <n—1 andeg:O if
k=n.

Employing Lemma 4, we obtain the following regular decomposition result.

Lemma 5. Assume that € is a bounded Lipschitz domain in R™, and let 0 < k <
n—1. Given v € HA¥(Q), there exist o € H'A*=1(Q) and z € H*A¥(Q) such that
v=dy+z, and

(3.13) el arar—() + 12l mar @) S vl EA* )

Similarly, if v e HA*(Q), then there exist o € HLAF=1(Q) and z € HEA*(Q) such
that v = dp + z and (3.13) holds. In the case k = n, HA™(Q) is identified with
LoA™(QY). The same results as above hold with the exception that z € LoA™(Q) only

and satisfies || z||p,an ) S Hv||HAk(Q).

Proof. We first consider the case v € HA¥(Q). By Theorem A of [21], the assump-
tion that 02 is Lipschitz implies the existence of a bounded extension operator
E : HA*(Q) — HA*(R™). Without loss of generality, we may take Ew to have
compact support in a ball B compactly containing €2, since if not we may multiply
Ev by a fixed smooth cutoff function that is 1 on 2 and still thus obtain an HA-
bounded extension operator. Assuming that 0 < k <n — 1, we solve dz = dFv for
z € HY(B) and dp = Ev — z for ¢ € HiA¥~1(B), as in Lemma 4. The necessary
compatibility conditions may be easily verified using dod = 0, dtr = trd, and
dFEv = dz. Restricting ¢ and z to Q, we obtain (3.13) by employing the bounded-
ness of E along with Lemma 4. In the case k = n, we let z = (|[B|™" [, Ev)vol,
where vol is the volume form. We then have [,(Ev — z) = 0, and proceeding by
solving dp = Ev — z as above completes the proof in this case also.

In the case v € HAF (©), Lemma 5 may be obtained directly from Lemma 4 when
Q is simply connected by applying the procedure in the previous paragraph with
B = Q. The general case follows by a covering argument. Let {Q;} be a finite open
covering of € such that N, is Lipschitz for each i, and let {x;} be a partition
of unity subordinate to {€2;}. When 0 < k <n — 1, we first solve dz; = d(x;v) for
zi € HiAM(Q; N Q) and let z = Y, 2z € HjA®(Q). A simple calculation shows
that the compatibility conditions of Lemma 4 are satisfied, and in addition dz = dv
since Y x; = 1. Similarly, we solve di; = xi(v — 2) for ¢; € HjA*1(Q;) and

set v = ZQ ;. In the case k = n, let z; = (\QZ Nt meQ Xiv) vol and let

@i € HyA" 1 (Q N Q) solve dp; = x;v — 2. Setting ¢ = Y ¢, @i, z = v — dip, and
employing Lemma 4 completes the proof. (I

Our next lemma combines the regular decomposition result of Lemma 5 with a
commuting quasi-interpolant in order to obtain approximation results suitable for
a posteriori error estimation. Schéberl defined such an interpolant in [23] for the
classical three-dimensional de Rham complex and extended his results to include
essential boundary conditions in [24]. We generally follow Schéberl’s construction
here, although our notation appears quite different since we use the unified notation
of differential forms. Schoberl instead employed classical notation, which makes
the necessary patterns clear and perhaps more concrete but also requires a different
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definition of the interpolant for each degree of forms (H*', H(curl), H(div), and Ls).
Our development also has many similarities to that of Christiansen and Winther
in [13], who develop a commuting projection operator for differential forms. Their
operator is however global and not suitable for use in a posteriori error estimation.
In [24] Schoberl defines and analyzes a regular decomposition of the difference
between a test function and its interpolant over local element patches for the three-
dimensional de Rham complex, whereas we first carry out a global regular de-
composition and then interpolate. The only advantage of Schoberl’s approach in
the context of a posteriori error estimation seems to be localization of domain-
dependent constants, which appears to be mainly a conceptual advantage since the
constants are not known. Also, commutativity of the quasi-interpolant is not nec-
essary for the proof of a posteriori error estimates, although it may simplify certain
arguments. See [12] for proofs of a posteriori estimates for Maxwell’s equations that
employ a global regular decomposition but not a commuting interpolant. Commu-
tativity may however be useful in other contexts. For example, one may modify
the proofs of quasi-optimality of an AFEM for Maxwell’s equations in [27] to use
a global regular decomposition and a quasi-interpolant instead of a local regular
decomposition of the interpolation error so long as the interpolant commutes.

Lemma 6. Assume thatv € HA*(Q) with |v||g < 1. Then there exists an operator

Y LyAR(Q) — ViF such that d*FHIF = Hi“dk, and in addition the following

hold. If k =0, HA® = H' holds and we have

Gaa) 2 [Pl — ol + bt (0 = ) B + o — Tl o] 1.
KeTh

If1 <k <n—1, there exist p € H'A*~1(Q) and z € H'A*(Q) such that v = dp+2z,

kv = dHﬁ_lcp + 1% 2, and for any K € T,

S [P le — gl + 12 - Tzl%)
(3.15) KET,

+hi (Itr (0 = Map)ll3x + lltr (= = Taz) [5x) | S 1.

In the case k = n, the space HAF(Q) is LyA*(2), and there exist o € H'AF=1(Q),
z € LoA™(Q) such that v =dp + z, v = dllpp + iz, and

S [hle Mgl sy + 12 = Tzl pu i)
(3.16) KeTh

+ it (o = )2 0m0 | S 1
Assume that 1 < k < n and ¢ € HA*"Y(Q) with ||¢||g < 1. Then there exists

0 € H'A*=Y(Q) such that dp = do, T1,d¢ = dIl,¢ = dIl,p, and

(3.17) > [nlle — Mgl + it ltr (0 — ) I3 | S 1.

KeTh
Finally, the above statements hold with HAF(Q) replaced by HoAF(Q) and H'A* ()
replaced by H3 A (), and in this case Iy, : HAF(Q) — V¥,

Proof. Let IIj, = Ij, R§,, where following [24, 13] I}, is the canonical interpolant for
smooth forms and Rj, is a smoothing operator with smoothing parameter ¢ which
we detail below. (Note that the construction in [13] involves a further operator Jj,
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which is the inverse of IIj, applied to V;*. J¢ is non-local and thus not suitable for
use here.) We conceptually follow [24] in our definition of R but also use some
technical tools from and more closely follow the notation of [13]. We omit a number
of details, so a familiarity with these works would be helpful to the reader.

Following [13], there is a Lipschitz-continuous vector field X (z) defined on a
neighborhood of 2 such that X (x)-7i(x) > 0 for all outward unit normals 7i(x), x €
09). Let gp () be the natural Lipschitz-continuous mesh size function. There is then
d > 0 so that for e > 0 sufficiently small depending on Q, B(x + degp(z) X (x)) C
R™\ Q for all z € Q with dist(z,9Q) < egn(z), and B.(x —degn(z) X (z)) C Q for all
x € 0. Let xy be the standard piecewise linear “hat” function associated to the
vertex V, and let Ny be the set of boundary vertices. Extending xv and g by re-
flection over 99 via X (cf. [13]), we define ®p(z) = 2+, Xv (7)degn () X ()
and @y (1) =7 — Yy cp, XV (7)0egn () X ().

Following [24], we associate to each vertex V in T, a control volume Qy . Let Qy
be the ball of radius eg, (V) /2 centered at V' if V' is an interior or Dirichlet boundary
node, and at @5 (V) if V is a boundary Neumann node. Also let fy € P, satisfy

(3.18) (4 p(@)fy (z) dz = p(V), p € B,.

FIGURE 1. Schematic of transformations and control volumes for
the Dirichlet (left) and Neumann (right) cases.

Given K € Ty, let {Vi,...,Vh41} be the vertices with associated barycentric co-
ordinates {Ai (), ..., \nt1(z)} for & € K. Let &(2, Y1, s Yns1) = Sory Ni(2)ys =
x + Z?:Jrll Ai(x)(y; — V;) for y; € Qy,. We also denote by w the extension of w by
0 to R™ in the case of Dirichlet boundary conditions, and the extension of w to a
neighborhood of 2 by smooth reflection via X in the case of Neumann boundary
conditions (cf. [13]). Letting & = & in the case of natural boundary conditions and
T = ®p oz in the case of essential boundary conditions, we define

(3.19) <;mz=[;~~4 Fia ) s (n) (F ) s - .

n+1
Commutativity of R5 and thus of II; immediately follows as in [23, 24, 13]. In
addition, w = 0 on R™ \ Q implies that (Rjw), = 0 for « € 09 in the case of
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essential boundary conditions, since in this case dist(Z(z),0§) < gn(x)e for all
(yla "'5yn+l) € QV1 X X QVn+1 so that ®p o i‘(x7y17 "'7yn+1) eER™ \ Q.

We now establish that Rj, preserves constants locally on elements sufficiently
removed from 9€). This implies the same of II, since I}, preserves constants. Let
w be a constant k-form, and let x € Q lie in K € 75, which in the Neumann
case satisfies K N 0N = @ and which in the Dirichlet case satisfies @y N N = 0.
Noting that now Z = # on wg, computing that DZ(x,y1, ..., Ynt1) = I+Z”+1( -
Vi) ® VAi(z), applying (3.2), and applying the multilinearity of w, we find that for
n-vectors vy, ..., Uk

( lszw) V1,5V / ,/Q fV1 yl an+1(yn+1)

Vi1

n+1 n+1
(320)  xw (Ul Y (V@) - 01) (i = Vi), vk + Y (Vi) - o) (yi — Vi))
i=1 i=1
X dypy1--- dys
= w(vl, ...,’l)k) + .

Here @ consists of a sum of constants multiplying terms of the form w(zy, ..., 2k ),
where z; = y; — V; for at least one entry vector z; and for some 1 < j < n +
1. (3.18) then implies that fQ“l - ~fQVn+1 Jvi() - vy Wng 1)@ dypgr - dyr =
0. Observing that va fv(y)dy = 1 completes the proof that R§w(v1,...,vx) =
w(v1,...,vx) in the case that x lies in an interior element.

Arguments as in [13, 23, 24] show that for w € Lo A, [|Tw| x < ||w| &+, where
K* = wk if K is an interior element and K* = wx U {z € R" : dist(z, K) < ehk}
otherwise; cf. Figure 4.2 of [13]. In the latter case the definition of the extension
of w to R™\ 2 as either 0 or the pullback of w under a smooth reflection implies
that the values of w on K™ in fact depend only on values of w on wx so long as € is
sufficiently small, which in turn implies that ||II w||x S ||wllx* S ||w|wy - For K not
abutting 02 we may combine the above properties of II;, with the Bramble-Hilbert
Lemma, (cf. [9]) in order to yield hy' ||z —IIn 2|k + 2 — pz|maar ) S 1210 Ak ()
for z € H'A*(Q). A standard scaled trace inequality for z € H'A¥(K) reads
[tr (z — Op2)|lox < ;(1/2||z — Izl + h1 |z — In2| g1ar(xy- Combining these
inequalities with the finite overlap of the patches wg implies (3.15), (3.14), and
(3.16) modulo boundary elements.

When V¥ = HA*(Q) and z € K with K N9 # (), the above argument that
constants are locally preserved and a standard Bramble-Hilbert argument applies
holds so long as the convex hull of Qv , ..., Qy; ., lies in §2 for the vertices V1, .., V11
of K. This is true if hxg < hg for some hy depending on 2. To prove this, let
Vi, ..., Vi, be the vertices of K lying on 0€2. Our assumptions imply that Qy, C Q,
i =1,...,k. We must show that the convex hull of Qy,,...,Qy, also is a subset of
Q. This set is the union of all balls B, (,)/2(y), where y = Ele i@ (V;) for
0 < \; < 1 satisfying Zle A; = 1. Fixing such a y, let § = Zf 1AV € 0K N oA
Then dist(®x(7),00) > egn(y). But |‘I)N(~) — y| < egn(y)hk||DX| L., SO that
Beg, (y)/2(y) C Q so long as hk || DX (k) . We thus take hg = m
Thus the results of Lemma 6 follow as above When hkg < hg. If the convex hull of
Qv,, ..., Qy,,, does not lie in €2, then the integral (3.19) may sample values of w,
for z ¢ Q. Extension by pullback of a reflection does not preserve constant forms,
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and so in this case I}, does not necessarily preserve constants locally. The operator
II;, is however still locally Ly bounded, and since in this case we have hx > hg we
may think of hx as merely a constant depending on §2 and thus still obtain the
approximation estimates of Lemma 6 after elementary manipulations.

In the case where V¥ = HAF(Q) and x lies in a patch wx with K N OQ # 0,
II;, does not preserve constants locally, but is still locally Ly bounded. Because we
in this case apply IIj, to forms 2, € H{} (that is, to forms which are identically
0 on 0f2), we may apply a Poincaré inequality in conjunction with elementary
manipulations in order to obtain (3.15), (3.14), and (3.16) in this case as well.

(3.17) follows by a similar argument, that is, by extending ¢ H-continuously to
a ball B in the Neumann case, solving the boundary value problem dy = d¢ on
B or § as appropriate, employing the H' regularity result of Lemma 4, and then
applying properties of IIj,. (Il

4. RELIABILITY OF A POSTERIORI ERROR ESTIMATORS

In this section we define and prove the reliability of a posteriori estimators. We
will establish a series of lemmas bounding in turn each of the terms in (2.26). Below
we denote by [x] the jump in a quantity x across an element face e. In case e C 99,
[x] is simply interpreted as . All of our results and discussion below are stated for
the case of natural boundary conditions; results for essential boundary conditions
are the same with the modification that edge jump terms are taken to be 0 on
boundary edges.

4.1. Reliability: Testing with 7 € HA*~1,

Lemma 7. Given K € Ty, let

0 for k=0,

hicllon — dunllic + hil*|I[tr > unllox for k=1,

hr (00wl x + llon — dun|l k)

TR 2 (It *on]llox + I[tr * un]llox) for 2 <k < n.

(41)  na(K) =

Let (o,u,p) be the weak solution to (3.6)-(3.8), let (op,un,pr) be the corresponding
finite element solution having errors (ey, e, ep), and assume T € HAF=1(Q) with
||T||HA’€*1(Q) S 1. Then

1/2
(4.2) (e (T = Is7)) — {d(T — a7), €0)| S ( > 771(K)2> :

KeTy,

Proof. If k = 0, then 7 is vacuous and so the term above disappears. We next
consider the case 2 < k < n. Using Lemma 6, we write 7 = dy + z, where
o € H'A¥=2(Q) and 2 € H*A*~1(Q). Since I1},7 = dll,p + I,z and d o d = 0, we
have d(7 —1II;7) = d(z —IIj,z). Thus using the first line of (2.3) and the integration
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by parts formula (3.5) on each element K € Tj, we have
—(eq, 7 =7y + (d(7 — Up7), ) = {op, 7 — Up7) — (d(7 — 7)), up)
= Y on,d(¢ —TIhp) + 2 — Mpz) ke — (d(z — TMnz), up) i

KeTh
(4.3) = Y (6on e - Thp)k + / i1 (9 — TIpg) A tr % o
K€7-h oK

+ (op — dup,z — Mp2) —/ tr(z — Ipz) A tr *up.
oK

Note next that tr (z—7y,2) is single-valued on an edge e = K1 N K3 , since z € H'A*
and I,z € HA*. tr % uy; on the other hand is different depending on whether it
is computed as a limit from K; or from K5, and we use [tr x u] to denote its
jump ([tr *up] = tr *up on 0£2). A similar observation holds for tr (¢ — IIp)
and tr xoy,. Let &, denote the set of faces (n — 1-dimensional subsimplices) in Ty,
and let xpx denote the Hodge star on AJ(9K) (with j determined by context). We
then have using (3.3) and the fact that the Hodge star is an La-isometry that

Z / tr (o — pp) A tr *xop = Z (xaxc tr (o — pe), [tr * on])

ec&y,

S Y e (e — Tg)llox ITtr * on]llox-

KeTy,
Similarly manipulating the other boundary terms in (4.3) and employing (3.15)
yields
(op,m — p7) — {d(T — Ty 7), up)

S Y [ Uz = Mazllc + Nl = Tagellxc)
KeTh

R (b (2 — Tn2) lox + |11 (0 — HW)H@K)}

15 (2 ) (X B2~ Mgl + 1z - WelF)

KeTh KeTh

+ A (I (9 = M) 3 + llex (= = T2) I3 )

< (X w2

KeTs

Thus the proof is completed for the case 2 < k < n.
For the case k = 1 we have by definition that 2 = 7 € HAY(Q) = H*(Q2). Thus
the proof proceeds as above but with terms involving dop, and tr xoj, omitted. [

4.2. Reliability: Testing with v € HA*. In our next lemma we bound the term
(f — dop, — pr,v — Ipw) — (dup, d(v — Ixw)) from (2.26). Before doing so we note
that " and )} are always trivial, so in this case p = p, = 0. We however leave
the harmonic term pj, in our indicators even when k = n for the sake of consistency
with the other cases.
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Lemma 8. Let K € Ty, and assume that f € H'A*(K) for each K € Ty. Let

hicllf = pn — 0dun||x + b2 || [t * dun]l|ox for k =0,
hi(If — don — pn — ddup ||k + |6(f — dow — pn) || k)
(4.6) m(K) =9 +h2(|[tr *dun]llox + [[tr * (f — don — p)]llox)
for1<k<n-1
f —don — pulx for k =mn.

Under the above assumptions on the reqularity of f and with all other definitions
as in Lemma 7 above, we have for any v € HAF(Q) with ||v]|garq) <1

1/2
(4.7) (f —don = pr,v —Tpv) — (dup, d(v —1Iv)) S ( > UO(K)2> :

KeTh

Proof. For k = n, the term (duy, d(v—1II,v)) is vacuous, and Galerkin orthogonality

o 1/2
implies that (f — dop, — pp,v — pv) = (f — dop, — pr,v) S (ZKeTh nO(K)Q) 2

For 0 < k < n—1, noting that d(v—TIpv) = d(z—TIpz+d(¢—TIlLp)) = d(z—1Ix2)
and integrating by parts yields

(dup, d(v — Ipv)) = (dup,d(z — p2))

= Z (6dup, z — pz) Jr/ tr (z —Ipz) A tr * duy,.
KeTn oK

(4.8)

For k = 0 both ¢ and o}, are vacuous, so we may complete the proof by employing
(4.8) and proceeding as in (4.4) and (4.5) to obtain

(f—dop, — pp,v —pv) — (dup, d(v — Iiv))

= > {f —pn — ddup,v — ) — / tr (v — Iv) A tr * duy,

(3 w?) ol < (X mo)?)

KeTh KeTh

1/2

A

For 1 <k <n-—1, we write v = dp + z as in Lemma 6 and employ (4.8) to find
(f —dop — pn,v — o) — (dup, d(v — o))
= [( = do — pn,d(e — )|

+ [ Z <f—dah—ph—5duh,Z—HhZ>K/

KEeT oK
= [I] + [I1].

(4.10)
tr (z — p2) A tr * duh]

The term /I above may be manipulated as in (4.9) above in order to obtain

9 9 1/2
(411)  II< ( N° B%f — dow — pn — Sdunllk + hxc|[tr *duh]]||3K> .
KeTy
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We now turn our attention to the term I. Integrating by parts while proceeding
as in (4.4) and (4.5) yields

I="Y"(6(f—doy —pr), e — np) i
KeTy

(412)  + /aK tr (¢ —Ipp) A tr * (f — don — pa).

1/2
S (D2 Bkl = dow = pa)llk + hucliler * (f = don = p)lI3x) -
K€7-h

Combining (4.11) and (4.12) yields (4.7) for 1 < k < n—1, completing the proof. O

We finally remark on an important feature of our estimators. The term hg||d(f —

doyn — pn)llx + h%zﬂ[[tr * (f —don — pr)]llox is in a sense undesirable because it
requires higher regularity of f than merely f € Lo. In particular, evaluation of the
first term requires f € H*A*(K) for each K € Ty, and evaluation of the trace term
requires tr x f € LyA(OK) for each K. (Note however that f is not included in
the jump terms if f € H*A*(2).) Both relationships are implied by f € H'AF(K),
K € Ty, so we simply make this assumption.

In order to understand why such terms appear, note that the Hodge decompo-
sition of f reads f = do + p + ddu. The first two terms do + p are approximated
directly in Lo in the mixed method by dop + pn, while the latter term ddu is only
approximated weakly in a negative order norm (roughly speaking, in the space dual
to HAj) in the mixed method. In our indicators, ||(do + p) — (doj, + pp)|| Kk is thus
a naturally scaled and efficient residual for the mixed method, but ||[ddu — ddup ||k
is one Sobolev index too strong. The latter term should instead be multiplied by
a factor of hx in order to mimic a norm with Sobolev index —1, as in the term
hi||f — dop — pn — dduy|| x appearing in 7.

This “Hodge imbalance” implies that it is necessary to carry out a Hodge de-
composition of f in order to obtain error indicators that are correctly scaled for
all variables. When this decomposition is unavailable a priori, the Hodge decom-
position must be carried out weakly in order to obtain a computable and reliable
estimator in which the appropriate parts of the Hodge decomposition of f are scaled
correctly. This is accomplished above. Since §(ddu) = 0, hx||d(f — dop, — pr)llx =
hi (]|ddes + dep| ). This scales roughly as a Sobolev norm with order —1 of ddec
and dep,, which in turn scales as the terms ||de,|| + ||ep|| appearing in the original
error we seek to bound. For an element face e € 092, (3.9) along with tr xp =0 on
00 imply that [tr * (f — dop — pp)] = tr * (do — dop, — pp) on 9. Similarly, for
an interior face e we have [tr x f] = [tr % (do — dop, — pr)].

If a partial Hodge decomposition of f is known, it is possible to redefine 7y
so that only f € Ly is required. If f = do + ¢ with v = p + ddu known a
priori, we may replace hi ||0(f —doy, — pn) ||k + h}(/QH [tr = (f —don, —pn)]|lox with
hicll6pnllic + |do — donllx + B2\ [t % pulllox. If f = © + ddu with © = do +p
known a priori, we may instead replace this term with ||© — do}, — pp|| k. We do not
assume such a decomposition is known, since it if were one would likely decompose
the Hodge Laplace problem into B and %8* problems, as described in [4].

We finally note that a similar situation occurs in residual-type estimates for the
time-harmonic Maxwell problem curl curl u — w?u = f, where the elementwise indi-
cators include a term hg || div(f+w2uh)||K+h}(/2||(f+w2uh)~n|\aK (cf. [27]). There
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however the assumption div f € Lo is natural as it represents the charge density,
and to our knowledge the connection of this term with the Hodge decomposition
has not been previously explained.

4.3. Reliability: Harmonic terms. Next we turn to bounding the terms in
(2.26) related to harmonic forms.

Lemma 9. Given q; € V¥ and K € Ty, let

(4.13) ns (K, an) = hcl|0an i + 0% Tt * an]lloc
Then if 1 <k <n and ¢ € HA*"1(Q) with ||¢||gar-1(q) =1,

,\ 1/2
(4.14) (an d6 ~T06) S (D mo(K.an)?)
KeTn
Given an orthonormal basis {qi,...,qu} for H5, let p; = (ZKeTh Ng (K, qi)Z)l/z.
Then we additionally have

N 1/2
(4.15) gap(H*, 9f) S pi= (Z u?) :
=1
Finally, if ui- € 35+,
1 152 1/2
(4.16) IPwuit | S (30 ma(Kui)?)
KeTh,

Proof. Let ¢ € H'A¥~1(Q) boundedly solve dy = d¢, as in (3.17) and preceding of
Lemma 6. Employing (3.17), integrating by parts as in (4.8), and proceeding as in
(4.9) immediately yields

(g, d(¢ —To)) = > (Sqn, — )i + /K tr (o = Inp) A tr * gp

a
(4.17) e )
/2
(2 mlKian?)
KeTh
(4.15) immediately follows from (2.19) and (4.14), while (4.16) follows from (2.23)
and (4.14). O

4.4. Summary of reliability results. We summarize our reliability results in the
following theorem.

Theorem 10. Assume that Q C R™ is a bounded Lipschitz domain of arbitrary
topological type. Let 0 < k < n. Let n_1 be as defined in Lemma 7, let ng be as
defined in Lemma 8, and let ng be as defined in Lemma 9. Let also {q1,...qm} be
an orthonormal basis for §% and let p be as in (4.15). Then

leollmar—1(0) + lleuwll mar@) + llepll

1/2
S (D2 m B+ oK) +mg(pn)?)  + plunll
KeTy

(4.18)
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Let also ui- be the projection of uy, onto 35+. Then the term ul|up|| in (4.18) may
be replaced by

1/2
(4.19) (Y ma(K,u)?) T+ Pllunll
K€7-h

Proof. The four terms on the right hand side of (2.26) may be bounded by employ-
ing Lemma 7, Lemma 8, Lemma 9, and once again Lemma 9, respectively. ([

5. EFFICIENCY OF A POSTERIORI ERROR ESTIMATORS

We consider efficiency of the various error indicators employed in §4 in turn.
Before doing so, we provide some context for our proofs along with some basic
technical tools.

Efficiency results for residual-type a posteriori error estimators such as those
we employ here are typically proved by using the “bubble function” technique
of Verfirth [25] (cf. [11, 6] for applications of this technique in mixed methods
for the scalar Laplacian and electromagnetism). Given K € Ty, let bx be the
bubble function of polynomial degree n+ 1 obtained by multiplying the barycentric
coordinates of K together and scaling so that max,cx bx = 1. Extending by 0
outside of K yields b € WL (Q) with supp(bx) = K. Similarly, given an n — 1-
dimensional face e = K1 N Ko, where K1, Ko € T, and K> is void if e C 99, we
obtain an edge bubble function b. defined on K;, K5 by multiplying together the
corresponding barycentric coordinates except that corresponding to e and scaling
so that maxy, be = 1.

Given a polynomial form v of arbitrary but uniformly bounded degree defined
on either K € T, or a face e C K € Ty,

(5.1) lollx = Ivborvllx, olle = [1v/bev]e.

Also, given a polynomial k-form v defined on a face e = K7 U K5, we wish to define
a polynomial extension x, of v to K7 U K5. First extend v in the natural fashion
to the plane containing e. We then extend v to K;, i = 1,2 by taking x, to be
constant in the direction normal to e. Shape regularity implies that e, K7, and K>
are all contained in a ball having diameter equivalent to hx = hx, ~ hg,, so that
an elementary computation involving inverse inequalities yields

1/2
(5.2) 1ol Loy umea) S PR N0] o ce)-

5.1. Efficiency of n_;. We first consider the error indicator 7_;.
Lemma 11. Let K € Tj,. Then for 1 <k <n,
(5.3) N-1(K) S lleallwx + llewllwx -

Proof. We begin with the term hg||o, — dup||x. Let ¢ = by (op, — dup) € HARL;
note that tr x4 = 0. Employing (5.1), the first line of (2.3), and the integration-
by-parts formula (3.5), we obtain

llon — Sun||% =~ (on — Sun,¥) = (o — o,) + (dip, u — up)

(5.4) -
S lesllxll¥llx + llewll s lldi ]l i -
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Employing an inverse inequality and bx < 1 yields ||d¢|x < it ¥l x < hi'llon —

oup|| k. Multiplying (5.4) through by hx/||on — dun||x while noting that hx <1

yields

(5-5) hicllon = dunllx S lleollx + lleullx -

Let now k > 2. Recall that o = §du = 0. Thus with ¢ = bxdoy, we have

180nl% = (don,v) = (3(on — 0), %) = (o — o, d¥)
Shileslxlvlx < hi' el xlldon | x-

Multiplying through by hg /||dos| k yields

(5.7) hilldonllx < llesl k-

We now consider edge terms. Note from (3.7) and the fact that u € H*A*(Q)
(since du = o € LoA*~1(Q)) that we always have [tr xu] = 0 (suitably interpreted
in H=1/2). Let &, 3 e = K, N Ky, where Ky = 0 if e C 9. [tr «uy] € AF(e), so
we let ¢ € A"~17F(e) satisfy x1p = [tr «u]. The definition of x implies that 1 is a
polynomial form because [tr xuy] is. Note also that multiplication by b, commutes
with tr and * since both are linear operations, so that b x1) = x(bet)) = *tr (beXy)-
Employing the polynomial extension x,, defined in (5.2) and surrounding along with
the second relationship in (3.3) thus yields

ITtr % un]ll? == (be % 4, [tr *un])e

= (xt1r (bexy), [tr * up])e = / tr (bexy) A [tr *ug].

€

(5.6)

(5.8)

Employing the integration-by-parts formula (3.5) individually on K3 and K> yields
(5.9) /tr (bexy) A [tr un] = (d(bexa), un) Uk = (beXaps Ontin) Ky UK -

Here 6;, is 6 computed elementwise, which is necessary because u;, ¢ H*A* glob-
ally. Also, bexy € HAF1(Q) with support in K; U K». Inserting the rela-
tionship (o, bexy) — (d(bexy),u) = 0 into (5.9) and using an inverse inequal-
ity ||[d(bexy)llx < Pt bexellrc, (5.2), and the Hodge star isometry relationship
lolle = [|Ttr * un]|le then yields

Mt D2 = (0 bexs) — (e, ) + (dlbercs)s un — )
(5 10) = <eoa beXIZJ> - <bex¢70h - 6huh> + <d(bexw)a eu>
' S bexu o (leoll o, + P leullmur, + llon — dhunllx,ux, )
S I xunllle(les i oms + b lewll i oms + llon = dunllk,um,)-
Multiplying both (5.10) through by h%Q/H[[tr * up]|le and employing (5.5) thus
finally yields

1/2

(5.11) e *unllle S llewll ok, + llesll ko,

A similar computation yields

(5.12) hil?|Ttr % onllle < llewllxumess

thus completing the proof of Lemma 11. O
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5.2. Efficiency of 9. We next consider the various error indicators 7 in Lemma
8. First we define three types of data oscillation. First,

(5.13) osc(K) = hgl|f — Pflx,

where Pf is the Ly projection of f onto a space of polynomial k-forms of fixed but
arbitrary degree. Note that Pf is in general globally discontinuous. We do not
specify the space further, since it is only necessary that it be finite dimensional in
order to allow the use of inverse inequalities. Similarly, we define the edge oscillation

(5.14) osc(OK) = hyl|[[tr * (f — PN Locorc)-
Finally, we define
(5.15) 0s¢s(K) = hc|[6(f = Pf)ll o)

For a mesh subdomain w of Q, let osc(w) = (35, 0sc (K)2)1/2 and similarly
for oscs. The last two oscillation notions measure oscillation of do only, since the
Hodge decomposition yields [tr x f] = [tr xdo] and 6 f = ddo.

Lemma 12. Let K € Ty, and consider the error indicators defined in Lemma 8.
For k =0, we have

(5.16) 10(K) S lleull twx + 0sc(wk)
When k = n,
(5.17) m0(K) S lldes|x + llepllx-

For1<k<n-1,
no(K) Sllewllmws + lleollmwe + llepllwx

(5.18) + osc(wg) + oscs(wk) + osc(OK).

Proof. For the case k = n, (5.17) follows trivially from the Hodge decomposition
f =do + p and the triangle inequality.
For the case 0 < k <n—1, let ¥ = b (Pf — doyp — pr, — dduy,). Then

|Pf —doy, — pn — ddup|[3c =~ (Pf — don, — pp — ddun, )k

=(Pf— fib)x + {f —don — pr — 6dup, ¥) k.
Employing the Hodge decomposition f = do + p + ddu and then integrating by
parts while recalling that bx and thus ¢ vanishes on 0K yields
(f —dop, — pn — ddup, )k = (dey + ep + ddey, YP) K

= <€t77 5¢>K =+ <ep7w>K + <d€u, d¢>K

Collecting (5.19) and (5.20) and then employing the inverse inequality ||dv| x +
69| < hi'l|Y]lx, multiplying the result through by hy, and dividing through

~

by ||Pf —dop —pn, — ddup ||k after recalling that ||¢||x S ||Pf —dop, — pn — ddup ||k
yields

(5.21)  hg||Pf —dop —pn — ddunl|x S lles |l + [|dewllc + hiclle, ||k + osc(K).

(5.19)

(5.20)

Employing the triangle inequality completes the proof that hil|f — don — pr —
ddup| i is bounded by the right hand side of (5.18) when 1 < k < n — 1, or by
the right hand side of (5.16) when k = 0 after noting that in this case p = pj is a
constant and recalling that o — oy, is vacuous.
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We next consider the term h}(/2\|[[tr * dup]l|lox in (4.6). Manipulations similar
to those in the previous subsection yield

(5.22) Ryl |Ttr % dun]lle S lldewll s, u, + hicl|0de | ki, -

Employing the Hodge decomposition f = do + p + ddu yields déde, = (f — dop, —
py, — dduy) — de, — ep. Thus

R e+ dun]lle S lldewllre, o,

(5.23)
+ hK(”f —doy — pn — 5duh”K1UKz + ||d€U||K1UK2 + He;DHKlUKz)'

Employing (5.21) on K; and K5 individually completes the proof that h}{/QH[[tr *

dup]||e is bounded by the right hand side of (5.18) in the case 1 < k < n — 1 and
of (5.16) when k = 0.

We now consider the term hy|[0(f — dop — pr)||x. First note that hx|d(f —
dO’h *ph)”K S OSC5(K) +hK||5(Pffd0'h *ph)||K~ Letting l/} = bK(S(Pffth *ph)
and recalling the identities d f = ddo and dp = 0, we integrate by parts to compute

16(Pf — don — pu)l[i = (6(Pf — don — pn),¥)
= (0(Pf = 1) ¥) + (0(des + €p), 1)
< hitoses(K) ¢l x + [(deg + e, dib)|
< hit(oses(K) + [|deq || i + llepll ) [ x -

(5.24)

Further elementary manipulations as in (5.19) and following complete the proof
that hi||0(f — don, — pr)| |k is bounded by the right hand side of (5.18).

We finally turn to the edge term h%ZH[[tr * (f —dopn — pr)]|lox - Note first that
[tr x(p+ddu)] = 0 on all element faces e. On interior faces this is a result of the fact
that p + ddu € H*A*, while for boundary edges this is a result of (3.9) along with
the definition of $*. Thus [tr x f] = [tr xdo]. Setting %) = [tr x(Pf —doy, —pn)]
and letting ., be the polynomial extension of ¢ as above, we compute for a face
e = K1 N K5 that

[[tr * (Pf = doy, — pu)][12 = (be x4, [tr * (Pf — doy — pn)])
< hiPosc(OK) |9l + |(betd, [tr * (deq — prl)]
= hi P osc (DK |19 ]le + [{d(bexw), deo — pr)r,urc,
+ (beX v, 0(des — Dh)) KUK |-

Next note that (d(bex),p) = 0, so that (d(bex)), —ppn) = (d(bex?), ep). Using an
inverse inequality and (5.2) then yields

(5.25)

I[tr * (Pf — doy, — p)]l12 < hig/? |osc(OK) + llepll yuks + I deallr, Uk,

(5.26)
+ hicl6(f = don = )l cyucs |19

Further elementary manipulations as above complete the proof that h%z l[tr *(f—
don — pn)]lle is bounded by the right hand side of (5.18).
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5.3. Efficiency of harmonic indicators. We finally state efficiency results for
the various harmonic terms.

In this section we prove efficiency of the individual harmonic terms appearing
in Lemma 9. As we discuss more thoroughly below, however, we do not obtain
efficiency of all of the terms that we originally sought to bound.

Lemma 13. Let vy € th, Then
(5.27) N5 (K, vn) S | Pevnllw-

In particular, we have for uﬁ, q; € .ﬁﬁ, and pp,

(5‘28) Uk (K7 uﬁ) S ||P‘Buﬁ”w;{;

(5.29) 09 (K, q) S 1Pedillox = 9 = Pagillws
(5.30) ns(K,pn) S llepllu-

Thus with p and w; as in Lemma 9,

(5.31) p < gap(9*, 97)

Proof. The proof of (5.27) is a straightforward application of the bubble function
techniques used in the previous subsections. (5.28) and (5.29) are special cases of
(5.27), while (5.30) may be proved similarly. Finally, summing (5.29) in ¢y over
K € T, while employing the finite overlap of the patches wg (which is a standard
consequence of shape regularity) implies that

(5.32) ti S 11 — Poydillos
which yields (5.31) when summed over 1 <i < M. O

Remark 1. Lemma 13 gives efficiency results for the terms in our a posteriori
bounds for gap(H*, %) and for ||Pyu;||, but not for the quantity ||Pyup|| itself
that we originally sought to bound. More generally, we have not bounded all of
the harmonic terms (4.18) and (4.19) by the error on the left hand side of (4.18) as
would be ideal. The offending terms are due to the nonconforming nature of our
method which arises from the fact that 5’32 #* $*. Establishment of efficiency of
reliable estimators for this harmonic nonconformity error remains an open problem.

6. EXAMPLES

In this section we translate our results into standard notation for a posteriori
error estimators in the context of the canonical three-dimensional Hodge-de Rham
Laplace operators. Below we always assume that n = 3.

6.1. The Neumann Laplacian. When k = 0, o and the first equation in (2.3))
are vacuous. Also, VF"1=V-1=0 V¥ =V?=H'(Q),d=V,and § = —div. In
addition, p = p, = fQ f, and édu = —Awu. The weak mixed problem (2.3) reduces
to the standard weak form of the Laplacian and naturally enforces homogeneous
Neumann boundary conditions. In Lemma 7 and Lemma 9 we have n_; = 0 and
p = ||Pgui-| = 0, respectively. Thus n; is thus the only nontrivial indicator for
this problem, and it reduces to the standard indicator n(K) from (1.3). Thus we
recover standard results for the Neumann Laplacian.
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6.2. The vector Laplacian: k£ = 1. For k£ = 1 and & = 2, the Hodge Lapla-
cian corresponds to the vector Laplace operator curl curl —V div, but with different
boundary conditions. For k = 1, u € H(curl), 0 = —divu € H*, and the boundary
conditions are u-n = 0, curlu x n = 0 on 90. $H' consists of vector functions p
satisfying curlp = 0, divp =0 in Q and p-n = 0 on Q. From (4.1),
(6.1) n-1(K) = hxllon + divun|| + bl | [un - n]lox-
Here n is a unit normal on 0K . From (4.6) we find

10(K) = hx(||f — Vor — pn — curlcurl uy||x + || div(f — Von, — pp)ll k)

+ h 2 (el lox + ILCF = Vor = pa) - nlllox),

where a subscript ¢ denotes a tangential component. Finally, in Lemma 9 we have

(6.3) 05 (K, an) = hie|| div anl e + B[ an - nlllox-

6.3. The vector Laplacian: k£ = 2. In the case k = 2 the mixed form of the
vector Laplacian yields o = curlu, u € H(div), and u x n =0, dive = 0 on 99Q2. In
addition, $? consists of vector functions p satisfying curlp = 0, divp = 0 in Q and
pxn=p;=0on Q. We then have from (4.1) that

N-1(K) = hx (|| divon||x + |lon — curlup|| k)

6.4 12
04 + 02 (lon - nlllox + Tunddllox)-

(6.2)

From (4.6) we have
mo(K) = hi(||f — curlop — pn + Vdivug ||k + || curl(f — curloy — pn)| k)

2 (1 [div un]llox + [[(f = curlon — pr)e]lox).
Finally, in Lemma 9 we have

(6.6) 15 (K, qn) = hicl| curlgp || + hil* | Tan. ] lox-

6.4. Mixed form of the Dirichlet Laplacian. For k = 3, (2.3) is a standard
mixed method for the Dirichlet Laplacian —Au = 0 in £, v = 0 on 9%, and
o = —Vu. d* = div, d® is vacuous, % = 93 =0, VF~! = H(div), and V* = L,.
Taking o}, and uj, now to be proxy vector fields for o;, and up, we have in (4.1)
that doy, = curl oy, dup = —Vuy, tr * o = op (i-e., the tangential component of
on), and tr *up = up.

(6.5)

(6.7) n-1(K) = huc(|curlon i + llon + Vunllx) + byl > (ondllxc + | [unlllx)-

In addition, (4.6) yields
(6.8) mo(K) = [If = divos| x.

The “harmonic estimators” in Lemma 9 are all vacuous in this case. Combining
Theorem 10 with the corresponding efficiency bounds of §5 thus yields

(6.9) leull ooy + ol raivie) = (D n-1(K)* +mo(K)*)'/>.
KeT
In contrast to the vector Laplacian, many authors have proved a posteriori error
estimates for the mixed form of Poisson’s problem, so we compare our results with
existing ones. We focus mainly on two early works bounding a posteriori the natural
mixed variational norm H(div) X L. In [8], Braess and Verfiirth prove a posteriori
estimates for [|e,|| g (divi0) + ||€u ]|, as we do here, but their estimates are only valid
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under a saturation assumption (which is not a posteriori verifiable) and are not
efficient. Salient to our discussion is their observation on pp. 2440-2441 that
the traces of H(div) test functions lie only in H~'/2. This prevented them from
employing the mixed variational form in a straightforward way, that is, using an
inf-sup condition in order to test with functions in H(div) x Ls. Doing so using
their techniques would have led to a duality relationship between traces lying in
incompatible spaces, or more particularly, between traces lying in H /2 and some
space less regular than H'/2. Following ideas used in [11] in the context of the
mixed scalar Laplacian and developed more fully in [24] for Maxwell’s equations,
we insert the essential additional step of first taking the Hodge decomposition of
test functions. Only the regular (H!) portion of the test function is then integrated
by parts, thus avoiding trace regularity issues. Note finally that the elementwise
indicators of [8] are of the form || div O'h_fHK+H0h+vuh”}(+hl_{1/2” [un]llox, which
includes our indicator 79 and parts of our indicator n_;. However, the jump term
hl_{l/2||[[uhﬂ||9;< is scaled too strongly (by hl_{l/2 instead of h%z in our estimator),
and the resulting bounds are thus not efficient; cf. (4.20) of [8].

In [11] Carstensen provided a posteriori estimators for the natural H(div) x
Lo norm which are equivalent to the actual error as in (6.9). In our notation,
Carstensen’s elementwise indicators have the form || f —div op || x +hi | curl op ||k +
hx min,, er, |lon + Vop| x + h}</2||[[0h,t]]||31(. Here Ly, is an appropriate space of
piecewise polynomials. Thus our terms h ||o+Vuy, ||K+h}</2 Iur]llox are replaced
in Carstensen’s work by hx min,, ez, ||on + Vup| i, and our estimators are other-
wise the same. However, Carstensen’s results were proved only under the restrictive
assumption that Q is convex, which we avoid. [11] also makes use of a Helmholtz
(Hodge) decomposition, but a commuting quasi-interpolant was not available at the
time and thus full usage of the Hodge decomposition was not possible.

Most works on a posteriori error estimation for mixed methods subsequent to
[11] have focused on measuring the error in other norms, e.g., ||es ||, (cf. [19, 26]).
One essential reason for this is that the H(div) x Ls norm includes the term || f —
div oy,|| which directly approximates the data f and which can thus be trivially
computed a posteriori. Thus while the H(div) X Ly norm is natural to consider
from the standpoint of the mixed variational formulation, it is perhaps not the most
important error measure in practical settings. Even with this caveat, our estimators
for mixed methods for the Dirichlet Laplacian seem to be the first estimators that
are directly proved to be reliable and efficient for the natural mixed variational
norm under reasonably broad assumptions on the domain geometry.

ACKNOWLEDGEMENTS

We would like to thank Doug Arnold for helpful discussions concerning Lemma
2 and Gantumur Tsogtgerel for helpful discussions concerning Lemma 6.

REFERENCES

[1] M. AINswWORTH AND J. T. ODEN, A posteriori error estimation in finite element analysis,
Pure and Applied Mathematics (New York), Wiley-Interscience [John Wiley & Sons|, New
York, 2000.

[2] D. N. ArNOLD, Differential complezes and numerical stability, in Proceedings of the Inter-
national Congress of Mathematicians, Beijing 2002, Volume 1 : Plenary Lectures, 2002.



(3]

(4]
(5]
(6]

(7
(8]
9
[10]
(11]

(12]

[13]
[14]
[15]
[16]
[17]
18]
[19]

[20]

(21]

(22]
23]
[24]
[25]

[26]

27]

A POSTERIORI FEEC 29

D. N. ArRNOLD, R. S. FALK, AND R. WINTHER, Finite element exterior calculus, homological
techniques, and applications, in Acta Numerica, A. Iserles, ed., vol. 15, Cambridge University
Press, 2006, pp. 1-155.

, Finite element exterior calculus: from Hodge theory to mumerical stability, Bull.
Amer. Math. Soc. (N.S.), 47 (2010), pp. 281-354.

W. BANGERTH AND R. RANNACHER, Adaptive finite element methods for differential equa-
tions, Lectures in Mathematics ETH Ziirich, Birkh&user Verlag, Basel, 2003.

R. BEck, R. HipTMAIR, R. H. W. HOPPE, AND B. WOHLMUTH, Residual based a posteriori
error estimators for eddy current computation, M2AN Math. Model. Numer. Anal., 34 (2000),
pp. 159-182.

A. BossaviT, Whitney forms : A class of finite elements for three-dimensional computations
in electromagnetism, IEE Proceedings, 135, Part A (1988), pp. 493-500.

D. BrRAESS AND R. VERFURTH, A posteriori error estimators for the Raviart-Thomas element,
SIAM J. Numer. Anal., 33 (1996), pp. 2431-2444.

S. C. BRENNER AND L. R. ScotT, The mathematical theory of finite element methods, vol. 15
of Texts in Applied Mathematics, Springer, New York, third ed., 2008.

F. BrREzzI AND M. FORTIN, Mized and Hybrid Finite Element Methods, Springer-Verlag, New
York, 1991.

C. CARSTENSEN, A posteriori error estimate for the mized finite element method, Math.
Comp., 66 (1997), pp. 465-476.

J. CHEN, Y. XU, AND J. ZoU, An adaptive edge element methods and its convergence for a
saddle-point problem from magnetostatics, Numer. Methods Partial Differential Equations,
28 (2012), pp. 1643-1666.

S. H. CHRISTIANSEN AND R. WINTHER, Smoothed projections in finite element exterior cal-
culus, Math. Comp., 77 (2008), pp. 813-829.

M. CoSTABEL AND A. McINTOSH, On Bogouskii and regularized Poincaré integral operators
for de Rham complezes on Lipschitz domains, Math. Z., 265 (2010), pp. 297-320.

J. Dopz1uk, Finite-difference approach to the Hodge theory of harmonic forms, Amer. J.
Math., 98 (1976), pp. 79-104.

R. HiPTMAIR, Canonical construction of finite elements, Math. Comp., 68 (1999), pp. 1325—
1346.

, Finite elements in computational electromagnetism, Acta Numer., 11 (2002), pp. 237
339.

T. KATO, Perturbation theory for linear operators, Springer-Verlag, Berlin, second ed., 1976.
Grundlehren der Mathematischen Wissenschaften, Band 132.

M. G. LARSON AND A. MALQVIST, A posteriori error estimates for mized finite element
approzimations of elliptic problems, Numer. Math., 108 (2008), pp. 487-500.

D. MITREA, M. MITREA, AND S. MONNIAUX, The Poisson problem for the exterior derivative
operator with Dirichlet boundary condition in nonsmooth domains, Commun. Pure Appl.
Anal., 7 (2008), pp. 1295-1333.

D. MITREA, M. MITREA, AND M.-C. SHAW, Traces of differential forms on Lipschitz domains,
the boundary de Rham complex, and Hodge decompositions, Indiana Univ. Math. J., 57
(2008), pp. 2061-2095.

J. E. PASCIAK AND J. ZHAO, Overlapping Schwarz methods in H (curl) on polyhedral domains,
J. Numer. Math., 10 (2002), pp. 221-234.

J. SCHOBERL, Commuting quasi-interpolation operators for mized finite elements, Tech. Rep.
ISC-01-10-MATH, Institute for Scientific Computing, Texas A&M University, 2001.

J. SCHOBERL, A posteriori error estimates for Mazwell equations, Math. Comp., 77 (2008),
pp. 633-649.

R. VERFURTH, A posteriori error estimators for the Stokes equations, Numer. Math., 55
(1989), pp. 309-325.

M. VOHRALTK, A posteriori error estimates for lowest-order mized finite element discretiza-
tions of convection-diffusion-reaction equations, STAM J. Numer. Anal., 45 (2007), pp. 1570—
1599 (electronic).

L. ZHONG, L. CHEN, S. SHU, G. WITTUM, AND J. XU, Convergence and Optimality of adap-
tive edge finite element methods for time-harmonic Mazwell equations, Math. Comp., (To
appear.).



30 A .DEMLOW AND A.N. HIRANI

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, 715 PATTERSON OFFICE TOWER,
LEXINGTON, KY 40506, USA
E-mail address: alan.demlow@uky.edu

DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, 201
N. GOODWIN AVENUE, URBANA, IL 61801, USA
E-mail address: hirani@cs.illinois.edu



