PROPAGATION OF 1-D WAVES IN REGULAR DISCRETE HETEROGENEOUS
MEDIA: A WIGNER MEASURE APPROACH

AURORA MARICA AND ENRIQUE ZUAZUA

ABSTRACT. In this article, we describe the propagation properties of the one-dimensional wave and transport
equations with variable coefficients semi-discretized in space by finite difference schemes on non-uniform
meshes obtained as diffeomorphic transformations of uniform ones. In particular, we introduce and give a
rigorous meaning to notions like the principal symbol of the discrete wave operator and the corresponding
bi-characteristic rays. The main mathematical tool we employ is the discrete Wigner transform, which, in
the limit as the mesh size parameter tends to zero, yields the so-called Wigner (semi-classical) measure.
This measure provides the dynamics of the bi-characteristic rays, i.e., the solutions of the Hamiltonian
system describing the propagation, in both physical and Fourier spaces, of the energy of the solution to
the wave equation. We show that, due to dispersion phenomena, the high-frequency numerical dynamics
does not coincide with the continuous one. Our analysis holds for C°!(R)-coefficients and non-uniform
grids obtained by means of C'*! (R)-diffeomorphic transformations of a uniform one. We also present several
numerical simulations that confirm the predicted paths of the space-time projections of the bi-characteristic
rays. Based on the theoretical analysis and simulations, we describe some of the pathological phenomena
that these rays might exhibit as, for example, their reflection before touching the boundary of the space
domain. This leads, in particular, to the failure of the classical properties of boundary observability of
continuous waves, arising in control and inverse problems theory.

1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation. This paper is devoted to analyze the propagation properties of discrete waves solving
the finite difference numerical approximations for two basic 1 — d wave propagation models: the first-order
transport equation and the second-order wave equation. This is done on non-uniform meshes. The main
contribution of the paper is to introduce a suitable notion of symbol allowing to construct bi-characteristic
and characteristic rays propagating the energy of solutions.

The work developed in this article is motivated by control and inverse problems. Indeed, the well-known
boundary controllability and identifiability properties of solutions of the wave equation hold because of the
fact that the energy of solutions is driven by characteristics that reach the boundary where the controllers
or observers are placed. This property is well-known to generally fail for numerical schemes because of the
pathological behavior of high-frequency numerical spurious solutions (see [11], [12], [35]). But this analysis
has been developed, so far, only in the context of numerical approximations on uniform meshes. The goal of
this paper is to develop the fundamental notions and tools of microlocal analysis allowing to handle numerical
discretization schemes on non-uniform meshes. As we shall see, the non-uniformity of the mesh adds further
dispersion properties to the numerical solutions.

1.1.1. The continuous transport equation. The first basic model analyzed in this paper is the scalar transport
equation

(1.1) o(y)Ou(y,t) + Oyu(y,t) =0, y € R, t >0, u(y,0) =u’(y).
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2 AURORA MARICA AND ENRIQUE ZUAZUA

Here and in what follows, 0; and 0, are the first-order time and space derivatives and o(y) > o~ > 0,
for all y € R, is an L*°(R)-function. Under these assumptions, the following energy (coinciding with the
weighted L? (]R 0)-norm of the solution u(y,t)) is conserved in time:

(1.2) /Iu (v, 1) oly Eo(u?).

For all strictly positive density functions o € C%!(R), the transport equation (1.1)) can be uniquely
solved by the method of characteristics as u(y(t),t) = u°(yo), where y(t) are the so-called characteristic
curves solving the first-order ordinary differential equation (ODE)

(1.3) y'(t) =c(y(t), t >0, y(0)=yoeR, with c¢(y) :=1/0(y).

By ’ we denote the derivative of a function depending on only one variable. When ¢ = 1, the solutions
of (1.3)) are straight lines of the form y(t) = yo + ¢, for all yop € R and ¢ > 0. Accordingly, the solutions of
the transport equation (1.1)) take the form u(y,t) = u®(y — t).

1.1.2. The continuous wave equation. The second main model analyzed in this paper is the one-dimensional
wave equation

(1.4) p()07uly,t) — 9y (o (y)dyu)(y,t) =0, y €R, wu(y,0) =u’(y), du(y,0) =u'(y), y € R,

where 97 is the second-order time derivative operator and p,o > 0 are L°°(R)-functions. The total energy
below is conserved in time:

(1.5) Epo(ulul) = /(p(y)latU(yﬂf)l2 +0(y)|0yuly, t)*) dy.

R

When the coefficients of the wave equation (1.4]) are constant (p = o = 1, for simplicity), the correspond-
ing solution is given by the d’Alembert formula below, stating that the solution of the wave equation can be
uniquely decomposed into two components, each one propagating along one of the characteristics y 4 ¢:

Y+t

u(y,t) = %(uo(y +t)+ul(y — 1)) + % / ul(2) dz.

Of course, for the variable coefficients case, there is no explicit formula for solutions. However, it is
well-known (cf. [I]) that the energy of initial data presenting high-frequency oscillation and/or concentration
effects propagates along the characteristic rays. The role f these rays can be illustrated by considering highly
concentrated and oscillatory initial data in or leading to Gaussian wave packet-type solutions
concentrated, precisely, along one of the bi-characteristic lines and for which the energy localized outside
any neighborhood vanishes as the wavelength parameter tends to zero (|21, [22]).

1.1.3. Wawve propagation in the continuous setting and its applications. As mentioned above, an important
application of the propagation of waves along characteristics comes from control theory. One of the most
typical problems in control is that of exact controllability. It consists in driving the solution of the PDE
under consideration (or of its numerical approximation schemes) to the equilibrium by means of an applied
force, the control, localized on some subset of the domain where waves propagate as, for instance, a part
or a neighborhood of the boundary or the complementary set of a bounded domain. This control problem
is equivalent to the observability one, consisting in the possibility to obtain estimates of the total energy
of the solutions of the uncontrolled system in terms of the energy concentrated on the support of the
control along time. For the linear wave equation with smooth coefficients, the observability problem has a
positive answer if and only if the Geometric Control Condition (GCC) holds. This GCC requires all rays of
Geometric Optics to enter the control/observability region during the control time (cf. [I]). As proved in
[7, [8] and [5], in 1 — d, this result holds under the sharp assumption that the coefficients belong to the class
BV (—1,1) of functions with bounded variation
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The extension of the GCC in [I] to some numerical approximation schemes for the transport and wave
equations has been developed in the particular case of constant coefficients and uniform grids in [11], [12]
and [35] by means of Fourier analysis.

The main goal of this paper is to rigorously construct characteristic and bi-characteristic rays for the
finite difference numerical approximations of the transport and wave equations and on non-uniform
meshes to describe how the energy of numerical solutions propagates.

1.2. Main results. In order to better describe the propagation properties of waves on non-uniform meshes,
let us first introduce the grids and the numerical schemes we deal with. Let A > 0 be the mesh size
parameter, g : R — R be an increasing function on R, G" := {z; := jh,j € Z} be the uniform grid of
size h of R and gg =g, := g(x;),j € Z} the non-uniform grid obtained by transforming the uniform one
through the map g (see Fig. . We also set gj11/2 := g(2;41/2) to be the image through the map g of the
midpoints 211/, = (j +1/2)h, j € Z. Along this paper, we focus on the case in which g is regular. More

precisely, we require ¢, := ¢(g)/g’ to belong to C%'(R), where c(y) := 1/o(y) and c(y) := \/o(y)/p(y) for
the transport/wave equations.

uniform mesh non—-uniform mesh

X; 9=9(x)
FIGURE 1. The smooth grid application g transforms the nodes x; of the uniform grid Gh
(blue) into nodes g; = g(x;) of the non-uniform grid G" (red).

We also denote by 0" = (9" f;) ez and 0™Efh = (9" f;) ez the first-order finite difference discrete
derivatives on the uniform mesh, where 0" f; := (fj41 — fj—1)/2h, O"F f; := £(fj1 — f;)/h are the centered
and the forward (+) / backward (-) finite differences.

1.2.1. The discrete transport equation. Along this paper, we consider the following finite difference semi-
discretization of the transport equation (1.1)):

O (t
(1.6) 0(g;)0uu;(t) + hj( ) =0, wu;(0)= u?,
8 gj
on the non-uniform grid Qg, where j € Z and t > 0. Here, u;(t) is an approximation of u(g;,t), where u is
the solution of the transport equation (1.1)).

The total energy Eg,g(uh’o) below of the solution u” () of (1.6) is conserved in time
Epg(u" (1) =1y 0(g;)0" gjluy (D) = €p 4 (u"?).

JER

1.2.2. The discrete wave equation. We also consider the finite difference approximation of the wave equation
1) on the non-uniform grid gg
A"ty (t) A"y (t)
o(gjr172) “gnrs — 0(gj-1/2)) ~pr=b—
(L7)  plg)dfus(t) - e >
ho"g;

where j € Z and ¢ > 0. Here, u;(t) is an approximation of u(g;,t), where u is the solution of the wave
equation (1.4). The total energy E" (" (t),d;u"(t)) of the solution u”(t) of (1.7) is conserved in time, i.e.,

p,0,9

=0, u;(0)= ug-), Oru;(0) = u;,

h ' o(gj+1/2)
g (0 (1), 00" (1)) = 5 37 | p(63)0" 55100 (O + ZLEL210" s ()] = €] (a0, ),
JEZ J
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1.2.3. The Wigner transform. The main tool for our theoretical analysis in both continuous and discrete
settings is the so-called Wigner transform of pseudo-differential calculus introduced in 1932 by Eugene
Wigner (cf. [34]). For a precise definition of this notion, see [I5], [2I] and also Section |2| of this article.
Roughly speaking, this is a quadratic transform used when the coefficients of the hyperbolic PDE under
consideration vary at unit scale, while the wavelength of the initial data is asymptotically smaller. It allows
to describe the propagation properties by capturing the characteristic rays of the model. A time dependent
wave process like the solutions of the transport and of the wave equations , and their finite
difference semi-discretizations can be described either in terms of a wave function u(y,t) at the point y of
the physical space or as the the bilinear product u(yi,t)u(ys2, t) of the wave function and its conjugate at two
points y; and y2. In quantum dynamics, the scaled Fourier transform of this product with respect to the
distance between the two points y; and ys is called Wigner transform. In the limit as the wavelength of the
wave packet tends to zero, the Wigner transform becomes the so-called Wigner measure which can be seen
as a particle density depending on the phase space variables y (denoting the position) and ¢ (denoting the
momentum). The corresponding Liouville equation for the Wigner measure is similar to a kinetic equation
for real particles.

1.2.4. Short description of our main results. We now present in an itemized manner the main contributions
of this paper.

e Principal symbols of the finite difference approximations on non-uniform meshes. It is well-known (cf.

[1]) that the principal symbols of the continuous variable coefficients transport/wave equations ([1.1)) and

(1.4) are given by

(1.8) Py, t,6,7) = —p(y)T = ¢
and, respectively,
(1.9) o(y, 1,6, 7) == —p(y)r + o (y)€*.

These symbols are obtained by considering solutions of (1.1)) or (1.4 arbitrarily concentrated in space
around some point y € R and oscillating at some frequencies 7 and ¢ in time/space.

We prove that, for the discrete systems (|1.6) and (1.7)), the corresponding principal symbols are given
by

(1.10) ol t.6.7) =~/ (@)plgla))r? + dsin? (§) 7012
and
(1.11) p(x,1,¢,7) = —g'(z)e(g(x))T — sin(§).

We note some changes of these discrete principal symbols with respect to the continuous ones and
(1.9). Firstly, they depend on the space variable x = g~!(y) corresponding to the uniform grid. As a
consequence, in this new space variable x, all the variable coefficients g, p and o have to be composed
with g. Note also the appearance of 1/¢'(x) accompanying each space derivative which is also due to the
grid transformation y = g(x). We note also that in and the Fourier symbols ¢ and £2 of the
first- and second-order space derivatives in the continuous symbols and have been replaced by
the corresponding symbols sin(¢) and 4sin?(£/2) of the centered first-order finite difference 9" and of the
three-points finite difference approximation of the Laplacian.

e Propagation of the discrete Wigner measures. In Theorems [3.3] and [3.5] we prove indeed that the ex-
pressions and are the appropriate ones. More precisely, we rigorously obtain the dynamics
of the Wigner measures W for the solutions of the discrete transport and wave equations governed by
Liouville equations of the form

Wy = (cq(2)w (E)Wa — i (x)w(§)We),

g

where ¢4 = ¢(g9)/g’, c(y) = 1/o(y) and c(y) := \/o(y)/p(y) are the velocities corresponding to the
continuous transport/wave equations and w(§) := sin(§) and w(§) := 2sin(£/2) are the dispersion relations

for the same discrete transport/wave equations on uniform meshes. These Liouville equations, being
in particular transport equations, can be solved by the method of characteristics, yielding our precise
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FIGURE 2. Behavior of the Gaussian wave packets for the finite difference scheme on non-
uniform meshes at low frequencies.

J
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F1GURE 3. Behavior of the Gaussian wave packets for the finite difference scheme on non-
uniform meshes at high frequencies.

definition of characteristic rays. Moreover, these characteristic rays coincides with those obtained by
the resolution of the Hamiltonian systems associated to the principal symbols and . Our
results extend the ones by Macia in [22] dealing with numerical approximations of the wave equation
with wvariable coefficients on uniform meshes and the ones by Markowich-Pietra-Pohl in [26] in which
several discrete schemes for the Schrodinger equation on uniform meshes are analyzed.

Qualitative analysis of the Hamiltonian systems describing the discrete characteristic rays. In Section [5]
we present several numerical simulations aimed to graphically confirm our theoretical results. More pre-
cisely, we consider approximations of both constant coefficients transport/wave equations on the bounded
interval (—1,1) and on two non-uniform meshes produced by the transformations g'(x) = tan(wz/4) and
g*(x) = 2sin(mx/6), yielding a gradual refinement of the grid at the center z = 0 of the space interval
and, respectively, at the two endpoints. We also consider high-frequency oscillatory and concentrated
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Gaussian initial data. If at low frequencies the numerical solutions behave basically like the solution of
the continuous model, i.e. they propagate along straight characteristic lines and reflect following the Snell
law when they touch one of the two endpoints (see Fig. [2]), when increasing the frequency, we encounter
interesting phenomena like the curvature and the so-called umklapp or U-process (see [18], pp. 125),
i.e. the reflection of waves before touching both endpoints due to the fact that the wave number of the
numerical solution crosses the value 7 and the group velocity of the numerical approximation changes the
sign (Fig. [3] first row, left) or before touching one of the endpoints (Fig. [3] first row, right) or the one
of stationary waves (see Fig. |3} second row). We will show that these pathologies can be explained by
the behaviour of the corresponding phase portraits of the Hamiltonian systems yielding the characteristic
rays. For example, the figures in the first/second column in Fig. |3| correspond to the grid transformations
g* and g2 and to center/saddle fixed points of the corresponding Hamiltonian systems.

The analysis in this paper is limited to the 1 — d case, but the techniques we develop can also be used
to analyze multi-dimensional problems.

1.3. Outline of the paper. In Section [2]we present some basic facts on the continuous Wigner transform,
state the main existing results concerning the limit process in the Wigner transforms of the solutions of the
continuous transport and wave equations and and describe the main ideas of the proofs that will
help us to better understand the corresponding proofs in the discrete case. In Section [3| we introduce the
numerical approximation schemes under consideration, the notion of discrete Wigner transform, some of its
main properties and our main results, Theorems [3.3] and Section |4 is devoted to the proof of our two
main results, Theorems [3.3| and In Section [5| we present some numerical simulations of high frequency
wave packets and compare the numerical results to the ones predicted by our theoretical analysis. In Section
[6] we present the conclusions of the paper and list some related open problems. For the sake of completeness,
in Appendix [A] we give the main steps for the proofs of the two convergence results, Propositions [3.1] and

B4

2. PRELIMINARIES ON CONTINUOUS MODELS AND WIGNER TRANSFORMS

2.1. Bi-characteristic rays for the continuous transport and wave equations. a) Transport equa-
tion. Equation (1.3) can be also obtained by solving the Hamiltonian system of null bi-characteristic rays
associated to the principal symbol ([1.8))

(21) { Y,(S) - a’f@ = 717 t/(S) = a‘r@ = 7p(Y(5))a

E'(s) = =0yp = p/(Y(s))7(s), 7'(s) = —Oip =0,
subjected to initial data (Y (0),¢(0),Z(0),7(0)) = (yo,0, &0, 70) such that p(yo,0,&,70) = 0. Let us denote
by (y(t),£(t)) = (Y (s),E(s)) which solves the Hamiltonian system

(2.2) y'(t) =cy(t), &) =-cu)Ew), y0)=yo, £(0)=%.

Note that the first equation in (2.2)) is precisely (1.3)).
b) Wave equation. For the wave equation (1.4), the null bi-characteristic rays associated to the
principal symbol ([1.9)) are solutions of the following Hamiltonian system

23) [ L0200 = 20000050, ¢l =y = 2 )
E'(s) = —0yp = p'(Y(s5))7%(s) = o' (Y (5))Z%(s), 7'(s) = —Ohp =0,

subjected to initial data (Y (0),¢(0),=(0),7(0)) = (yo,0, &, 70) such that ©(yo,0,&0,70) = 0. Then 7(s) = 79
and p(Y(s),t(s),Z(s), 7(s)) = 0 are constant in s. Let us denote by (y*(¢),£%(t)) = (Y(s),Z(s)) the two
families of solutions of (2.3) corresponding to one of the two possible roots 75 of p(Y (s),t(s), Z(s), 70) =
0 given by 75 := +Z(s)c(Y(s)), with ¢ := \/o/p. Then (y*(t),£%(t)) is the solution of the following
Hamiltonian system of first-order ODEs in the time variable t:

(24) Y1) = Fel (1), (€)(1) = £ WO, v*(0) =10 £50) = .

Note that the first equation in (2.2) or (2.4]) can be solved independently of the second one. As we will
see, this is not the case for Hamiltonian systems corresponding to the numerical approximations for the wave
and transport equations.
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When ¢ = 1, one can observe from that, for each £y, there are two characteristics going out from
each point yo, y= (t) = yo F t. Moreover, if we consider the homogeneous Dirichlet boundary value problem
for the wave equation (say, on the interval (—1,1)), each characteristic reaches the boundary in an uniform
time not depending on the frequency &y. This coincides with our intuition on the wave propagation and has
several applications in control and inverse problems.

2.2. Continuous pseudo-differential operators and Wigner transforms. In the continuous setting,
given a d x d - matrix valued function @ (y, £), we define the associated pseudo-differential operator ©(y, edy)

by (cf. [I5])

(2.5) O(y, edy)f /@ y,e{ &) exp(ily) dg,

where f(y) = (f1(y), -, fa(y)) is a (column) vector-function and ?(5) = (ﬁ(g), e ,fd(f)) is the column
vector containing the Fourier transforms of its components.

For € > 0 and f'(z) = (fl(x), -, fi(z)) and £2(z) = (fZ(z), -, f3(x)) being two (column) vector-
valued functions, we define the so-called Wigner transform matriz at scale € of f! and f? as follows (A ® B
is the tensorial product of the two matrices A and B, while A* is the conjugate transpose of the matrix A):

(2.6) WEEL, £2)(z, €) = % /f1 (x - %) ® £2* (x + %) expli€z) dz

- %(2%2 /?1 (F+3) et (; - 5) et in.
R

Set WCIf!] := WC[f,f!]. When d = 1, the tensorial product ® becomes simply the multiplication of
functions. In that case, we will remove the bold character of the arguments and of W and we will put
WEfL, f2](x, &) for the scalar Wigner transform of two functions f!(z) and f2?(z). Moreover, when the
functions f! and f? depend also on the time variable ¢, we denote by W¢[f!, f?](z,t,¢) the corresponding
Wigner transform of f! and f2.

Note the following two properties of the Wigner transform:

(2.7) /We[fl’ £2)(z, €) de = £1(x) @ £2%( /We (£, £2](z, &) do = 71T6/f\1 (§> ® £2 (§>
R

=

€ €

2.3. Existing results on the Wigner measure for the continuous transport equation (1.1]). Set

w(y,t) := v/o(y)u(y,t), where u is the solution of 1) Then w satisfies the transport equation
(2.8) ow(y,t) = —c(y)oyw(y,t) — d(y)w(y,t), w(y,0)=u"(y) = Voy)u'(y), yeR, t>0.

The coefficients ¢ and d in (2.8)) are given by

(2.9) ely) = and d(y) = 5 (1) ().

o(y) 2\p

The L?(R)-norm of w is time conservative. For all € > 0, any initial datum «° in (1.1)), for w being the

solution of (2.8) with w® = ,/pu’ and using property (2.7, we can express the time conservative total energy
Ep(u(-,t)) in (1.2) of the solution u of (1.1)) in terms of the Wigner transform at scale € of w as follows:

(2.10) Ep(u(-t)) = [lw(, |72z, ://We[w](x,LQ dx d€.
R R

Using the arguments in [15], [I7] or [21], the following result concerning the transport equation (2.8)) can
be proved (for the sake of completeness, we will give a sketch of this proof in Appendix :
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Theorem 2.1. For any coefficient ¢ € CO1(R) in (@ and any initial data w° = w0 in @ bounded in
L?(R) as € — 0, there exists a positive Radon measure W(y,t,£) defined on R x Ry x R such that, eventually
after extracting subsequences, we get

(2.11) Wew(y,t,€) = W(y,t,&) weakly star in S’ (R, x Re),

uniformly on each compact set of the time interval Ry. Moreover, the measure W satisfies the following
Liouville equation:

(2.12) W, 1,€) = —PeW(y,1,6), W(y,0,6) = W (y,€) = lim W w"](y, ).
For all C%-functions ¢ = c(z) and w = w(§), the operator P.,, is defined as follows:
(2.13) P = c(x)w'(§)0y — ¢/ (z)w(&) 0.

2.4. Existing results on the Wigner measure of the continuous wave equation ([1.4]). For u being

the solution of , set (w(y,t), w(y,t)) :== (\/p(y)0u(y,t), /o(y)dyu(y,t)). Then (w,w) (whose (L3(R))?-

norm is conserved in time) satisfies the system of first-order PDEs:

(ouetn ) =4 iatorn) Jwwem emon s (g p 0 @R ),

(w(y,0),w(y, 0)) = (w'(y), @°(y)) := (VoY) (v), Vo (y)(u®) (y))

The coefficients ¢, d and e are given by

(2.14)

o) e [0W ey )y VWA ()

(215) W=\w W a(y)p(y) W 20(y)\/p(y)’
so that
(2.16) i)+ e(9) = o) and dly) — e(y) = VI,
Let J4 be the d-dimensional exchange matrix, i.e.,

0 -~ 0 1

0 1 0

Jd = . .
100

Since A" = — A+ (d 4 e — ¢’)J2, the operator A in is anti-self-adjoint if and only if d + e = ¢/. This
is precisely our case.

Let us introduce the following notation: w*(y,t) = (w(y,t) £ @ (y,t))/v2, where (w(y,t),@(y,t)) is the
solution of . Then the pair (w(y,t),w™ (y,t)) solves the following coupled system of PDEs:

wi () \ g () w4 (W9 + 3¢ W) —3¢(y)
(2.17) < wy (y,) > - A( w(y.1) ) - with A= ( L) e, - i) )
wt(y,0) = wOE(y) := wo(y)\:/tgbo(y).

Here, &(y) := d(y) — e(y) (d,e as in (2.15)). The operator A;; is precisely the one involved in the scalar
transport equation (2.8) (with a different ¢(:= \/0/p)), while Ay = —A;;. System (2.17) is similar to the

one verified by v, 4 in [14], (4.28), v, + = %i|V|vy, + for the constant coefficient multidimensional wave
equation (|V| being the pseudo-differential operator generated by the symbol |]).
Set

(2.18) WeE .= Wew*] and WoE = Wew™t, w™] £ Wew ™, w™],
where W¢ is the Wigner transform at scale € in ([2.6) and w¥ is the solution of (2.17).
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Note that, for all € > 0, the time conservative energy &, o (u(-,t),u(-,t)) in (1.5 of the solution of the
wave equation (1.4) admits the following equivalent representations in terms of the solution (w,w) of (2.14]),
the solution (w™,w™) of (2.17) and the Wigner transform of (w*,w™):

(219 EpoluCt)unt) = 5 [(ul P + 1300 dy =5 [t @0 + o™ @.0F) dy

R R

=5 | oWt w i dyde =5 [ [over e s we o) dye
R R R R

The following result explains the behavior of W¢ := trW*[w™t,w™] as € — 0:

Theorem 2.2. For any coefficient ¢ € C%Y(R) and any initial data (wS%* ws%~) in bounded in
(L*(R))? as € — 0, there exists a positive Radon measure W(y,t,£) defined on R x Ry x R such that,
eventually after extracting subsequences, holds uniformly on each compact set of the time interval R, .

Moreover, W can be split into two positive Radon measures as W = W + W™, where Wt =
lim._,o WS is the Wigner measures of wS* solving with initial data w%*. Each Wigner mea-
sure W* satisfies the Liouville equation

(220) atyvi (Zh ta 5) = iPC,éwi (yv ta 5)7 Wi (ya 07 5) = lg% W67i(y7 Oa 5)7 Y, ’g S ]Ra t> 07
where the operator P ¢ is as in with w(§) = €.

2.5. Concentrated and oscillatory initial data. The most singular initial data for the transport and
wave equations (|1.1]) and (|1.4)) are the highly concentrated and oscillatory ones, i.e.,

(2.21) WO(y) = u(y) == e‘ﬁ”(%) exp (@) 20+B=0,0<B<1,

with f € L%(R) for the transport equation, and

(2.22)  ul(y) = u(y) := e“f(y ;ﬁyo) exp (@» ut = ust = cué’o7 2-1)+p8=0,0<p<1,
with f € H'(R), (yo,&0) € R?, & # 0 and ¢ as in for the wave equation (see [24] for 5 = 1/2).

The role of the scaling factors €* in (and similarly in ) is to make the total energy
Epo (U0 ut) to be bounded as € — 0. These initial data are concentrated at scale ¢ through the
factor f((y — yo)e™?) around the point yo in space and oscillate at wavelength e in the direction &. The
first condition 2(a — 1) + 8 = 0 on the exponents « and (3 is to guarantee that the total energy of the initial
data is uniformly bounded as ¢ — 0. Indeed,

Epo(u0,utt) = [|[Voug®l[7e ~ 7P| ][ 72 + TV f]] 2.

Moreover, for this total energy to be of order O(1), there are two options: i) 2a— 3 =0 and 2(a—1)+5 >0
orii) 2a — 8 > 0 and 2(ow — 1) + 8 = 0. In both cases, « > 1/2, while 8 > 1 and g < 1 for the first/second
inequalities system. The fact that 8 > 0 is needed to obtain concentrated initial data. We can exclude the
case # > 1 since we want the semiclassical measure W (y,0,¢) of w"" = (y/ou5® +/pu!) /vV2 = V20ug"
to be 0y, (y) ® ¢, (§) (modulo a multiplicative constant). More precisely, for the choice of the initial
data (u®,ul) = (u9 ust) in , we can prove that

(2.23) W (1,0,€) = 20 (y0) &3 11 f1172640 (4) @ be, (€).

Consequently, at future times ¢ > 0, the Wigner measure W+ which is the solution of the transport equation
(2.20)) in phase-space takes the explicit form W (y,t,&) = 20 (y0)&G || f|1520y- 1) (¥) @ 0¢— (1) (§) and propagates
along the characteristics (y~ (¢), €~ (t)) being the solution of the ODE system ([2.4)) corresponding to the initial

data (yo,&o). For the same initial data (2.22) in (1.4), W~ (y,0,£) in (2.20) vanishes. Note that if f in (2.21)

or ([2.22) is compact supported, then the support of order €” of the envelope f((y —1yo)/€”) is asymptotically
larger as € — 0 than the wavelength of order € of the data u®? when 5 < 1.
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2.6. Interpretation of Theorems and [2.2] in terms of solutions of the original transport and
wave equations and . The corresponding solution of is driven by characteristics, so that
if the initial datum u°® = u*? is concentrated at some point, the solution u(-, ) is necessarily concentrated at
any further time ¢ > 0 for all ¢ > 0. However, the analysis of the concentration of energy for the solutions of
the second-order wave equation is more subtle. More precisely, the energy density d[u¢, u$] corresponding to
initial data (u®°, u!) as in propagates along the space component y~ (¢) of the solution (y~(¢),£(t))
of starting at (yo,&p), in the sense that

(2.24) lim [ dfu, wgl(y, ) dy = 0, dlu, ui](y,t) == %(Q(y)IUt(y, 7 + o (y)|uy (y, 1))
D(t)

for all r > 0, with D,.(t) := R\ B(y~(t),r) and B(z,r) := (x — r,z + r). Indeed, using the properties (2.7))
of the Wigner transform, we obtain (Dg . (t) := B(0,R) \ B(y~ (t),r), Dr =R\ B(0, R)):

[ du il tydy=az-+ 5 [ Qoo 0P+ e @ 0P dy

D (1) DRJ‘(t)
1 _ € € e
= AER + 5 / /(W6’+(y7 ta 5) + We’ (y7 ta f)) df dy = AR + BR,T‘ + CR,T"
DR,r(t) R

Set x% a regularization of size § of the characteristic function of A, ya. The regularization parameter ¢ is
chosen such that XéDR,T(t) (y~(t)) = 0. In the above identity, A%, By . and Cf . are given by

1 —
A% == /(wav*(y,t)lﬂlw“ (y,)[?) dy,

2
Dr
1
Bir = | [ X o@Xh0.m @OV (0.8, + W (0,1,) dedo,
R R
1
Cir =3 [ [ X1 = X0 OV (1) + W (3. 1.)) e dy.

R R

For any R > |y~ (¢)|, using 1) the fact that W~ = 0 and that X(SDR,T(t) (y~—(t)) = 0, we obtain that

B, — 0 as e — 0. Since w®T belongs to L?(R) uniformly as ¢ — 0, then the sequences w*

at i’nﬁnity in the sense that

are compact

lim sup / lwSE(y, 1)) dy — 0 as R — oo,
e—0
lyI>R

so that for each ¢, there exists R large enough such that A$ is as small as one wants.

3. MAIN RESULTS AND BIBLIOGRAPHICAL COMMENTS

Notation 1. By lowercase letters accompanied by the superscript h (e.g. £") we denote an infinite column
vector associating to each node x; of the uniform grid G" an unique value fj, while P associates to each xj
a d-dimensional vector of values £; = (fj1, -+, fi.d)-

3.1. Discrete pseudo-differential operators and Wigner transforms. Let us start this section by
introducing the notions of discrete pseudo-differential operator and Wigner transform that will be system-
atically used along this section and in Section

For a d x d - matrix valued function ® = ©(x, &), let us introduce the discrete pseudo-differential operator
" (x,hd,) by (cf. [27])

1 Mh

(3.1) " (x,hd,)f; == %/Q(xj,hg)f (€) exp(itx;) dé.
11k
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Mh Mh,k
Here, f* := (f}) ez, with £ = (f}, -, f}), I" := [=«/h,mw/h] and £ (&) = (f (£))1<k<a being the column
Mh.k
vector containing the semi-discrete Fourier transforms (SDFT) f (f) at scale h of the components of
£k — (fk)]ez Recall that the SDFT for a sequence f* := (f;);jez € £? is given by (cf. [33]):

(3.2) 7€) = n S g exp(—ige;) Ve

jez

When O(z,£) = A(z)B(€) is a matrix in separated variables, we denote by @Z’B the corresponding
pseudo-differential operator.
We define the discrete Wigner transform matrix at scale € to be (see e.g. [22] or [23]):

h,1 gh2 " ixn§
(33) W [f f ]( 2 ) 27‘[’6 Z fr717% m+%) exp( c ) s

n=

where 1, 1.2 are two discrete functions associating to each grid point x; the d-dimensional vectors fj1 and fj2
and £ € [—en/h, er/h]. Here and in the sequel, = designs the equivalence modulo 2. In this paper, we restrict
the analysis to the cases d = 1 and d = 2 (corresponding to the discrete 1 — d transport/wave equation).
When d = 1, the tensor product on the right hand side of is simply the scalar multiplication. To
emphasize the fact that, for d = 1, WE[f™! £72] is a scalar quantity, we will replace the bold symbol in W"
by W" and denote by We[f"1, £:2] the scalar discrete Wigner transform. We also set W€[fB] := W€[fP fh].

The analysis in this paper is restricted to the discrete solutions corresponding to the highest fre-
quencies for which € = h, £ € [—m,n| and exp(iz,§/e) = exp(inf). Observe that when m is even,
Whgh1 £8:2](z, /2, .) is a m-periodic function in &, while when m is odd, W"[f™! £?2)(x,,/2,-) is 2n-
periodic in £. Thus, for any value of m € Z, l/\)h’[fh’l,fh’g](acm/Q7 -) is 2m-periodic. This justifies the fact
that, for the discrete case, [—m, 7] is the suitable choice for the domain of the phase variable .

Notation 2. Let us introduce the Hilbert space 2 of square summable discrete functions with inner prod-

. =2 . : ,
uct given by (£, £%2) 2 == h33,, fif; and || - || be the corresponding norm. The space h' contains
the discrete functions £ such that O™ Tf" € (? and is endowed with the inner product (fh’l,fh’z),;Zl =
(Oh-F gl 9t Eh2) o and the morm || - ||ji. We also employ the notation x" := (x;)jez and f(x") :=

(f(z})) ez, for any continuous function f.

3.2. The discrete transport equation. The finite difference numerical scheme (|1.6) approximating the
transport equation (1.1) converges in the classical sense of numerical analysis. More precisely, the following
convergence result (whose proof is provided in Appendix E ) holds:

Proposition 3 1. Assume that o € C1(R) in (u) is such that there exist o™ Qd so that0 < o~ < o(y) < T
and |¢'(y)| < oF for ally € R and that the initial datum u® belongs to C%(R). We also consider quasi-uniform
grids, i.e. non-uniform grids Q:} given by g € C1(R) such that there exist gfit so that 0 < g; < |g'(z)| < g7,
for all x € R. Under these hypotheses, the numerical approrimation scheme @ with initial data u™° =
(u®(g;))jez converges with order O(h) to the solution of the transport equation in the £2-norm, i.e.
there exists a constant C(t, g, 0,u’) independent of h such that

(3.4) [ (t) = u(g(x"), )l < hC(2, g, 0,u”).

The function v(z,t) := u(g(x),t), where u(y,t) is the solution of (L.1)), solves the transport equation
(3.5) g (x)o(g(@))ve(w,t) + va(z,t) =0, v(z,0) =u(g(x),0) =u’(g(x)), =R, t>0.

Thus, by reconsidering the values u;(¢) associated initially to the points of the non-uniform grid as being
values v;(t) = u;(t) at points of the uniform grid, we obtain that v;(¢) is the solution of the following finite
difference scheme for the transport equation (3.5 on the uniform grid G":

(3.6) 3hgjg(gj)8tvj (t) + 8hvj(t) =0, v;(0)= v? = u(;, jEZ.
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Indeed, from Proposition we see that v(t) ~ v(x",t), where v(x,t) and v"(t)) are the solutions of
and . This idea of reorganizing numerical schemes on non-uniform meshes in order to obtain
approximations of PDEs of the same type with different variable coefficients on uniform meshes is not new
and it has been used for example in [30] to construct preconditioning strategies for systems arising from
discretizations of elliptic PDEs on non-uniform meshes based on known algorithms for approximating PDEs
with variable coefficients on uniform meshes.

The null bi-characteristic lines associated to the principal symbol of the discrete transport equa-
tion are the solutions of the following system:

(3.7) { X'(s) = O¢p = —cos(E(s)), t'(s) = Orp = —¢'(X(s))e(9(X(s))),

E'(s) = —0ep = 7(9'(-)e(9(-))) (X (5)), 7'(s) = =Oip = 0,
subjected to the initial data (X(0),¢(0),Z(0),7(0)) = (x0,0,&o,70) such that p(zo,0,&,70) = 0. Then
7(s) = 10 and p(X(s),t(s),=E(s),7(s)) = 0 are conserved in s. Set (x(t),&(t)) := (X (s),E(s)) to be the
solutions of as functions of t. Then (x(¢),£(t)) is the solution of the following Hamiltonian system:

(3.8) 2'(t) = cg(x(t)) cos(£(t)), &'(t) = —cy(@(t))sin((1)), x(0) = zo, £(0) = o, ¢o() := m-

The characteristic rays on the non-uniform grid G!" are the curves (y(t) := g(x(t)),£(t)), with (x(t), £(t))
being the solution of (3.8)). Therefore, (y(t),£(t)) is the solution of the non-Hamiltonian system below, with
cas in (2.9) and ¢, as in (3.8), but for which the quantity sin(£(¢))/c,(g7 (y(t))) is time conservative:

(3:9)  ¥(t) = cly(t) cos(€(t)), €'(t) = —cyg~ ' (y(1)sin(&(t)), y(0) = yo := g(wo), &(0) = &.
As in the continuous case, we will not apply the discrete Wigner transform directly on the solution v;
of 1) but on w; = v;1/0"g;p(g;) whose £>-norm is conserved in time.

Lemma 3.2. For the solution v"(t) of @), set w;(t) := vj(t)\/O"g;p(g;). The discrete function wh(t)
conserves its £2-norm and is the solution of the system

1 1 ,
(3.10) Ow; () = =730"w;(t) = 505 (wa () + wja (1), w;(0) = —vj = —uj, jEL
J 3

Here, v; := v"(z;) and §; := 6" (x;), where

a(z)(a"(x +h) + o’ (z — h)) 5 (2) = o ()" () and o (z) = 1
5 ; 0% (2) = a(2)0"a” () (z): Ta)oa )

Remark that the following approximations hold:

(3.12) V() ~ cy(x), 0"(x) ~ %c;(x) and o’ (z) ~ \/cy(2) as h — 0, with ¢y(2) :=

(3.11) ~"(z) :=

1
o(g(x))g'(x)
Proof of Lemma[3.3. By replacing v;(t) = ayw;(t) in (3.6) (which can be written as dyv; (t)/aF + ov;(t) =
0), we obtain

aj 10w (t) — aja; awja(t)

(3.13) Oww;(t) + o7 =0.
But (3.13)) can be reorganized as (3.10]) using the obvious identity ab—cd = (a+c¢)(b—d)/2+ (a—c)(b+d)/2
in the particular case a = o105, b = wj1(t), ¢ = ajjoj—1 and d = wj_1(t). O

System is just a finite difference discrete analogue of on the uniform mesh G" in which c(y)
is replaced by c4(z). From now on, unless stated, we will use only the discrete transport equation
since it is the one conserving the £2-norm of the numerical solution. As we will see, the Wigner measure
W = limy,_,o W"[w"] of the solution w" (t) propagates along the bi-characteristic curves (z(t), £(t)) described
by . Having the equation defined on the uniform grid G" has the advantage that, using the results
in [23], we know how to pass to the limit in the Wigner transform of the initial data w’? := w"(0). For
instance, when w0 is a sampling of v in (thus, = —f3/2 and any g € (0,1)) on the uniform grid
G", then the corresponding Wigner measure is W(z,0,€) = &, (z) ® &g, ().
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Let A w(z,8) = c(x)w(€) be a scalar function in separated variables. Using the notation for pseudo-
differential operators in Subsection the discrete transport equation (3.10) can be written as

(3.14) owh(t) = —%Azh’w(:ﬂ, hd,)w" (t) — Agh,w’ (z, hd,)w" (1), with w(€) = sin(€).

Our first result (to be proved in Section |4)) describes the asymptotic behavior as h — 0 of the discrete
Wigner transform W"[w"], where w"(t) is the solution of the transport equation (3.10)).

Theorem 3.3. For any coefficient o in , any non-uniform grid G* obtained by a transformation g so
that cg4 in belongs to COY(R) and for any initial data w"° in bounded in ¢* as h — 0, there
exists a positive Radon measure W = W(x,t,€) defined on R x Ry x [—m, @] such that, eventually after
extracting a subsequence, we get

(3.15) WHhw"] (z,,€) = W(x,t,€) weakly star in S'(R,) x D'([—=, 7)),

uniformly on each compact set of the time interval Ry. Moreover, the measure W satisfies the Liouville

equation (we follow the terminology in [21])

(3.16) OW(@,,€) = FPe, wW(@,1,€), W(,0,€) = Wi (z,€) = lim WHuw"(z,€)

with w(€) = sin(§) and the operator P.,, defined as in ,

Remark 1. Theorem [3.3 states that the Wigner measure corresponding to the discrete transport equation
propagates according to a transport equation in both phase-space variables (x,&) whose solution prop-
agates along the characteristic rays described by the Hamiltonian system

Remark 2. A particular class of bounded initial data in £* as h — 0 is given by w0 := (u"%(x,)) ez, with
u™® as in .

Remark 3. The dynamics of the solution to the discrete problem is determined by the symbol
A (2,8) ~ Aey w(®,8) = cg(z)w(&) (W(&) = sin(§)) generating the leading pseudo-differential operator

in (i.e. the term of order h™' in the right hand side of ).

3.3. The discrete wave equation. The following convergence result for the solution of the discrete wave
equation (1.7)) holds (the corresponding proof is provided in Appendix [A)):

Proposition 3.4. Assume p € CY(R) and o € C?*(R) in such that there exist p~,p*,pT and
o=,0t, 00, so that 0 < p= < p(y) < pT, [P (W) < pi, 0 < 0= < a(y) < o, |0"(y)| < ofy, for
all y € R, and compactly supported initial data (u®,u') € C® x C?(R). We also consider non-uniform
grids Q;} given by g € C%(R) such that there exists gf,g;,945; > 0 so that 0 < g; < |¢'(z)| < gF and
lg" (z)| < gjd, for all x € R. Under these hypotheses, the numerical approzimation @ with initial data
("0 uhl) = (u®(g;),ut(g;))jez is a convergent scheme of order O(h) for the wave equation in the
it x (2-norm, i.e. there exists a constant C(t,g,p,0,u’ ul) independent of h such that

(3.17) [[(u" (1) = u(g(x"), 1), Bpu (1) = Opu(g(x"), 1)) llj 2 < hC(t, g, p, 0,6’ uh).

The function v(z,t) := u(g(z),t) (u(y,t) being the solution of (1.4))) solves the wave equation
3.18 / 82 o ax<o-(g(x))
( ) g(2)p(g(x))oFv g (z)
Thus, by reconsidering the values u;(¢) associated initially to the points of the non-uniform grid as being
values v;(t) = u;(t) at points of the uniform grid, we obtain that v;(t) is the solution of the finite difference
approximation for the wave equation (3.18)) on the uniform grid G

U(gj+1/2)8h + a(g-1/2) qh,—
g, 0T i(t) — = =0 v;(t)
(3.19) 9" g;0(9;)07v;(t) — = . =

Indeed, from Proposition we see that u(t) = v (t) ~ v(x",t) = u(g(z),t), where (v(z,t),v"(t)) are the

solutions of ((3.18]),(3.19)).

81,1)) =0, v(z,0) = u(g(x)), dw(z,0) =ul(g(x)), T €R, t > 0.

=0.
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The null bi-characteristic lines associated to the principal symbol of the numerical approximation
of the wave equation are the solutions of the following system:
X'(s) = Oep = 2sin(3(s)) “HEE, #/(s) = 09 = —2¢'(X(s))plg(X (5)),
=/(s) = ~0ep = 72(g (plg()) (X (s)) — sin® (Z2) (Z4) (X (s)), 7/(s) = ~dup = 0,
subjected to the initial data (X(0),¢(0),Z(0),7(0)) = (x0,0,&,70) such that p(zg,0,&,70) = 0. Then

7(s) = 70 and p( (s),t(s),E(s),7(s)) = 0 are conserved in s. Set ( £(t),£%(t)) := (X(s),Z(s)) to be the
solutlon of 0) corresponding to one of the two p0551ble roots TO of p(X(s),t(s),2(s),70) = 0 given by

TE =42 sm( ( )/2)cg(X(8)), with cg(z) == \/o(g9(z))/p(g(x))/g'(x). Then (z*(t),£E*(¢)) is the solution of
the following Hamiltonian system:
+ t ) + t
(321) (%) (t) = Fey(a5(1) cos (f—;)), (€)' (1) = 226, (=) sin (1), 2(0) = w0, £0) = &
Remark 4. The Hamiltonian system (3.21]) can be also obtained by considering in the principal
symbol p(x,t,&,7) below instead of (11.1 .
£

: o(g(x))
oz, t,6,7) = —p(g(x))7T? + 4sin? (7> .
(2,1,6,7) 1= —plo(x) ) TS
This last symbol can be seen intuitively by taking plane wave solutions of the form w;(t) = exp(iTt/h +i&j)
in the numerical scheme on the non-uniform grid g_j;.

(3.20)

Let us consider the following continuous functions:

' B (z) = olg(@ +h/2))
ohg(x)p(g(x))’ Ohtgla)
Y'(x) = o"(2)B"(x) and 6" F(z) := B"(2)0" T () £ " (z)0" B (2 )

(3.22) a(z) =

Associated to them, we consider the discrete functions a; = o"(z;), 8; = B"(x;), v; := Y"(z;) and
5} = "% (z;), for all j € Z. Remark that, as h — 0, the following approximations hold:
1 o(g(x))  _n L Joly(z))
(3.23) a(z) ~ . BMa) ~ o () ~egla) =
pg(x))g'(x) g'(z) ! 9@\ plg(x))

and

st (z) ~ ¢, () and 5" (@) ~ J;?((;Z))) ( P(;)U(g))/(z)

In the semi-discrete wave equation (3.19), set w;(t) := vi(t)/ay and w;(t) = B;0M*Fv;(t). Due to the
conservation of energy, the norm |[(w”(¢), w" (t))]] 42)2 is conserved in time. Furthermore, the two functions
w' (t) and w"(t) are the solutions of the coupled system of discrete transport equations
(3.24) Bpw;(t) = 70" 7w (1) + (O By)ja (1), Dj(t) = ;0" Twy(8) + B;(0"™F aj)wj,
with initial data w;(0) = w;) = uj/a; and w;(0) = 0 := f; Oty ¢, for all j € Z.

Let us observe that can be also written in terms of the two pseudo-differential operators @'f (z, ho,)
and @g (z,hd,) (here, the subscripts 0 and 1 indicate the smallest power of ¢ appearing in the Taylor
expansions around £ = 0 of @; and O for a fixed x) generated by the matrices

B 0 Y (z)(1 — exp(—if))
61(33,5) T < »Yh(x)(exp(lf) - 1) O )
and
_ 0 ol (2)9"~ 5" (z) exp(—i€)
O (r,§) := ( B ()Mt ol (z) exp(i€) 0 ! )
as follows

(3.25) ( gﬁﬁiﬂ ) . 26}1‘(x,h81)< X:Eg ) +®g(x,h5r)( 3223 )
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The matrix O (z,¢) admits the spectral decomposition @1 (z, &) = iA(§) Az, &) A% () (A* being the con-
jJugate transpose of the matrix A), where

)\::h w(l‘,f) 0 . 1 1 1
(3.26) A(z,€) = ( “ A (:6) ) A(E) = 7 ( exp(i€/2) —exp(i€/2) )

with )\fh,w(%f) =+ (2)w(§), 4" as in and w(&) = 2sin(£/2). Note that the eigenvalues Aith,w of
©; have the same structure in separated variable of the symbol A\ x ,(z,§) = AP (z)w(€) generating the
leading pseudo-differential operator in the transport equation m Thus, 7" (x) is given approximately
by a function ¢,(x) for both models, where the functions ¢, are given by (3.12) and (3.23)) for the discrete
transport/wave equations and depend on the variable coefficients appearing in the corresponding continuous
model and on the grid mapping g. Another difference between \x ,(z,€) and /\i[h,w(% &) in (]E and @P
is the Fourier symbol w, so that w(§) = sin(§) and w(§) = 2sin(£/2) in the first /second case. These trigono-
metric functions w are simply the classical dispersion relations for the finite difference semi-discretizations
of the constant coefficients transport/wave equations on uniform meshes.

Remark also that the matrix of eigenvectors A(§) in does not depend on the space variable x.

(13.24])

Let us introduce the projectors for the numerical scheme to be
(3.27)
10 _ 0 0 . 1 1 +exp(—i&/2)
+ . * o * +_ 2 p
A .A(O O)A and A .A<O 1>A,1.e.A 2( exp(i€ /2) 1 ,

where A is the matrix containing the eigenvectors of ©; in (3.26)). Let us denote the solution of (3.25) by
wh(t) = (wh(t), w"(t)) and by W' [w|(z,,/2,t,€) the Wigner transform matrix of w®. Set

(3.28) Wi+ (%mus,g) = AT ()W [wh] (”’;,t,g) A%(€) and W (a;m,t,f) — tr(Wh’i (%m t,g)).
Here, tr(A) is the trace of the matrix A. Our second result (also to be proved in Section [4) states that the
Wigner measure of w?(¢) can be decomposed into two parts following two Wigner measures as h — 0, each
of them satisfying a transport equation in the space-phase variables (z,&). Firstly, set W"(z,,,/2,t,€) :=
tr (W [w) (2 /2, ,€)).

Theorem 3.5. For each coefficient p and o in , each non-uniform grid gg obtained by transformations g
so that cg in belongs to C11(R) and for any initial data (w0, w"0) in bounded in ¢* as h — 0,
there exists a positive Radon measure W = W(x,t,£) defined on R x Ry x [—m, 7| such that, eventually after
extracting subsequences, we get uniformly on each compact set of the time interval R,.. Moreover, the
measure W can be decomposed as W = W+ + W™, where WE = }lllg%) WhE Wh*E g5 in (3.28)) satisfies the

Liouwville equation

(3.29) OWE(2,t,8) = £P., (2, w)WE (2,1, ), WE(2,0,8) = WE0(2,€) := lim WhE(2,0,€).
—

Here, the operator P, (z,w(§)) is defined by with ¢ = ¢4 given by and w(€) = 2sin(£/2).

Remark 5. The propagation properties of the discrete wave equation (3.24]) are determined by the two
eigenvalues /\fh LT, 8) ~ )\Cig’w(ac,f) of the principal symbol @1 (x, &) in .

The following consequence of Theorem (whose proof relies on the same arguments presented in
Subsection ?? and based on the discrete Wigner transform and its properties) holds:

Corollary 3.6. The energy of the solution w®(t) = (w"(t), w"(t)) of can be arbitrarily concentrated
along one of the rays x*(t) in (m, in the sense that for any r > 0 and for the initial data in (m

wh? = (ta; ey (x;)0" Tu"0(z))) jez and W0 = (8;0"Tu"0(z))) ez,

we get

(3.30) b S (w0 + |0 =0,

|z;—xE(t)|>r
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Here, x*(t) is the solution of with data (xo,&), aj,B; are as in , usY is as in with yo
replaced by xo := g~ (yo) and f is such that (with w(§) := 2sin(£/2))

a(yo)lw(&) [ f11Z2z) /9" (97" (w0)) = 1.

Of course, this Corollary and the fact that there exists a constant g; > 0 such that |¢'(z)| > g,
for all x € R imply that the energy of the original discrete wave equation on the non-uniform grid
G corresponding to the initial data u"® = (u"°(g7'(g;)))jez and u! = (fcy(x;)0"u))jez may be
concentrated arbitrarily close to the ray y*(t) := g(zT(t)).

3.4. Group velocity. We define the group velocity associated to the numerical schemes and (|1.7) for
the transport or the wave equations to be (x¥)'(t) (i.e. Fcg(zT(t))cos(ET(t)), where ¢4 is as in (3.12)) and
(2T (t),£7(t)) is the solution of (3.8)) or (zF)(¢) (ie. Fey(a®(t)) cos(€%(t)/2), where ¢, is as in (3.23)) and
(z%(t), & (t)) is the solution of (3.21))) (cf. [3], pp. 65).

This definition of the group wvelocity is consistent with the well-known one for the homogeneous discrete
medium (i.e. constant coefficients and on a uniform mesh) (see [11], [33] or [35]). In that case, ¢, =1, so
that the solution of the second equations in and is ¢*(t) = £&;. Consequently, the first equations
in and (3.21)) become (zF)'(t) = Fcos(&) and (zF)'(t) = Fcos(&r/2), so that the group velocity does
not depend on time and the characteristics 2% (t) are simply straight lines.

It is well-known that, for homogeneous media, a vanishing group velocity (at & = w/2 or at §g = 7
for the transport/wave equation) yields spurious solutions that do not propagate in time. These fictitious
solutions make the uniform (with respect to the mesh size) observability property to fail. In that case, it
is necessary to apply filtering techniques on the initial data (e.g. Fourier truncation, bi-grid algorithms) to
avoid the high frequency pathological effects (cf. [11], [35]).

However, for heterogeneous media (variable coefficients and/or non- umform meshes) the group velocity

depends on the time ¢ through the two components (z(t),£(t)) or (zF(t), £ (t)) solving (3.8) or -

3.5. Related bibliography. In [2] and [32] the problem of computing spectral distributions for locally
Toeplitz matrix sequences has been considered and the results have been applied to design efficient precon-
ditioning strategies for linear systems arising in the numerical approximation of elliptic PDEs in [30].

Locally Toeplitz matrices appear naturally, indeed, in the discretization process of PDEs with variable
coefficients on non-uniform meshes gg, g :[0,1] — [0,1], g € C*(0,1). For simplicity, consider the 1 — d
Laplace problem

_(U(y)u/)/(y) = f(y)7 Yy e (07 1)a U(O) = u(l)a
for which a typical discretization is the three-points finite difference scheme below (h:=1/(N +1), N € N)

AZuh = f" or, more precisely, — ah—ah - (8211/2 ot > fi» 1<j<N, ug=un41 =0.

When o is a continuous function, any sub-block of fixed size of the matrix of the system A;‘ tends
to a Toeplitz matrix as N — oo. The spectral distribution u of the sequence of stiffness matrices of this
scheme is the measure defined as (u, F) = limy_,oo N1 Ej\;l F(Xj), where (\;)i<j<n are the eigenvalues
of A and F is any C,(R)-function. In [2] (variable coefficients and non-uniform meshes) and [32] (variable
coefficients and uniform meshes), it is proved that the spectral distribution satisfies the identity (u, F) =
fol [T F(\}(2,€)) d€ du/2m, where A%(z, &) = o(g(z))w?(£)/]¢g'(z)[* and w?(§) = 4sin®(£/2) is the Fourier
symbol of the three-point scheme for the Laplace equation with constant coefficients on the uniform mesh
G". This is in agreement with our results for the wave equation , for which the characteristics depend
on the symbol A(z,§) := ¢(g(z))w(&)/g'(x), with ¢ := \/c/p.

In [9], the observability problem for mized finite element semi-discretizations of the 1 — d wave equation
has been considered. More precisely, for quasi-uniform meshes (for which the ratio between the maximum
cell size and the minimum one remains bounded under all refinements of the mesh), it is proved that
the approximation under consideration inherits its well-known good features on uniform grids, for which
observability holds uniformly with respect to the mesh-size parameter. However, the results are based on
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a precise description of the spectrum of the numerical scheme on non-uniform meshes and they cannot be
generalized to other numerical approximations.

In [I0], it is shown via spectral estimates that for all convergent numerical approximations (thus, including
the ones on non-uniform meshes), after truncating some high frequency modes, one can always prove uniform
observability estimates for the remaining low frequency ones. Our analysis in this paper shows the necessity
of such filtering mechanisms for finite difference numerical schemes on non-uniform meshes for the 1 —d wave
equation.

In [23], Macia analyzes to which extent the oscillation and the concentration effects of a sequence of
functions are preserved or eliminated by sampling and reconstruction operators on uniform meshes. The
main tool of that analysis is based, as in this paper, on Wigner measures. The oscillation/concentration
effects of samplings of continuous functions analyzed in that paper are important ingredients when dealing
with the Wigner measure of the initial data in the discrete problems and . Thus, our analysis
on the evolution problems under consideration combined with the one in [23] on the initial data give the

complete picture on the behavior of the Wigner measures leaded by the Cauchy problems (3.16]) and (3.29).

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem |3 E 3.3| concerning the discrete transport equation ([1.6). We follow the same
steps in the proof of Theorem n in Section l For the simplicity of notation, in this proof we write W"
instead of W"[w"].

Step I. Using the boundedness as h — 0 of the £?>-norm of the initial data w"? in and the time
conservation of the £2-norm of w”(-,t), we obtain existence of a positive Radon measure W such that

(4.1) W (2,t,€) = W(x,t,€) weakly star in S'(R,) x D'([—m,7]) as h — 0, ¥t >0,

Step II. Set Wh(mm/Zt,n) to be the n-th Fourier coefficient of W"(x,,,/2,,€) as function of . Fol-
lowing (3.3)), it is easy to see that

(4.2) wh( ot n) = W (DT g (8).

Define 97 and OM” to be the centered derivative/average operators in the variable 2. More precisely,

2 (@m/2,6) = (f(@m+1/2,) = f(@m=1/2,6))/h and M f(20/2,6) = (f(@m+1/2,6) + f(@m-1/2,5))/2,
where ¢ stores the other possible variables defining the function f(z,¢). By taking time derivative in (4.2))

and using the numerical scheme |D we get the following equation verified by Wh (xm/2,t,n):

(4.3) atVAvh(%’”b,t,@: (;K’f(xg )(8hWh(—,t,n+l)+5ﬁﬁh(x7m,t,nfl))
+fich;:(7m,n)(zm’;wh(%‘,t,nﬂ) Dﬁhwh<—t 1))

+IC5,L (2 )(mhwh(—tn+1)+mhwh(—tn 1))

R () (2 (st 1) o (1)),

where KPF are as in (A.2) (With € =h) and 7", 6" are as in (3.11).

Step III. Set

FooFoni= 5 30 S0 A(5n) B (52 m) and (s fobnorp o= Z/ﬁ (%) 1o (S €) e

mGZn m mGZ

Consider a € S;(R) X De([—m,7]). Let us multiply 1| by h%(xm/Q,n) and add in m,n € Z so that
n = m mod 2. By Parseval identity in £, we obtain:

(4.4) (D" (1t ), ahn o = OV (1), @ = —(TI(E) + Zh (1) + T4 (1) + T} (1)),
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where

Ilh(t) = <8:Wh('atv +1)+82Wh(7t7 '_1)a 5’C2;1+a>h7 IZh(t) = <m;’bwh('atv '+1)_mgwh('7ta _1)7 §K:L76>ha
— — = —~ —~ h? =

Ig(t) = <93?§Wh(~,t, +1)+fmZWh(a L, '71), ’C?;L+a>h’ Iélll(t) = <8£Wh(7 L, +1)7a:ltlwh(’ t, '71)a IKg}lia>h~

By passing all the discrete derivatives and averages from W" to the accompanying factors and applying
Parseval identity, we get

(4.5) I} (t) := W (1, ), (alic) | )n.pr D,
where )
(azeg)} (5. €) = —cos(€)5- Y 94 (K1Fa) (55 m) explicn),
nez
(ajjcg)g (%n,f) =1 sm(g)% Z S)JTZ (IC:;L a) (%n, n) exp(i&n),
ne”Z
(a5 (72.€) = 2 L 3 C8) (220 explin)

and
h? = [ Tm )
(aﬁcg)ff (7, f) = —q sin(g)?% Z 62 (lC?;ffi) <%, n) exp(ién).
nez

By the Taylor expansion (A.5), we get KM (2,,41/2,n) ~ c(xm+1/2) and KM~ (241/2,1) ~ nc (2m+1/2)
as h — 0. Moreover, by taking into account (3.12)), we obtain
n(Em ) [ (Em o (Em AN W Q)

(4.6)  (atey)t (5€) ~ —cos(©) (e (2 )a( 5 €) + e (ot )0ua( S50 €) ), (atey)i (50) ~ 0,
and

(T Y sinere (P ) g ( Fm T Y cos(ere! (Em Vg (Em
(4.7 (aﬁcg)z( 5 ,f) sm(§)cg( 5 )8ga( 5 ,5), (aﬁcg)S( 5 ,f) cos(f)cg( 5 )a( 5 ,5).
Let us denote by (-, -) to be the duality product between S’(R) x D'([—m, n]) and S(R) x D([—7,7]). From
(4.6) and (4.7), we obtain that Z/'(t) — Z;(t) as h — 0 for each Z!'(t) in (4.5), 1 < j < 4, with

Ti(t) == (., t, ), —cos(§)0u(cg(@)a)),  Za(t) := W(-, ¢, ), sin(§)cy(x)ac),

Z3(t) := (W(:,t,-),cos(&)cy (x)a) and Zy(t) = 0.

We conclude the proof of Theorem by passing the derivatives of a to the accompanying factors in each
Zi(t), 1 <j <4

4.2. Proof of Theorem concerning the discrete wave equation ([1.7]). We use similar arguments
to the ones in the alternative proof of Theorem Step I. Equation of the Wigner transform
matrix W"[w"] of the solution w®(t) of . Set © := ©; + h®, where ®(, ®; are the ones in .
For simplicity, during this proof, we use YW" to denote the Wigner transform matrix Wh[wh]. Using the
definition and the equation 7 we obtain that the Fourier coefficients of W" with respect to &
verify the equation

48) oW (%’” t, n) - %@h(:r, W)W s () @ Whei (1) + Wonon (£) © (%@h(x, hy )W g (t))*.

We multiply equation 1} by h%(a:m/Z,n)/éhr and add in m,n € Z such that n = m, where a € S(R) x
D([—m,7]). After writing explicitly how the pseudo-differential operator @h(x, hd,) acts, we get

—~h =
(4.9) (OW (-t,-), @), = A" + B,

where

A= s £ XY [ (et e Wi (7o) exp (6(rags )
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and

1 h2 Tmtn )
Bh'* ZZZ/ Wmn ®w()@*( + h{) ( )exp(fzf(x%fxp)>d§.
meLN=m pEly
Here, 11" := [—7/h,m/h]. In both A" and B" we do the change of variable 7 := £h. Moreover, in A" and
B we change m by m/ := p+ (m +n)/2 and m’/ := p + (m — n)/2, respectively. In that case, we observe
that m = n is equivalent to m/,n € Z. In B", we also change p by p’ := m’ — p. After renaming m’,p’ as
m,p and 1 as &, we get

Al .= (2n)? 2 Z / ZO(Tm—n—p, ) Wp(t) ® p(t)g(xm,%7p7n) exp (i€(m — 2p — n)) d¢

m,n,pEL_"

and

B" .=

( / —w,(t —p ()OO (Tpin, f)g(x,pr%,n) exp (i€(m — 2p — n)) d€.

As in the continuous case, we set y := 2., /2, Y1 := Ty, j2_n—p and Yo := Ty, j2_p_p/2 and consider the Taylor

expansions (A.16) of ©(yLy1, ) and a(yLys, n) at = = y. We also decompose A" and B as A" := AP+ R2
and B" := B" + Ry, where A" and B" are sums of the same type as A" and B", retaining from the terms

O(y £ y1.£)aly £ y2,n) in A" and B" only ©(y, €)a(y, n) + 120 (y, €)d,a(y, n) + 119,0(y, £)a(y, n).
In what follows, we use the equivalent expression below of the discrete Wigner transform (3.3))

(4.10) weeht f“](— ) f—Zfl 2 ) exp <”’”62"5)

As in the continuous case, we also take into account the fact that the term x,,,5_, appearing in both y; and

1o yields h@gW /2i when add in P; while —z,0%a@ (y, n) yields hd¢0%a(y,§)/i when add in n (with o =0 or
a=1). Thus, A" := Al + Al + Al where

m,n,pEZ_"

~ ~ 1
A}f = E<®Wh(7ta ')7a>h,D’,'D7 A}QL = _Z<859Wh(7t7 ')7ama>h,D/,D

and

. 1
Al .= —Z<8w@35Wh(-,t, )+ 202.0W" (- t,),a)n D

and a similar expression for B” in which the signs of the second and of the third term in A" are changed,
® and its derivatives are replaced by their conjugate transpose matrices and interchanged with the corre-
sponding derivatives of the discrete Wigner transform matrix W". Thus, similarly to the continuous case,
by taking into account that ® = @ + h@®( and that @] = —@1, we obtain the following equation for wh.

oW - w'e,
h

1
(4.11) 9Wh = + (©W" + W'O5) — D (90 W" + W00
5
1 h h 1 h h h h h
= 5 (02010 W" + O W"0,01) — — (920 W" + W"3;.0:) + hR" = > g+ hR"
j=1
where the operator © (standing from derivative) is given by (D f, a)n, o » = (f, 0za)n, o/ » and R" is bounded
in S'(R) x D'(R) as h — 0.
Equation (4.22)) of the projections of the Wigner measure matrix on the Fourier modes of
. As in the continuous case, we denote by W(z,t,£) to be the weak limit of the matrix W (x, ¢, €) and
by Wi the weak limit of W™ £ = ATWIAT in (3.28), with A% () being the projectors in (3.27). Passing
to the limit in the term of order h~1 in the right hand side of (4.11]), we obtain

(4.12) O1(z, OW(x,t,€) = W(,1,£)O1(2,£), Vo €R,E € [—m, 7],
where ©1(z, €) is the limit as h — 0 of @1 (z,€) in (3.25) in which v"(z) is replaced by ¢4 () in (3.23).
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Let us observe that the projectors Ai(g) in verify the same properties as in the continuous
case. Both matrices ©; and ©; admit the decomposition with w(€) = 2sin(¢/2), while ¢ = 4" in the
first case and ¢ = ¢4 in the second one.

By multiplying by A* to the left and to the right in , the left hand side becomes 9, W™+,
while the term of order h~! on the right hand side, Ai‘I? Ai, disappears due to identity , in which
w(€) = 2sin(£/2) and ¢ = ¢4. It is easy to check that

(4.13) AT (OO (z,)A%(¢) = i%(ah(z)ah”ﬁh(z) + M (@)0" ol (2)) cos(€/2) AF(€)

1

+ (o (@)™ B" (2) — B" ()0 o (2)) (—2i sin(€/2) AF(6).

This is the analogue of (A.24) in the continuous case. Taking into account (A.23)), (A.26)) and the approxi-
mations (3.23)), we get:

(4.14) AT(OTLAR(E) ~ () cos(€/2W (,1,),

ash—0,forallz e R, ¢t>0and & € [—7, 7.

Since the projectors Ai(f ) do not depend on x, the operator © in the third term on the right hand side
of (4.11) commutes with the projectors. Taking into account (A.12)) and (A.13)), we obtain

1 1 1 1
(4.15) —Z,Aiagé)lWhAi = iagAfh WhE iAfh JATGATWIAE 4 ST JATGATWIAE
Z 9 k) 3

By taking derivative in ¢ in the first identity in (A.13]) and multiplying the result to both sides by AT, we
get

4.16 AT ATAT =0y and ATIATAT = 0,.
3 3
Using (A.13) and the definition of W% := ATW"A* the following identity holds:
(4.17) AT ATWIAT = ATH ATATWIE L AT ATATWIAL

From (4.16)), the first term on the right hand side of (4.17) vanishes, while from (A.26)) we get that the last
one tends to zero as h — 0 for £ # 0. The last term in the right hand side of (4.15) tends to zero by similar
arguments. Thus,
(4.18) (A*TEA* a)ypp = —(0AE WF,0,0),
as h — 0 for any smooth test function a. By passing the derivative of a to the accompanying factors, we get
—(ONE JWE, Opa) = (P AE WT + 00 0. WF,a).

Due to the fact that the projectors AT do not depend on the space variable x, but depend on £, we get
the following two identities (we also use (A.12) with ¢ =" and w(£) = 2sin(£/2)):

(4.19) ATTIAT = —9, A5, JATIWAT = —9, 75, 0 W"F+9, 05, (0 ATW"AT + ATW"). A7)

and
(4.20) ATTLAT = 20205, W — 0,05, (AT0.ATWIAT + AW, ATAY)
— 0 AT, (ATOATWIAT 4 ATW 0. ATAT).
Using the third identity in (A.13]), we obtain the following two identities:
(4.21) O:ATWIAT = 9. ATWE L9 ATATWIAE ATW 9. AT = WhEG AT + ATWIATH AZ.
From (4.17) combined with (A.26])) and (4.16)), we obtain that the last two terms in the right hand side
of (4.20) tend to 02 as h — 0.
From ({A.26]), the second term in the right hand side of each identity in (4.21) tends to zero as h — 0.
Thus, by passing to the limit as A — 0 in (4.11]), we obtain that each matrix W verifies the problem
(with AZ, == £e(z)w(§), w(€) := 2sin(£/2) and ¢, as in (3.23))
(4.22) IWE = (AF ,, WEL+ 0,05 (0. ATWE + WHo A7),

Cg,w?
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Here, {p, ¢} := 0¢pOyq — 0:qOyp is the Poisson bracket introduced in . Observe that, compared with
m there is an additional term in the right hand side of (4.22] - due to the fact that, in the discrete case,
the projectors AT depend on the phase variable &.

In order to conclude in Theorem |3 . we should prove that

(4.23) tr(0: ATW* + WH0.AF) = 0.

Writing explicitly both identities (A.26)) (corresponding to the 4+ and the — sign) in term of the compo-
nents of the matrix W, we obtain that the components of W satisfy the following two identities

(4 24) W11 = WQQ and ng exp(zf/?) = WQl exp(fz§/2)

Intuitively, this means that, asymptotically, the kinetic and the potential energies of . 1.7)) propagate identi-
cally. Using these two identities, we can show that W* = (W1 £ Wia exp(z§/2))A Thus, by deriving in

& the first identity in (A.13]), we obtain
(4.25) D AFW*E L WHEGA*® = (Wi £ Wisexp(i€/2)) (e AT A* + AT0AT)
= (W1 £ Wip exp(i€/2))0: A™.

Then 1) follows by observing that, since A7 has constant elements on the main diagonal, agAi has
trivial elements on the main diagonal. This concludes the proof of Theorem

5. NUMERICAL EXPERIMENTS AND THEIR INTERPRETATION

This section is devoted to present and interpret in terms of our theoretical results in Section [3| several
numerical simulations for the following two equations:

e the transport one with constant coefficient o = 1 on the finite space interval [—1, 1] with periodic
boundary conditions u(—1,t) = u(1,t) on the time interval [0,7] with 7' = 5. As numerical method,
we use the finite difference approximation with ug(t) = un(t) and w1 (t) = uny1(t).

e the wave one with constant coefficients p = o = 1 on the finite space interval [—1,1] with
homogeneous Dirichlet boundary conditions on the time interval [0,T] with T = 5. As numerical
method, we use the finite difference approximation with ug(t) = un41(t) = 0.

Here, h := 1/(N + 1) with N = 249. Set x" to be the uniform mesh of size h of the interval [—1,1]. Let
us define the following two non-uniform meshes (see Fig. |4)

(5.1) gl .= tan(nx" /4) and g"? := 2sin(7x"/6).

Both transformations g map the interval [—1, 1] into itself. The two meshes g"! and g% are symmetric
with respect to zero. The first one is finer in the middle and coarser at the endpoints, while for the second
one the situation is opposite. Both grids satisfy the regularity assumptions of Theorems and

The time discretization is done by means of the centered scheme (f"+t! — fn=1)/26t for the transport
equation and by the leap-frog scheme (f"t1 — 2f" + f7=1)/§t? for the wave equation. Here, f™ is an
approximation of the function f(¢) at the time ¢ = ndt. Since these times schemes are explicit, we use the
Courant-Fiedrichs-Lewy (CFL) condition 5t = ph, with u = 0.1.

The initial data in and are constructed out of the following Gaussian profile with v = h=99:

(5.2) Gy (y) = exp(—v(9~ " (y) — 9 ' (40))*/2) exp(ifog ™" (y)/h)-

Here, g~! denotes the inverse of function g. For the transport equation (1.6)) we consider the initial data
u"?:=G,(gh). In Figures (for gh = gh'1) and|§| (for g = g"2), we represent these solutions in the column
on the left for the particular cases (a) (§o,v0) = (37/4,1/2), (¢) (€0,%0) = (37/4,0), (e) (&0, y0) = (7/2,1/2)
and (g) (%0, y0) = (7/2,0). In each subfigure on the right, we represent the corresponding generalized ray of
Geometric Optics. For the transport equation with periodic boundary conditions, the generalized rays are an
union of curves based on the solution of the system obtained as follows. Firstly, since in this section we
deal with the transport equation (L.6)), we plot g(z1(t)) for ¢ € [0,¢], where (zy(t),&1(t)) is the solution of
with initial data z1(0) = g~ (o) and &;(0) = & (yo, £ being the ones in ) and t; is the first time
when g(z1(t)) reaches one of the endpoints of the computational domain [—1, 1], y*. Then, for j > 2, we plot
g(x;(t)) for t € [tj_1,t;], where (x;(t),&;(t)) is the solution of with initial data z;(t;_1) = —y* (which
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1 1

O+ Ot HHH+HH AT

-1 : -1 :

-1 0 1 -1 0 1
(a) Grid gh?! (b) Grid gh2

FIGURE 4. In black/blue, we represent the two non-uniform grids g"! and g2 (with mark-
ers indicating the grid points) and the application g yielding the grid in each particular case.

is the opposite endpoint of y*) and &;(t;—1) = &j—1(t;j—1) and t; is the first time when g(z;(t)) reaches the
endpoint y*. This iterative process finishes when ¢ = T'. The resolution of system is done numerically
by using the command ode45 of the Matlab environment.

Let us denote by ()\k)_NngN the square roots of the eigenvalues A* in the spectral problem below
associated to the numerical approximation for the wave equation (with constant coefficients o = p =1
on the interval (—1,1) with homogeneous Dirichlet boundary conditions) and by @™F = (@?)*NSjSN the
corresponding eigenvector:

1 (0’“*90? oy
h 8h’+gj 6h7—gj
The spectral decomposition of the solution of ([L.7) is

1 at!
hig) ~k,0 GAEY) Ak
(5.4) u”(t) = Z Z (i(u + M—k) exp(LitA ))go )
£ —N<k<N
where u*° and @*! are the Fourier coefficients of the initial data u° and u! in (1.7) defined as u** :=
(uh?, @"F) 2, i = 0,1, Set GE := (G,(g"), ¢"*)z (-N < k < N) to be the Fourier coefficients of the
vector G (g").
We take the following initial data in (|1.7)
N
(5.5) u? .= Z @gcph’k and u™?! such that its Fourier coefficients are @™ := i\Fg"0,
k=—N

Under the restrictions , the solution of becomes u”(t) := E,]cvsz @ﬂj exp(itA\F) k.

In Figures [7] (for gh = gh!) and [§] (for g" = g"2), we represent these solutions in the column on
the left for the particular cases (a) (£o,v0) = (m,1/2), (¢) (&0,y0) = (7,0), (e) (§0,y0) = (7/2,1/2) and
(g) (£0,%0) = (7/2,0). In each subfigure on the right, we represent the corresponding generalized ray of
Geometric Optics. For the wave equation with homogeneous Dirichlet boundary conditions, the generalized
rays consist of an union of curves based on the solution of obtained by reflections on the boundary.
More precisely, the first step S; in the construction of the reflected ray is to plot g(z] (t)) for t € [0,t],
where (27 (t), & ()) is the solution of (corresponding to the 4 sign) with initial data 27 (0) = g~ (yo)
and £(0) = & (yo, & being the ones in ) and t; is the first time when g(x] (t)) reaches one of the

(5.3) ) = Akahgjsﬁé?» —-N<j<N, 90]1(1\/+1) = R =0
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FIGURE 5. The numerical solution of the transport equation (1.1} (with constant coefficient
o = 1) and the corresponding generalized ray, with g(x) = tan(wz/4).
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(¢) Numerical solution for §o = 37/4, yo =0 (d) The ray of Geometric Optics
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(e) Numerical solution for £o = 7/2, yo = 1/2 (f) The ray of Geometric Optics
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(g) Numerical solution for & = 7/2,y0 =0 (h) The ray of Geometric Optics

FIGURE 6. The numerical solution of the transport equation (1.1} (with constant coefficient
0 = 1) and the corresponding generalized ray, with g(x) = 2sin(7x/6).
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endpoints of the computational domain [—1,1], y*. We chose the systern with the + sign at step S;
since in we take the Fourier coefficients of the initial velocity u’! of the form akl = s(1)iNFak0, with
s(1) =+ being precisely the sign we chose at the first step. In general, we set s(j) = —/—|— for even/odd ]
At step S;, with j > 2, we plot g(z S(])( t)) for t € [tj_1,t;], where (xjm( ), 58(”( t)) is the solution of

with s(j) sign and initial data xjm(tj,l) = s(j—1)y* and f;(j)(tj,l) 5;(11 1)( tj—1) and t; is the first time

when g(x (J)( t)) reaches the endpoint s(j)y*. This process ends when t = T.

On the right column of Figures @ we represented g(z*(t)), where % (t) is the space component of the
solution of the coupled systems (3.8)) or . Remark that (y*(t) = g(z*(t)),£F(¢)) satisfies the system

(56) () (1) = Fagly™ ()’ (€5(t ))7 (€)' () = +by(y= (1) (€5(1),  ¥7(0) = w0, £(0) = &.
Here, a,(y) := (9'cy) (97" (y)) and by(y) := ¢, (97" (y)), where ¢, is as in or as in . For the discrete
£

transport equation, the symbol w is given by w(&) := sin(£), while for discrete waves w(§) = 2sin(£/2). When
we deal with numerical schemes for the constant coefficients transport and wave equations on non-uniform
meshes as in this section, the functions a, and by in (5.6]) take the simpler form

(57) ay(9) =1 and by(y) = () (57 ).
Set £%(y, &) := (Fw'(£), £by (y)w(€)) (With b, as in ) and observe that can be written as
(5-8) (™)' (@), (€)' (1) = £y (1), €(1),  y*(0) = o, £5(0) = &o.

5.1. High frequency pathologies. Let us point out the following three pathologies of the solutions of the
discrete transport and wave equations and of the rays of Geometric Optics that we observe in Figures

e Non-propagating waves. In Figures|5 andl-l , we observe waves/rays that do not
propagate. As we will see from the phase portmzt analysis, they correspond to equilibrium (fized)
points (y*, &%) (the green ones) on the corresponding phase diagrams in Figures However,
there is a big difference concerning the dispersion along the ray between Fig(g) and Fig@(g) and
between Fig(c) and Fig(c). When the waves is very dispersive, the equilibrium point is a saddle
point, whereas when the wave is not dispersive, the fixed point is a center. These non-propagating
solutions are well-known to hold for numerical schemes on uniform meshes at wave numbers £ where
the group velocity w'(€%) vanishes.

e Trapped rays in the interior of the domain or at one endpoint. It is well-known that, for
the continuous case or for numerical waves on uniform meshes concentrated on frequencies where the
group velocity is not trivial, all the generalized rays are straight lines reflecting at both endpoints.
Instead, when the mesh is non—uniform the corresponding rays are in general strongly curved (see
Figlst(a) Fig@ Figl ),(g) and Figl or mildly curved (see Fig@ ) and
Figf8t(e), (g)) The cornpletely new pathology of the waves on non-uniform meshes is the presence of
i) waves oscillating in the interior of the computational domain without reflections on the boundary

(see Fig[i}(a),(c),(e) and Fig[7}(a),(e),(g)) and ii) waves which oscillate in the interior of the domain
and reflect only at one of the endpomts (see Fig(a)). The trajectories of these trapped rays
always remain in the red area of the phase portraits in Figures More precisely, the situation
i) corresponds to periodic orbits in the phase diagram which are completely included in the region
between the two dotted black vertical asymptotes indicating the computational domain [—1, 1], while
ii) is related to the red lateral area limited by separatrices and the dotted black vertical asymptotes
in Figures (b) Recall that a saddle point O is characterized by the fact that the space around
it is divided in four sectors by two curves (the separatrices) passing by O. Moreover, in each of the
four sectors the trajectories are arcs of hyperbolas of center O (cf. [16]).

e Generalized rays starting in the non-physical sense. The solutions for the continuous trans-
port equation with constant coefficient o = 1 and + sign are of the form u(y,t) = u°(y — t), so
that they propagate to the right. The solutions of the wave equation with constant coefficients
p =0 =1 and initial data u'(y) = (u°)’(y) (which is the analogue of the second condition in )
are of the form u(y,t) = u®(y + t), so that they propagate to the left. These directions in the con-
tinuous case coincide with the arrow sense in the phase portraits in Figures [0I0] at frequency £ = 0.
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However, as it could be observed in Fig(a),( Flg@- ) and Flgl- , the high frequency
discrete waves could start in the non-physical sense. But in Flg@ for ¢ € [n/2, 37r / 2] and in Fig[10]for
& € [, 2m] we see that the arrow orientation changes. This is not a new phenomenon for the discrete
transport equation since when the grid is uniform the group velocity w’(§) = cos(§) changes the
sign for £ € [n/2,37n/3] and this yields waves propagating to the left. But this pathology of having
waves moving in the non-physical sense is completely new for the finite-difference approximation of
the wave equation on uniform meshes where the group velocity w’(§) = cos(£/2) does not change
the sign for & € [—m, 7.

5.2. Phase diagram analysis. The following energy of the solutions (y*(t),£*(t)) of (5.8) is conserved
along trajectories:

1, _
(5.9) Egu(t) = ?(9 = () w (€ (1))
The equilibrium (fized) points (y*, %) of the phase portrait of the solution (y*(t), £*(t)) satisfy £+ (yF, £%) =
(0,0), so that (y*, &) is the solution of

(5.10) W' (&%) = 0 and b,(y*) = 0,

with by as in . From the condition of the second component f(y¥, &%) to vanish, we should normally
obtain an alternative equation of by (y*) = 0 which is w(£*) = 0. But since the symbol w(€) is a trigonometrical
one, it is in general difficult to guarantee simultaneously w(&#) = w’(£%) = 0.

The first equation in yields precisely the wave numbers ¢ where the group velocity w'(€) for
the same numerical scheme on the uniform mesh vanishes, so that, for the finite difference approximation
of the transport equation we get &% € {(2k + 1)7/2,k € Z}, while for the numerical wave equation & €
{(2k 4+ 1)mr, k € Z}. Thus, within the frequency range ¢ € [0, 27] for the phase portraits in Figures we
obtain &* € {7/2,37/2} for the transport equation and ¢ = 7 for the wave equation.

For the tangential mesh g(z) = tan(wz/4), we get b,(g(x)) = — sin(mx/2) which vanishes at any ¥ € 2Z.
The points y* in satisfy y# = g(z*). For 2 = —2,0,2 and g(x) = tan(nz/4), we get y* = —00,0, cc.
For the sinusoidal mesh g(x) = 2sin(rx/6), we get by(g(z)) = sin(rx/6)/(2 cos?(rx/6)), which vanishes for
any zt € 67Z, so that y* = 0, for each z* € 6Z. Consequently, on both tangential and sinusoidal meshes, there
are two fized points for the transport equation, (y*, &%) = (0,7/2) and (yt, &%) = (0,37/2), while for the wave
equation there is an unique equilibrium point, (y¥, &%) = (0,7).

However, in the sinusoidal case, b,(g(x)) blows-up for z° € 6Z + 3, yielding y* = g(z°) = 2(—1)* for

> = 3(2k + 1), k € Z. Thus, b, is C%'(~2 + 6,2 — §) for each § > 0. On the phase portraits in Fig@
(b), the points (y,&) € (—2,7),(2,0),(2,27) and (y,§) € (2,7),(—2,0),(—2,27) seem to be (attracting)
stable and (repulsive) unstable nodes, respectively The same happens with (y,&) € {(-2,0),(2,27)} and
(y,€) € {(2,0), ( 2,2m)} in Flg! . But we cannot find anyone of these points as solutlons of the
corresponding f*(y, &) = (with f* as in 1 ). Moreover, in [31], p.160 we see that a conservative system
cannot have any attracting pomt But in [31] the author assumes that f is Lipschitz with respect to both
components (y,£). However, a function is not Lipschitz at its blow-up points, so that there is a lack of
regularity for by in the case of the sinusoidal mesh. Nevertheless, b, has the required regularity C%! on

[-1,1].
In order to see the nature of the stable points of system, let us firstly observe that the Jacobian matriz

of f* is as follows: (6)
. _ O :Fw// é‘
It (y,€) = < by (y)w(&)  £by(y)w'(€) )

However, due to (5.10)), the component (2,2) of the matrix Jf * at any fixed point (y*, &%) vanishes, so
that the two eigenvalues of J fi(yﬂ,fﬂ) are solutions of the quadratic equation:

(5.11) N 48 (€)' (€)= .

For both numerical transport and wave equations and for any &* satisfying (5.10)), we get w(¢h)w” (&%) =
—1, so that the eigenvalues A in (5.11]) do not depend on the equation type (i.e. transport or waves). For
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FIGURE 7. The numerical solution of the wave equation (1.4) (with constant coefficient
p =0 =1) and the corresponding generalized ray, with g(z) = tan(wxz/4).
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FIGURE 8. The numerical solution of the wave equation (I.4]) (with constant coefficient
p =0 =1) and the corresponding generalized ray, with g(z) = 2sin(wz/6).
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FIGURE 9. The phase portrait of the system (5.8)) for the numerical transport equation (i.e.
w(§) =sin(§)) and the grid transformations g(x) = tan(mwz/4) (left) and g(r) = 2sin(7wx/6)
(right). We put y~ (), £ (¢) on the horizontal /vertical direction.

FIGURE 10. The phase portrait of the system (5.8) for the numerical wave equation
(ie. w(&) = 2sin(£/2)) and the grid transformations g(z) = tan(mz/4) (left) and
g(x) = 2sin(7z/6) (right). We put y*(t),£7(¢) on the horizontal /vertical direction.

both grid applications ¢ considered in this section, y* = 0. Thus, for the tangential grid, we obtain a negative
b, (0)(= —2), while for the sinusoidal one, we get a positive b,(0)(= 1/4).

In the tangential case, the two eigenvalues in are purely imaginary, A*¥ = ++/2i, so that the
equilibrium point is not a hyperbolic one in the sense of Chapter 7 in [29] and the Hartman-Grobman
Theorem (cf.[29]) cannot be applied directly. However, due to the conservation of the energy E, ,,(t) in
along the trajectories, the qualitative behavior of the linearized system at the fixed points still coincides with
the one of the nonlinear one (5.8) (cf. Section 6.5 in [31]). Thus, for both transport and wave equations
on the tangential mesh, all the equilibrium points (y*, %) in are centers (and the trajectories around
them are periodic orbits).

In the sinusoidal case, the two eigenvalues in are real and of opposite signs, \* = +1 /2, so that
the equilibrium point is a hyperbolic one and the Hartman-Grobman Theorem (cf.[29]) works. Thus, for both
transport and wave equations on the sinusoidal mesh, all the fixed points (y, £%) are of saddle type.
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6. COMMENTS AND OPEN PROBLEMS

In this article we have developed a microlocal approach for the analysis of the propagation properties
of solutions of 1 — d heterogeneous wave equations under non-unform finite difference discretizations. We
have seen that a careful study of the phase portrait of the Hamiltonian system giving the characteristic rays
indicates with precision important qualitative properties of the rays (their possibility to reach the boundary
in finite time, or to have a stationary trajectory or to be reflected inside the domain when the mesh becomes
to coarse to resolve the corresponding wave number, etc.). However, compared to our understanding on
wave propagation in homogeneous media, there are plenty of phenomena to be understood of which we list
the following ones:

1. Irregular meshes. Our analysis is limited to the case of smooth non-uniform meshes that can
be obtained by diffeomorphic transformations of an uniform one. Very likely, in the case of more
irregular meshes, obtained as deformations of the uniforms one through singular maps, other new
phenomena and pathologies will appear. In the case of 1—d waves in continuous heterogeneous media,
the lack of C'!-regularity of the coefficients allows exhibiting unexpected concentration phenomena of
the high frequency waves that contradict all the well-known propagation and dispersion properties of
waves in homogeneous media (see [5]). Systematic analysis of this extra possible pathologies related
to the irregularity of the numerical meshes is to be developed. We refer the interested reader to the
book by Cohen [6] where a careful analysis of transmission-reflection phenomena is carried on in the
case of two uniform grids with different meshes sizes.

2. Other numerical schemes. In this paper we have considered the case of finite difference ap-
proximations. It would be interesting to develop the symbolic calculus under consideration for other
numerical schemes such as finite elements, mixed or discontinuous Galerkin finite elements. This will
be done in a forthcoming paper. In particular, for the mixed finite elements in [9] we expect the corre-
sponding principal symbol to be p(x,t,&,7) = ¢'(z)o(g(x)) 7> —4tan?(£/2)o(g(x)) /g’ (x) for which the
corresponding Hamiltonian system is @' (t) = ¢, (x(t))/ cos?(£(t)/2) and &' (t) = —2¢ (x(t)) tan(&(t) /2),
where ¢,(z) = \/o/o(g(x))/g'(x). The good observability features of the mixed finite element
scheme proved in [9] could be explained by the absence of fixed points for the above Hamiltonian
system since z’(t) cannot vanish.

3. Multi-dimensional waves. The extension of the analysis in this paper to the multi-dimensional
case is a challenging problem. Our techniques can be employed to deal with non-uniform meshes
obtained as diffeomorphic transformations of a uniform grid, for instance in the context of finite
differences. But, of course, in the finite element element setting, it is common to use and deal with
meshes that are not topologically equivalent to an uniform one. Adapting the our analysis to that
framework requires of significant further developments.

4. Filtering mechanisms on non-uniform meshes. Our analysis in this paper shows the necessity of
using filtering mechanisms on non-uniform regular meshes whose corresponding Hamiltonian systems
have fixed points. In [25], we proved the efficiency of the numerical viscosity method in the context of
the boundary stabilization for the variable coefficients wave equation approximated by three-points
finite difference schemes on regular non-uniform meshes. However, for the best of our knowledge,
nothing is known concerning other well-known filtering techniques on uniform media like the Fourier
truncation and the bi-grid techniques [I1].

APPENDIX A. PROOF OF SOME TECHNICAL RESULTS

A.1. Proof of Theorem We deduce only equation for the limit measure W(y, t, ).

Step I. Weak convergence of the Wigner transforms W¢[w¢]. In order to simplify the notation, in
this proof we skip the argument [w*] accompanying the Wigner transform We€[w*|(y, ¢, ) to write We(y, t, ).
Using the boundedness of (w®?). in L2(R) as € — 0 and the conservation in time of the L?-norm of w*(-,t),
it can be proved that the corresponding Wigner transform W¢(y, ¢, ) is bounded in §’(R, x R¢) for all ¢ > 0.
Modulo extracting subsequences, we have

(A1) We(y,t,&) = W(y,t, &) weakly star in S'(R, x R¢) as e — 0, V& > 0,
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where W is a positive Radon measure.

Step II. Write the equation satisfied by the Wigner transform We. Using the equation ([2.8)) for
we(y, t), it is easy to see that the Fourier transform of W*€ in ¢, We (y,t,2), satisfies the following equatlon.
(A.2) (’9t17\/\5(y,t,x) = — [ICE’*'(y, z)ayw\e(y,t, z) + Ko™ (y, z)@zw\e(y,t, z) + 2/C2’+(y, ,75))7\/\6(;%757 z)],

where

K3y, 2) = %(C(y + %) + C(y a %)) and K™ (g, 2) = %(C(y * %> - c(y - %))

Step III. Let us multiply Wy (y,t,€) by a € S(R, x R¢) in the duality product (-, -)s/(r2),s®?), use
Parseval identity in & and (A.2)) to obtain:

1

by OV, @) s (82 5(m2) = —(ZE (1) + T5(t) + T5(1)) =

1 = = 1 a5 =
= — (27r</CZ’+8yWE,a>3/(R2)’S(R2) + %UCZ’ a,. W ,a>3/(]R2)’S(R2) +

(A3) (WS, a)si(r2),s(rR2) =

1 €,+yre =
%<2K:d w ,a>51(R2)’3(R2)) .

The terms Z{(t) and Z5(t) are generated by the principal operator in (2.8)), c¢(y)9,, and Z5(t) is the
contribution of the potential d(y)w®. Let us pass to the limit in each term I;(t), 1 < 5 < 3. By passing

the derivatives in y and z from W€ to the other factors, taking into account that 9,K5+ = K5 and

0, K$™ = ICZ;Jr and applying once more the Parseval identity in z, we have
(A.4) T5(t) = (W, (afe) ) svrey,sey, 1 <5 <3,
where
(05015 (0:8) =~ [ (5" (200, 2) + K2 (02104, 2) exp(i62) s
R
1 ~
(afc)s(y 5 / KT (y, 2)aly, z) + K& (y, 2)0.a(y, 2)) exp(i€z) dz
R
and

(@20)5(0:) = 5 [ 25" (0. 2V, 2) explic) d
R
Let us remark that, by Taylor expansions of é(y &+ €z/2) around y, for all regular functions é, we get

(A.5) K§’+(y,z) = %(é(y—l—%)—i—é(y—%)) ~ ¢(y) and KZ™ (y, 2) := 1(E(y—&-%) —E(y—%)) ~ & (y)z

€

as € — 0 (C'(R) and C*(R) in the first/second case), so that (afc)$(y,&) — (afic);(y, &) in S(R?), where

(A6)  (ate)i(y,§) := —(y)a(y, &) — c(y)dya(y,§), (afc)2(y,§) := —c'(y)aly, &) + ¢ (y)Ie(&aly, £)).
and
(afic)s(y, §) == 2d(y)a(y,§).

Passing the derivatives of a with respect to y or £ in the right hand side of (A.6]) to W in (A.4) and taking

into account |-i we obtain Z{(t) — (c(y)O,W, a)s(r2),s®2)s Ls(t) = (= ()W —  (y)E0:W, a) s (r2), s (R?)
and Z5(t) — (' (y)W, a)s/(r2),s(r2) as € — 0. This concludes the proof of (A.6} .
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A.2. Proof of Theorem The first proof follows the same steps as the one of Theorem [2.1] and we
start directly with Step II which has some differences with respect to the corresponding one in the proof
of Theorem [2.1} Let us remark that the Fourier transforms of W& (y,t, &) in &, W% (y, t, 2), satisfy the
system:

(A7) OWEE = £KT (y, 2)0,WF £ K5 (y, 2)0.WF + K5 (y, 2)Wo*

1 e €+ € e =€,
T §1Ca’+(y,Z)W F KW

Here, K&% are as in . Observe that the first line in is precisely of the same type as in which
the the arguments in Step III in the proof of Theorem suffice to pass to the limit. The only remaining
thing is to pass to the limit in the second line of which does not depend on W\E’i, but on the Fourier
transforms of W¢* in satisfying the system:

€+ —€,F

2 €,+ € e — et € e,— =T Te,+
(A.8) ow = —EICC’ (y,2)0.W  — ilCC’ (y,2) 0,V — 5’6(3; (y, 2 )V + A=,
where .
AT = Ko (y, 2) WS —WET) and A9 = 5/C?—(y, 2)WET W),

c

Remark that both W% are bounded as € — 0 in S’ (Ry x R¢), so that, modulo extracting subsequences,
they converge weakly star to W+ in 8'(R?). The second term of the second line in is of order ¢, so that
it converge to zero as € — 0. The first term is of order one and, following the same arguments in Step III
of the proof of Theorem [2.1) we can prove that for all a € S(R?) the following convergence holds as € — 0:

11 -6+ < ~

$§§<’C§’+W ,8) S (R?),S(R?) —* $§<5(Z/)W+7a)s'(R2),S(R2)-

In order to get 1) we have to prove that, for all £ # 0, wt (y,t,€) = 0. This is obtained by passing
to the limit in (A.8)). Let us observe that the first term in the right hand side of (A.8) is of order ¢!, the
following two are of order €, while the fourth one and the time derivative on the left hand side are of order
one. By multiplying 1) by eﬁ(x, 2)/27 (a € S(R?)) in the duality product (-, ) s/(R2),s(r?) and passing to
the limit as € — 0, the duality products corresponding to all terms in (A.8]) converge to zero, excepting for
the one corresponding to the first term on the right hand side. Thus,
. 1 . /N\Evi = . ~

(A.9) lim %<’Cc’+3zw \ @) s R2),5(82) = (c(y) (—IWF, a)s/(w2) s2) = 0.
Since ¢ # 0, we obtain that, for all £ # 0, W¥ = 0. This concludes 1)

Set w(y,t) := (w(y,t),w(y,t)) to be the column vector containing the two unknowns in (2.14) and

O(y,&) :=O1(y,&) + €Oy, ), where

000 = (e W) maenu o= (0 W),

Thus, using the notation in Subsection system (2.14) can be written in its pseudo-differential form

as
1 1
(A.10) Ow(y,t) = Oy, d,)w(y,t) = (©1(y,ed,) + Ooly,cd,) ) w(y, ).
The matrix ©4(y, £) admits the Fourier decomposition @1 (y,£) = iAA(y, ) A*, where
A (y,€) 0 ) 1 ( 1 1 >
A1l Ay, &) = &8 _ , A:=— ,
(A.11) () ( 0 A8 va\l -1

and )‘E_L,é (y,€) := +c(y)¢. Remark that the eigenvector matrix A in l) does not depend on anyone of
the variables y and £. Let us define the projectors AT to be

1 0 171 1 _ 0 0 1 1 -1
+ . * = _ * =
A ._A<O 0>A _2(1 1>andA _A<0 1>A _2(_1 1 )
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Set w(€) := £. Remark that he matrix @4 (y, ) associated to the principal operator in can be
decomposed as
(A.12) O1 =i, AT +iN AT,
Moreover, the following identities hold (04, I being the d-dimensional null and identity matriz):
(A.13) ATAT =A% ATAT =0, AT+A =1L

In what follows, we give a second proof of Theorem which follows the one of Theorem 6.1 in [I5], is
more technical than the first proof we gave, but provides additional information with respect to that one. It
highlights the interpretation of the results in Theorem in terms of the spectral decomposition of @1 (y, &).

Consider initial data w°? = (w9 wY) in depending on a small parameter ¢ and denote w¢(y,t)
the corresponding solution. For simplicity, set W* := W*[w¢] to be the Wigner transform matrix of we.

Step I. Equation of the Wigner transform matrix W¢. Using the definition of the

Wigner transform and equation (A.10]), we obtain the following expression of the Fourier transform in £ of
Wy, t,8), W (y,t, 2):
(A14) W (y,t.2) =

= %G)(y,eay)w€ (y - %,t) ® (We(y—i- %,t))* —l—Ws(y - %,t) ® %(@(y,eay)we(y—l— %,t))*.

Let us consider a € S(Ry x R¢) and multiply 1' by g(y,z)/%r. After writing explicitly how the
pseudo-differential operator ©(y, €d,) acts in (A.14)), we obtain:

(A.15) %@WEEE/(R?),S(R% = A° + B°,
where
A€ — (271r)2 /%@(y - %,en)wé(x,t) ® (wE (y + %,t))*exp (zn(y - % - x))g\(y,z) dx dy dz dn
Ra
and
B = ﬁ /Wf (v=5t) & (w1 (i@(y + 622,677)>* exp (—in(y+ 5 — =) )aly, =) dvdy dz di.
R

In A€ and B¢ consider the change of variable ¢ := en (thus, dn := e *d(). We also do the change of
variable y — ¢’ so that y+e€z/2 = 2y’ —x (in A€) and y—e€z/2 = 2y’ —z (in B€) (thus, dy = 2dy’). Moreover,
in B¢ we change x — x’ = 2y’ — x. After all these changes, A and B¢ become

€z

A = ﬁ% / %@(Qy—m—ez,C)We(x,t)®(we(2y—x,t))* exp (2 i (y— —?))%@y—m—%,z) dr dy dz d¢
R4

and

_ ﬁ%/we(x,t)®(w€(2y—x,t))*(%@(Hez,g)) exp (2 (y—a~ L))o+ C.2) dedydzdc
&

Remark that 2y —x —ez=y+y1, x+ez=y—y1,2y —x —€ez/2 =y +ys and x + €2/2 = y — ya, with
y1 =y—x—e€zand yo = y — x — ez/2. The following Taylor expansions of ®(y + y1,() and %(y + 2, 2)
about y hold:
(A16)  O(y+y1,0) = O(y,Q) +119,0(y, ) + yIRE and Gy + yo, 2) = Ay, ) + y29,a(y, 2) + YBRE,
where ’R,{(S = ’R,@(y,yl,g) and RF = Ri(y,yg, z) are the corresponding Taylor remainders. We write
A€ and B as A€ := A° + RS and B¢ := B¢ + Ry, where A€ and B¢ are integrals of the same form
as A° and B¢ retaining from the factors ©(y + y1, C) (y &+ y2, 2) appearing in A€ and B€ only the terms
O(y, () (y,2) £ y20(y, C)ﬁya(y, z) £ 10,0 (y, C)g(y, z). We follow by using the following equivalent form of
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the Wigner transform matriz (2.6) which can be obtained by the change of variable z — y = z — €z/2 in
£.0):

12 2 _
(A.17) WEEL £2) (2, €) = o= / £1(y) @ £2*(22 — ) exp (M) dy.

27 €
R

We also take into account that the term y — « entering in both y;, and y, yields ed:W*(y, t,()/2i when
integrate in « in both A€ and B¢, while the term —ez@jﬁ(y,z) yields €d¢0; a(y,()/i when integrate in z
(with & = 0 or @ = 1). Thus,

A 1 € 1 € 1 €
ATi= E<®W ('?tv ')v a>5'73 + Z<@85W ("t’ ')v 8ya>3'75 + Z<®W ('7t7 ')’ 855a>3'73

1 1
+ %@y@agwf(, t, '), a>5/75 + ;(@,@We(, t, -), 85a>5/75

and a similar expression for BE, in which the only changes are that the terms in the integrand from the second
to the fifth ones change the sign, the matrix ®(y, ) and its derivatives are replaced by the corresponding
conjugate transpose matrices and interchanged with the corresponding derivatives of the Wigner transform
matrix W(y,t,€). Here, (f,a)s.s := [po f(y,&)a(y, &) dydE. Passing all the derivatives of a with respect
to both y and £ to the accompanying factors, we obtain

- 1 1 1
(A1) A= COW ot )+ 5 {0, W (1, )} — 50 OW (1, a)s.s

and a similar expression for B¢, in which the sign of the third term is changed and the above mentioned
transformations concerning the conjugate transposition of @(y, &) and the interchange with W*(y, ¢, ) are
done. Here, {p, q} := 0¢p0yq — OypOeq is the so-called Poisson bracket (cf. [L5]).

Let us show that the terms R and Rg are small with respect to e. We explain how this can be proved
for R4, for Ry the arguments being similar. Remark that RS, is an integral of the same type as A€, in which
the factor @ (y+y, Oaly + Y2, 2) is replaced by Y30 (y, ORY +1y1420,0(y, C)dyaly, 2) +y1y30,0(y, ORE +
y-f’llga(y, z) + y%nggayﬁ(y, 2) + y2yIRERT. Each term of this integrand contains powers of the form
yf‘yg , with a + 8 > 2. In order to make clear the ideas, we analyze only the integral Z¢ involving the term
Y1Y20,O(y, g)aﬁ(y, z). For the other ones, one can do a similar analysis, taking into account the fact that
RE ~ 020(y,()/2 and R ~ 853(1/, 2)/2. Observe that y1y2 = (y —x)? — 3ez(y — x) /2 + €222 /2. As before,
we take into account the fact that (y — z)® yields (e/2i)o‘6§‘WE(y, t,¢) when integrate in x, while any factor

(ez)o‘a,fg(y, z) is converted into (—€/i)*0¢d; a(y, ¢) when integrate in z. In this way,
€ € 1 € € € € €

7= —E<18y®8§W (-, t, ~),8ya>3/,5 — 5(83,@6&1/\7 (), 8§5a>5/,5 — §<6y®W (- t,4), 8352@3@5.

Passing all the derivatives of W€ with respect to y or £ to the accompanying factors, we obtain
€ € €
I = 71<7 8252 ®a(y7 g) + 682520’7 w ('7 ta ')>S,S/7

so that, taking into account that W€ is bounded in (8'(R, x R¢))* and that @ = ©; + €@, with ©¢ and
©®; regular enough so that ®;a and 5‘252 ©;a are in (L>°(R?))4, for all i = 0,1 and a € S(R?), we conclude
that Z¢ = O(e).

By applying the Parseval identity in the left hand side of (A.15)), taking into account the above consid-
erations on A€ and B¢ (see (A.18)), the fact that ® = @1 +€®g and that ®] = —O;, we conclude that the
matrix W¢(y, t, () verifies the equation

O, W — WO N . .

(A.19) oW = % + (@W* + W) + ({01, W} — (W, 81})
1

— 5 (OO + WD 01) + R,

where R is bounded in (S§'(R?))%. Observe that this is a similar equation to (6.12) in [15], excepting the
term —(9;:©1W* + W<9:.©,)/2i. This comes from the fact that in that case equation (A.10) involves the
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Weyl operator ®" (y, edy) instead of O(y,ed,) (for the definition of the Weyl operator, see formula (1.4)
in [I5]). Of course, W[(O(y,€d,) — ©"(y,edy))uc,v] — 0 as e — 0 in §'(R?), for all vector functions
u®, v¢ bounded in (L*(R))? as € — 0. Due to the fact that the operator ©(y,€d,) in is multiplied
by a factor ¢!, the additional term in with respect to (6.12) in [I5] comes from the fact that
Wele 1 (O(y, ed,) — O (y,€d,))uc, v is not at all trivial as € — 0.

Step 1I. Equation of the projections of the Wigner measure matrix on the Fourier
modes of ©4(y,&). Let us denote by W(y, t,£) the weak limit of the Wigner transform matrix W*(y, t, £).
Remark the following relation between the limit VW in Theorem which is a scalar quantity and WW:

(A.20) W = lim (W*[we] + W we]) = lim tr(W°) = tr(W).
e—0 e—0
Since the first term on the right hand side of (A.19) is of order ¢!, we get directly from (A.19)

(A.21) O1(y, HOW(y,1,§) = W(y,1,£)01(y,§), Vy,§ €R.
This is the analogous of in the first proof of Theorem Remark that, for £ = 0, @1 (y, &) is the null
matrix, so that becomes an obvious identity from which one cannot get information about W.

Set WoE(y, t,€) := AW (y,t,€) AT, where W* is the Wigner transform matrix in and W¥ =
lim,_,o WS, Let us multiply (A.19) to the left and to the right by AT In this way, the left hand side of
is transformed into W™ (y,t,£). Remark that, by using the decomposition of the matrix
O (y, &), the first and the second identities in , we obtain

(A22) Ai@l (ya g)wé(y7 ta g)Ai - Aiw€(y’ ta 5)61 (y, E)Ai = Z)‘zt,w (y, g)we,i (ya t7 5)7

with w(¢) = & Thus, under this process of multiplication of (A.19) by A®, the term of order ¢! on the
right hand side of (A.19) vanishes. Now, let us remark that, using the last and the first identities in (A.13)),
we obtain

(A23)  ATO)(y, OW (y, 1, AT = AFOo(y, ) AW (y,t,6) + AT Oy, ) ATW (y,1,§) AT,
We also get the similar identity ATW@;A% = WoEAT@F AT+ ATW ATO AL, An easy computation
yields
i 1
(A.24) ATO(y, ) AT = ATO[(y, AT = = (d(y) + e(y)) AT,

where the functions d and e have been introduced in (2.16]). Thus, the second term in the right hand side of
(A.19) becomes:
(A.25) A (OW + WO AT = £(d + e)W " + ATOATIW AT + AW ATO;A*.

In what follows, we show that the last two terms in the right hand side of ({A.25]) converge to 02 as e — 0
for € # 0. To this aim, we multiply (A.21) by AT to the left and by A7 to the right. Taking into account
1) and the first two identities in 1) we obtain ()\Cié(y,f) - /\j’é(y,5))A¢V\)(y,t,£)AjE = 09, and,
by taking into account the fact that, for £ # 0, )‘:g (y,&) # )‘jg (y,&), we finally get
(A.26) ATWA® = 0,.

Due to (A.12), to the fact that the projectors AT do not depend on anyone of the two variables y and £ and
to (A.13)), we obtain the following two identities concerning the third and the fourth terms in (A.19)):

1
(A.27) 5 AT ({01, W= W e })a* = 37, W}
and

]‘ € € €
(A.28) 5 AT (O5e O + W0 01) AT = Gi AT WV

Recollecting (A.22) and (A.25//A.28), we obtain that the matrix W* = lim,_,o W*¥ verifies the problem
OW*F = £(d(y) + e(y))WT + {AZ,, W} — 20 WF, with w(é) = ¢ Using (2.16) and the fact that

3
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A, = =i, = c(y)§, we see that the first and the third terms on the right hand side of this equation cancel,
so that the equation for w* simplifies to
(A.29) IWT = AL, W
Remark that by applying the trace operator to , we obtain that W+ = tr(Wi) verifies equation

(2.20). By passing to the limit as € — 0 in the identity WEE = ATWEAT we obtain that WE = ATWA*,
We remark the following identities:

(A.30) W=tr(W) =tr(WH) +tr(W ™) =W + W,
where W = lim._,o(W¢[w€] + WE[w€]) is the Wigner measure introduced in the statement of Theorem [2.2
and W* = lim._,o W¢[(w* + ©@¢)/+/2]. This concludes the proof of Theorem

A.3. Proof of Proposition [3.1

Remark 6. Using the change of variable u(y,t) = u(y,t), with y = H(y) and H'(y) = o(y), the transport
equation with variable coefficients becomes the transport equation with constant coefficients below:

(A.31) Ouu(y,t) + 95u(y. 1) =0, geR, t >0, u(y,0)=a"(y) :=u’(H (7)),
for which the solution is u(y,t) = u’(y —t) = u(H 1 (y —t)). Then the solution of is given by
u(y t) = u’(H~'(H(y) - t)).

We use Lax-Richtmyer Theorem (cf. [19]), guaranteing that a numerical scheme is convergent if and
only if both its consistency and stability properties hold. The stability of (1.6)) means the existence of an
uniform constant C'> 0 as h — 0 (C := g7 ¢~ in our case) such that (here, ! © "2 := (f] f7);ez)

(A32)  (0"9(x") @ olg(x")) @ A (1) — (1), EH (1) = COUIF(D)][% ). VE (1) € 3, ¥t > 0.

The consistency means to consider a solution u(-,t) of (1.1)) belonging to C?(R,) for all t > 0 and to
plug it in the numerical scheme (|1.6]) to obtain (by Taylor expansions):

(433 olo)Onulgy 1) + WD WL
gj+1 — gj—1
where L 2
o 9j+1 — gy 2
ri(t) == imayu(9j+l/2,t) -
and 0;41/2 € (g5,95+1), for all j € Z and all t > 0.
Using the hypothesis on g, we obtain the following estimate on the residual r”*(¢) := (r;(¢));ez:

1 (93“9;‘—1)2 2
— 2=~ 9cu(0_1/9,1
2(gj+1—gj-1) 7 Oi-1/2,1)

h .
(A.34) 10" g;m;(t)] < Z(9$)2(|3§U(9j+1/2,t)| +07u(0;_1/2, 1)), Vj € Z, ¥Vt > 0.
Let us remark that the error e”(t) := u(g(x"),t) — u"(t) satisfies the problem
ir1(t) —ei—1(2
(A.35) olo(e;)nes () + Tl gy o o) =0, ezt >0
gj+1 — gj—1

By multiplying (A.35) by h(‘?hgjej (t), adding in j € Z and using the stability estimate (A.32)), we obtain
(A.36) gzo a(lle"®)[7) < lle" (@)l 10"g" @ " (D)lle2,
form where, using the hypothesis on g, we have

1
(A.37) ai(|le" (®)lle2) < o 10"g" @ " (1)l

d

or, taking into account the fact that e"(0) = 0,

1

(A.38) [1e" ()2 < 5——
9q O

t
t
/ 19" & 1 (s)||ez ds < —— sup [|0"g" © ()]s
) 29, 0~ selo,]
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From Remark [f] we see that

umx%iﬂ%t):(U%N“TJQ¥Wﬁﬂﬂ)+t»(dfﬁff3${%ﬂ)2

0'(0j1/2)0(H(0j11/2) +1) — (0(0541/2))% 0" (H(j11/2) + 1)
(0(H(0j+1/2) +1))? ’

+ (u®) (H ™ (H (0j41/2) +1))

so that, using the hypothesis on the coefficient o, we obtain
otoj(1+0")

(07)?

+\2
(A39) Juy (822,01 < ) (™ (H By02) + )| (2= )+ 10 (! (H By512) + 1)

Let us denote by Gil/Q := (0+1/2)jez. From 1) and 1) we obtain that

18" © 2 ()= < (g 100} 2,8l + 1150”1 2 )] )
+
< @D [() ) EO}) + )l + 1) (" ) + 5Dl
+ ot +
# S E L) 1) (1 (6) + D e + 6 (HHO o) + )]

For a function f € C.(R), we have

/
A (H O ) + D) < [1Flleoe s (B0 st B (H(Bys1/2) + ) € suppf})

< || fl] e (£(g~ (H*(H(suppf — 5))))) /%,

where £(A) is the Lebesgue measure of the set A.
The conclusion (3.4)) follows by taking

+2 +.2 -
(A.40) C(t,g,0,u’) := i(ggjg)_ {(57_) H(uo)/HLoo(]R)( Sl[lop]E(gil(Hil(H(Supp(uo)" B s))))) /
¢ s€l0,t
+ o+ N
" W'(“O)'”LW( sup (g™ (™ (H(supp(u) - )"

A.4. Proof of Proposition As in the proof of Proposition the error €”(t) := u(g;,t) —u;(t) solves
the equation:

) =40 — g (g(a;_y ) D=2l

o(9(xj+1/2
9j+1—3G5—1 = r.](t)7 6](0) = Ej’t(o) = 07
2

(A41)  plg)07e; —
for all j € Z and ¢ > 0. Here the residual 7;(t) below is the error obtained in the consistency analysis when
the solution u(g;,t) of the continuous equation (1.4) is introduced in the discrete equation (1.6):

ri(t) = ri(t) + - (),
where

o(g;) So(£)(gj£1 — 95)205u(041 2, 1)
+ 9i+1 — 2951172 + 295172 — gj-1
()= r2(1) = 0 (g)dyulgy, ) U T2 T,

3(9j+1 — gi-1) gj+1— gj-1
Xi:(i)(gjilﬂ — 95)(gj£1 — g5)
ri(t) == o' (g;)05u(g), t) =
0. ;(i)(gjilm — gi)(g5x1 — 95)%0"(95)05u(041/2, 1) S0 ;(i)(gjilm —9;)%0" (0j£1/4)0yu(g;.t)
J T > g T ’

3(gj+1 — gj-1) gi+1 — gj-1
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g(i)(gjilﬂ —9;)*(gj+1 — gj)U/'(ejil/zx)agu(gj, t)
r?(t) = 5o : ,
(gj+1 — 9371)
> (E)(gjz1/2 — 9i)*(gj+1 — gj)20'/(9ji1/4)3gu(9ji1/2, t)
() == = :
6(gj+1— gj-1)
with g; 172 <0174 < g5 < 04174 < gjy1y2 and gj—1 <0; 1,2 < g; <O0j11/2 < gjt1-
Let us remark that, using the hypothesis on g and o, we obtain

o1 ot (gq)* 3 dgdd
|a 957 (t)| < Thz |6yu(9j:|:1/2u )| |a gj j( )‘ < h‘a u(g]7 )|7
+

+( 3)2 2 (gd) d 2
0" g;73(t)] < 7h|3yU(gj,t)\, 0" g7 (t)] < h Zla u(0j41/2:1)],

;Zi(gﬁ jd(gj)?’ 2192
0" g3 (1)] < = Moyulgs, ), 0" g;78(1)] < = h10yuls, b)),
and

g
09,17 (0)] < %hi’)Da (B2,

By multiplying 1] by hahgje} (t), we obtain

(A42)  2min{\/gp- \f MR (1), e (s < 20280 (€ (1), 1" (1))
Bhgj ri(s)]? 12 s
go/(th(gj)J( #)

JEZL

t . 1/2
< sup (||0"g" © 1" (s)|[e= (RE{j s.t. 7;(s) # 0}) / ).
/p_g; s€[0,t]
Remark that
(A.43) 107" ©r ()l < (Cuh + Cah? + Coh®)|fu 5)| [y v)-
Let us introduce the function
[ [o2)
p(z
A.44 F(y) = —dz.
(A4 w=[\E5
0

For all z € R and s € Ry, set 2%% := F~1(F(z) £ s). Let us remark that for the continuous wave equation
, the space component y4(¢) of the two families of characteristics in can be found independently
on the phase variable £ (t) and is precisely y4(t) = yb* = F~1(F(y) +t), with F as in (A.44).

The following result shows that if the initial data (u°,u!) in is compactly supported in (a, b), then
u(+, ) is supported in (a*~,b%T)),

Lemma A.1. Let [a,b] = (suppu® U suppu') and (yo,y1) C R\ [a,b] be an interval in the complementary of
the support of the initial data (u®,u') in . Then, for all s < Tp = (F(y1) — F(y0))/2,

Yo
(A.45) / (p(y)|0euly, s)” + o (y)|dyuly, s)*) dy = 0.

5+
Yo



WAVE PROPAGATION IN DISCRETE HETEROGENEOUS MEDIA 39

By choosing (y§,y") C R\ [a,b] such that (y5>*",y{"* "), is a partition of R\ [a®~,b%%], we get

/ () |Beuy, )P + o) Dyuly, s)%) dy = 0,

R\[a® b 4]

so that, using the decay properties of the solution w(-,s) of (1.4) at infinity, we obtain that u(-,s) = 0 in
R\ [@*~,b*T] for all s > 0, meaning that suppu(-,s) C [a*~,b>"]. Thus

(A.46) hf{j s.t. rj(s) # 0} < hi{j s.t. u(g;,s) # 0} = hi{j s.t. g; € [, b5} = E(g_l([as’_,bs’+])).

It is well-known that if the initial data (u®,u!) in belong to H* x H*1(R) and is compactly
supported, then the solution u(-,t) belongs to H¥(R) and, as we saw, it is compactly supported. Then
u(-,s) € HF(R). In order to guarantee that u(-,s) € W>*(R), we have to impose H¥(R) C W3 (R),
which, by the Sobolev embedding, holds if k£ > 3 4+ 1/2.

We conclude the proof of (3.17) by plugging (A.43]) and (A.46) into (A.42)).

Proof of Lemma[A.1l Let us consider the curved trapezoid 7 = T (yo,y1, F,s) :={y € [y(t)’Jr, yi’f], t€[0,s]|}
(see Fig. , multiply equation (1.4) by d;u(y,t) and integrate in 7.

i S -
) (s

Yo vy AR

F1GURE 11. The curved trapezoid T is the region inside the blue curve.
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By integrations by parts, we obtain only integrals on the boundary of the trapezoid. More precisely, by
integrating p(y)0?u(y,t)dsu(y,t), we obtain

Syl

(AAT) / p(y )y, )y, £) dy dt = / / ()0 (Jur(y, £)[2) dy dt

T

+F(y) Flyo) %' s w1 F)—F(y)

:%/ / / / / / [ )0y, 0F) e dy

-1 / oIty )~ Fo) Py + 5 [ ologuty, )l dy
5 [ ooty Fan) = F)P dy = 5 [ plwlow(u. 0F dy.

By integrating 9y (o (y)9yu)(y,t)0su(y,t), we obtain
s yl

(A.48) /8 Y)0yu)(y, t)0u(y, t) dy dt = / / Oy ( y, 1) 0wu(y, t) dy dt

LT, / o ()8 uly, )O%u(y, £) dy dt,
T

where
S S

Iy := / oy )Oyulyy ™, )dulyy ™, 1) dt and Ts = / oy )Oyulyy ™ )rulyy ™, 1) dt.
0 0
Since o (y)dyu(y, t)02u(y, t) = o(y)d(|0yu(y, t)[*)/2, the last term in the right hand side of (A.48) can
be treated similarly to (A.47)). Finally, we obtain

s,—

Y1

(A.49) 0<, / (p(w)|Ovuly, O + o ()|Oyuly, )2 dy = T1 — To — Ty — T + Ts,
where 0 Y1
1= 5 [(GWl WP + o)) () dv
Iy = % / (p(W)|Bruly, F(y) — F(yo)I* + o (y)|dyuly, F(y) — F(yo))|*) dy,
and

Y1
1
L= / (p(y)|euly, F(y1) — F(y)* + o)|0yuly, F(yr) — F(y))[*) dy.
Yy
Due to the fact that u® = u' = 0 in (yo,y1), we have

(A.50) 7, = 0.
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By the changes of variable t — y = y8’+ inZg and t —» y = y§’7 in Zs and due to the fact that 1)
implies that F'(y) = v/p(y)/o(y), we obtain

yo' "
(As)  ~L-Ti=—y [ Vo0 F@) - Fl) +Vol)d,uly. Fly) = Fun)) [ dy <0
Yo
and
v
(A52) L4 T=-y / [V el)druly. F ) = F(y)) = /o )dyuly, Fy) — Fw)[ dy < 0.
"
We conclude by replacing (A.50), (A51) and (A.52) in the right hand side of (A.49). O
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