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Abstract

Let X,, = {x7}7_, be a set of n points in the d-cube I := [0,1]%, and ®,, = {;}_, a family
of n functions on ]Id. We consider the approximate recovery of functions f on I¢ from the sampled
values f(z1),..., f(z™), by the linear sampling algorithm L., (X, ®,, f) := Z?Zl f(27)p;. The
error of sampling recovery is measured in the norm of the space Lq(]ld)—norm or the energy
quasi-norm of the isotropic Sobolev space W (I?) for 1 < ¢ < 0o and v > 0. Functions f to be
recovered are from the unit ball in Besov type spaces of an anisotropic smoothness, in particular,
spaces B )”3 of a “hybrid” of mixed smoothness a > 0 and isotropic smoothness # € R, and
spaces Bj , of a nonuniform mixed smoothness a € Rd We constructed asymptotically optimal
linear samphng algorithms L,, (X, @, -) on special sparse grids X and a family ®} of linear
combinations of integer or half integer translated dilations of tensor products of B-splines. We
computed the asymptotic order of the error of the optimal recovery This construction is based
on B-spline quasi-interpolation representations of functions in B ¥ P and By g . As consequences
we obtained the asymptotic order of optimal cubature formulas for numerrcal integration of
functions from the unit ball of these Besov type spaces.
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formulas; Optimal cubature; Sparse grids; Besov type spaces of anisotropic smoothness; B-spline
quasi-interpolation representations.
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1 Introduction

The aim of the present paper is to construct linear sampling algorithms and cubature formulas
on sparse grids based on a B-spline quasi-interpolation, and study their optimality in the sense of
asymptotic order for functions on the unit d-cube I¢ := [0, 1]¢, having an anisotropic smoothness.
The error of sampling recovery is measured in the norm of the space Lq(]ld)—norm or the energy
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norm of the isotropic Sobolev space W,/ (]Id) for 1 < ¢ < oo and v > 0. For convenience, we use
somewhere the convention W (1%) := L, (19).

Let X,, = {xj}?zl be a set of n points in I¢, &, = {¢;}j—; a family of n functions on 4, If
f is a function on I?, for approximately recovering f from the sampled values f(z!), ..., f(z"), we
define the linear sampling algorithm L, (X,,, ®,,) by

Ln(Xna q>n7f) = Zf(:l?j)(,ﬁj (11)
=1

Let B be a quasi-normed space of functions on I, equipped with the quasi-norm |-z For f € B,
we measure the recovery error by || f — Ly (Xy, @, f)||5. Let W C B. To study optimality of linear
sampling algorithms of the form (1) for recovering f € W from n of their values, we will use the
quantity of optimal sampling recovery

(W,B) = nf - sup | = Ln(Xo, B, )l
nyEN c

Further, let A, = {)‘j}?:l be a sequence of n numbers. For a f € C(I¢), we want to approxi-
mately compute the integral

1) = [ #(a) ds
1d
by the cubature formula

In(Xn, A, f) = )X f(ah).
j=1
To study the optimality of cubature formulas for f € W, we use the quantity of optimal cubature

in(W) == inf sup |I(f) — In(Xn, An, f)].
XnAn few

Recently, there has been increasing interest in solving approximation and numerical problems
that involve functions depending on a large number d of variables. Without further assumptions the
computation time typically grows exponentially in d, and the problems become intractable already
for mild dimensions d. This is the so called curse of dimensionality [2]. In sampling recovery
and numerical integration, a classical model in attempt to overcome it which has been widely
studied, is to impose certain mixed smoothness or more general anisotropic smoothness conditions
on the function to be approximated, and to employ sparse grids for construction of approximation
algorithms for sampling recovery or integration. We refer the reader to [0, 24] [34], [35] for surveys
and the references therein on various aspects of this direction.

Sparse grids for sampling recovery and numerical integration were first considered by Smolyak
[38]. He constructed the following grid of dyadic points

D(m) = {27%s: ke D(m), s € I(k)},

where D(m) = {k € Z% : [kl < m} and I4(k) == {s € Z1 : 0 < s5; < 2% i € [d]}. Here and in
what follows, we use the notations: zy := (z1y1, ..., xqyq); 2% = (2%1,...,2%4); |z|; := Zle |;| for
z,y € R% [d] denotes the set of all natural numbers from 1 to d; z; denotes the ith coordinate of



zeRY e, x:= (21, ...,2zq). Observe that I'(m) is a sparse grid of the size 2mma=1 in comparing
with the standard full grid of the size 29™.

In approximation theory, Temlyakov [40] — [42] and the author of the present paper [13] —
[15] developed Smolyak’s construction for studying the asymptotic order of r,(W, L,(T%)) for
periodic Sobolev classes W and Nikol’skii classes H, having nonuniform mixed smoothness
a = (a1,...,aq) € R? with different a; > 0, where T denotes the d-dimensional torus. For the
uniform mixed smoothness a1, Temlyakov [43] investigated sampling recovery for periodic Sobolev
classes Wl‘f‘l and Nikol’skii classes H;‘l, and recently, Sickel and Ullrich [36] for periodic Besov
classes Ugé , where 1 := (1,1,...,1) € R?. For non-periodic functions of mixed smoothness linear
sampling algorithms have been recently studied by Triebel [45] (d = 2), Dung [I8], Sickel and
Ullrich [37], using the mixed tensor product of B-splines and Smolyak grids I'(m). Smolyak grids
are a counterpart of hyperbolic crosses which are frequency domains of trigonometric polynomials
widely used for approximations of functions with a bounded mixed smoothness. These hyperbolic
cross trigonometric approximations are initiated by Babenko [I]. For further surveys and references
on the topic see [12] 41l [43] 21], and the more recent contributions [36} 46].

In computational mathematics, the sparse grid approach was first considered by Zenger [51].
Numerical integration using sparse grids was investigated in [23]. For non-periodic functions of
mixed smoothness of integer order, linear sampling algorithms on sparse grids have been investi-
gated by Bungartz and Griebel [6] employing hierarchical Lagrangian polynomials multilevel basis
and measuring the approximation error in the Ls-norm and energy H'-norm. There is a very
large number of papers on sparse grids in various problems of approximations, sampling recovery
and integration with applications in data mining, mathematical finance, learning theory, numerical
solving of PDE and stochastic PDE, etc. to mention all of them. The reader can see the sur-
veys in [0, B0, 24] and the references therein. For recent further developments and results see in
[29, 27, 28, 22, [].

Quasi-interpolation based on scaled B-splines with integer knots, possesses good local and
approximation properties for smooth functions, see [9, p. 63-65], [8 p. 100-107]. It can be an
efficient tool in some high-dimensional approximation problems, especially in applications ones.
Thus, one of the important bases for sparse grid high-dimensional approximations having various
applications, are the Faber functions (hat functions) which are piecewise linear B-splines of second
order [6 24] 29, 27, 28, 22, [4]. The representation by Faber basis can be obtained by the B-
spline quasi-interpolation (see, e. g., [18]). In the recent paper [18], by using a quasi-interpolation
representation of functions by mixed high-order B-spline series, we constructed linear sampling
algorithms L, (X, ®,, f) on Smolyak grids I'(m), for functions on I¢ from the non-periodic Besov
class Ul‘io}, which is defined as the unit ball of the Besov space Bz% of functions on I having uniform
mixed smoothness a. For various 0 < p,6,q < co and o > 1/p, we proved upper bounds for the
worst case error sup feuvey | f — Ln(Xn, ®p, f)|lg which in some cases, coincide with the asymptotic

order

rn(Ugo},Lq(Hd)) = pot@/p=1/9)+ loggd_l)bn, (1.2)

where b = b(«, p,0,q) > 0 and x4 := max(0,x) for z € R.

In the paper [2I], we obtained the asymptotic order of optimal sampling recovery on Smolyak
grids in the Lq(]Id)—quasi-norm of functions from U;f% for 0 < p,0,q < oo and a > 1/p. It is
necessary to emphasize that any sampling algorithm on Smolyak grids always gives a lower bound

of recovery error of the form as in the right side of (.2]) with the logarithm term logéd_l)b n, b > 0.



Unfortunately, in the case when the dimension d is very large and the number n of samples is
rather mild, the main term becomes logéd_l)b n which grows fast exponentially in d. To avoid this
exponential grow we impose to functions other anisotropic smoothnesses and construct appropriate
sparse grids for functlons having them. Namely, we extend the above study to functions on I%

from the classes U 5 for a > 0,8 € R, and U“e for a € R* with a; < as < --- < ag, which are

defined as the unit ball of the Besov type spaces B ’96 and BJy, respectively. The space B ) and
B“a are certain sets of functions with bounded mlxed modulus of smoothness. Both of them are

generalizations in different ways of the space BO‘ of mixed smoothness a. The space Bp y is a

“hybrid” of the space Bag and the classical isotropic Besov space B? 0.0 of smoothness .

The space B; ’95 is a Besov type generalization of the Sobolev type space H*P = B; 25 The
latter space has been introduced in [30] for solutions of the following elliptic variational problems
a(u,v) = (f,v) for all v € HY, where f € H 7 and a : HY x HY — R is a bilinear symmetric
form satisfying the conditions a(u,v) < A||ullg+|[v]|g+ and a(u,u) > pllul|%,. By use of tensor-
product biorthogonal wavelet bases, the authors of these papers constructed so-called optimized
sparse grid subspaces for finite element approximations of the solution having H®#-regularity,
whereas the approximation error is measured in the energy norm of isotropic Sobolev space H7.
They generalized the construction of [5] for a hyperbolic cross approximation of the solution of
Poisson’s equation to elliptic variational problems. A generalization H O‘75((R3)N ) of the space
H*P of functions on (R*)", based on isotropic Sobolev smoothness of the space H'(R?), has been
considered by Yserentant [48]-[50] for solutions u : (R3)" — R : (x1,...,xy) = u(xy,...,Xy) of
the electronic Schrodinger equation Hu = Au for eigenvalue problem where H is the Hamilton
operator. He proved that the eigenfunctions are contained in the intersection of spaces

HY((R*)Y) 0 [ Ngegya HH(RDY)].

In numerical solving by hyperbolic cross approximations the error is measured in the norm of the
space L ((R*)") and the energy norm of the isotropic Sobolev space H' ((R*)"). See also [25]-[28],
[31] for further results and developments.

All the above remarks and comments tell us about a motivation to construct efficient linear
sampling algorithms and cubature formulas on sparse grids based on a high-order B-spline quasi-
interpolation, for functions having anisotropic smoothness from B; ’96 and Bp,, measuring the
approximation error in the quasi-norm of Lq(]Id) or the energy quasi-norm of W,/ (I¢). The optimality
of these algorithms and formulas will be studied in terms of the quantities r,, (U’ ,Wq (1)) and

P,
z’n(UIf‘ ’96 ) for the case B # v, and 7, ( L,(I1%)) and in(Uy ) for the case of nonuniform mixed
smoothness a with a1 < ag < --- < ay.

a
p,0°

In the following, as an example, let us mention one of our main results. For a set A C Z4 9, we
define the grid points in I¢ G(A) := {27%s: k € A, s € I%(k)}, and the linear sampling algorithms
of the form

Ly (X, @, ) = D Y F@ 7 i)y, (1.3)

keA jeld(k)
where n 1= |G(A)|, Xy := G(A), Py = {Vkjtien, jerer) and ¥r; are explicitly constructed as

linear combinations of at most N of B-splines M (r ) for some N independent of k,j and f, M, )
are tensor products of either integer or half mteger translated dilations of the centered B-spline of
order 7.



Let 0 < p,0,q < o0, a,7 € Ry, B € R satisfying the conditions min(a,« + ) > 1/p and
a>(y—p0)/dif 8>, and o > v — [ if B < v (with the additional restriction 1 < ¢ < oo in the
case 7 > 0). Then we explicitly constructed a set A, such that |G(A,)| < n and

—o=(B=)/d+A/p-YaD)+ B> 4
su —L2(X,,, ®,, =Ty, Ua’ﬁ,WV )y =" ’ ’
s 1 o Dl = o U5 W3 0 {n_a_wu/p_l/qn, o

1.4)

From (L.4]) for the case v =0, p =1 we derived that

—a—B/d+(1/p-1)4
Zn(Ua,ﬁ) - {TL ) /8 > 07

P pa=B+1p=Di g

The set A, is specially constructed for the class of U; ’96 , depending on the relationship between
0<p,0,q,7 <ooand «a,  respectively. The grids G(A,) are sparse and have much smaller number
of sample points than the corresponding standard full grids and Smolyak grids, but give the same
error of the sampling recovery on the both latter ones. The construction of asymptotically optimal
linear sampling algorithms L5 (X,,, ®,,, -) is essentially based on quasi-interpolation representations
by B-spline series of functions f € Bz?, ’96 with a discrete equivalent quasi-norm in terms of the
coefficient function-valued functionals of this series. Moreover, for the sampling recovery in the
Li-norm, Lﬁ” (Xn, Pp, ) generates an asymptotically optimal cubature formula (see Section [@ for
details).

To discuss results on the class Ug ¢ we preliminarily notice the following. For the nonuniform
mixed smoothness a with 0 < a1 = --- =ay < apy1 < -+ < ag, it is known that in many approx-
imation problems asymptotic characteristics of corresponding function classes with smoothness a
the extra logn appears in the form (logn)*~1? (see, for example, [41} [12] and references there). In
the case v = 1, the extra logn disappears independently of b. This makes the problem of finding
the optimal rate in the case v = 1 much easier than in the case v > 1. Thus, it was proven in [40]
that for 1 <p < oo, r > 1/p,

(Ul o (T9), Ly(TY)) < n= (logn) = Dler+h), (1.5)

Combining this with the well-known embedding B} , — B;”,;él/”‘l/q”

in the univariate case, we obtain for the case v = 1,

and well-known lower bounds

Tn( g,G(Td)qu(Td)) =< prutl/p/as (0 <8 <o0).

It is important to emphasize that linear sampling algorithms constructed in [40] which give the
upper bounds (L5 and which are asymptotically optimal for the case v = 1, are developed from
a construction in [38], but essentially based on extended nonuniform Smolyak grids. These grids
are a counterpart of extended hyperbolic crosses suggested by Teljakovskii [39] (for further devel-
opment of Teljakovskii’s construction in hyperbolic cross approximation of functions having one or
several nonuniform mixed smoothnesses, see [41, [12] for surveys and references there). Extended
nonuniform Smolyak grids and their modifications then were used in sampling recovery problems
in [40] - [42], [13] - [15], [27] — [28).

In the present paper, we are interested in constructing asymptotically optimal linear sampling
algorithms for the nonperiodic Besov class U;; ¢ With nonuniform mixed smoothness a. More pre-

cisely, if 0 < p,0,q < oo and a € R? with 1/p <ay <as <..<aq, we explicitly constructed a set



A! such that |G(A])| < n and the sampling algorithm LA (Xn, @y, f) is asymptotically optimal
for the class U® b 1 €

jevs 1f = L™ (X, @, fllg = ra(Upgs Lg(1)) =< n-et(/p1/as, (1.6)
€Uy,

The construction of the sampling algorithms LA (Xpn, Py, f) on the grids G(A!) is similar to that
in [40] for the case v = 1. The main contribution of the present paper is a theorem on quasi-
interpolation representation by B-spline series of functions f € Bp, with a discrete equivalent
quasi-norm in terms of the coefficient function-valued functionals of thls series. This theorem plays
a key role in constructing the asymptotically optimal linear sampling algorithms Lﬁ n (X0, @, f)
for the class Uy, as well in proving the relation (C9).

In the present paper, we consider only two kinds of anisotropic smoothness spaces B;l B and
Bj 4. However, our constructions and methods of proofs of results can be extended to other kinds
of anisotropic smoothness, see examples in Remark at the end of Section Bl We are restricted
to compute the asymptotic order of r,, with respect only to n when n — oo, not analyzing the
dependence on the number of variables d. Recently, in [20] Kolmogorov n-widths d,,(U, HY) and e-
dimensions n. (U, H") in space H7 of periodic multivariate function classes U have been investigated
in high-dimensional settings, where U is the unit ball in H®# or its subsets. We computed the
accurate dependence of d,, (U, HY) and n.(U, H") as a function of two variables n, d or €, d. Although
n is the main parameter in the study of convergence rate with respect to n when n — oo, the
parameter d may affect this rate when d is large. It is interesting and important to investigate
optimal sampling recovery and cubature in such high-dimensional settings. In the recent paper
[19], we have constructed linear algorithms of sampling recovery and cubature formulas on Smolyak
grids of periodic d-variate functions having Lipschitz-Holder mixed smoothness based on B-spline
quasi-interpolation, and established upper and lower estimates of the error of the optimal sampling
recovery and the optimal integration on Smolyak grids, explicit in d and n when the number d of
variables and the number n of sampled function values may be very large.

The present paper is organized as follows. In Section 2 we give definitions of Besov type
spaces BI% of functions with bounded mixed modulus of smoothness, in particular, spaces BO‘ B
and B? 0 and prove theorems on quasi-interpolation representation by B-spline series, with relevant
dlscrete equivalent quasi-norms. In Section [3], We construct linear sampling algorithms on sparse
grids of the form (L3 for function classes U; y and UY 0 and prove upper bounds for the error
of recovery by these algorithms. In Section [l we prove the sparsity and asymptotic optimality

of the linear sampling algorithms constructed in Section [3] for the quantities rn(U; ’96 , L,(1%)) and

n( 00 Lg (I4)), and establish their asymptotic orders. In Section 5], we extend the investigations of

Sections 3l and @l to the quantities 7, (U, bﬁ , W (1)) for v > 0. In Section 6, we discuss the problem

of optimal cubature formulas for numerical integration in terms of in(Up ’96 ) and in (U ).



2 Function spaces and quasi-interpolation representations

2.1 Function spaces

Let us first introduce spaces BQG of functions with bounded mixed modulus of smoothness and

Besov type spaces Bp’eﬁ and B¢ 0 of functions with anisotropic smoothness, as well fractional

isotropic Sobolev and Besov Spaces W' and By, and give necessary knowledge of them.

Let G be a domain in R. For univariate functions f on G the rth difference operator Aj is
defined by

T
(T .
8j ()= S0 (7) ek ),

=0 J
If e is any subset of [d], for multivariate functions on G¢ the mixed (r, €)th difference operator A}
is defined by

A= T A, A =1,

i€e
where the univariate operator AZZ_ is applied to the univariate function f by considering f as a
function of variable 2; with the other variables held fixed, and I(f) := f for functions f on G<.

Denote by Lp(Gd) the quasi-normed space of functions on G¢ with the pth integral quasi-norm

| - 1l,ge for 0 < p < 0o, and the sup norm || - ||, ga for p = oc.
Let
9 d
w?(fv t)p,Gd ‘= Sup HAze(f)Hp,(Gd(r,h,e)v le R+7
[hil<t;ice

be the mixed (r,e)th modulus of smoothness of f, where
Ger h,e) :=={x € G4 zj,x; +7h; € G, i € e}
(in particular, w?(f,t), ga = || fll,.ga)-

For z,2' € R? the inequality 2/ < x (z/ < z) means 2} < x; (2} < z;), i € [d]. Denote:
Ri:={z €R:z>0}. Let Q:RY — R, be a function satisfying conditions

Q(t) > 0, t>0,teR%, (2.1)

Q) < o), t<t, t,t' €RL, (2.2)

and for a fixed v € Ri, v > 1, there is a constant C’ = C’(y) such that for every A\ € R‘fr with
A<,
Q\t) < C'Q(t), teRL. (2.3)

For e C [d], we define the function €, : RL — Ry by Q(¢) := Q(t°), where t° € R% is given by
t5=1t;if j € e, and t; = 1 otherwise.
If 0 < p, 0 < oo, we introduce the quasi-semi-norm |f| B2, (e) for functions f € L,(G?) by
/ (Wl (f, ) g/ Q) }? Ht—ldt) 0 < oo,
|f|330(e) = i€e

sup wy(f,1),cd/Qe(t), 0 = oo,
teld



(in particular, \f\BQG(@) = [fll,ga). For 0 < p,8 < oo, the Besov type space B%(Gd) is defined as
P, )
the set of functions f € L,(G?) for which the quasi-norm

I£lB2, @ = > 152, )

eCld]
is finite. In what follows, we assume that the function Q satisfies the conditions (2.11)—(23]).

We use the notations: A, (f) < Bn(f) if Ap(f) < CB,(f) with C' an absolute constant not
depending on n and/or f € W, and A, (f) < Bn(f) if A.(f) < Bn(f) and B,(f) < An(f). Put
={s€Z:s>0}and Zi(e) :={s € ZL : 5, =0, i ¢ e} for aset e C [d].

Lemma 2.1 Let 0 < p,0 < oco. Then we have the following quasi-norm equivalence

12, ey = Bi(f) = Z( )

eCld] “kezZd (e)

wi(f, 2—k>p,Gd/n<2—k>}9>l/€

with the corresponding change to sup when 6 = oo

Proof. This lemma follows from properties of mixed modulus of smoothness wy(f,t), g« and the
properties ([2I)—(23)) of the function 2. We prove it for completeness. The lemma will be proven
if we show that for every e C [d],

o\ 1/6
g = (X {sstrrmmmen)’) (2.4
kGZi(e)

with the corresponding change to sup when 6 = co. Let us prove this semi-norms equivalence for
instance, for e = [d], 1 < p < oo and 0 < 6 < co. The general case can be proven in a similar
way with a slight modification. Put D(k) := {z € RY : k < z < k + 1} and use the abbreviation

wr(f,)p = Wi (f,)p. By @I)-@3) we have
Q2™ < Q27%), zeDk), kezl. (2.5)
From the monotonicity of w,(f,-) in each variable and the inequality
d
wr(f,ct)p Hl—kcj wr(f,t)p, cE]R‘i,c>0,
7j=1
we obtain

wT(fv 2_m)p = wT(fv 2_k)107 YIS D(k)7 k € Zfli— (26)
Setting I(k) := {t € 1?: 2771 <t < 27%} by [@3F) and (Z.8) we have

[FlBo ) = Z/ {wr(f,1)p/Qt }9Ht—1dt

kezd
_ Z {wr £270,/027 ) dr = > {wi(f,275),/2270))°.
kezd kezd



O

Let us define the Besov type spaces B;G(Gd) and B;" ’96 (G?) of functions with anisotropic smooth-

ness as particular cases of Bge(Gd). For a € Ri, we define the space Bz’e(Gd) of mixed smoothness
a by

)

d
2 5(GY) = By(G?), where Q(t) = [, t € RY. (2.7)
=1

Let « € Ry and 5 € R with a4+ 8 > 0. We define the space B;f(Gd) as follows.

d
[[e e o], 5=0,
a P JE€
BYJ(GY) = By (GY), where Q(t) ={ 3! (2.8)
t?suptf, B < 0.
i—1 J€ld]

The definition (2.8) seems different for 5 > 0 and S < 0. However, it can be well interpreted in
terms of the equivalent discrete quasi-norm Bj(f) in Lemma 21l Indeed, the function Q in (2.8])
for both 8 > 0 and § < 0 satisfies the assumptions ([2.1)—(2.3]) and moreover,

— o 0o d
1/Q(27%) = 20lh+blzle g e R

where |z]o 1= maxje[q |z;| for € R Hence, by Lemma 2.T] we have the following quasi-norm

equivalence
1/6

0
”f”BS,bB(Gd) = Z< Z {2a|kh+mklwwf(f,2_k)p7Gd} ) (29)

eCld] “kezd (e)

with the corresponding change to sup when 8 = oco. The notation B; ’(,B(Gd) becomes explicitly
reasonable if we take the right side of (2.9]) as a definition of the quasi-norm of the space Bg ’eﬁ(Gd).
Notice that Bz?, ’GO(Gd) = BI%(Gd). However, in general the space Bg:g (G?) does not coincide with
the classical isotropic Besov space BZH(Gd). This is a consequence of results in a forthcoming paper

[47]. We will need isotropic Besov spaces Bf’e(Gd) and introduce them separately below.

Let G? be either I? or R?. We recall a notion of classical isotropic Besov space B;‘ﬂ(Gd) and
isotropic Sobolev space W;‘(Gd). There are several different definitions with equivalent norms of
these spaces. One can consult, for example, Chapters 4 and 5 in [32], and Sections 2.3-2.5, 4.2,
4.4 in [44], where the equivalence of these definitions are formulated in the form of a theorem on
equivalence of corresponding different norms. Below we will introduce one of them. We also refer
the reader to the books [3, 32, [44] for knowledge on these spaces.

Put for r € N and h € R?
G4r,h) == {x € G¥: z+rh e GY}.

Obviously, R%(r,h) = R?). For functions f on G¢, the rth difference operator A7, h € R?, is
( Y, ) ) p h» ’
defined by

T

Aj(fa) = -1 (7) flat im), = € G

j=0



and the rth modulus of smoothness w;.(f,t), g4, t € Ry, by

wT’(f? t)p,Gd = sup HA;L(f)”p,Gd(r,hﬁ
|h|<t

where |h| := \/|h1]2 + - -+ + |hg|?. For a >0, 0 < p,§ < 0o and r > a, we introduce the semi-norm
If] Be (G for functions f € L,(G%) by
P

1/6
(/{t—%r(f,t)p,Gd}et—ldt> , 0 < o0,
I

sup t“wr(f, 1), gd; 0 = 0.
tel ’

|f|B§’9(Gd) =

The isotropic Besov space B;‘ﬂ(Gd) is defined as the set of all functions f € L,(G?) for which the
norm

12 @) = [fllpee + 1fle, @)

is finite. Notice that the space Bl‘f’@(]ld) can be seen as the quasi-normed space of restrictions of
functions from B} O(Rd) to I¢ equipped with the equivalent quasi-norm

”f”Bgﬂ(]Id) = inf {HQHB;‘)Q(Rd) ‘g€ Bg,e(Rd)’ gl = f} ) (2.10)
see Definition 4.2.1/1 and Theorem 4.4.2/2 in [44].

Denote by F the Fourier transform in distributional sense for local integrable functions on R<.
For a > 0, 1 < p < 00, the Sobolev space W;(Rd) is defined as

e
2

WeRY) = {f € L,RY : F' (1+|y?)® Ff € LR }

equipped with the norm
£ lwg ey = |IFH (L4 [91%) 2 Ffllppe-

The isotropic Sobolev space W;f‘(]ld) is defined as the normed space of restrictions of functions from
Wy (R%) to I¢ equipped with the norm

”f”Wg(]Id) = inf{”QHW;(Rd) ‘g€ W;(Rd)y gl = f}-
We need some quasi-norm equivalences for spaces nge(Gd). If i € [d] and t € Ry, the (r,i)th
partial modulus of smoothness w;.;(f,t), g« is defined for functions f on G% by

Wr,i(fv t)p,Gd = ‘illlp HA;h(f)Hp,Gd(i,r,h)y
<t

where G4(i,7,h) := {x € G¢ : x; + rh € G} and

ri - r—1q r .
A(f,x) = Z(—l) J < ) f(z1, . xim1, @i + jhyxigq, ..., xq).

j=0 J
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For r > «a, we introduce the semi-norm |f| B2, (G4) for functions f € L,(G%) by
P,

1/6
</{t‘°‘wr7,~(f, t)vad}"t—ldt> , 0 < oo,
I

sup t~%wi(f, 1), Gds 0 = oo.
tel

B (@), =

Let 1 < p,0 < co and o > 0, G? be either I? or R?. Then there holds the norm equivalence

d
HfHB;"Q((Gd) < | fllpge + Z \f\Bgﬂ(Gd)“ Vfe Bg,e(Gd)- (2.11)
i=1
Indeed, for G¢ = R?, the right hand side of (ZII)) defines a norm of the classical anisotropic
Besov space B;?é""a)(Rd), see, e.g., [32, Section 4.3.4]. On the other hand, B;?‘é""a) (RY) coincides
with B »(R%) in the sense of norm equivalence [32, Section 5.6.2]. This proves (ZI1]) for the case
G? = RY. The case G? = I of [Z.II]) can be derived from the case G¢ = R? and [2.10).

From (2II)) and (24)) follows the norm equivalence

”f”Bgﬂ(Gd) = | fllyce +Z<Z {2akwr7i(f72_k)p7([}d} ) , Vfe Bg,e(Gd)- (2.12)

i=1 “k€Zy

Let a >0, 1 < p < co. Then there hold true the following inequalities for the norm of W, (G%)

1l ey < Wlwgen < Iflse @ (2.13)

max(p,2)

These inequalities are a reformulated form of the embeddings

B}?,min(pﬂ) (Gd) — W;(Gd) — B! (Gd)

p,max(p,2)

which are a particular case of Theorem 4.6.1(b) in [44].

Since in the present paper we consider only functions defined on I¢, for simplicity we somewhere
drop the symbol I? in the above notations.

2.2 Quasi-interpolation representations and quasi-norm equivalences

We introduce quasi-interpolation operators for functions on I¢. For a given natural number r, let M
be the centered B-spline of order r with support [—r/2,7/2] and knots at the points —r/2, —r/2 4+
L.,r/2=1,7/2. Let A = {\(j)};ep(u) be a given finite even sequence, i.e., A\(—j) = A(j), where
P(p):={j€Z: |j| <p}and p>r/2—1. We define the linear operator @) for functions f on R
by

QUf.z) = A, )Mz — ), (2.14)

SEZL

where

Afs) = 3 AGf(s —3). (2.15)

JEP(W)
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The operator @ is local and bounded in C'(R), where C(G) denotes the normed space of bounded
continuous functions on G with sup-norm || - [|¢(g). Moreover, [|Q(f)|lc®) < [|Allllfllcr) for each

f € C(R), where [[Al| = 37, p,) IA(J)|- An operator @ of the form ([ZI4)-(2I5) reproducing
Pr_1, is called a quasi-interpolation operator in C(R). For details on quasi-interpolation, see, e.g.,
[18] and references there.

We give some examples of quasi-interpolation operators. A piecewise linear quasi-interpolation
operator is defined as
Q(f,x) ==Y _ fls)M(z —s),
SEZ
where M is the symmetric piecewise linear B-spline with support [—1,1] and knots at the integer
points —1,0,1. It is related to the classical Faber-Schauder basis of the hat functions (see, e.g.,
[18, [45], for details). A quadric quasi-interpolation operator is defined by

QUL = 3 S=F(s = 1)+ 10£(s) — f(s+ DMz —5),

SEL

where M is the symmetric quadric B-spline with support [—3/2,3/2] and knots at the half integer
points —3/2,—1/2,1/2,3/2. Another example is the cubic quasi-interpolation operator

QUit) = 30 S (s = 1)+ 85(5) — Fls + DIM(z ),

SEZL

where M is the symmetric cubic B-spline with support [—2,2] and knots at the integer points
-2,-1,0,1,2.

If @ is a quasi-interpolation operator of the form (2I4])—(2I5]), for ~ > 0 and a function f on
R, we define the operator Q(-;h) by Q(f;h) := o4 0Q ooy,(f), where op(f,z) = f(z/h). From
the definition it is easy to see that

Q(f.x:h) = Y A(f. ks h)M(h™ 2 — k),
k

where A(f, k;h) := Zjep(u) M) f(h(k = 7).

The operator Q(+; h) gives a good approximation for smooth functions [9, p. 63-65]. However,
it is not defined for a function f on I, and therefore, not appropriate for an approximate sampling
recovery of f from its sampled values at points in I. An approach to construct a quasi-interpolation
operator for functions on I is to extend it by interpolation Lagrange polynomials. This approach
has been proposed in [I6] for the univariate case. Let us recall it.

Denote by ko the smallest integer such that r < 2%0. For a non-negative integer k, we
put z; = j27k=ko j ¢ Z.If f is a function on I, let U,(f) and Vi(f) be the (r — 1)th La-
grange polynomials interpolating f at the r left end points xg, z1, ..., Ty_1, and r right end points
Tok _pi1sTok 43, ..., Tok, Of the interval I, respectively. The function f; is defined as an extension
of f on R by the formula

Ur(f,xz), x<0,
fe() = 4 f(2), 0<z<1,
Vk(f7$)7 x> 1

12



If f is continuous on I, then f} is a continuous function on R too. Let @ be a quasi-interpolation
operator of the form (2I4)-(2.I5) in C(R). If k € Z,, we introduce the operator Q. by

Qr(f.z) = Q(fr,z;27% M), z €1,
for a function f on I

We define the integer translated dilation Mj, ; of M by
My o(x) := M(2Mhy —5), k€ Z,, scZ
Then we have for k € Z_,
Qu(f,2) = > ars(f)Mys(x), Vo €1,
seJ(k)
where J(k) := {s € Z: —r/2 < s < 2Fko 41 /2} is the set of s for which M}, s do not vanish

identically on I, and the coefficient functional ay s is defined by

ars(f) = Afisi27) = 30 AG) @ (s — )

l71<p

For k € Zjl_, let the mixed operator Qi be defined by

d
Qi =[] Qx.. (2.16)

i=1
where the univariate operator @, is applied to the univariate function f by considering f as a
function of variable x; with the other variables held fixed.

We define the d-variable B-spline M, ; by

d
My o(x) = [ Mpss, (i), k€ Z4, s € 27 (2.17)
=1

Then we have

Qr(f ) = Y ars(f)Mys(x), Vzel,

seJi(k)

where Mj, ¢ is the mixed B-spline defined in @I7), J4(k) :== {s € Z¢: —r/2 < s; < 2kitho 4
7/2, i € [d]} is the set of s for which M}, s do not vanish identically on I,

ak,s(f) = aky s (Qhy 55 (g s, (), (2.18)

and the univariate coefficient functional ay, s, is applied to the univariate function f by considering
f as a function of variable z; with the other variables held fixed.

The operator Qy is a local bounded linear mapping in C'(I¢) for r > 2 and in Le(I¢) for r = 1,
and reproducing 777‘?_1 the space of polynomials of order at most r — 1 in each variable x;. In
particular, we have for every f € C(I%),

1Qk(Nlloe < CIANNflleay- (2.19)

For k € Z%, we write k — oo if k; — oo for i € [d]).
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Lemma 2.2 We have for every f € C(I%),

If = Qe < C D wilf,27M)ees (2.20)
e€ld], e£o
and, consequently,
If = Qr(f)lloc = 0, k — oo. (2.21)

Proof. For d = 1, the inequality (2.20) is of the form

If = Qr(fllse < Cwr(f,27")se (2.22)

This inequality is derived from the inequalities (2.29)—(2.31) in [I7] and the inequality (2.19]). For
simplicity, let us prove the inequality (2.20]) for d = 2 and r > 2. The general case can be proven in
a similar way. Let I be the identity operator and k = (k1, k2). From the inequality ([2:22]) applied
to f as an univariate in each variable, we obtain

1f = Qe(Nllec < 17 = Qr)(Hlloc + 1T = Qua) (F)lloo + [[(1 = Qi ) = Qi) ()l
< w,{l}(f, 2_k)oo + w;{Z}(f, 2_k)oo + W7[«2}(f7 2_k)oo

Further, we define the half integer translated dilation M ,: s of M by
M J(x) == M(2"Foy —5/2), ke Zy, s€,

and the d-variable B-spline M, ,;‘ s by

M; () : HM,H ), keZl, szl
In what follows, the B-spline M will be fixed. We will denote M lg? := My, , if the order r of M is
even, and Mérz i= My, , if the order r of M is odd. Let JA(k) := J4(k) if r is even, and

JUk) = {s €28 : —r < 5; < 2kiThotl Ly G € [d]}

if r is odd. Notice that J(k) is the set of s for which M. (r ) do not vanish identically on I?. Denote
by %%(k) the span of the B-splines M]g Nose J(k). If0 < p < o0, for all k € Z4 and all g € 24(k)

s

such that
= 3 aM), (2.23)
seJd(k)
there is the quasi-norm equivalence
lglly = 27*072]1{as}p.k, (2.24)

where

||{as}||p,k = < Z Ias|P>1/p

seJd(k)



with the corresponding change when p = co.

For convenience we define the univariate operator Q_; by putting Q_1(f) = 0 for all f on L.
Let the operator ¢, k € Zjl_, be defined in the manner of the definition (ZI6]) by

d

Qe = H(Qki = Qr;-1) - (2.25)

We have
Qv = Y aw. (2.26)

From (2.:26]) and (2:21]) it is easy to see that a continuous function f has the decomposition

f=> al

d
kezd

with the convergence in the norm of Lo (I?). By using the definition of ([2.25) and the refinement
equation for the B-spline M, we can represent the component functions gx(f) as

w(f)= 3 ALNM). (2:27)
seJi(k)
where c,(:i are certain coefficient functionals of f, which are defined as follows (see [I§] for details).

We first define c,(;i for univariate functions (d = 1). If the order r of the B-spline M is even,

() = ars(f) = af (f), k>0, (2.28)
where
_r r
Gulf)i= 27 () k>0 d () =
(m,j)€Cr(k,s)
and

Cr(k,s):={(m,j):2m+j—r/2=s, me Jk—-1), 0<j<r}, k>0, C.(0,s):={0}.
If the order r of the B-spline M is odd,

07 k — O,
Cl(ﬁr?s(f) = ak‘,s/Q(f)a k>0, s even,
27 Y o yecnths) (Dar—1,m(f)s k>0, s odd,

where

Cr(k,s):=={(m,j):dm+2j—r=s, me J(k—1), 0<j<r}, k>0, C.(0,s):={0}.

In the multivariate case, the representation (2.27)) holds true with the c,(;i which are defined in

the manner of the definition of (2.I8]) by

() = D, () (e () (2.20)

Thus, we have proven the following
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Lemma 2.3 FEvery continuous function f on I¢ can be represented as B-spline series

f - Z Z Z Cks Mlgrs’ (230)

kezd kezd seJi(k)

(r)

converging in the norm of Lo (I?), where the coefficient functionals ¢, s (f) are explicitly constructed
by formula (228)—229) as linear combinations of at most N function values of f for some N € N
which is independent of k,s and f.

We prove now theorems on quasi-interpolation representation of functions from Bf Y and BJy,

9 by series ([2.30) satisfying a discrete equivalent quasi-norm. We need some auxiliary lemmas.
Let us use the notation: zy = ((z1)4,.... (za)4) for z € R% Put Ni(e) := {s € ZL : 5; >
0, i c€e s, =0,i¢ e} foreC [d (in particular, N (@) = {0} and N%([d]) = N%). We have
N(u) N N(v) = @ if u # v, and the decomposition Z% = Uecig Ne(e).

Lemma 2.4 ([18]) Let0 < p < 0o and 0 < 7 < min(p, 1). Then for any f € C(I?) and k € N(e),

we have
1/7

lely < €| 3 {2, )
vDe sEZi(v), s>k

with some constant C' depending at most on r,pu,p,d and ||A||, whenever the sum in the right-hand
side is finite.

The following lemma can be proven in a way similar to the proof of [I8 Lemma 2.3].

Lemma 2.5 Let 0 < p < o0, 0 < 7 < min(p,1), § = min(r,r — 1 + 1/p). Let g € L,(1%) be
represented by the series

= > gk g € Z(R)

kezd
converging in the norm of Loo(I¢). Then for any k € Z% (e), there holds the inequality
1/7

wf(g,Z_k)p < C Z { 9—0|(k— s+\1Hg llp }

d
SEZY

with some constant C depending at most on r, p, p,d and |A||, whenever the sum on the right-hand
side is finite.

For 0 < p < oo, k € Z; and i € [d], denote by g € Eii(k‘)p the set of all functions g € L,(I%)
such that

g(x) = Z as(:z:l,...,xi_l,xiﬂ,...,xd)M,gTS)(xi).
seJr (k)

Lemma 2.6 Let 0 < p < o0, 0 < 7 < min(p,1), § = min(r,r — 1 + 1/p). Let g € L,(1%) be
represented by the series

= gs g €XF,(s)p (2.31)

SEZy
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converging in the norm of Loo(I%). Then for any k € Z, there holds the inequality
1/7
wrilg.27), < 0| 32 {2709 g, )

El<y/m

with some constant C depending at most on r, p, p,d and |A||, whenever the sum on the right-hand
side is finite.

Proof. This lemma can be also proven in a way similar to the proof of [I8, Lemma 2.3] with a
slight modification by replacing A}, h € I¢, and the representation (Z.:30) with A", h €1, and the
representation (2.31). O

Let 0 < 0 < oo and 9 : Zi - R. If {gk}keZi is a sequence of numbers, we define the
“quasi-norm” H{gk}Hbg, by

1/6

ol = (3 (2la)’)

d
kezd

with the usual change to a supremum when 6 = co. We will need the following generalized discrete
Hardy inequality (see, e.g, [10] for the univariate case with (k) = ak, a > 0).

Lemma 2.7 Let {ak}kezi and {bk}keZi be two positive sequences and let for some A > 0, T >

0, 6>0 )
1/7
bk < A< E (2—6|(k3—5)+1a8>7> . (232)

d
SELY

Let the function 1 : Zi — R satisfy the following. There are numbers ci1,co € R, € > 0 and
0 < ¢ <6 such that

Y(k) —elkly < (k) =€k |1+, k<K, kK ez, (2.33)

and
W(k) = ¢kl > oK) = KL+ ey k<K, kK €Z]. (2:34)
Then for 0 < 6 < co, we have
{ortly = CAll{arily (2.35)

with C = C(cy,¢2,€,6,0,d) > 0.

Proof. Because the right side of (232)) becomes larger when 7 becomes smaller, we can assume
7 <. For e C [d] and s € Z%, let € := [d] \ e and s(e) € Z¢ be defined by s(e); = s; if j € e, and
s(e); =01if j € e. From (2.32) we have

by < A Byle), keZi, (2.36)
eCld]

where
1/7

By (e) := 2_5k(6)1< Z <25|s(e)|la5)T>

seZ(ek)
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and Z(e,k) :== {s € ZL : s; <kj, j € e; 8; > kj,j & e}. Take numbers €, ¢’, 0 with the conditions
0<é <e (< <dand7/0+7/0 = 1, respectively. Applying Holder’s inequality with exponents
0/7,60' /T, we obtain

1/6 , 1/6'
Bk(e) < 2—5k(6)1< Z (2<’s(6)1+e’s(é)1a8)9> < Z (2(5—<’)s(6)1—e’|s(é)1)9>

s€Z(e,k) s€Z(e,k)

1/6
< 2—6k(e)1< Z (2g/5(e)1+e’s(e)1as)9> 9(6—=Clk(e)l1—€[k (&)1
seZ(ek)

1/6
< Q—C’k(e)l—e’lk(é)h( T (2<’s<e>1+e's<é>1as)9> .

s€Z(e k)
Hence,
I{ B (e }wa < ZQGWJ —¢'|k(e)l1—€'|k(e)]1) Z <2C’|8(6)|1+6’|8(5)\1as)6
keZd s€Z(e,k) (2'37)
< Z 90(¢'[s(e)1+¢€|s( )|1)a§ Z 90 (k)—('|k(e)1—€'[k(e )\1)
seZd keX(e,s)
where

X(e,s):= {k:eZ‘fr ckj>s5,j€e kj <sj,j e}

From (2.33]) and ([2.34)) we can easily derive for k € X (e, s),

P(k) < d(s(e) + k(@) — Cls(e)lr + Clk(e),
and

P(s(e) + k(@) < ¢(s) — els(e)r + elk(@)]s-
Consequently,

b(k) = Ck(e)l = €lk(@)lr < 9(s) = (Is(e)l —els(@)h — (¢ = O)lk(e) + (e — €)k(E)]1,

and therefore, we can continue the estimation (237 as

||{Bk(e)}||d, < 229111(8 )+(¢'=¢ )\S(e)h—(e—e’)\S(é)haz Z 90(=(¢'=Q)k(e)[1+(e=€) k(@)1

sEZd keX(e,s)
< Z 29(¢(5)+(C’—C)\S(e)h—(f—f’)\S(é)hag 90(=('=Q)ls(e)l1+(e=€)[s(e)x
sEZd
= ) 2% H{ak}H
sEZd

Hence, by (2.36]) we prove (235). O

We now are able to prove quasi-interpolation B-spline representation theorems for functions
from ng and BY? By 4. For functions f on I, we introduce the following quasi-norms:

p,0
<Z {H%(f)”p/f?@_k)}e>1/9;

d
kezd

By(f) -

nn) = (S feunene ) )

d
kezd
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Observe that by (2.24]) the quasi-norms By(f) and Bs(f) are equivalent.

Theorem 2.1 Let 0 < p,0 < oo and Q satisfy the additional conditions: there are numbers
w,p >0 and Cp1,Cy > 0 such that

d d

o) [[6" < o) [, t<t, 1t el?, (2.38)
=1 =1
d d

o) [t7 = o) [[¢77 t<t, tt el (2.39)
=1 =1

Then we have the following.

(i) If w > 1/p and p < r, then a function f € BI% can be represented by the B-spline series
230Q) satisfying the convergence condition

Ba(f) < Iflgs, (2.40)

(i) If p < min(r,r — 14+ 1/p), then a function g on I¢ represented by a series

g = Z gk = Z Z chsM,g;), (2.41)

kezd kezd seJi(k)

satisfying the condition

Bu(g) = (Z {ugkup/mz—’f)}g)lw < o,

kezd
belongs the space Bge. Moreover, ||g||330 < Bu(g).

(i) If p > 1/p and p < min(r,r — 1 + 1/p), then a function f on I¢ belongs to the space Bga
if and only if f can be represented by the series [230) satisfying the convergence condition
240). Moreover, the quasi-norm ||f||BQG is equivalent to the quasi-norm Ba(f).

P,

Proof. Put ¢(z) := logy[1/Q(277)]. Due to (238)-(2.39), the function ¢ satisfies the following
conditions
¢(x) — plali < @a') — pla'ls +logy C1, x <o, w2’ €RY, (2.42)

and
o(x) — plzly > ¢(a') — pla|y +logy Ca, z </, x,2’ € RYL. (2.43)

We also have
1/6

m =X (X o)) (2.44)

eCld] “kezZd (e)

with the corresponding change to sup when 6 = oo. Fix a number 0 < 7 < min(p, 1).

Assertion (i): From (242) we derive pulk|y < ¢(k) + ¢, k € Z4, for some constant c. Hence, by
Lemma (Z1) and (Z44) we have HfHBg1 < CHJCHngv f e Bge, for some constant C. Since
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for u > 1/p, By Lis compactly embedded into C(I¢), the same holds for Bge. Take an arbitrary
fe Bz?ﬂ’ Then f can be treated as an element in C(I¢). By Lemma 23] f is represented as B-spline

series (2.30) converging in the norm of Loo(I?). For k € Z2, put

- 1/7
b = 2P g (D)l ag = <Z {zlkh/pw,’f(f,2—’f)p} >

voe

if k € N%(e). By Lemma 2.4 we have for k € Z4,
00 1/T N\ T
b, < C(Za§> < C<Z (2—6\(k—s)+\1a8> > ke Zi,
s>k sezd

for a fixed § > p+ 1/p. Let the function 1 be defined by ¥ (k) = ¢(k) — |k|1/p, k € Z<
inequality p > 1/p, ([2:42]) and (2:43)), it is easy to see that

(k) — elk|y < YK — ek |y +1logy C1, k<K, kK €7,

and
T/J(k‘) - C|k|1 > ¢(k/) - <|k/|1 + 10g2 027 k < k/v k) k/ € Ziv

for e < u—1/p and ¢ = p+ 1/p. Hence, applying Lemma 2.7] gives
Ba(f) = IHbedly < Cll{ardlyy = Bi(f) = [ flpe,.

Assertion (il): For k € Z4, define

1/7
bk = <Z {w:(972_k)p} ) y O = ||gk||p
vDoe

if k € N¥(e). By Lemma [Z5] we have for any k € Z4 (e),
N Vi
we(g, 2—k)p < C3<Z {2—5‘(k—8)+‘1||gs||p} > ’
sEZi
where § = min(r,7 — 1+ 1/p). Therefore,
1/7
ateoelig )Y d
by < Cj Z(z a5> , kezd.
seZi

Taking ¢ = p and 0 < € < p, we obtain by (2.42) and (2.43)
o(k) —elkly < ¢(K') —elk/|1 +1ogy C1, k<K, kK €74,

and
¢(k) - C|k|1 > qb(k/) - C|k/|1 + 10g2 027 k < kl) kvk/ € Zfl}—

Applying Lemma 27 we get

lglsg, = Bilg) = l{batly = ClHarillye = Balg)-
Assertion (ii) is proven.
Assertion (iii): This assertion follows from Assertions (i) and (ii). O

From Assertion (ii) in Theorem 2] we obtain
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Corollary 2.1 Let 0 < p,0 < oo and Q) satisfy the assumptions of Assertion (ii) in Theorem [2]l.
Then for every k € Z‘j_, we have

lgllge, < llgllo/Q27"), g € Z7(k).

Theorem 2.2 Let 0 < p,0 < oo and a € R‘fr. Then we have the following.

(i) If 1/p < minjeiqa; < maxjeiqa; < r, then a function f € BJy can be represented by the
mized B-spline series (2.30)) satisfying the convergence condition

1/6

Bo(f) = | 35 2*PlaHl)’ | < Ifle,. (2.45)

d
kezd

(i4) If 0 < minje(g a; < maxjeg aj < min(r,r — 1+ 1/p), then a function g on 19 represented by
a series (ZA41)) satisfying the condition

B = (X {29} ) <
kezd

belongs the space By ,. Moreover, ||9||Bg’9 < Bu(g).

(iii) If 1/p < minjeq a; < max;ejg a; < min(r,r —1+41/p), then a function f on 1% belongs to the
space By if and only if f can be represented by the series (2.30) satisfying the convergence
condition (Z45)). Moreover, the quasi-norm HfHBZ(9 is equivalent to the quasi-norms Ba(f).

Proof. For Q as in (7)), we have 1/Q(27%) = 24 2 € RZ. One can directly verify the conditions

2.I)-2.3) and the conditions [Z.38)-(2.39) with 1/p < p < minjc(g aj and p = max;¢(q a;, for Q2
defined in (2.17). Applying Theorem 2.I](i), we obtain the assertion (i).

The assertion (ii) can be proven in a similar way. The assertion (iii) follows from the assertions
(i) and (iii). O

Theorem 2.3 Let 0 <p,0 <oo and a € Ry, € R. Then we have the following.

1) If 1/p < min(o, o + 8) < max(«, . + ) < r, then a function f € B can be represented by
p,0
the mixed B-spline series [2.30) satisfying the convergence condition

1/6

Ba(f) = | 3 22 (D) | 1 e (2.46)

d
kezd

(i) If0 < min(o, a+f) < max(o, a+B) < min(r,7—1+1/p), then a function g on 1% represented
by a series (241)) satisfying the condition

By(g) := <Z {2a|kh+mklw”gk”p} ) < o0,

d
kezd

belongs the space B;’f. Moreover, ”gHB;"f < By(g).
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(iii) If 1/p < min(e,a + B) < max(a,a + B) < min(r,r — 1 + 1/p), then a function f on I¢
belongs to the space B;bﬁ if and only if f can be represented by the series [2.30) satisfying the
convergence condition (Z4G). Moreover, the quasi-norm | f| yas is equivalent to the quasi-

p,0

norms Ba(f).

Proof. As mentioned above, for Q as in (), we have 1/Q(27%) = 20leh+blele 5 ¢ RY. By
Theorem 2.1, the assertion (i) of the theorem is proven if the conditions [2.1))—(2.3]) and (2.38])—
239) with some p > 1/p and p < r, are verified. The condition (2.)) is obvious. Put ¢(z) :=

logo{1/Q(27%)} = alz|1 + B]7|e, = € RE. Then the conditions (22)-(EZ3) and Z38)-(Z39) are

equivalent to the following conditions for the function ¢,
¢(x) < ¢(2') +log, C, <, w2’ € RE; (2.47)

for every b < log, v := (logy 71, .., logs Va),

¢(x +b) < ¢(z) +logy C’, :17,:13~|—b€Ri; (2.48)

o(x) — plxly < @) — pla'|y +logy, Cr, = < 2, z,z € RY; 2.49
2 +

o(x) —plz)i > ¢(2') — plz’|y +1logy Cy, x <2, z,z e RL. 2.50
2 +

We first consider the case § > 0. Take p and p with the conditions 1/p < p < @ and p = a+ .
The conditions (2.47)—(2.48]) can be easily verified. From the inequality o —p > 0 and the equation

¢(x) —plzh = (a—plzh + Blefow, = €RY. (2.51)

follows (2.49). We have

o@) = plzle = Bllwlee = zl1) = —Fmin > @i, xeRY.

Hence, we deduce (2Z.50]).

Let us next consider the case f§ < 0. The condition (2.48]) is obvious. Take p and p with the
conditions 1/p < p < a+Band a < p <r. Let z <2/, z,2/ € RL. Assume that |7 = z; and
|7|oc = 2. By using the inequalities 2y < z; <2} <2’ and @ —p >+ S — > 0 from (2.5I)
we get

$x) = plzhy = (a—p) Y @i+ (a+ B —pa; + (o — pay

77,
/ / /
< (a—p) 3w+ (B -l + (o — p)a
77,
= 6") — 'l

The inequality (2.49]) is proven. The inequality (247) and (250) can be proven analogously.
Instead the inequalities o — 4 > a4+ 8 — p > 0, in the proof we should use a > a+ 8 > 0 and
a+ B —p<a—p<0,respectively. Thus, the assertion (i) is proven.

The assertion (ii) can be proven in a similar way. The assertion (iii) follows from the assertions
(i) and (iii). O
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Lemma 2.8 Let 0 < p,§ < o0, 0 < 8 < min(r,r — 1+ 1/p) and i € [d]. Then for every function
g € Ly(I%) represented by the series [2.31)), there holds the inequality

(Z {9%uri(o, 2—’%}9)1/6 < [ X {2*1au}
keZ,

keZ4

1/6

with the usual change to sup when 0 = oo, whenever the sum on the right-hand side is finite.

Proof. This lemma can be derived from Lemma by applying Lemma 27 to the sequences
b = wri(9,27%), and ai, == ||gllp, k¥ € Zy, with d = 1, ¥(z) = 2°%, 7 := min(p,1), § :=
min(r,r — 1+ 1/p). O

Remark Theorem for a = a1 and Theorem 23] for 5 = 0 coincide. This particular case
has been proven in [I8]. Some modifications of the space Bge were introduced in [12] where
approximations by trigonometric polynomials with frequencies from hyperbolic cross, n-widths
were investigated from functions from these spaces.

There are many examples of function 2 for the space BQ for which Theorem 211 is true with
some light natural restrictions and to which it is 1nterest1ng to extend the results of the present
paper. Let us give some important ones of them. For bounded sets A, B with B ¢ A C R4,

= mf H 7" sup H . (2.52)
yEBZ 1
For univariate functions Q;, j € [d], satisfying the conditions (Z.I))-(23]),
t)= [T )
jeld]
For a € RY and a univariate function Q* satisfying the conditions (ZI))—(23),

d
Q) = ().
i=1
An important case of (2.52) is the case Q(t) := infyeq Hl 17" where A C R% is a finite set. In
this case,
BQG — ﬂ Ba,@
acA

which is a Besov space having several different nonuniform mixed smoothnesses a € A, see [11], [12].

3 Sampling recovery

Let A C Z¢ be given. Put K(A) := {(k,s) : k € A, s € I%(k)} and denote by MZ(A) the set of
B-spines M (2’ ke A, s JUk). We define the operator Ra for functions f on I¢ by

= el = X > LM,

keA keA seJd(k)
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and the grid G(A) of points in I¢ by
G(A) := {27%s: (k,5) € K(A)}.

Lemma 3.1 The operator Ra defines a linear sampling algorithm of the form (LIl) on the grid
G(A). More precisely,

RA(f) = Ln(Xpn, @, f) = > [,

(k,s)EK (A)
where Xy, = G(A) = {275} h.s)ex(a)s Pr = {Vkj}h5)ek(a):
d
ni=|GA) = Y J]e"+0),
ke j—1

and 1y ; are explicitly constructed as linear combinations of at most N B-splines M,g? € M4(A)
for some N € N which is independent of k,j, A and f.

Proof. This lemma can be proven in a way similar to the proof of [18 Lemma 3.1]. O

Let 1 : Zjl_ — R4. Denote by B;%} the space of all functions f on I? for which the following
quasi-norm is finite

1/6
gy = (X 2oy

kezd
Lemma 3.2 Let 0 < p,0,q < oo and ¥ : Zi — Ry. Then for every f € BI%}, we have the
following.
(i) Forp >q,
sup 27V 6 < min(p, 1),

d
1f = RalDllg < 1F ]y ¢ 5504 1o
» (ZkeZi\A{z_d}(k)}e > , 6 >min(p, 1),

where 6* := (1/min(p,1) — 1/6)1.
(ii) Forp < q < o0,
sup 2 ¢M+QA/p=1/9)lklL 0 <gq,

d
If = RalHlle < 1l 5e REIRA 1g
, (zkezim{Q—w(k>+(1/p—1/q>|kh}q) . 6>q,

where q* = (1/q —1/6)7L.
(iii) Forp < q= oo,

sup 2—111(’9)+|k\1/107 0<1
kezZi\A

1 = Ba(Hlloe < Ifll groy Ve
0 _ N\ 1/0
’ <Zk€Zi\A{2 w(k)+|kh/p}9) 01,

where §' := (1 —1/6)71.
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Proof.
Case () p > q. Since || - ||; < || - |lp, it is sufficient to prove this case for ¢ = p. For an arbitrary
fe€B, 9}, by the representation (2.30]) we have

If = Ra(hll; < D0 llaw(HIl

keZI\A

with any 7 < min(p, 1). Therefore, if § < min(p, 1), then by Theorem 2.3 we get

1/0
If = Ra(Hlly < < > H%(f)l!f:)

keZd\A
1/6
< sup 2V (Z (290 gu(f Hp}> (3.1)
kJEZi\A k‘EZi\A

A

< (Il gy sup 27V
PO kezZd \A

If > min(p, 1), then

If = Ra(Hlly < D0 Na(Dlly = D0 2P a3 {270y,

keZi\A keZi\A

where v = min(p,1). Since v/0 + v/0* = 1, by Holder’s inequality with exponents 6/v,0* /v and
Theorem 23] we obtain

r-rsol < (X eOlonr) (2 evep)”

keZd\A kezd\A
(3.2)

1/6*
< g (2 o)

keZd\A
This and (BI]) prove Case (i).

Case (ii): p < ¢ < oo. For an arbitrary f € BI%}}, by the representation (2.30) and [I8, Lemma
5.3] have

If = Ra(Hllg < D {2W/P7/oRhjgu(f)],}0.

keZd\A

Therefore, if § < ¢, then

1/6
If — Ra(D)lly < ( S (0l g 1 )Hp}9>

kezZd\A

1/6
< sup Q—w(k)+(1/p—1/q)k|1< Z {Qw(k)qu(f)”p}@>
kEZINA kezd\A

< ey sup 27 w(k)+(1/p=1/9)lkl1
PP keZI\A
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If 6 > ¢, then
1f—Ra(f)llg < 3 {20/l igy ()]}

kezZi\A

— ZE: {293 | qi ()]l {2~ ¥ B+(/p=1/@)lkL ya
keZi\A

Hence, similarly to (3:2)), we get

*

R o= b(k)+(1/p=1/)kl1 14"
I = ROl < Wy ( T 1 )

keZi\A
This completes the proof of Case (ii).
Case (iii): p < ¢ = co. Case (iii) can be proven analogously to Case (ii) by using the inequality

1F = Ra(Hlloo < D 25172 gu(f)]lp-

kezZi\A

O

Denote by ]R:j’r the set of triples (p,#,q) such that 0 < p, 0_,q < 00. According to Lemma [3.2],
depending on the relationship between p,6,q for (p,0,q) € R3, the error ||f — Ra(f)|4 of the

approximation of f € BI%} has an upper bound of two different forms: either

If = Ra(P)llg < [l ey sup 27 ¢EH/p=t/a (33)
Pl kezZd\A

or for some 0 < 7 < oo,

1/7
I = Rl < Wl 5 (o) (3.4

kezZi\A

Let us decompose ]R:j’r into two sets A and B with AN B = @ as follows. A triple (p,6,q) € ]R:j’r
belongs to A if and only if for (p, 6, q) there holds ([B.3]), and belongs to B if and only if for (p, 6, q)
there holds (3.4). By Lemma [3.2] we can see that

A={p>gq, 0 <min(p,1)}U{p<gq, 0 <qtU{p<qg=o0, 6 <1},
and

B={p>¢q, 0 >min(p,1)}U{p<gq, 0>¢}U{p<qg=o00, §>1}.

We construct special sets A(§) parametrized by £ > 0, for the recovery of functions f € U: bﬁ
by RA(g)(f). Let 0 < p,0,g <ocoand o € Ry, B € R be given. We fix a number ¢ so that

0 <e <min(a - (1/p —1/g)+,|5]);
and define the set A(¢) for £ > 0 by

{kezi:(a—(1/p—1/9)4)lkh + Blklw < &}, (p,0,q) € A,
A(€) = ({keZd : (a—(1/p—1/q9)4 +e/d)|kli + (B — )|kl <&}, (p.0,q) € B, B>0,
{keZd:(a—(1/p—1/9)4+ — )|kl + (B +e)|kloo < &}, (p,0,9) € B, B<0.
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Preliminarily note that for (p,0,q) € A, A(§) is defined as the set {k € Z¢ : (o — (1/p —
1/q)+)|kl1 + Blkleo < &}, but for (p,0,q) € B, A(§) is defined as an extension of the last one
parametrized by €. We will give a detailed comment on this substantial difference in a remark at
the end of the next section where the optimality and sparsity are investigated.

Theorem 3.1 Let 0 <p,0,g<ocoanda Ry, BeR, §#0, such that
1/p < min(a, o + ) < max(o,a + ) < 7.
Then we have the following upper bound

sup - |If = R (s < 27¢. (3.5)

a,
fel,y

Proof. If (p,0,q) € A, by Lemma [3:2] we have

sup Hf—RA(E)(f)Hq < sup 2_(a_(1/p_1/q)+)‘k|1+ﬁ|k‘00) < 2_§

feusy keZI\A(€)

We next consider the case (p,#,q) € B. In this case, by Lemma 3.2 we have

sup ||f — Ragelll < Z o—T(a=(1/p=1/q)+)|kl1+B|k|oc)
reugy keZA\A(E)

for 7 = 6% ¢*,0". For simplicity we prove the case (p,6,q) € B for 7 = 1 and p > ¢, the general
case can be proven similarly. In this particular case, we get

sup  |[f — Ralle < Y 2 ohi=flFle = m(g), (3.6)
revyy keZA\A(E)

We first assume that g > 0. It is easy to verify that for every £ > 0,

(€)= / 9~ (012)=BM(@) g (3.7)
W)

where M (z) := max;¢(q z; for x € R, and
W () = {z €RY: (a+e/d)(1,2) + (8 — )M (x) > €}

Putting
ViEg,s):={xeW((l):E+s—1<a(l,x)+pM(x) <+ s}, s€N,

from (B.7) we have
B(E) = 275) 27°|V(E,9)l- (3.8)
s=1

Let us estimate |V (¢, s)|. Put V*(€,5) := V (&, 5) — 2*, where 2* := (vd)"'¢1 and v := o+ 3/d.
For every y = x — z* € V*(¢,s), from the equation (1,2*) = &/v and the inequality a(1,x) +
BM(z) < £+ s we get

a(ly)+ M(y) < s. (3.9)
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On the other hand, for every x € V(§,s), from the inequality a(1,z) + M (z) < £ + s and
(a+e/d)(1,2)+ (B —e)M(z) > & we get M(x)—(1,2)/d < e~ 's. This inequality together with the
inequality a(1,z) + BM(x) > s — 1 gives (1,x) > /v + (1 —e71B)s + 1) /v for every z € V(, 5).
Hence, for every y = = — ax* € V*(¢, s),

(1,y) > (1—e"'B)s+1)/v. (3.10)

This means that V*(£,s) C V/(s) for every € > 0, where V'(s) C R? is the set of all y € R? given
by the conditions ([8:9) and (B.I0). Since V'(s) is a bounded polyhedron and consequently,

V(Es)| = Vi) < V/(s)] = s,
combining (3.6 and (3.8)), we obtain

o
sup [|f — Raglly < 2_522_53‘1 = 27¢
er;bﬁ s=1

If 8 <0, similarly to ([8.6]) and ([B.7)), we have for every & > 0,
2(5) - / 2—(a1,x)—BM(m)d$’
'(6)

where
W'(€) = {z € Ri (a—e)1,z)+ (B+e)M(x) > £}

From the last relation, similarly to the proof for the case 5 > 0, we prove ([B.5]) for the case
B <0.0

We construct special sets A’(€) parametrized by £ > 0, for the recovery of functions f € Uso
by RA/(g)(f). Let 0 < p,q,0 < oo and a € Ri be given. In what follows, we assume the following
restriction on the smoothness a of B;jgz

I/p<ar<az<..<ag<r. (3.11)

We fix a number € so that
0<e<as—ay,

and define the set A/(§) for £ > 0, by

A(€) = {{"“ € Z4 : (a,k) — (1/p — 1/q)+ |kl <&}, (p,0,q) € A,
{keZ: (a(e).k) — (1/p—1/q)+ |kl <€}, (p.0,q) € B,

where a(e) = (a1,a2 — €, ...,aq — €).

Theorem 3.2 Let 0<p,0,qg <00 and a € ]Ri satisfying the condition BI1I]) and
I/p<a; <aqg<r.

Then we have the following upper bound

sup |[f — Rare)(fllg < 275 (3.10)
feve,
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Proof. Let us first consider the case (p,0,q) € A. In this case, by Lemma [3.2] we have

sup Hf—RA/(é-)(f)”q < sup 2_((a7k)_(1/p_1/Q)+|k‘1) < 2_6
felpe kEZI\A(€)

We next treat the case (p,#,q) € B. In this case, by Lemma 3.2, we have

sup ||f—RAf(5)(f)||g < Z Q—T((a,k)—(l/p—l/qh\k|1)7
Telpe keZA\A(€)

for 7 = 0*,¢*, 0. For simplicity we prove the case (p,6,q) € B for 7 =1 and (1/p —1/q)+) = 0,
the general case can be proven similarly. In this particular case, we get

sup [If — Ravey(Pllg < Y 27M =59, (3.11)

Tl KEZIAN(E)
It is easy to verify that for every & > 0,
$() = / 27(07) (3.12)
W)
where

W() :={z eRL: (d,z) > ¢}

We put
V(g s)={xeW(l):E+s—1<(a,z) <&+ s}, seN.

then from (B.I2) we have
S(€) = 278> 27 |V(E, 9. (3.13)
s=1

Let us estimate |V (&,s)|. Put V*(&,s) = V(&,5) — o*, where x* = (a;) ¢e!. For every
y =x—z* € V*¢,s), from the equation (a,z*) = £ and the inequality (a,z) < £ + s we get
(a,y) < s and therefore,

y; < s/aj, j€l[d]. (3.14)

On the other hand, for every z € V (&, s), from the inequality (a,z) < £+ s and (a,z) — (1, z) =
(a',x) > & we get (1',2) < e~ ts, where 1/ := (0,1,1,...,1) € R% This inequality together with the
inequality a;zy + ag(1’,x) > (a,2) > €+ s — 1 gives x1 > £/a1 + (1 — e tag)s + 1)/a1 for every
x € V(§,s). Hence, for every y =z — z* € V*(¢, s),

y1 > (1 —etag)s+1)/ar, y; > 0, j=2,..,d. (3.15)

This means that V*(¢,s) C V'(s) for every & > 0, where V'(s) C R? is the box of all y € R? given
by the conditions ([B.I14]) and (3I5]). Since

V(&) = Vi) < [VI(s)] = s,
by B11)) and [B3.I3]), we obtain

o
sup [|f = Raglly < 27> 27%¢ =< 27¢
fevs,

s=1
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Remark The grids G(A(§)) and G(A'(€)) defined for (p,0,q) € A or (p,0,q) € B with § > 0,
were employed in [13] [14], 15] for sampling recovery of periodic functions from an intersection of
spaces of different mixed smoothness. Independently of our paper, similar upper bounds of the
error in Wzﬁ (T%)-norm of linear sampling algorithms by interpolation for functions from periodic
space W§(T4) have recently obtained in [26].

4 Sparsity and optimality

Denote by |x| the integer part of z € R.

Lemma 4.1 Let 0 <p,0,q<oc and a € Ry, B €R, B #0, such that
1/p < min(a, o + B) < max(a,a + 3) < r.

Then we have
GAE©)] < > 2kl < 2t (4.1)

keA(E)

where

L {a+5/d—<1/p—1/q>+, B>0, 42)

a+B—-01/p-1/9)y, <0,

Proof. The first asymptotic equivalence in (4.1]) follows from the definitions. Let us prove the
second one. For simplicity we prove it for the case where p > ¢, the general case can be proven
similarly.

Let us first consider the case (p,#,q) € B, > 0. It is easy to verify that for every £ > 0,
> oot = [ (43)
kEA(E) W)

where

W (&) = {z € RY : (a +¢/d)(L,x) + (8 — e)M(x) < &}
and M (x) := max¢[q v, for x € R9. We put
ViEg,s):={aeW(l):{/v+s—1<(1,2)<&/v+s}, s€ L.

From the inequalities 3 > ¢ and M(x) — (1,z)/d > 0, € R, one can verify that for every
x e W(§), (1,z) < &/v. Hence, we have

[§/v]

/ 2P dy < 28 YT 27 V(9. (4.4)

Let us estimate |V (¢, s)|. Put V*(&,s) := V(£, s)—2*, where z* := (vd) "1¢1. From the equation
(1,2%) = ¢/v, we get for every y =z — z* € V*(¢, s),

s—1 < (1,y) < s. (4.5)
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and
(a+e/d)(1,y) +(B—¢e)M(y) < 0. (4.6)

This means that V*(&,s) C V/(s) for every ¢ > 0, where V'(s) C R? is the set of all y € R? given
by the conditions (@3] and (@8]). Notice that V'(s) is a bounded polyhedron and |[V’(s)| =< s?~1.
Hence, by the inequality

V(. s)l = V(& s)| < [V'(s),

([#3) and (4.4), we prove the upper bound in (4.1]):

o0
Z olkli QE/VZQ—SSd—l ~ 98/v.
keA(§) s=0

To prove the lower bound for this case, we take k* := |£/dv |1 € Z2. It is easy to check k* € A(€)

and consequently,
Z olkl > olk™h 5, of/v
keA(g)

The case (p,0,q) € B, < 0 can be proven similarly with a slight modification. To prove the
case (p,#,q) € A it is enough to put € = 0 in the proof of the case (p,0,q) € B. O

Lemma 4.2 Let 0<p,0,g <00 and a € Ri satisfying the condition (B.11]) and
I/p<a; <ag<r.

Then we have
IG(A(€))] = Z okl — 9&/(a1—(1/p=1/a)+) (4.7)
keA’(€)

Proof. The first asymptotic equivalence in (A7) follows from the definitions. Let us prove the
second one. For simplicity we prove it for the case where p > ¢, the general case can be proven
similarly.

Let us first consider the case (p,0,q) € B. It is easy to verify that for every £ > 0,
Z olkli — / 2(L7) 4, (4.8)

where

W() :={z eRL: (d,z) <€}

We put
Vg, s)={aeW((): /a1 +s—1<(1,z) <&/ay + s}, sE€Z;.

One can verify that for every x € W(§), (1,z) < &/a;. Hence, we have

[¢/a1]

/ 207 dy < 28 N 2TV (E, )] (4.9)
W () s=0
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Let us estimate |V (€,5)]. Put V*(£,8) := V(£,5) — 2%, where 2* := (a;) '¢e!. From the
equation (1,z*) = £/aq, we get for every y =z — ax* € V*(¢, s),

s—1 < (1,y) < s. (4.10)
and
(d,y) < 0. (4.11)

This means that V*(£,s) C V/(s) for every ¢ > 0, where V'(s) C R? is the set of all y € R? given by
the conditions (@I0) and [II). Notice that V'(s) is a bounded polyhedron and |V'(s)| = s9!.
Hence, by the inequality

V(& s)] = [VH(&s) < [V(s)l,

(&3] and (4.9), we obtain the upper bound in (£7):

o0
Z olkli o 9&/m ZQ—SSd—l ~ 9f/a1
keA/(€) 5=0

To prove the lower bound, we take k* := |{/ai]el € ZL. It is easy to check k* € A'(€) and

consequently,
Z olkl > olk™h 5, of/a1,
keA!(€)

O

Remark The grids of sample points G(A(€)) and G(A'(€)) are sparse and have much less elements
than the standard dyadic full grids G(A1(§)) and Smolyak grids G(Az(§)) which give the same
recovery error, where A1 (€) := {k € ZL : Mk|oo < &} and A9(€) := {k € Z4 : A\|k|; < &} and the
number A := v is as in [@2]) for G(A(E)) and X := a1 — (1/p — 1/q)4+ for G(A'(§)). For instance,
the linear sampling algorithms R, (), i = 1,2, on the grids G(A;(€)) gives the worst case error

sup [|f = Raye(Hllg = 275
fevsy

The number of sample points in G(A1(€)) is |G(A1(€))] < 2%/ and in G(Ay(€)) is |G(Ax())] =
28/v¢d=1  Whereas, due to Theorem Bl and Lemma 1] we can get the same error by the linear
sampling algorithm R () on the grids G(A(€)) with the number of sample points |G(A(E))] < 2/,

The following two theorems show that the linear sampling sampling algorithms R ¢) on sparse
grids G(A()), and Rar() on sparse grids G(A’(£)) are asymptotically optimal in the sense of the
quantity r,.

Theorem 4.1 Let 0 <p,0,qg <oco and o € Ry, € R, §#0, such that
1/p < min(a, a + ) < max(a,a + ) < 7.
Assume that for a givenn € Zy, &, is the largest nonnegative number such that

IG(A())] < n. (4.12)
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Then Ra(g,) defines an asymptotically optimal linear sampling algorithm for ry, := rn(U;f,Lq) by

RA(ﬁn)(f) = Ln(X:w (I):w f) = Z f(2_k3)1/1k,s, (4'13)

(k,s)€K(A(6n))

where X} = G(A()) = {27 s} mer(aen): Ph = {Vkstks)ek(ag,)), and we have the following
asymptotic orders

p-o—B/d+(/p=1ady 3>,

su — R = r, < 4.14
erE'{f If A(ﬁn)(f)Hq {n_a_ﬁ_i_(l/p_l/q)Jr’ 8 <0, ( )

Proof.
Upper bounds. Due to Lemma (1] we have

n o= 20 = |G(AG))] < n,

where v is as in (£2]). Hence, we find

- {n—a+ﬂ/d—(1/p—1/q)+7 B>0,

n-otB—(1/p=1/9)+ B <O0. (4.15)

By Lemma Bl and (412), Ra(e,) is a linear sampling algorithm of the form (L)) as in (413) and
consequently, from Theorem we get

rn < sup ||f = Rage,(fllg < 275

B
er;‘ﬁ

These relations together with ([4.I5]) proves the upper bounds of ([4.14]).

Lower bounds. We need the following auxiliary result. If W C L, then we have

(W, Ly(I%)) > inf sup flg- (4.16)
Xn={2I}JL I few: f(29)=0, j=1,..n

For the proof of this inequality see [33, Proposition 19]. Since ||f|; > || f]|, for p > g, it is sufficient
to prove the lower bound for the case p < ¢. Fix a number v/ = 2™ with integer m so that
max(a, @ + ) < min(r', 7" — 1+ 1/p).

We first treat the case 5 > 0. Put k* = k*(n) := n1 for an integer 7 > m. Consider the boxes
J(s) cT@
J(s):= {zel?:27Mms, <x; <271 (s, 4+ 1), j€[d]}, s € Z(n),

where
Zn) = {s€Zl:0<s; <27 1, j e [d]}.

For a given n, we find n satisfying the relations
n o= 2Fh = 9d=m) — 7)) > on. (4.17)

Let X, = {a:j}?zl be an arbitrary subset of n points in I¢. Since J(s) N J(s') = @ for s # s, and
|Z(n)| > 2n, there is Z*(n) C Z(n) such that |Z*(n)| > n and

X N {Useze I ()} = 2. (4.18)
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Consider the function g* € X¢(k*) defined by

gt = A2~k [1=Blk* oo k" |1 /P Z Mg 51 /25 (4.19)
s€Z*(n)

where My ;1,15 are B-splines of order 7. Since [Z*(n)| < 2IF" I by (224) we have
lg*lly = A2~k =Bk oo+ (1/p=1/a) k]2 (4.20)

and
lg*llp = 27t =A -,

Hence, by Corollary 2.1] there is A > 0 independent of  and n such that ¢* € U;‘ f . Notice that
My s4m—1(x), z & J(s), for every s € Z*(n), and consequently, by [{I8) ¢*(2’) =0, j=1,...,n.
From the inequality (4.16]) (£20) and (£.17]) we obtain

rn > lgtll, = n—a—B/d+1/p=1/q
This proves the lower bound of (AI4) for the case 5 > 0.

We now consider the case 8 < 0. We will use some notations which coincide with those in the
proof of the case § > 0. Put k* = k*(n) := (n,m,...,m) for integer n > m. Consider the boxes
J(s) c T4

J(s):= {zeld: 271 Mg < gy <271 (s1 4+ 1)}, s € Z(n),

where
Zn):= {s€ZL:0<5 <2T™ 1, 5;=0, j =2,...d}.

For a given n, we find n satisfying the relations
n =< 2K =< 7™ — |Z(n)| > 2n. (4.21)

Let X, = {azj}?zl be an arbitrary subset of n points in I¢. Since J(s) N J(s') = @ for s # s, and
|Z(n)| > 2n, there is Z*(n) C Z(n) such that |Z*(n)| > n and

X N {UsezeJ(s)} = @. (4.22)
Consider the function g* € X¢(k*) defined by

g = A2~ (a+B—=1/p)k} Z Mk*75+r,/27 (4.23)
s€Z*(n)

where My« o1 ,/5 are B-splines of order r’. Since |Z*(n)| =< 2", by [2.24]) we have
lg*lly = x2~(etB-1/pri/ak, (4.24)

and

lgllp = A2=le
Hence, by Corollary 2.1] there is A > 0 independent of n and n such that g* € U;)’ f . Notice that
My s4m—1(x), z & J(s), for every s € Z*(n), and consequently, by {22) ¢*(2’) =0, j=1,...,n.
From the inequality (416]) (£.24]) and (£2]) we obtain

m(Upy L) > llg°llg = nme P,

This proves the lower bound of ([£I4) for the case 5 < 0. O
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Theorem 4.2 Let 0 < p,0,q < oo and a € R satisfying the condition B.11)) and
I/p<a;<az<..<ag<r.
Assume that for a givenn € Zy, &, is the largest nonnegative number such that
IG(A' (&) < n. (4.23)

Then R, defines an asymptotically optimal linear sampling algorithm for ry, := rn(U;f, Lq(Hd))
by
Raien(f) = La(X5, @0 ) = Y [ s)s,

(k,s)eK (A (&n))

where X} = G(A'(&)) = {27 s} rmeraen)): P = {Vkstrser(ae)). and we have the fol-
lowing asymptotic order

sup || = Ravey (F)llg = o = n- a0t Wpml/as, (4.22)

Proof.
Upper bounds. For a given n € Z, (large enough), due to Lemma we can define £ = &, as the
largest nonnegative number such that

n = 2&/(=0/p=1/a+) = |G(A(&,))] < n.

Hence, we find
9=én — part(1/p=1/q)4 (4.23)

By Lemma B.land [.2) Ras,) is a linear sampling algorithm of the form (LI} and consequently,
from Theorem we get

ra < sup | f = Ravey (f)llg < 275
fety,

These relations together with (4.23]) proves the upper bounds for (£.2).

Lower bounds. As in the proof of Theorem [4.1] it is sufficient to prove the lower bound for the case
p < ¢. Fix a number r = 2™ with integer m so that r4y < min(r,r — 1+ 1/p). In the next steps, the
proof is similar to the proof of the lower bound for the case 8 < 0 in Theorem L1l Indeed, we can
repeat almost all the details in it with replacing oo + 8 by ay. O

Remark Concerning the asymptotically optimal sparse grids of sampling points G(A(&,)) and
G(A/(&,)) for Tn(U;bB, Lg) and 7, (U g, Lg), it is worth to notice the following. Let set A and B be
the sets of triples (p, 0, q) introduced in Section Bl For every triple (p,0,q) € A, we can define the
best choice of family of asymptotically optimal sparse grids G(A(,)) and G(A’(&,)). Whereas, for
a triple (p,,q) € B, there are many families of asymptotically optimal sparse grids G(A(&,)) and
G(A'(&,)) depending on parameter € > 0, for Tn(U;bB, Lg) and r,,(Uy g, Lg), respectively. Moreover,
the parameter € > 0 plays a crucial role in the construction of asymptotically optimal sparse grids
for (p,0,q) € B. Indeed, to understand the substance let us consider, for instance, the problem of
asymptotically optimal sparse grids for even the simplest case rn(U;‘ ’25 ,Ly)) with 8 < 0. Suppose
that for this case instead the set

A(€) = {ke€Zl: (a—e)lkli + (B +¢)|klo < &,
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we take the set .
A(€) == {keZ%:alkl + Bkl < £}

Then A(€) is a proper subset of A(€), i.e., the grid G(A(§)) is essentially extended from G(A())
by parameter €. However, |G(A(£))| < |G(A(£))]. On the other hand, the grid G(A(£)) cannot be

asymptotically optimal for 7, (Us ’25 , L) and because for this gird ([3.5]) is replaced by

sup || — Rage(Hll2 = 27547
feugy

A similar optimal property of the grid G(A”(£)) holds for rn(Uzof’f, W, (1)) with v > B (see the
next section).

5 Sampling recovery in energy norm

In this section, we extend the results on sampling recovery in the quasi-norm of Lq(Hd) of functions
from B;‘ ’(,B in Sections [l and Ml to sampling recovery in the energy norm of the isotropic Sobolev

space Wy (I?) with v > 0 and 1 < ¢ < co. We preliminarily study the sampling recovery in the
norm of By ;, and then receive results on sampling recovery in the norm of Wy (I¢) as consequences

of those in the norm of B;,min(q,z) and the inequality (2.13]).

Put ¢ := (1 —1/0)! for 1 <0 < c0.
Lemma 5.1 Let 0 < p,0 < o0, 1 < ¢,7 <00, 0 <y < min(r,r — 1+ 1/p) and 1 : Zi — R,
Then for every f € B we have

p,0 7

sup 2~ VR)F Koo+ (1/p=1/0)+ k1 6<1,

d
I = RaD)llgg, < [lgeer 1555 PRIy (5.1)
(Zkeﬁm{g—w( J+lKloo +(1/p=1/4) k1 ) 0> 1.

Proof. Let us prove the following Bernstein type inequality

lgllsy, < 27¥=|glly, Vg € £ (k), VK € 21, (5.2)

where we recall that $%(k) is the set of B-splines of the form (2.23). Let g € £%(k) and k € Z.
Due to ([212) it is sufficient to show that

1/7
<Z {Wswr,i(g,?_s)q}T) < 2% gl (5.3)
SEZy

with the usual change to sup when 7 = co. Observe that g can be represented by the series (2.31])
with gs =g € Efn{i(kzi)q for s = k; and g5 = 0 for s # k;. Hence, applying Lemma 2.8 we prove (5.3))
and therefore, (5.2]). The inequality (5.2)) together with ([2:24]) gives

lgllgy, < 2=t O/p=larlkly g), vg € S(k), VE € Z1. (5.4)
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Since 1 < ¢,7 < o0, || |5, is a norm. Consequently, from the inclusions gx(f) € »d(k) and (54)

we obtain for every f € B;%}v
If = Ra(Nllgy, < Z lae(Hlly, < Z o1 /0=L/a) 1 g (£,
keZd\A kezd\A

By use of these inequalities, in a way similar to the proof of Lemma we prove the lemma. [

Let 0 <p,0 <o00,1<q,7m<o0and a,v€R;, f€R be given. We fix a number € so that

0<e<min(a— (1/p—1/q)+, |7 = B])s

and define the set A" (&) for £ > 0 by

{kezl:(a—Q1/p—1/9)1)kl — (v = B)lkloo <&}, 0 <1,
A= {kezl: (a—1/p-1/9)+ +e/d)lkh — (v = B—e)lklw <&}, 0>1, B>7,
{keZi:(a—/p=1/Q)s —)kh — (v =B+e)lklw <&,  0>1, <.

The following theorem gives an upper bound of the error in the quasi-norm of By, of the
sampling recovery by the linear sampling operator R .~ ¢ on the grids G(A” (&)) for f € U;‘ bﬁ It

can be proven in a similar way to the proof of Theorem with a slight modification on the basis
of Lemma 5.1}

Theorem 5.1 Let 0 < p,0 <o0,1<¢q,7<o00,a,v€R, and B € R, B #~, satisfy the conditions

. {(7—5)/6& B>,
7_/87 /8<77

and
1/p < min(a, a 4+ f) < max(a, + ) <r, 0<~y <min(r,r —1+1/p).
Then we have the following upper bound

sup  |[f = Rpre)(Pllsy, < 275 (5.5)

B
er;}ﬂ

As the next step we need the asymptotic order of the cardinality of the grids G(A" (€)). It can
be established in a similar way to Lemma [4.1] with a slight modification. More precisely, we have
the following

Lemma 5.2 Under the assumptions of Theorem [5.1] we have

GA"(€) =< 3 a2lkh < 28, (5.6)

keA” (€)

where

L {a—(v—ﬁ)/d—(l/p—l/q)+, B>,
C e-( =8 -/p—-1gy, B<n
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From Theorem [£.J] and Lemma [5.2] by analogous technique and argument as in the proof of
Theorem [£.1] we prove the following

Theorem 5.2 Under the assumptions of Theorem [51], let for a given n € Z., &, be the largest
nonnegative number such that

GA" ()] < n.

Then R (€n) defines an asymptotically optimal linear sampling algorithm for r, = Tn(U:j’eB, Bgr)
by
RA” (fn)(f) = Ln(X’;kL? @’:” f) - Z f(2_k8)1/}k7s,

(k,s)EK (A" (n))

where X5 i= G(A"(€0) = {27} ger(a” () Ph = (Uhsdonen(a” s @nd we have the
following asymptotic orders

supﬂ ”f_RA"(gn)(f)HB;,T = r, X (5.7)

{n—a—(ﬁ—v)/d+(l/p—1/q)+, B>,
feuyy

n-o Bty +A/p=1/a)+ B <.

Notice that although in general, for a set A the upper bound (5.I) depends on 6 and 7, for
the special set A”(€) the upper bound (5.5) does not depend on # and 7, more precisely, these
parameters go to a constant in <. Hence, the upper bound in (5.7) which is derived from (5.5)
and (5.0]), does not depend on 6 and T too.

From Theorem and the inequalities ([2.13]) we derive following theorem on optimal sampling
recovery in the energy norm of W, (I¢) of the class U; f .

Theorem 5.3 Under the assumptions of Theorem [51, we have the following asymptotic orders
for 1 < q < oo,

n=o=B=n/d+1/p=1/0)+ = 5> 4,

p,0

a,B YT -
(U, W (I%) = {n—a—6+v+(1/p—l/q)+, B <.

Remark Asymptotically optimal linear sampling algorithms for r, (U o5 W4 (I7)) are the same as

po >
U: bﬁ ,B;Y’min(q’z)). For periodic functions, the asymptotic order of r,(Uy ’26 , W (T%)) with

[ < 7 recently has been obtained in [7].

for 7y

6 Optimal cubature

Every linear sampling algorithm L, (X, ®,,-) of the form (1)) generates the cubature formula
I,(Xn, Ay, f) where

M= N N = [ (o) do.
Hence, it is easy to see that
‘[(f) - In(XmAm f)’ < ”f - Ln(Xm ®y,, f)Hlv

and consequently, from the definitions we have the following inequality

in(W) < (W) (6.1)
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Theorem 6.1 Let 0 < p,0 < oo and a € Ry, 5 € R such that
1/p < min(a, o + ) < max(o,a + ) < 7.
Assume that for a given n € Zy, &, is the largest nonnegative number such that

IG(A))] < n.

Then Ra(g,) defines an asymptotically optimal cubature formula for in(U: bﬁ ) by

ITL(XT*L? <I>;kw f) = Z )\k,sf(Z_ks)v

(k,s)€K(A(6n))

where
Xi = G(AG) = {27 s serae)): M= kst hserag) Mis = /Hd Vi,s(2)dz,

and we have the following asymptotic orders

sup  |I(f) — I(X:, AL, )] < in(US)) =

—a-B/dH1/-Ds g
{ SO 6
feusy

n-a—B+1/p=Di g <)

Proof. The upper bound of (6.1]) follows from (G.I) and Theorem Il To prove the lower bound of
(6.1]) we observe that

in(W) = inf sup 1L(f)I,
Xn:{x]}?:1c]1d FEW: f(z9)=0, j=1,...,n

and for the functions ¢g* given in ([@I9) and [£23) we have I(g*) = ||g*||:. Hence, we can see that
the lower bound is derived from the proof of the lower bound of Theorem A1l [

In a similar way, we can prove the following

Theorem 6.2 Let 0 < p,0 < oo anda € Ri satisfying the condition B.11]) and ay > 1/p. Assume
that for a given n € Zy, &, is the largest nonnegative number such that

IG(A' (&) < n.

Then Rave,) defines an asymptotically optimal cubature formula for in(UI‘fﬂ) by

L(X;;, 5, f) = S sf(27s),

(k,s)eK(A(&n))

where
X = G(A(&) = {27 s psyexae),  Ab = {Mestrser@ane)) Mus = /Hd Vr,s(7)de,

and we have the following asymptotic order

sup  [I(f) = In(Ap, X1, )| = in(Upp) = @t /p= U,
feus,
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