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Abstract

Partial differential equations (PDEs) are a fundamental tool in the modeling of many
real-world phenomena. In a number of such real-world phenomena the PDEs under
consideration contain gradient-dependent nonlinearities and are high-dimensional.
Such high-dimensional nonlinear PDEs can in nearly all cases not be solved explicitly,
and it is one of the most challenging tasks in applied mathematics to solve high-
dimensional nonlinear PDEs approximately. It is especially very challenging to design
approximation algorithms for nonlinear PDEs for which one can rigorously prove that
they do overcome the so-called curse of dimensionality in the sense that the number of
computational operations of the approximation algorithm needed to achieve an approx-
imation precision of size ¢ > 0 grows at most polynomially in both the PDE dimension
d € N and the reciprocal of the prescribed approximation accuracy ¢. In particular,
to the best of our knowledge there exists no approximation algorithm in the scientific
literature which has been proven to overcome the curse of dimensionality in the case
of a class of nonlinear PDEs with general time horizons and gradient-dependent non-
linearities. It is the key contribution of this article to overcome this difficulty. More
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specifically, it is the key contribution of this article (i) to propose a new full-history
recursive multilevel Picard approximation algorithm for high-dimensional nonlinear
heat equations with general time horizons and gradient-dependent nonlinearities and
(ii) to rigorously prove that this full-history recursive multilevel Picard approxima-
tion algorithm does indeed overcome the curse of dimensionality in the case of such
nonlinear heat equations with gradient-dependent nonlinearities.

Keywords Curse of dimensionality - Partial differential equation - PDE - Backward
stochastic differential equation - BSDE - Multilevel Picard - Multilevel Monte
Carlo - Gradient-dependent nonlinearity

Mathematics Subject Classification 65M75
1 Introduction

Partial differential equations (PDEs) play a prominent role in the modeling of many
real-world phenomena. For instance, PDEs appear in financial engineering in models
for the pricing of financial derivatives, PDEs such as the Schrédinger equation appear in
quantum physics to describe the wave function of a quantum-mechanical system, PDEs
are used in operations research to characterize the value function of control problems,
PDEs provide solutions for backward stochastic differential equations (BSDEs) which
itself appear in several models from applications, and stochastic PDEs such as the Zakai
equation or the Kushner equation appear in nonlinear filtering problems to describe
the density of the state of a physical system with only partial information available.

The PDEs in the above named models contain often nonlinearities and are typically
high-dimensional, where, e.g., in the models from financial engineering the dimen-
sion of the PDE usually corresponds to the number of financial assets in the associated
hedging or trading portfolio, where, e.g., in quantum physics the dimension of the PDE
is, loosely speaking, three times the number of electrons in the considered physical
system, where, e.g., in optimal control problems the dimension of the PDE is deter-
mined by the dimension of the state space of the control problem, and where, e.g., in
nonlinear filtering problems the dimension of the PDE corresponds to the degrees of
freedom in the considered physical system.

Such high-dimensional nonlinear PDEs can in nearly all cases not be solved explic-
itly and it is one of the most challenging tasks in applied mathematics to solve
high-dimensional nonlinear PDEs approximately. In particular, it is very challenging
to design approximation methods for nonlinear PDEs for which one can rigorously
prove that they do overcome the so-called curse of dimensionality in the sense that the
number of computational operations of the approximation method needed to achieve
an approximation precision of size & > 0 grows at most polynomially in both the PDE
dimension d € N and the reciprocal of the prescribed approximation accuracy &.

Recently, several new stochastic approximation methods for certain classes of
high-dimensional nonlinear PDEs have been proposed and studied in the scien-
tific literature. In particular, we refer, e.g., to [11,12,26,29,30,53] for BSDE-based
approximation methods for PDEs in which nested conditional expectations are dis-
cretized through suitable regression methods, we refer, e.g., to [10,39,41,42] for
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branching diffusion approximation methods for PDEs, we refer, e.g., to [1-3,6—
8,13,14,16,17,21,24,25,31,34-36,40,43,48,50,52,54-58,60,62,63] for deep learning
based approximation methods for PDEs, and we refer to [4,5,20,28,46,47] for numer-
ical simulations, approximation results, and extensions of the in [19,45] recently
introduced full-history recursive multilevel Picard approximation methods for PDEs.
In the following we abbreviate full-history recursive multilevel Picard as MLP.

Branching diffusion approximation methods are also in the case of certain nonlinear
PDEs as efficient as plain vanilla Monte Carlo approximations in the case of linear
PDEs, but the error analysis only applies in the case where the time horizon T’ € (0, co)
and the initial condition, respectively, are sufficiently small and branching diffusion
approximation methods fail to converge in the case where the time horizon 7' € (0, 00)
exceeds a certain threshold (cf., e.g., [41, Theorem 3.12]). For MLP approximation
methods it has been recently shown in [4,45,46] that such algorithms do indeed over-
come the curse of dimensionality for certain classes of gradient-independent PDEs.
Numerical simulations for deep learning based approximation methods for nonlinear
PDEs in high dimensions are very encouraging (see, €.g., the above named references
[1-3,6-8,13,14,16,17,21,24,25,31,34-36,40,43,48,50,52,54-58,60,62,63]) but so far
there is only partial error analysis available for such algorithms (which, in turn, is
strongly based on the above-mentioned error analysis for the MLP approximation
method; cf. [44] and, e.g., [9,23,32,33,36,49,51,61,62]). To sum up, to the best of our
knowledge until today the MLP approximation method (see [45]) is the only approx-
imation method in the scientific literature for which it has been shown that it does
overcome the curse of dimensionality in the numerical approximation of semilinear
PDEs with general time horizons.

The above-mentioned articles [4,28,45,46] prove, however, only in the case of
gradient-independent nonlinearities that MLP approximation methods overcome the
curse of dimensionality and it remains an open problem to overcome the curse of
dimensionality in the case of PDEs with general time horizons and gradient-dependent
nonlinearities. This is precisely the subject of this article. More specifically, in this
article we propose a new MLP approximation method for nonlinear heat equations
with gradient-dependent nonlinearities and the main result of this article, Theorem 5.2
in Sect. 5 below, proves that the number of realizations of scalar random variables
required by this MLP approximation method to achieve a precision of size ¢ > 0
grows at most polynomially in both the PDE dimension d € IN and the reciprocal of
the prescribed approximation accuracy €. To illustrate the findings of the main result
of this article in more detail, we now present in the following theorem a special case
of Theorem 5.2.

Theorem 1.1 Let T, 68, A € (0, 00), let ug = (uqy(t, x))(,,X)E[OYT]XRd € C1’2([0, T]x
R4, R), d € N, be at most polynomially growing functions, let f; € C(R x R?, R),
d eN,let gg € C(IRd, R), d e N, let Lg; € R, d,i € N, assume for all d € N,
1 €[0,7) x = (x1,x2,...,%q), ¥ = (1,22, ..., %), 2 = (21,22, ..., 2d), § =
(1,32, ---534) € R% vy, v € R that

max{| f4(y. 2) — fa(0. )| 18a(x) — ga(®)1}
< Y4 Laj(d*lxj —xjl + 1y — vl + 1zj — 31). 6
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@ Springer Lﬁjog



908 Foundations of Computational Mathematics (2022) 22:905-966

(%Md)(t,x) = (Axug)(t, x)
+ fd(ud(t’x), (qud)(t,x)), uqg(0, x) = gqa(x), )

and d=*(|g4(0)| + | £2(0, 0)|) + Z?:] Lg; <X, let (2, F, P) be a probability space,
let ©® = UyeNZ", let Z99: Q@ — RY, d € N, 0 € O, be i.i.d. standard normal
random variables, let v : Q@ — (0, 1), 0 € ©, be i.i.d. random variables, assume for
all b € (0, 1) that P < b) = /b, assume that (Z49) 4 gyenxo and (t%)gee are

independent, let U5, = (ULS0 USLL US04 0,71 x RY x @ — R,
neZ M,d eN,0 e 0, satisfy foralln, M,d e N, 0 € ©,t € (0, T, x € R? that
Ul L (x) = UGS, (. x) = 0and

UL, x) — (84(x), 0)

Ml‘l . .
— #(gd(x + [zt]l/ZZd,(e,O,fl)) _ gd(x))(L [zt]fl/zzd,(e,o,fl))
i=1
no MU o2 d,(0,1,i) 0.1, 0.Li)11/2 7d, 0,1,i)y) )
2 Z A= [fa (U (1 = € O10), x4 2 @D 1220010

—In() fa (U?i(ﬁ};l”)(t(l — D)y g 2 @1)1/2 7401y ]
. (1, [2tt(0,l,i)]—l/2zd,(e,l,i))’

and for every d, M,n € N let RVyq,m € N be the number of realiza-
tions of scalar random variables which are used to compute one realization of
Ud’g,,(T, 0): @ — R (¢f (176) for a precise definition). Then there exist ¢ € R
and N = (Ng.¢)(d.6)eNx .11 N x (0, 1] — N such that for alld € N, ¢ € (0, 1] it

holds that Zflvi’f RV, nira) < cds=C+ and

sup [E[USDS (T, 0) = ua(T. 0)]

nelNN[Ny.¢,00)
+  max E[|U ,0,i (T.0) — (Lug)(T O)|2] 12 -, “
ie(loed) L nl 2ua) (T, e

Theorem 1.1 is an immediate consequence of Corollary 5.4 in Sect. 5 below. Corol-
lary 5.4, in turn, follows from Theorem 5.2 in Sect. 5, which is the main result of this
article. In the following we add a few comments regarding some of the mathematical
objects appearing in Theorem 1.1 above.

The real number T € (0, c0) in Theorem 1.1 above describes the time horizon of
the PDE under consideration (see (2) in Theorem 1.1 above). Theorem 1.1 reveals
under suitable Lipschitz assumptions that the MLP approximation method in (3)
above overcomes the curse of dimensionality in the numerical approximation of the
gradient-dependent semilinear PDEs in (2) above. Theorem 1.1 even proves that the
computational effort of the MLP approximation method in (3) required to obtain a pre-
cision of size ¢ € (0, 1] is bounded by cde~ 2 where ¢ € R is a constant which
is completely independent of the PDE dimension d € IN and where § € (0, c0) is an
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arbitrarily small positive real number which describes the convergence order which
we lose when compared to standard Monte Carlo approximations of linear heat equa-
tions. The real number A € (0, co) in Theorem 1.1 above is an arbitrary large constant
which we employ to formulate the Lipschitz and growth assumptions in Theorem 1.1
(see (1) and below (2) in Theorem 1.1 above).

The functions uy: [0, T] x RY - R, d € N, in Theorem 1.1 above are the
solutions of the PDEs under consideration; see (2) in Theorem 1.1 above. Note that
for every d € IN we have that (2) is a PDE where the time variable ¢ € [0, T] takes
values in the interval [0, T'] and where the space variable x € R? takes values in
the d-dimensional Euclidean space RRY. The functions fa: R x RY > R,d € N,
describe the nonlinearities of the PDEs in (2) and the functions g4 : RY - R,d € N,
describe the initial conditions of the PDEs in (2). The quantities [n'4], n € N,
in (4) in Theorem 1.1 above describe evaluations of the standard floor function in
the sense that for all n € IN it holds that Ln1/4J = max([0, n!/4] N N). Note that

in this work for every d € N, a € R, b = (b1,b2,...,bg) € R? we sometimes
write (a, b) € R*! as an abbreviation for the vector (a, by, ba, . .., bg) € R4T!. In
particular, observe that for alld € N, x = (x1, x2,...,%4),2 = (21,22,--.,24) €

R, 1 € (0, 7] it holds that (g4(x + [20]'%2) — gg( (U, [21]7"%2) = (galx +
V20) — ga()) (1, 21V 2071, 20/ 2071, L za/(20) 1) (cf. the first line in (3)
above).

Theorem 1.1 proves under suitable assumptions (cf. (1) in Theorem 1.1 above for
details) that the MLP approximation method in (3) above overcomes the curse of
dimensionality in the numerical approximation of the gradient-dependent semilinear
heat equations in (2) above. In order to give the reader a better understanding why
the approximation scheme in (3) above is capable of overcoming the curse of dimen-
sionality in the numerical approximation of gradient-dependent semilinear PDEs, we
now outline a brief derivation of the approximation scheme in (3) in the special case
where f € C(RxR?, R),d € N,and g; € C(R?, R),d € N, are globally bounded
functions. For this observe that the Feynman—Kac formula and the assumptions of
Theorem 1.1 ensure that the solutions ug: [0, T] x R? — R, d € N, of the PDEs in
(2) satisfy that foralld € N, € [0, T], x € R it holds that

t
ug(t, x) = E[gm + 2012249 + / fa(ua(s, x + [2( — $)]'/2249),
0

(Veug) (s, x + [2(t — )12 24:0)) ds:|. (5)

Note that (5) are stochastic fixed-point equations with the solutions ug : [0, T]xR¢ —
R, d € N, of the PDEs in (2) being the fixed points of the stochastic fixed-point
equations. MLP approximation methods are powerful approximation techniques for
stochastic fixed-point equations but the MLP approach cannot be directly applied to (5)
as the gradients (Vyuy)(t, x),t € [0, T], x € R4, of the solutions ug: [0, T] x RY —
R, d € N, of the PDEs in (2) appear on the right-hand side of (5) but not on the left-
hand side of (5).
EOE';W
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To get over this obstacle, we reformulate (5) by means of the Bismut—Elworthy-Li
formula (cf., e.g., Da Prato and Zabczyk [15, Theorem 2.1]) to obtain other stochas-
tic fixed-point equations with no derivatives appearing on the right-hand side of the
stochastic fixed point equations so that the MLP machinery can be brought into play.
More formally, note that the Bismut—Elworthy—Li formula ensures that the solutions
ug: [0, T]x R? — R,d € N, of the PDEs in (2) satisfy thatforalld € N, ¢ € (0, T],
x € RY it holds that

(Vaua)(t, x) = E[gd(x + [211'2 2402117 1/2 240
t
+/ fa(uas, x +[2(t — )1'/2240),
0

(Veug) (s, x + [2(t = 12240 2 — 5)171/2 240 ds}. (6)

Next let uy = (ug. 1,942, ...,04,4+41): [0, T] % RY - RIt! d € N, satisfy
foralld € N,k € {2,3,....,d + 1}, x = (x1,x2,...,xq) € R%, ¢t € [0, T] that

ug 1(¢,x) = u(t,x) and ug i (t,x) = (axiil)u(t,x) and observe that (5) and (6)

reveal that foralld € N, 7 € (0, T], x € R? it holds that

uy(t,x) = E[gd(x + 20112749, [2¢]7 12 249y

t
+ / fd(ud(S,X—i‘[z(f—S)]l/zzd’o))(l,[z(f—s)]_l/zzd’o)ds}- ©)
0

Observe that (7) are stochastic fixed-point equations with no derivatives appearing on
the right-hand side of (7) so that we are now in the position to apply the MLP approach
to (7). Next we briefly sketch how MLP approximations for (7) can be obtained and,
thereby, we briefly outline the derivation of the MLP approximation schemes in (3)
above (cf., e.g., E etal. [18, Section 1.2]). For this observe that (7) can also be written
as the fixed point equation u = ® (1) where & is the self-mapping on the set of all
bounded functions in C((0, T'] x RY, R?*1) which is described through the right-
hand side of (7). We now define Picard iterates u,,, n € Ny, by means of the recursion
that for all n € N it holds that uy = 0 and u,, = ®(u,_1). Next we observe that a
telescoping sum argument and the fact that for all k € N it holds that uy = D (ur—_1)
demonstrate that for all n € IN it holds that

n—1 n—1
ty =u1+ Y [ugn —w] = 00) + ) [®w) — D). ®)
k=1 =1

Roughly speaking, the MLP approximations in (3) can then be derived by approxi-
mating the expectations and temporal Lebesgue integrals in (8) within the fixed point
function ® through appropriate Monte Carlo approximations with different numbers
of Monte Carlo samples (cf., e.g., Heinrich [37], Heinrich and Sindambiwe [38], and
Giles [27] for related multilevel Monte Carlo approximations).
FoC'T
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Theorem 1.1 above in this introductory section is a special case of the more general
approximation results in Sect. 5 in this article, and these more general approximations
results treat more general PDEs than (2) as well as more general MLP approximation
methods than (3). More specifically, in (2) above we have for every d € IN that the
nonlinearity f; depends only on the PDE solution u,4 and the spatial gradient V,ug4
of the PDE solution but not on ¢ € [0, 7] and x € R4, while in Corollary 5.1 and
Theorem 5.2 in Sect. 5 the nonlinearities of the PDEs may also depend on ¢ € [0, T']
and x € R?. Corollary 5.1 and Theorem 5.2 also provide error analyses for a more
general class of MLP approximation methods. In particular, in Theorem 1.1 above
the family A 9 N 0,1),6 € (0,1), of i.i.d. random variables satisfies for all
b € (0,1) that P* < b) = /b and Corollary 5.1 and Theorem 5.2 are proved
under the more general hypothesis that there exists & € (0, 1) such that for all b €
(0, 1) it holds that P(t% < b) = b¥ (see, e.g., (160) in Theorem 5.2). It is a crucial
observation of this article that, roughly speaking, in the case of PDEs with gradient-
dependent nonlinearities time integrals in the semigroup formulations of the PDEs
under consideration cannot be approximated with continuous uniformly distributed
random variables (corresponding to the case o = 1) as it was done, e.g., in [4,45,46];
cf. Sect. 5 for a more detailed discussion of this observation. Furthermore, the more
general approximation result in Corollary 5.1 in Sect. 5 also provides an explicit upper
bound for the constant ¢ € IR in Theorem 1.1 above (see (144) in Corollary 5.1).

We also refer to the references [5] and [20] for numerical simulations for MLP
approximation methods for semilinear high-dimensional PDEs. We would like to point
out that there are two variants of MLP approximation methods in the scientific litera-
ture. First, MLP approximation methods with the temporal Lebesgue integrals being
approximated by deterministic quadrature rules have been proposed in [19,20]in 2016.
In [20] this first variant of MLP approximation methods has also been tested numeri-
cally, also in the case of gradient-dependent nonlinearities (see [20, Section 3.2]), but
the existing convergence results for this first variant of MLP approximation methods
are only applicable under very strong regularity assumptions and even exclude many
semilinear heat equations with globally Lipschitz continuous gradient-independent
nonlinearities (cf. [19, Corollary 3.19] and [47, Corollary 4.8]). Thereafter, MLP
approximation methods with the temporal Lebesgue integrals being approximated by
Monte Carlo approximations have been proposed in [45] in 2018 and further studied
and extended in [4,28,46] as well as in the present article. This second variant of MLP
approximation methods has been shown to overcome the curse of dimensionality under
only mild (local) Lipschitz continuity assumptions on the nonlinearity of the PDEs
under consideration (see, e.g., [45, Theorem 1.1], [4, Theorem 1.1], [46, Theorem 1.1],
and [28, Corollary 1.2]) and this second variant of MLP approximation methods has
also been tested numerically in [5] but only in the case of gradient-independent non-
linearities and it remains a topic of future research to perform numerical simulations
for the MLP approximation methods proposed in this article (belonging somehow
to the ’second variant’ of MLP approximation methods) in the case of PDEs with
gradient-dependent nonlinearities.

The remainder of this article is organized as follows. In Sect. 2 we establish a few
identities and upper bounds for certain iterated deterministic integrals. The results
of Sect. 2 are then used in Sect. 3 in which we introduce and analyze the considered

EOE';W
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MLP approximation methods. In Sect. 4 we establish suitable a priori bounds for exact
solutions of PDEs of the form (2). In Sect. 5 we combine the findings of Sects. 3 and 4
to establish in Theorem 5.2 below the main approximation result of this article.

2 Analysis of Certain Deterministic Iterated Integrals

In this section we establish in Corollary 2.5 below an upper bound for products of
certain independent random variables. Corollary 2.5 below is a central ingredient in
our error analysis for MLP approximations in Sect. 3 below. Our proof of Corollary 2.5
employs the essentially well-known factorization lemma for certain conditional expec-
tations in Lemma 2.4 below as well as a few elementary identities and estimates for
certain deterministic iterated integrals which are provided in Lemmas 2.1, 2.2, and
Corollary 2.3 below.

2.1 Identities for Certain Deterministic Iterated Integrals

Lemma2.1 Let T, B,y € (0,00), let p: (0,1) — (0, 0c0) be B((0, 1))/B((0, 00))-
measurable, and let ¢ [0, T1? = (0, 00) satisfy forallt € [0,T), s € (¢, T] that
o(t,s) = %p(%). Then it holds for all j € N, so € [0, T) that

r 1 r 1
so (51— 350)Plo(so, 1Y /3‘1 (s2 — s1)Plo(s1, s2)1”

T

1

ds;...dsyds;
/S,l (sj —sj-DPloCsj—1, sl 7

j—1 1 (l _ S)i(l‘I’J/*,B)

(T — s)i1+7=P)
— 1:!) TIO

&)

Proof of Lemma 2.1 We prove (9) by induction on j € IN. For the base case j = 1
note that integration by substitution yields that for all s € [0, T') it holds that

T 1 1 (T _ sO)l—ﬂ
/ dS1 :/ dz
5o (51 —50)P[o(s0, s1)]” o zlo(so, so + z(T — s0))]”
1

1
= (T — ‘+V*ﬂ/ — s 10
(=0 L Poor 10

This proves (9) in the base case j = 1. For the inductionstepIN 3 j ~» j+1 € Nnote
that the induction hypothesis and integration by substitution imply for all 5o € [0, T')

FoC'T
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that
T 1 |: T 1
so (51— 50)PloGso, sD1 Ls, (52 —s1)PloCsy, s2)17

T 1
.. ds; ]...dsz]dsl
./sj (sj11—s)PlaGsj,sjrnl 7T

T _ ety =p [l o1 L oi(4y—8)
(T —s1)/VTY (1 =)ty
= || —ds | ds
/so (s1 — s0)Plo(so, sD1Y |:i=0 o Pl Y} ! (11)

1 — 5)i(4y—B) U (T — sy 1H7=B) (] — oyi(1+y—B)
_ [ / (I—ys) ds:| / (T —s0) (1-2) (T — so)dz
0

Pl (T — s0)PzPlo(so, so + 2(T — 50))1”

) J 11— )i(H‘J/*ﬂ)
(T — s GTDU+r=F) / d-s ds |
— {E) 0o Pl ©

Induction thus proves (9). This completes the proof of Lemma 2.1. O

Lemma22 Leta € (0,1), T,y € (0,00), B € (0,ay + 1) and let p: (0,1) —
(0, 00) and o [0, T]2 — (0, 00) satisfy forallr € (0,1),t €[0,T), s € (t, T] that

p(r) = = 7505 [0, T) that
T 1 T 1
s (51 =50)PloCso, s Js; (52— s1)Plo(s1,52)]7
T 1
. dsj...dsyd
/s‘,«l (sj = sj—DPlo(sj-1, s EA
_[@ -9t Pray-p+n7
B (1 —ay
j—1 . .
1—[ F@d+y-p+1D (12)

LTy —B+i(l+y —B)+2)

Proof of Lemma 2.2 Throughout this proof let B: (0, 00) x (0, 00) — R satisfy for
all x, y € (0, co) that

1
B(x,y):/ s — s ds. (13)
0
FoE'ﬂ
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Note that (13) and the fact that for all x, y € (0, co) it holds that B(x, y) = aEI1N63]

. = TGty
ensure that for all i € INj it holds that
11 _ \ill+y—pB) 1
/ (1 — sty P / s =B(1 — 5)i1Hr=B) gg
o SPlp®) (I =) Jo
=B(ay—,3+1,l(l+y—/3)+1) (14)
(1 —a)
Ty —B+DIG(+y—p)+1)
(I—a) Ty —B+il+y —p) +2)
Lemma 2.1 hence implies that for all j € N, sg € [0, T) it holds that
T 1 /T 1
w0 (51— 50)P[oso,sD1” Jy, (52— s1)Plo(s1, 2)17
T
1
/ B de...dSzdSl
sjo1 () —sj—DPlo(sj—1, sV
(=1 1 i(y—p)
= (T — sy 0 | T] % ds
im0 S [p(s)] (15)
-1 .
_ (1 — sy | T T Z B DRG0y =)+ D)
Lo U—ayTay —g+il+y—p+2)

_ (T — 50 ATy — g+ 1) ﬁ Fi(l+y—-p+1
- (1 —ay Ty —B+i(l+y —B)+2)

i=0
This establishes (12). The proof of Lemma 2.2 is thus completed. O

2.2 Estimates for Certain Deterministic Iterated Integrals

Corollary 2.3 Leta € (0,1), T,y € (0,00), B € [ay,ay + 1] and let p: (0, 1) —
(0, 00) and o: [0, T]2 — (0, 00) satisfy forallr € (0,1),t €[0,T), s € (t, T] that

po(r) = lr_f‘ and o(t, s) = %p(}‘_’t). Then it holds for all j € N, so € [0, T) that

r 1 r 1
s (51— 50)Plo(s0, s1)]Y /sl (s2 — s1)Plo(s1, $2)17

T

1

ds;...dsyds;
fs” (sj —sj—DPlo(sj—1, s

(=) (L +y — pyer 7]
FoC'T
. H_f
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(ﬂ*ml/i(atgﬁJrl) l,,(l 1 ) ay—p+1
Jer sy -pi-n+n] [ﬁ} .
I+y—8
(16)

Proof of Corollary 2.3 First, observe that Wendel’s inequality for the gamma function
(see, e.g., Wendel [64] and Qi [59, Section 2.1]) ensures that for all x € (0, 00),
s € [0, 1] it holds that

= a7
X

I'(x) _ 1 |:x+s:|1_s
F'x+s) = x° '

Moreover, note that the fact that for all x € (0, 0o) it holds that In(x) = x ! demon-
strates that for all j € N, A € (0, co) it holds that

J—1 1

2T

i=0

> =
> =

=ty Il s 1
< —d
+;i+k_ +;[l s—1+a"
! /‘/—1 ds = L ym(1=L 1y (18)
—_ = — n .
L s—1+A T T A

Combining this, (17), and the fact that «y — 8 + 1 € [0, 1] with the fact that for all
x € [0, o0) it holds that 1 + x < e* proves that for all j € IN it holds that

>

ﬁ T +y—p)+1)
Fly —B+i(l+y—pB)+2)

i=0

. -
- ’l—l(ay—ﬁ+i(1+y—ﬁ)+z>1 @y —p+1) '
| i=o il+y—-p+1 (i(1+y —B) + Hay—P+1
N
i\ ity =B+ ((1+y —B) + Dor—F+l

_j_l —ay)(ay—
izo (1 4y —p) + Har—p+1

B o D W e el 1
=e l+l+y—ﬁ l_[

LAty = p+ per =B
j—1

< R Ly —Bin((y —B) (= D+D) ’l—[ 1
- LG +y =)+ Doy BT

l+y— . Goeprerofil) r(si=5) oy =p1

=[Py -pG-n+n] 7 [ e } :
4y =BT (j+ 155

EOE';W
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Lemma 2.2 hence implies that for all j € N, 5o € [0, T') it holds that

r 1 r 1
/so (s1 — 50)P[o(s0, s1)]” /s.l (s2 — sD)Plo(s1, 52)]7

T

1

/ B de...dSzdSl
sio1 (8j —sj—DPlo(sj—1, )1

(B—ay)(@y—p+1)

T—so) =B (v —B+1) 1Y _ . T+y—F
< [Goal e D L+ y — G - D+ D]

1 ay—pB+1
. [WH—V%))} ’ , (20)

; 1
F(]er

This establishes (16). The proof of Corollary 2.3 is thus completed. O

2.3 Estimates for Products of Certain Independent Random Variables

Lemma24 Let T € (0,00), d € N, F € C((0,1) x [0,T) x R, [0, 00)),
let (2, F,P) be a probability space, let p: Q@ — (0,1) and t: 2 — (0,T)
be random variables, let W: [0, T] x Q@ — R? be a standard Brownian motion
with continuous sample paths, let f: [0, T) — [0, oo] satisfy for all t € [0,T)
that f(t) = E[F(p,t, Wirr—np — Wi)l, let G C F be a sigma-algebra, let
H =0 (GUo (t, (Wnin(s,7})se[0,71)), and assume that p, T, W, and G are independent.
Then it holds P-a.s. that

E[F(p, T, Weq(r—v)p — Wo)IH] = f (D). 21

Proof of Lemma 2.4 First, note that independence of p, v, W, and G ensures that it
holds P-a.s. that

E[F(p, T, W (T—v)p — Wo)IH] = E[F(p, T, Weir—1v)p— Wo)lo(z, (Wmin{s,r})se[o,zé)z])-
Next observe that independence of p, tr, and W and the tower property of con-
ditional expectations (cf., e.g., Hutzenthaler et al. [45, Lemma 2.2] (applied with
g = a(p, Ws)sero,r))s § = (0,7), § = B((0,7)), Ut,w) = 1a(0)1p
((Whings, 1y (@))sefo, 1)) F(p (@), t, Wit (m—npw) (@) — Wi(w), Y(w) = t(w) for
t € (0, T),w € Qinthe notation of [45, Lemma 2.2])) prove that forall A € B((0, T)),
B e B(C([0, T1,RY)) it holds that

E[1A (@) 13((Wnin{s,e)sefo, 7D F (0, T, Werr—1)p — Wo)]
(23)

= ‘/(0 n E[IA(I)IB((Wmin{s,t})se[O,T])F(p, t, W[+(T—t)p - Wl)](T(P))(dt)

The fact that for all ¢ € [0, T'], r € [, T] it holds that (Win(s.1})sefo,7] and W, — W;

are independent hence proves that for all A € B((0, T)), B € B(C([0, T], R%)) it
FolCTM
e
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holds that

E[14 () 18((Wnings,o)seto,1)F (0, T, Wer(r—1)p — Wo)l

= /(;) - E[IA(l)lB((Wmin{s,t})se[o,T])]E[F(p, t, Wt+(Tft)p — W)z (®))(dr)
= /(0 . E[14 ()15 ((Wins,r))sefo,7D]f () (z (P))(d?). (24)

This and, e.g., Hutzenthaleret al. [45, Lemma 2.2] (applied withG = o (0, (Wy)se(0,7]);
§=(0,7),85=B(0,T)), U, w) = 14(t)1g((Wnin(s.1} (@))sef0,71))8 (), ¥ () =
T(w) fort € (0,T), w € 2 in the notation of [45, Lemma 2.2]) proves that for all
A € B0, T)), B € B(C([0, T], RY)) it holds that

E[14(t)18((Wmin{s,r))sef0,71) F (0, T, Weg7=1)p — Wo)l
= /(0 . E[14 ()15 ((Wmins,r})seo,77) f (O](z (P))(dt) 25)
= E[14 (D)1 (Wnins,r))sefo.71) f ()]

Combining this with (22) establishes (21). The proof of Lemma 2.4 is thus completed.
m}

Corollary2.5 Let T € (0,00), d € N, j € Ng, e = (1,0,0...,0), e =
0,1,0,...,0), ..., €41 = (0,0,...,0, 1) e R4 g, vy, ...,v; €{1,2,...,d +
1}, « € (0,1), p € (1,00) satisfy a(p — 1) < % < alp— 1+ 1, let
(-,): R x R — R be the standard scalar product on RT1, let (2, F, P)
be a probability space, let W = (Wl, w2, ..., Wd): [0,T] x  — R? be a
standard Brownian motion with continuous sample paths, let ™. Q - 0, 1),
n € Ny, be i.i.d. random variables, assume that W and (t(”)),,elN0 are independent,
letp: (0,1) - (0,00)ando: [0, T]2 — (0, 00) satisfy forallb € (0,1),¢t € [0, T),
s € (t, T) that p(b) = 2%, Px® < b) = fob,o(u)du, and o(t,s) = - p(3=1),
let S: No x [0, T) x Q — [0, T) satisfy for alln € Ny, t € [0, T) that S(0,¢t) =t
and S+ 1,1) = S(n, 1) + (T — S(n, 1))c"™), and let t € [0, T). Then

i p
IE|: WS(i+1,t)—WS(i,t))) :|

1
1_[ g(S(i,t),S(i+1,t))<e”i’ (1’ S@i+1,6)—S8(@,1)
4 n+1 4 D j+1 . 1
< [max{(T—r)‘z’, 2215 >} (T-12T(5) ] [e% (1'_2/+ 1)]2,,

i=0
ﬁ (l_a)pfl(g)"‘(l’*l)*%Jrl

a(p—1)—5+1
Ny G i (26)
L(1+j+3) '

Proof of Corollary 2.5 Throughout this proof let F,, € F, n € Ny, satisfy foralln € N
that Fy = {#), @} and that F, = o (F,—1 U o (S(n, 1), (Whin(s,S(n,0})sef0,7])) and
let v = (v1,v2,...,v9) € RY satisfy v; = v» = --- = vy = 1. Note that for all
FoCT
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rel0,T),selr,T],i €{1,2,...,d},n € Nitholds that S(n,r) > S(n — 1,r)
and

E[|W! — Wi[P] =2 [2(s — r)| T T(Z5)). 27)

Next we claim that for all k € {1, 2, ..., j + 1} it holds P-a.s. that

j+1
1 Wsi.n—=Wsi—1,0\\|P
“{1_[ ’Q(S(i—l,t),S(i,z))<eVi—1’ (1* S(i,tt)—S(i—l,z) ))‘ Fr—1
i=k

T fev_y ’("[m]”ﬂ”*”zr(%ﬂ)”» T (ew (L= 172120 (25 w))
[S(k_l,,) [o(S*—T1.0).5017 T /b oGk 5k )17 !

Sk

T {ev, (L1525 1727120 (2 o
/ < ! ( FRs M, 2 )) dsjqq-..dsgyy dsg. (28)
N

i [o(sj,sj+1)]1P!
We prove (28) by backward induction on k € {1,2,...,j 4+ 1}. For the base case
k = j + 1 note that the factthat S(j +1,¢) = S(j, ) + (T — S(J, t))p(f), Lemma 2.4
(apphed with F(V, s,x) = |m<ew, (1, (Tf—s)r)) p, P = t(]), T = S(], l),
G=F;_1forr € (0,1),s €[0,7),x € R4 in the notation of‘Lemma 2.4),e.g.,
Hutzenthaler et al. [45, Lemma 2.3], the hypothesis that W and t/) are independent,
(27), and the fact that for all r € [0, T'), s € (r, T]itholds that o(r, s) = Tl_r o (7=
ensure that it holds P-a.s. that

1 WS(./+1,1>—WS(_/.1>)) P
» SGHLO=SG.0)

3

1 (evj, (1, Wsi.o+a—sg.med ~WsGn ))’

1
EU Q(S(j,t),'S(jJrl_,t))(e"j’ (

:E[
=E[

0(S(j.0),S(j.)+(T—S(j,1))t) (T—=S(j,t)c)

p
F)|

1 <e (1 Ws+(T7x)t<j)_W‘)> P
0(s,5+(T—s)r)\7Vj> A\ (T—s5)tD

s=8(j.1)
Vel (1 =) ot
- / [0G.s HT—)NTP dr
’ s=S8(j.1)
7 B |(ev;. (1, Wij:'l - ))‘p]p(”ﬁ:&)
B / (T=9)lols,sj+D17 dsjii
) s=8(j.1)
r (eu-,(1,[%]1#2”—1/2“@)1}))
= J $j41=50.0 7 ‘
= /S(j’t) J[Z(S(j,t),sjﬂ)]i’*l de_H_ (29)

This establishes (28) inthe base case k = j+1.Fortheinductionstep{2,3..., j+1} >

k+1~ke{l,2,...,j}assume that there exists k € {1,2, ..., j} which satisfies
FolCT
i
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that

j+1

1 Wsi.n—Wsai—1.0\\|?

Bl 1 ‘g(sa—l,r),S(i,r_))(ew—l’ (I Sth st ))‘
i=k+1

— ’ (e”k’(l’[SH]ES(’m)]P/znil/zr(pTH)v»
- Sk.1) [o(Sk, 1), s41)]P 7!

T 2 2 _—1/2p P+l
/ (erH,(]’[A'k+2*5k+1]p/ 7 12r( 2 )v))
Sk+155, p-1
i1 [o(sk+1,5k+2)]

Fy

(30)

2 2_—1/2 +1
/T (euj’(l,[xj+175j 1Pl I‘(pT)v)) d d d
.. S ... as, S
Jj+1 k+2 ASk+1-
\y

5 [o(s).sj+1)]P~!

Observe that the tower property, the fact that the random variable

Q(S(k—l,lr),S(k,z)) (1, ng,i"t’)’:g(/,ff]‘t’))) is Fy/B(IR)-measurable, and (30) ensure that it

holds P-a.s. that

Jj+1

1 Wsi.n=Wsi—1.0\\|?
El ] )g(S(i—l,t),S(i,t))(e"i—l’ (1. Se=si=1.1 )>‘ Fi—1
i=k

_ 1 Wswe.n=Wsw—1.0 \\|?
= E|:‘g(S(k—l,z),S(k,t))<er71’ (1. St —SG—T.0) ))’

j+!1

1 Wsi.n—=Wsi—1,0\\|?P
E 1_[ ‘Q(S(i—l,t),S(i,t))<eVi71’(1’ SG.0—SG—1.1) )>‘
i=k+1

Fy ‘qu]
(€29

| Wt —Wsg—t.o 1| P

— o [rrtrsmlen .. 1. Sitgmine)

./T fewe- (1l san 1727 2T (5 hv)) .fT fevsr (L2 17220 (25 v))
S

S(k,t) lo(Sk,1).sx+D1P~! [0 (Skt1,5k42)17 7!

k+1

/T feo; (1l = 1722120 (250 ))
N

0G5 01T dsjqq ... dsgy2dsgtn ‘kal]-

J

The fact that S(k, 1) = S(k—1,1) + (T — Sk — 1, £))t*~D and Lemma 2.4 (applied
with p = k=D 7 = Sk —1,1), G = Fy_, in the notation of Lemma 2.4) hence
FoCq
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prove that it holds P-a.s. that

Jj+1 »
1 Wsi.n—Wsi-1.0
E l_[ ‘g(so‘—l,r),S(i,zT)(ew—l’ (1 Se=saein))| et
i=k
w —Ws
s+(T—S)r(k’1) S )4
_ fesy (1. T _)e®=D ))
- 0(s,s-+(T —s)rk=D)
2 /2 p=1/2 (2EL
T (evk’(1’[sk+l—(s+(T—s)r(k_1))]p i IS )v)) (32)
S+(T—s)ck=D [o(s+(T—s)e®=D s )]P~1
T 2 2 —1/2p( Pl
/ <evk+1’(l’[‘k+z—fk+1]p/ n Y F(pT)U»
. 71 e
Seat [o(sk+1-5k+2)]
T 2 2 —1j2p ptl
<e"j’(1‘[Sj+1ﬂ'j]p/ NE )U)>d ) d d
. [o(sj>5;+0)]PT Sj4+1 .. ASk42 ASk+1 .
5j . s=S(k—1,1)

This, e.g., Hutzenthaler et al. [45, Lemma 2.3], the hypothesis that W and ek=D

are independent, (27), and the fact that for all r € [0,T), s € (r, T] it holds that
o(r,s) = Tl_r p (=) assure that it holds P-a.s. that

Jj+1
1 Wsi.o—Wsi—1.0 \\|7
E| [T asr=rtsmy (oo (1 S=sesis))]” [Faca
ik
p+1
1 ea-omp2r( 23 ) T > 22 /2 pEL
_ fevcr - (1 =z 0) o few- (Ll r=or=an 1222125 u))
) oG s+(T—)NI7 Ty oG+ T —)rsian TP
T e (Mg 172 AR g )
‘ [o(skr1-5542)1P 7T e
Sk+1
T 2 plg-12p( 2Ly, (33)
feo; (L2 1727120 (25 )
. J [g(xjj,sﬁl)]/”l dsjy1...dsiradsiyrdr
5 s=S(k—1.1)
T e (gt 2 2 ) (T e (L 127 P )
st [e(SE=L.05017 T . oGkl

2.—1/2 +1
i rcst)

(oG54 017 dsjti

— 1
/T e e e w ) /T feu; (10
. - - =1 .
St [o(sk+1,5k+2)] 5
oo dSg4o dsgy1 dsg.

Induction thus proves (28). Next observe that (28) implies that

j+l
1 Wsi.n—Wsai—1.0\\|?
B l_[ ‘@(S(i—l,t),s(i,t))(ew—l’ (1’ SG,N=S3i—1,0) ))‘
i=1

2

I

j+1
P 25m ”'H) I+
< |maxi{ (T —1)2,

FoC'T
e,
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[ | 1
b (51— e s s (52— s1) 2o(s1, s2)1P7 !

T

1

/ > dsjyy...dsydsy. (34)
si (sj+1—s))2[oCs), sj+)1P7!

Corollary 2.3 (applied with g = g and y = p — 1 in the notation of Corollary 2.3),
the fact that § € [a(p — 1), @(p — 1) + 1], and the fact that (§ —a(p — 1))(1 — (5 —
a(p—1))) < 4—11 therefore show that

J+1 P
1 Wsi.n—Wsi—1.1)
l_[ oSG—1,0,5G.1) (ev_y. (1. SG0—SG—T.0) )
i=1 LP(P;R)

j+l1

_ 1 Wsi.n—Wsi—1.0\\|?
=E 1_[ )Q(S(Fl,t%S(i,t))(e”ifl’ (L, SNBSS ))’
i=1

)3 Jj+1 i+1
p 22r(2) T r@p-n-2+1 ]
= | max (T—t)2,T a(p—)-L+1
(1—ayp=1(£)* D7

(35)
28 —a(p-)@(p-D-5+1) a(p—1H—5+1
T e el EECT
ler 7+l a2
r(1+1+;>
P J+l
277 P+l B P N
< [ max (T — t)g’ \/;2 ) a=n> F(a,(11< 1,)1),2;:1)
(1—ap=! (5)* P02
0 2 a(p—l)—g+1
[H ()] ()
2 r(1+j+2)
Combining this with the fact thatar(p — 1) — £ +1 < p—1— £ + 1 = L establishes
(26). The proof of Corollary 2.5 is thus completed. O

3 Full-History Recursive Multilevel Picard Approximation Methods

In this section we introduce and analyze a class of new MLP approximation meth-
ods for nonlinear heat equations with gradient-dependent nonlinearities. In the main
result of this section, Proposition 3.5 in Sect. 3.3 below, we provide a detailed error
analysis for these new MLP approximation methods. We will employ Proposition 3.5
in our proofs of the approximation results in Sect. 5 below (cf. Corollary 5.1, Theo-
rem 5.2, Corollary 5.4, and Corollary 5.5 in Sect. 5 below). Our proof of Proposition 3.5
employs suitable recursive error bounds for the proposed MLP approximations, which
we establish in Lemma 3.4 below. Our proof of Lemma 3.4, in turn, uses appropriate
measurability and distribution properties of the proposed MLP approximations, which
we establish in the elementary auxiliary result in Lemma 3.2 below, and appropriate
EOE';W
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explicit representations for expectations of the proposed MLP approximations, which
we establish in the auxiliary result in Lemma 3.3 below. In Setting 3.1 we formu-
late the mathematical framework which we employ to analyze the proposed MLP
approximations. In particular, in (39) in Setting 3.1 we introduce the proposed MLP
approximations.

3.1 Description of MLP Approximations

Setting 3.1 Let ||-]l; : (UyeNnR") — Rosatisfy foralln € N, x = (x1, x2, ..., %) €
R" that |lx|li = Y/ ,|xil, let T € (0,00), d € N, © = U,eNZ",
L = (Li,Ly,...,Lay1) € [0,00)%F, K = (Ki,K2,...,Kq) € [0,00)%,
e, = (1,0,...,0), e = (0,1,0,...,0), ..., eq41 = (0,0,...,1) € RI*L
p € C((0,1),(0,00), u = (u,u,...,us41) € C(I0,T) x RY RIH),
let (-,-): R x R — R satisfy for all v = (vi,v2,...,0441), W =
(Wi, wa, ..., way1) € R that (v, w) = Z"*ﬂ viw, let 0: [0, T1?> — R satisfy
forallt €0, T), s € (¢,T) that o(t, s) = 7= tp( ) let (2, F, P) be a probability
space, let wo = (We’l, woz We*d). [0, T] x Q — R4, 0 € O, beiid. stan-
dard Brownian motions with continuous sample paths, let ¢/ : Q@ — (0,1), 6 € O,
be i.i.d. random variables, assume for all b € (0, 1) that P < b) = fob p(s)ds,
assume that (W?)gco and ()gce are independent, let RY:10,T) x @ — [0,7),
n € Ny, satisfy forall0 € ©,t € [0, T) that Rf =1+ (T —)?, let f € C([0, T] x
R? x R R), g € CRY, R), F: C([0, T) x RY, R"*9) - C([0, T) x R¢, R)
satisfy for all t € [0,T), x = (x1,%2,...,%a), ¥ = (¥1,82,...,8a) € RY
u=(up,uz, ..., ugs1), = (up,ug, ..., uz41) € R4 v e C([0, T) x RY, R1*9)
that

max{|f(t,x,u) - f(tv-x9u)|’ |g(-x) _g(?)”

d+1 d
§|:Z Lv|”v_uv|i|+|:z Ku|xv_Fu|j|» (36)
v=1 v=1
Oy(g WP-w?
B+ w2 - wh( G2,
T
+/ ILCF @), x + W — whHI(1, ; )}|1ds} < 00, (37)
t
u(t,x) = E[g(x W — w1, Y
/ [(Fw)(t, x + W — WHI(1, u)ds] (38)
and (FW)(t,x) = f(t.x,v(t,x)), and let U) ,, = (U, Up3, . UG
0,T) xR x Q- R n,M e 7, 0 € O, satisfy foralln,M € N, 6 € O,

Fo C 'ﬂ
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t€[0,7), x € R thar U? | |, (1,x) =Uf ,, (¢, x) =0 and

M" (0,0,—i) _ y,(0,0,—)
(8Cx+ Wy )
U (6 x) = (2(x),0) + Z W

—g(x>)< W0~ _yy 0.0 ,>)

Mn T—t

A =i 0.1, 0.1, 0,1,i
w1 ! (F(U,%”) —INOFU D) RPED x4 W (9;1) - w0y

IDP

_ 0.1,
1= i M=o, Ry

©.1.1) ©.1.1)
L4 (911) Wi
. 1,7 .
R(Hlt)_t

3.2 Properties of MLP Approximations

(39)

Lemma 3.2 (Measurability properties) Assume Setting 3.1 and let M € IN. Then
(i) for all n € No, 6 € © it holds that U ;- [0,T) x RY x @ — R isa

continuous random field,
(i) foralln € No, 6 € © it holds that 5 (U, ) € o (@) yco, (WE);c0),
(iii) for alln,m € No, i, j, k.1, € Z. 6 € © with (i, j) # (k. ) it holds that U 3;”’
and Uff”/]f,,’l) are independent,
@iv) foralln € Ny, 6 € O it holds hat UZ,M’ W2 and ¥ are independent,
(v) foralln € Ny it holds that Un »w 0 € O, are identically distributed, and
(vi) forall0 €e ®,1 e N,i e N,t €[0,7), x € R4 it holds that

F(Ul(e_’]fj\,,’))(R(e Li) x+W(H 1 1) )*Wt(e'l’”) W(G(.é,j?i)iwt(ﬁ,l.i)
(01:) > X @0 (40)
ot Ry ) Ry —t
and
©. 1 z) ©.L) 0.1.0) (0.1.i) (0.1.i) 0.1.0)
F(U )(7?, x+W (H s [)—Wt ) w (6 ! 1)_WT
1 41
Q(I,Rr(ell)) ’ R((?Il) _t ( )

are identically distributed.

Proof of Lemma 3.2 First, observe that (39), the hypothesis that forall M € N,0 € @it
holds that Ugy » = 0, the fact that for all & € © it holds that W? and R are continuous
random fields, the hypothesis that f € C([0, T] x R? x R x R4, R), the hypothesis
thatg € C(RY, R), the fact that o[, ) ej0.7)2: s<r) € C({(s. 1) € [0, T)?: 5 <1}, R),
and induction on Ny establish Item (i). Next note that Item (i), the hypothesis that f €
C([0, T]x RYxRxRY, R),and,e.g., Becketal. [2, Lemma2.4] assure that foralln €
No, 6 € © itholds that F(UY ) is (B((0, T) x RY) ® o (U}, ,,))/B(IR)-measurable.
The hypothesis that forall M € N, 6 € © it holds that Ug’ u = 0,(39), the fact that for
all @ € @ itholds that W? is (B([0, T]) ® 0 (W?)) /B(R)-measurable, the fact that for
FoE"ﬂ
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all 6 € O itholds that R? is (B([0, T)) ® o (+7))/B([0, T))-measurable, and induction
on Ny hence prove Item (ii). In addition, note that Item (ii) and the fact that for all
i,j, k1, €76 e®with (i, j) # (k, ) it holds that ((xt©@/-?) W®.1.i.9))), o and
((t(g’k 19) W(G’k’l’ﬂ)))ﬁe@ are independent prove Item (iii). Furthermore, observe that
Item (ii) and the fact that for all & € © it holds that (t©"))ycq, (WO M) ycq, WY,
and t are independent establish Item (iv). Next observe that the hypothesis that for all
6 € O it holds that Ug’M = 0, the hypothesis that (W?)gc@ are i.i.d., the hypothesis

that (R?)geco are i.i.d., Items (i)—(iii), Hutzenthaler et al. [45, Corollary 2.5], and
induction on Ny establish Item (v). Furthermore, observe that Item (ii), the fact that
forall® € ®,1 € N,i € N it holds that (t@ =119y o, (WELID o WL
and t"/* are independent, and, e.g., Hutzenthaler et al. [45, Lemma 2.3] imply that
forevery§ € ©,1,i € N,r € [0,T), x € R? and every bounded B(R4+")/B(R)-
measurable v : RT! — R it holds that

O=L,i) o (0.1,1) 0L ©.1.i) ©.1.0) ©.1,i)
FQUZ YR x+W iy =W W o~ Wi
E| v 97 )Rt 1, @D
.. ’ ) v.
ot R ROLD

(42)
FOUT ) +2)
=k E[‘”( ot <1ﬁ)

0.,1,i 0,1,i 0.,1,i
=R W )
t

This, Item (v), Item (ii), the fact that forall @ € ©,1, i € N itholds that (t®//:")) g,
(W(e'l*i*ﬁ))ge@, WoLi and 710 are independent, and, e.g., Hutzenthaler et al. [45,
Lemma 2.3] imply that for every 0 € ©,1,i € N, ¢ € [0,T), x € R? and every
bounded B(R4+1)/B(R)-measurable ¥ : R4t — R it holds that

6,—1,i 0.0 6.0, 0.0 6. 6,0
F(Ul(fl,Ml))(Rg l)’x"'W;z(e,;?i)_Wt( ) W;z(e.;,)i)_wr( !
E ~—t 1, — -
w Q(LR;Q.I,I)) R;é),l,z)_t
®.0.0)
FQU,Zy ) r,x+2)
=E|E|y —L = = (1, £ (43)
o(t.r) r=t O,1,1) 3, 0.10) ®.00)
(V’Z)Z(Rt Wiy~ Wi )
- RT
O.1,0) \ o O.1,0) ©.1.0) ©.1.0) ©.1.0) .1.,0)
FUZ )Ry >X+WR<9,1.i)*Wt ) WR(HJJVW’ I
— L r
=E|¢ 0t ROy L, ROTD_,
) 1
This establishes Item (vi). The proof of Lemma 3.2 is thus completed. O

Lemma 3.3 (Approximations are integrable) Assume Setting 3.1, let p € (1, 00),
M eN, x € RY, and assume for all g € [1, p), t € [0, T) that

1
q
/ —————ds+ sup IEUf(s,x + W0 — w0, o, 0)’ ] <oco. (44
0 s2[p(s)]? selr.T)

FoC'T
e,
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Then
(i) it holds forall 0 € ®, g € [1,00), v € {1,2,...,d + 1} that

0__wo
sup sup sup B[ (g + WY = W) — g(m)fens (1, B 1] < ox,
ue(0,T11€[0,u) yeR4

(45)
(i) it holds foralln € Ny, 0 € ®, g € [1,p), t €[0,T),v e {1,2,...,d + 1} that

|

sup ‘E[’(Un w(s x +wl—why),|? ]
selt,T)

| (P ) R s wi, Wil
[oG.RD]

W%?—Wf
few. (1 =)

< 00, (46)

and
(i) it holds foralln e N, 0 € O, t € [0, T) that

0 _wo
E[U, y(t, )] = E[g(x + Wi — Wﬁ)(l, Wi W, )]

0 0 0 0 W;)%?_W’e
+E| (FUI .0) ) (RYx + Woy = WI(1 —) |
(47)

Proof of Lemma 3.3 Observe that the Cauchy-Schwarz inequality, (36), Jensen’s
inequality, and the fact that for allu € (0, T],t € [0, u),i € {1,2,...,d},0 € O it

holds that WS — W and (u — 1)!/2T 12w are identically distributed yield that
forall € ®,q € [1 00), v €{l,2,...,d+ 1} it holds that

2
T 0 (E[ngwsfo’>fg<y>)(ev,( 1, Wiwi W])
ue(0,T11€l0,u) ye R4

0_wo
fev. (1, H=70))

IA

0,1

0,1
Wu

7WI
u—t

IA

2 24
0 _ wo g
sup sup sup E[’g(y-i‘Wu _WZ)_g(y)‘ j|]E
ue(0,T]1€l0,u) yeRRd
- 3 (48)
2q

sup  sup (E[‘Zflzl Ki|W,fJ _W[e"l :|IE|:1+ ])

ue(0,T]te[0,u)
29-1(5~d py2q) =07 0.1129 w=p? PP

sup  sup (d iz (Ki) E{Iwz | I+ Bl
ue(O,T]ze[O,u)( ( i=1\R ) T [ T ]( (u—1)24T4 [ r ]))
= 0N (T kM E[W P (14 ZEIWD P0]) < oo

IA

This proves Item (i). Next observe that Lemma 3.2 ensures that for alln € Ng, 6 € ©
it holds that W?, R?, and Ue .y are independent continuous random fields. Combining
this and, e.g., Hutzenthaler et al. [45, Lemma 2.3] with Holder’s inequality (applied

with p = p;; L g = ﬁ J_”Z in the notation of Holder’s inequality) and the fact that for

alls € [0, T], h € (0,00), 6 € © itholds that W'}, — W' and h'2T=12W7:" are
FoE'ﬂ
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926 Foundations of Computational Mathematics (2022) 22:905-966

identically distributed demonstrates that forallt € [0, T),s € [, T),n € Ng,0 € ©,
q€ll,p),vefl,2,...,d+ 1}itholds that
q
) }

wl  —w?
RO s
S

ey, (1,

|(FQU, () RY 4w —W")\
RY—s

o6, RD]”

q q
— I]E |(F(UZvM))(S+M(T s X+W s+u(T— J)7W’0)| 1 WAQ+14(T s) WS& d
- 0 [o(s,s+u(T—s)]1 <ev’( > s+u(T—s)—s )) o) du
ptq 5
ptq p+q
1supzellﬁr)<1E|:|(F(UZ‘M))(z,x—O—Wf—Wf)‘ 2 i|> (T—s5)4
<
—/0 [o@)1d~1
o1 0.1 q(ﬁ+q) %
W —Wy -4
+u(T—s)~"'s
1+ |E| |- “M(Tix) du
2q
M Pt
:( sup E )(F(Un M))(z x+WH W,)) )p ‘
z€[t,T)
1 4 q(p+q) \P=4
. (T—S)zl 1+ (M(T—S))Zq (E[lwg,llip,q ])I)+q du
o [p]d (W(T—s))4T 2
29
P+
5( sup E ’(F(U )@ x+W9 Wl)’ )I ‘
ze[t,T)
(p+q) 224 1 -4
A raq 0,1, LD N\ prg u 2
(T +(E[|WT | rd ]) )/0 Sl du. (49)

In the next step we prove (46) by induction on n € Ny. For the base case n = 0
observe that (49), (44), and the fact that for all & € ® it holds that U0 y = 0 ensure
thatforall6 € ®,q € [1, p),t €[0,T),ve{l1,2,...,d+ 1} it holds that

sup )E[‘(Ug,M(S, x+wl— Wﬁ)v’q]

selt,T)
q
‘(F(US_M))(Rﬁ,x+W997Wﬁ) we, —wo |7
+E Rs e 1 Ry ))
[Q(S,Rf)]q Vo ) R?*S
(FO)(RY x+WPy — W) ] we,—we |1
= Ssu s ey, , ¢
se[t,pT) [os.RD]? v RI—s ))

IA

z€[t,T) ])
.(Tq+( [|WT1|‘1¥’Z‘”DP+Z) /I—J rdu < oo, (50)
o Lol

This establishes (46) in the base case n = 0. For the induction step Ng 3 n — 1 ~~
n € N assume that there exists n € IN which satisfies for all k € Ny N [0, n), 0 € O,

Fo C 'ﬂ
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gell,p)tel0,T),ve(l,2, ....,d+ 1} that

sup ‘EU(UI?,M(S’ X+ Wf - Wte))v|q]

s€(t,T)
q
. '(F(UZ,M))(Rf,x—t-W;g—Wf) | szg,fwf q (5D
i oG, RD]” oo b TR | || <oe

Observe that (39) and Jensen’s inequality ensure that for all 6 € ®, g € [, p),
tel0,T),selt,T),ve{l,2,...,d+ 1} it holds that

]

—1
= G427 g7 + G +2m 7 E[lge + WY = W) — gl | + S

E”(UZ,M(S’X + Wse - er))v

Mn

6,0,—i 0,0,—i q
Y B[ [gte+ W =W - w00 w00y g wl - wi)|
i=1

(0,0,—i) _,(6,0,—i)
s

n Z (3+2n)7—1

T yn—1I
me (52)
q
0,1,i 0.1, 6.1, 6,1,i q
=t [ (FG D) RO cpwl - w9+w<( YA ’))' w<"(§’,>l) w0
’ Z B [Q(SYR§9,l,i))] (ev,(l, R(el;) . )>

342n)7~!
+Z< G

q
_ O=1,i)\\ s (B,1,0) 0 o, 0] z) O..) 0.1, 0.0, |4
=t [ (FOE D) REED ey wd —wh+w bl —wOhDy w! o Py~
. E ey, (1,
Z [Q(S R(@ 1, 1))] ( v ( R(ﬁ 1,0) s ))

This, e.g., Hutzenthaler et al. [45, Corollary 2.5], Lemma 3.2, Item (i), and (51) yield
that forall6 € ®,q € [1, p),t €[0,T),v € {1,2,...,d + 1} it holds that

sup EH(UQ (s, x+ W — W),
selt,T)

q _
| = G+2m1 gl
+(6+2n)7 sup sup sup sup

ue(0,T]s€l0,u) yeRd jefl,2,....d+1}

0
E[\g@ + w2 = wd) - e[ [feg. (1, L= >>|"] (53)

q
n—1 ‘(F(U}’M))(R? x+ W0 —wP) wo —wo |4
s ’ RrY RO K
+ ) (6+2n)? sup E — {ev, (1, =25 < o0.
% selt.T) [o(s.RD)] RY—s
FoE'ﬂ
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Jensen’s inequality and (44) hence yield that forall6 € ®,q € [1, p),t € [0, T) it
holds that

sup )EI:‘(F(UZ,M))(S’ X+ W - W’0)|q”
selt,T)

<2971 up (E[|(F(U3,M) — F(0)) (s, x + W/ — W,")|"]
selt,T)

+E[‘(F(O))(s, x+wo— Wte)}q])

<2 sup (][0 LU x|
se[t,T) ' (54)
+E[|(FO) s, x + W) = w|])
d+1
< (4d)? Z(Lv)q sup IE[‘U‘9 (s, x + W(9 th)]q] +29 sup
=1 selt, T se(t,T)

E[[(FO) G x+ W = wh|]
< OQ.

This, (49), and (44) imply thatforall® € ®,q € [1, p),t € [0, T),v € {1,2,...,d+
1} it holds that

’(F(Ug W) REx+W0, —wp)' q

a

0 _wo
Wio=Ws

Rg—s

sup E ev. (1,

selt,T) [oGs, RD]

2q

0 9 PN A
5(s:[ltl%)ED(F(U”’M))(S’HW - WOl D (55)

ol 9(p+q) % 1 -4
794+ (E ‘W A| e w2 g
+ T o ot !

< Q.

Combining this with (53) demonstrates that for all & € ®, g € [1, p),t € [0, T),
vell,2,...,d+ 1}itholds that

q
sup E| [(UF (s, x + W — W),

set,T)

q

(F(UZ_M))(Rf,x+W7929—W,9)

+ [o(s.RD]

WRB wo 14
(ev. (1. T N | < oo (56)

Fo C 'ﬂ
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Induction thus proves Item (ii). Next we prove Item (iii). Note that Item (iii), e.g.,
Hutzenthaler et al. [45, Corollary 2.5], Item (v) of Lemma 3.2, the fact that (729, w?y,
0 € O, are identically distributed, e.g., Hutzenthaler et al. [45, Lemma 2.3], and the
factthatforeveryt € [0, T),s € [t, T],0 € ®itholds thatIP’(Rf <s)= fts o(t,r)dr
yield that foralln € N, 0 € ©, ¢ € [0, T) it holds that

E[Uﬁ,M(h x)] - E[g(x + WP — Wt0)<1, W?T—‘tvto)}

_ n—I (0,1,i) (0,1,i) (0,1,i) (0,1,i) 0,1,i) (0,1,i)
n—1M 1 (FUi™) R AWy =Wy W W
=3y LE Ry (1, L
o Mn—1 Q(Z,REQ’U)) R}e’l'l)ft
_ n—l ©,—-1,i) ©.1,i) (©.1,i) ©.1,i) ©.1,0) 0.1,1)
n—1 M 1 (FU 50 (R AW =Wy W W
B E ' t (1 t ' )
§ : Mn—[ Q(i,'R;Q’I'Z)) ’ R;e'l’l)fl

n—l (FQUL\)) (REx+Wo =Wy WO, —W)
j— r t
=2 _|E ot.R)) (1’ R~ )

1=0 (57
(FOUL | 4 (RE x4 W =W WO =
—InOE ot R]) (1’ Ry )
—-F (F(Uz—I.M))(Rf>X+W;?th)< W%?Wt(;)
o(t,RY) TORI—t
T 0 0 4
FU,_y ) (s, x+WJ—W7) wo—w/ 0
- /t ]E[( 1 Mg)(t,S) 2, )} P(R? € ds)
! 6 6 6 wy—wy
:/ E[(FUL.0)) v+ WY = W (1, 55 ] ds.
1
This establishes Item (iii). The proof of Lemma 3.3 is thus completed. O

3.3 Error Analysis for MLP Approximations

Lemma 3.4 (Recursive bound for global error) Assume Setting 3.1, let p € (1, 00),
M e N, let S: Ng x [0,T) x Q — [0, T) satisfy forall® € ®, n € Ny, t € [0, T)
that $0.1) =t and S(n + 1,1) = RY,), ,,, and assume for all q € [1, p), t € [0, T),
x € R? that

1
q
/ —————ds+ sup IEUf(s,x + W0 — w0, o, 0)’ ] <00, (58
0 s2[p(s)]? selr.T)
EOE';W
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Then it holds for alln € N, t € [0, T), x € R4, vo€f{l,2,...,d+ 1} that

[0t 0) = g (4.0 2.
n—1 i/
_ 1(1)(\)' 2/ l_[-= Ly.
SZ Z (njl) A M,,[,j[ l l)t]H(g()H—W%—Wto)—g(x—&-Wg(j_’t)—W,O))

J=0V1:V2;-0, Vit1€

(1,2,..,d+1)
0 0
.<e (1 WT7WS(j,t))) Hj 1 (e (1 Wg(i,t)_wg(i—l.t)))
Vis\D T T=S8(,1) i=1 o(S(i—1,1),S0,0)) \"Vi-1> \" "8G, =80 —1,1) L2P:R)
n—1 i1/
o by ieD2/ | T2y Ly, )
+Z Z (njl) j Mﬂ[ﬁjr 1 l]H(F(O))(S(j+1,I),X+Wg(j+17t)7Wt0)
j=0V1,v2,...sVj41 € (59)
(1,2,..,d+1)
I sl 1. S s
i=1 o(SG=1,0,S@) \"Vi—1>\"» "8G, H=8G~T.1) L2(P:R)

n-l 2t Ly,

1 —1 Ly,

Ty epniiatd
j:OUl,Uz,...,Vj+1€
(1.2,....d+1}

j+1 1 Wi~ Wsi-1.0
it i—1,t
'[Hi=1 ssa—Tosaoy o (I SE=sia10 ))]

Uy (SG+ L0 x+ Wy ) = WD)

L2(P:R) .

Proof of Lemma 3.4 First, we analyze the Monte Carlo error. Item (i) of Lemma 3.3,
Item (ii) of Lemma 3.3, and Item (vi) of Lemma 3.2 ensure that forall/ € N, x € RY,
tel0,T),ve{l,2,...,d+ 1}itholds that

w—wp
o [(stc+ w2 = )~ g o, (1. 42
(FOO5 - OF TR e w g - ) W = (60)
Moreover, observe that Lemma 3.2 yields that
(a) it holds for all x € R4, re [0,T),ve{l,2,...,d+ 1} that
0.0.—i 0.0.—i W 0.0=i) _yp,(0.0.~i) )
(e WO w000 —go)fey, (1, )i e N, (6D

are independent random variables,
(b) it holds for all x € RY, e [0,T),ve{l,2,...,d+ 1} that

(0,—1,i) W(O,l.i)

FO =N OF QLTI ROD aetw g w0 WL 0D
1

ROLi t
e,(l, A )> l,i € No,
( v R;o.l,th 0

o R

(62)
are independent random variables, and
(c) it holds for all x € Re,t e [0, T),ve{l,2,...,d+ 1} that
. . W(O,O,—i)_Wt(O.O,—i) )
(g(x—i—W;O’O’ D _ w00 l))—g(x))<ev7 (1, L—=—)), i€No, (63)
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and
(F(UI(OA/;'II))*]IN(I)F(U;O ; 5‘,;)))(R;O’['i),x+w(0('(l)i;)i) 7Wr(0,1,i)) W(O(([) []),) Wr(ﬂ.l,i)
: - LN e, (1 L )) l,i € Ny
g(t,RﬁO"‘”) ’ ’ R(O I, ,)7t ) ) 5
(64)

are independent.

Combining this, (60), and (39) with the fact that for all N € N, Xy, X»,..., Xy €
L'(P;R) withVi € {1,2,...,N}, j € {1,2,...,N}\ {i}, A, B € BR): P({X; €
A} N{X; € B}) = P(X; € APX; € B) it holds that Var(ZtN:1 Xi)

ZlNzl Var(X;) implies that forallm € N, x € Rd,t €0, T),ve{l,2,...,d+ 1}
it holds that

0_ w0
Var( m, Mt x)) Ml r((g(x + Wg wo) - g(x)) ev, (1, WTT_:Vt )))

m—1
1
+ Z mm=l
=0

(0,4,1) 0,-1,1) (0,4,1) 0,,1) (0,1,1) (0,4,1) 0,,1)
(F(U[’M )—In OFUY ))(R, AW W) Wl W
- Var L <e (1, 7»
o RO, v ROTD_,
65)
wo—wo . |2 (
< MlmIEU(g(HW?—Wso)—g(x))(eu,(l, L) }
m—1
1
+ Z Mmm—I
1=0
0,/,1 0,—1,1 0,7,1 0,/,1 0,7,1 0,/,1 0,/,1 2
(Ffr™h-1n 0P T) RN, +w< ,),) w, D) w' R0 Uy -
. o ()
g(t,R;O‘]’l)) v R(Oll) p

The triangle inequality and (36) hence yield that for allm € N, x € R4t €0, 7T),
vel{l,2,...,d+ 1} itholds that

(‘Uﬁ;fM(t, X) — JE[US;fM(z, x)] ‘

L2(P;R) [Var<U0 s x))]l/z

(g(x + WP —w) - g(x)) fev. (1. M210))

L2(P;R)
m—1 ] (F(U,(f),;,l,’l))fh\v(I)F(Ul(g’fﬁwl))(R(OH) +W(0”))7W,(O”’U)
+§¢Mm_l o, ROTD)
(0,1,1) 0,,1)
WR(O,I,I)iwf
foo (1)
o (.
L2(P;R)
0 wp—wy
< g+ WP — W) —g()) ey, (1, ~L—
L2(P;R)

Fo C 'ﬂ
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(F(O))(R?,x-i—W%O—W,O) W%O—W,O
i e (1 %)
+ Mm o(t,RY) <“’ b RV—r
L2(P;R)
0.,1,1),v 0,—1,1),v 0.1,1 0.,1 0,,1
m—1 dl (Ul el ) RS ),x+W7(2(0.l,>l)—W,< D)
+ > L
=1 =1 1 ot R
_ =
0.,1) 0.,1)
W(011)_Wt
e (1 ~gm=—)) - (0
t
L2(P;R)

This and the triangle inequality ensure that for all m € N, x € R4 ,t € [0,7),
vell,2,...,d+ 1}itholds that

HUm L x) — [U&fM(t,x)]‘

L2(P;R)

— m

(g0 + W = WD) — g0 fer. (1, 500

T—1
L2(P;R)
1 (F(O))(R?,erW?OZ?fW,O) | W%?fw,"
NI 0(t,RY) <e”’< TRt )>
L2(P;R)
e, (U3 —u) (RO x+ W0, — W) WOy
v 1 Py SR
+ Z Z N 0(t,RY) <e”’ <1’ RY—t ))
=1 vi=1 L2(P;R)
m—1 d+1 L (U? vllM u)(R?,x+W%9—W,‘)) W7°€9—W,0
+ Z Z N 0(t,RY) <e”’ (1’ RY—1 >>
I=1 vi=1 L2(P;R)
0 wp—wy
= / m g(x+WT Wf)_g('x)) (ev’(l’ T— )
! L2(P;R)
(F(O))(R?,erW%?fW,O) | W%?fw,O
|y (e ()
L2(P;IR)
m—1 d+1 L . o
v (0,m)
3 e (e 1)
1=0 v =1
(U3 —0) RO+ W0, — W) WO, —wP
RS <e (1 R (67)
0(t.RY) AT R ’
L2(P;R)

Next we analyze the time discretization error. Item (ii) of Lemma 3.3 ensures that for
allm e N, t € [0, T), x € RY it holdsthat

Fo C 'ﬂ
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E[U&,Ma,x)—g(wW? wo (1,2 W)]

:E[/j(F(U&],M))(s,xA—WO WO)( W W)ds}

Combining this, (38), (37), Item (i) of Lemma 3.3, and Jensen’s inequality shows that
forforallm e N,t €[0,T),x € Rd, ve{l,2,...,d+ 1} itholds that

(68)

B[00 ] - w0 )|

! 0 0 0 wl—wp
E[/ (F(Um_l,M) - F(u))(s,x + WO — WOy, (1, LW ))ds]
t

d+1

r T
= Z LVIE / ‘(US{TI,M _uvl) (s,x + Wso - Wto)‘ ‘(e,), (]’ Wg:zwp)” ds]

vi=1 Lt

d+1 0,v]

[T (00—, ) st WO—WO)
=> L,E [t (U “QI(HY)X “ ))‘ (t, s)ds:| (69)

vi=1 L

T (y10-v1 0 0
d+1 s ‘(UWLM—uvl)(R,,HwR?
- Z Vi o(t,RY)

vi=1
d+1

<Y Ly,

vi=1

Why =
o (1 =)
R, —t

" 0 0 0 0
( m—1,M “V1>(Rt’X+WRO_Wt) WRo wy

14
0(t,RY) <e”’ (1’ RO—I

L2(P;R)

In the next step we combine the established bounds for the Monte Carlo error (see (67)
above) and the time discretization error (see (69) above) to obtain a suitable bound
for the overall approximation error. More formally, observe that (67) and (69) ensure
that forallm e N, ¢t € [0, T), x € R4, ve {1,2,...,d + 1} it holds that

”UO v x) — uv(t,x)‘

L2(P;R)

HUmM(t X) — [ ?,;fM(z,x)]‘

+ ‘E[ o, x)] —u(t, x)‘

L2(P;R)
wo—w?
— m (g('x + WT Wlo) - g(x)> (ev, (1, 77:—t ! >
L2(P;R)
(F(O))(R?,HW%FWP) W%o w0
13
R o(t.RY) <e“’ (1’ R0 >>
L2(P;R)
m—1 d+1 . X "
v (0,m)

+ Z Z Jﬁ( N IL(—1,m—1)(l))

1=0 vi=1

(U?,ﬁ} —uy )(R?,x+w7go—w,°) W%O w)

L —
2. RY) <e”’ (1’ R
L2(P;R)
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d+l (Um 1,m Wy )(Rt ,x+W70z()7W,0) W%O*on
+ § Ly 5 : (ev, (1, —— > (70)
! o(t,RY) RO—1
v=l L>(P:R)

This shows that forallm € N, ¢t € [0, T), x € R, v e {1,2,...,d+ 1} it holds that

t,x) —u,(t, x ‘ <
U —weo| o
1 0 0 wo—w0
+ Wy —W)) —gx)) (e, (1, %=+
NG (g(x T ' v (L =7
L2(P;R)
) (FOXRY 2+ W2~ W) WO, W
+ ! e, (1, ——
Mm Q(I,RO) ( Uv( ) RO—[ )
' ! L2(P;R) (71)
d+1 u,, (RO x+w0 —w0) wo —wo0
V1 1 R? t R? t
+Zl NS o(t.RY) <e”’ (1’ Ryt )) ,
vi= L2(P;R)
m—1 d+1 2oy (UIM uvl)(R,O,erW?g?_Wto) W7020 o
+ Z Z NV 0(t,RD) ( vy (1’ W > :
f=t=l L2(P;R)

In the next step we iterate (71). More formally, we claim that for all n,k € NN,
tel0,T),x e R vy e{l,2,...,d + 1} it holds that

0,v9
U, (@, x) —wyy (7, x H
Ut e —wya0 L
N 1002 [T Ly ]
-y oy > el
Jj=0 11,12,...,[j+1€N, V],V2,eeny \)]'+IE
I <12<"'<[j<lj+l=” {1,2,....d+1}

” (G +Wp — W) —g(x + WY,y — W)

WT W . . i1
feo; (1 =g 5 TV goa=rsa fewr- (. SeEp=sori))]

L2(P;R)
}(Vj+1)2j I:H{;] Lvi:l

k—1
L
SR> 5 2|
Jj=0 11,12,...,lj+IE]N, V,V2,e Vg €
h<h<..<lj<ljpj=n {1.2...d+1}

~H(F(0))(S(j + L0 X+ WGy — W)

0
J+l 1 Wsi.n=Wsi-1,0 }
AT e (v (1, =S8 SGLo)
[HI:I Q(S(z—l,t%S(z,t))( vizte S(,)=SG—T1,0) ) LER)
k-1 i/t
Y [ni:l LV,']
+2 > ==
J=0 D ljp €N, VIV2 Vgl €
li<hy<..<lj<ljy1=n {1,2,....,d+1}

Wy (SG 10, + Wy — W)

0
Jj+1 1 Wsin=Wsi-1.0
{2 ssa=rsam lew-r (1. SER=seeri))]
Fol:'ﬂ
@Sprmger U_.:|0j
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k k
oy oy A
n—k—Iy
11,0, ... lgeN, V1,V2,....Vk € i
11<l2< <lk<n{12 Ld+1}

'(UO = ) (S0 D, 3+ W ) = W)

0
W(.

k 1 i)~ i—1,
'[Hizl oo sa @viere (1 ‘ss(i,tt;—sasil,lt)ﬂ ))] (72)

LZ(IP’;]R).

We now prove (72) by induction on k£ € IN. Observe that (71) establishes (72) in
the base case k = 1. For the induction step N > k& ~» k + 1 € N assume that
there exists k € IN which satisfies that (72) holds for k. Observe that Item (iv) of
Lemma 3.2 shows that for all m € IN it holds that Ugl’ e WO, and (f(k))ke]NO are
independent. Combining this and (71) yields that for all/; € N, x € R4t e [0, T),
Vo, V1, ...,V € {1,2,...,d + 1} it holds that

0,
| (U0 = w ) (S0, 0+ W, — WD)
k 0 0
1 Wsin=Wsi—1.n
1 asermsam e (L i =sets ))‘

i=1

H (UO " uvk)(57 y)
wo

k C_wo
Ha(so rosam (e (I Sis=soera))

L2(P;R)

2 (Tp-
LAER) |5, y)=(Ste,0) x+ Wy~ WD)

L2(P;R)

wo-w0,
(g(x + W;) - Wto) — g+ Wg(k,t) - Wto)> (evk’ (1’ T— S(li(ltc))»

WS([ 1) W

ﬁ €vi—1> Wm))

o(S(i—1,1),5@,t))

i= L2(P;R)
1 0
A [ FO) S+ 1,0, 3+ W0 — WD)
k+1 Wg(i ) Wsn 1,1)
l—[ fev_y (1, e )
' e(SG—1.n),8G.0)
i=1 L2(P;R)
T L Stk + 1 W wo
+ Z W uvk+1( (k+1,8),x+ S(k+1,t) — t)
Vit1=1

0 0

k+1 ( (1 WS(i,t)_WS(i—l,t))>

11 i1\ SN =SG—T.0)_
o(S(i—1,1),8(,1))

i=1

L2(P;R)
—1 d+1
2Lv O,U 0
+ Z > e U = DS K+ 10,3+ W — WP)
lo=1vg41=1

Fo C '71
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wo.  —wd

k+1 S(i,t) S@i—1,1)

) l_[ <eVi—1 ( SG, zt) SGi—1, 13 )> (73)
] 0(SG—1,1),8(.1) .
i=l1 L>(B;R)

This and the induction hypothesis establish (72) in the case k + 1. Induction thus
proves (72). Next note that (72) (applied with k = n in the notation of (72)) demon-
strates that foralln e N, ¢t € [0, T), x € R4, vo € {1,2,...,d + 1} it holds that

U2 (1, x) =y (1, x)‘

L2(P;R)

< = ("J+|)2][nz 1 Ly; ]

=2 X > T
j=0 I1,0,.. j.HE]N V1,V2,00 Vi1 €
li<bh<.. <l i<ljp1=n {12~.‘,d+1}

H (gtx + WP — W) — g(x + wg(j,,) — WD)

wo—w? ; Wi Wi—
TONCIR = 0V M WY (1.« P

1 o
. Ly (vj41)2/ [l_[{=1 Lvl-j|
X > N
j=0 IL,b,..., l_/+|€N, VI,V2,. Vit €
li<bh<..<lj<lji1=n {1.2,...d+1}

L2(P;R)

.H(Fm»(su 10, X+ W — WD)

Jj+1 Wg(z ) Wg(i—l,)
[1_[1 1 —Q(S(l 1.0,5G.0) (ew g (1’ SG.0=-8G-1.1) zr) S(ifl,tr) ))

n—1 21[]—[1 llL ]

2 X 2. e
J=0  h,b,..lj1eN,  VI,V2,.VjH€
h<b<..<lj<ljyi=n {1.2,...d+1}

L2(P;R)

. uVjﬂ(S(j +1,1),x+ Wg(j"‘l”) - Wto)

0 0
Wi —W.

Jj+1 1 S, " Si—1,1)
[Hz 1 o(SGi—1,1),8, t))(eVz 1 (1’ S(i,t)fS(ifl,t; ))] (74)

LZ(IP;]R).
Combining this with the fact that foralln € N, j € {0, 1, ..., n — 1} it holds that
—1
3 1= (” , ) (75)

l1.ly, .., lj1€N, J
hi<bh<..<lj<ljy1=n

establishes (59). The proof of Lemma 3.4 is thus completed. O
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Proposition 3.5 (Global approximation error) Assume Setting 3.1, lett € [0, T), x €
R vy e {1,2,....d+ 1}, Min € N, p € [2,00), a € (%,ﬁ),ﬁ:

o

¢ _ M C € R satisfy that

1 1
C= max{l, 2T = 0207 (1 — )7~ max{1, L]}

1 1
cmax{(T -}, 23 P}, (76)
and assume for all s € (0, 1) that p(s) = 1 X Then

1

[UN 3 %) =iy (6, 0) | 2y < 4 [1+ BH]F M2 20)"

exp(} +ﬂwﬂ)[2c ' max(T 1, 3]K]l

0 (77)
+ sup Hf(s x+ W0 — w0, o, O)H
selt.T) LP 2(P R)

+ VM sup max

selt, T)lE{ d+ ‘

u(s, x + w2 —w?

]
LP=2(P;R)

Proof of Proposition 3.5 Throughout this proof assume without loss of generality that

sup H(F(O))(s X+ WO — W )‘
set,T)

< 00 (78)
LP Z(P R)

(otherwise (77) is clear), let S: Ng x [0, T) x 2 — [0, T) satisfy for all n € Ny,
t €10, T) that S0, 1) =t and S(n + 1,1) = RY,), . and let € € R satisfy

2 1 2 2
¢ = max{T — 1,20 (ZN 72 7 J(T = IT (B 7 (1 —a)? 2. (79)
FoE'ﬂ
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Observe that the triangle inequality ensures that forallv € {1,2,...,d+1},s € [0, T)
it holds that

d

>k,

a=1

d
112,00 0, 0,v— —
=3 Ko (VT =51y 0) + S5 W = WO WP = W ey
a=1

0 0
Wi —Wy
T—s

(Wp® = WP)ey, (1,

L2(P;R)

112,00 —
VTSI ) + 2525 (Kot |0V = W e )
(80)

11200 0.
TSI 3 KalWp - Wi,
ae{l,2,...d}\{v—1}

P:R)

= VT =sIIK 1 101) (") + 12.00)(0) | V3Kt + > Ky

ae{l,2,...d\{v—1}

< max{~T — s, V3}|K]|.

Moreover, observe that (36) assures that forall j € {0,1,...,n—1},v1,v2,...,v; €
{1,2,...,d + 1} it holds that

wo-wo .,
H (g(x‘l_W?_Wt())_g(x+Wg(j,t)_WZO))(er’(l’ T— S(j(;)))>

) [I—[/ ) 1 en,. (1 Wg(i,r)_Wg(ifl,t))[I
i= = i i-10 \b SG.0=SG—
i o(S(i—1,1),5(,1)) S@i,t)=S@i—1,1) L2@R)
0. _ /0. Wp—Wg,
(ZK W = wos o Mews (1 = =ser52))
81
'[H'Ll ssa=rnsTy (e (1 —ngi’r)_wg(i?’”»] ()
i=1 o(S3i—1,1),50,t))\"Vi— S@i,t)=S@i—1,1) L2@-R)
_ d 0, 0,0 1 W%‘W?
= (2 Kalwpe = woe e, (1. 4255)
a=I L2(P;R) Is=S(j,1)
J 1 W= W1,
' [Hizl g(S(i—l,z),S(i,z))(eVi—l’ (1, Sfi(,tt))—S(iS(—l,lt;)))] :
L2(P;R)

Next note that the hypothesis that p € [2, co) and the fact that a € (%, ﬁ)

imply that £ € [a(p — 1),a(p — 1) 4+ 1] and @ € (0, 1). This, (81), (80), and

Corollary 2.5 (applied with p = 2 in the notation of Corollary 2.5) show that for all
Fol:'ﬂ
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jef0.1,....n—1}vi,v. ..., vj € {1,2,....d + 1} it holds that

Wo-w,
H (8(x + WP = W) =g+ W, — Wro)> fev, (1. =5 5%))

TR = T
i=1 o(S(i—1,1),5(@,t))\"Vi-1° > S3U,0)—S3i—1,1) L2(P:R)
Oa 0, wl-w?
< (5w e w052 )
L2(P;R) Is=S(j,1)
0
J 1 Wsin WS(i—l,) (82)
T [ aoemrasaam (e (1 sesmse)]
L2(P;R)
! 1 W?( ) WS(' 1,1)
it i—1,t
< vymax{T — 1, 3}| K|l l_[ g(S(i—l,z),S(i,z))(ew—l’ (L s¢5=s017 )
=1 L2(P;R)
~ I
(T—t)max{T—t,Zn*I/zF(%)} 2 .18
< J/max{T — 1, 31K | i ©)¥ vtz
The fact that ['(21) > T'(3) = ¥ the fact that 2<P D > 1, and the fact that & < 1
prove that
(T —0)(1 —a) ' max {T —1,227'21(3)} < €. (83)

Moreover, note that the fact that p > 2 ensures that for all j € Ny it holds that
) 1/8
(ej)l/8 < [e (% n 1)] and T'(j + 1)%/2 > T'(j + 1)#. Combining this with (82)

and (83) proves that forall j € {0, 1,...,n — 1}, v, vp,...,v; € {1,2,...,d + 1}
it holds that

Wo-w.,
oo W ) = o Wy = WO (1 542

0 0
Wsin—W

J 1 DTS-
' [Hizl ssaTosaay @i (L SEH=sieTs ))] (84)

L2(P;R)

< Jmax(T — 1, 311K et [e (4 + l)]% [t ]

Corollary 2.5, the fact that p > 2, the fact thato > m,and the fact that%F(%) <1
prove that for all j € {0, 1,. =1} v, v, .., v; € {1,2,...,d + 1} it holds
FoE'ﬂ
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that

J+l1 0 0
l_[ 1 le (1 Wsi.n~Wsi-1.0) )
o(SG—T1,0),8G, ) \Vi—1> 1 "8G H—SG—1,1)

i=

LP(P;R)
J+1
2 2
2
T ptl\p TP
< | max T—t,2(21> T-nr3) =
- 2(p—1) 2(@(p-DH-5+D
(=) P (%) P
LT sy (R
[ (e[ SB) ’ (85)
2 2
r(1+j+2)
i+l
2 2 a_ (1-o)(p=2)
pHI\D 2 X 1 27 2
< |max{T —¢ ZF( 2) (T—t)r‘(g)l’ e(Z +1)| | —L— '
- ’ 1 2(p=1 2 (14 a2
TP (=) P ( +./+§)

— e e ()]} [(Jﬁ

Combining this with Holder’s inequality and the fact that the random variables

w9 and t®™, n € N, are independent proves that for all j € {0,1,...,n — 1},
Vi, v2, ..., V41 €{1,2,...,d + 1} it holds that

0 0 T1 1 Wi~ WS-
/ it i—1,t
(FONSG+ 10,5+ W4y — WD) ]_[ sor=To ST 1 (L Ses—as))
i= L2(P;R)
. 0 0

< |FOISG+ 10,0+ Wy — W )HL%(M)

i+

e — (1 M))

o(S(—1,0),S@,0)) \"Vi—1° > S@,t)—Si—1,1)
i= LP(P;R)
> p=2
T 2p_ )

= (/t E[H(F(O))(s, x+ w0 — W,O)H "’2}]1”(5(,1' Tl ds))

J+l1

| — (1 M))

| esa=ras@my ®i-1 b S n =561
= LP(P;R)
0 _ w0 pi § o ifL 1 ¢
< sup H(F(O))(x,x-{—Ws —W,)H 2 [e(7-+1)} ¢ | Lo . (86)
selr.T) LP2 @R r(1+j+2)

Moreover, observe thatforall j € {0, 1,...,n—1},vi, v, ..., vj41 € {1,2,...,d+
1} it holds that

0 0 et 1 Wg(' )_Wg(' 1,1)
. 1,1 i—1,1
W SG LD+ Wgiiy )= W) I1 ssa—Tosan i (L sia—seers )
i=1 LZ(IF’;]R)
0 0 j § It 1 g
< sup ‘uu. (s, x + W, —W, )H 5 [e ﬂ-ﬁ-])] ¢ | ——— . 87)
selrmy ! L eR (% r(+5)

FoC'T
e,
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In the next step we intend to apply Lemma 3.4. For this we now verify the hypotheses
of Lemma 3.4. More formally, observe that the fact that sup;cp, 7y [[(F(0))(s, x +

WS0 — W,O) | z20/(0-2) P:R) < 0© and the fact that % > 2 ensure that forall » € [1, 2)
it holds that

.
sup E[|(F©O) (s, x + WP = wP)| | < oc, (88)
selt,T)
Moreover, observe that for all » € [1, 2) it holds that
! 1 1 ! |
/ _ ds = - / s~rGQmO+) gy < 0. (89)
0 s2[p(s)] ! (1 =)=t Jo

Combining this, (88), and Lemma 3.4 with (84), (86), and (87) proves that

[0 = w0 2o

< Vmax{T —1,3}|IK |1
S3D> (tﬁmw”%4%“ﬂ%wqmﬁ%][l /

\/Mnfj F(j+1)

j=0Vv1,v2,..., Vit1€
{1,2,....,d+1}

+ sup H(F(O))(s X+ W0 — WO)‘

selr,T) L 72 BR)
i 5 Itlr
Sy e[ () )00
’ j - . B
momntae I (r (1454))
{1,2,....,d+1}
n—1
+ Z Z (H;I) sup ‘u"JH(S X+ WO WO)‘
S0V Vv E selt,T) P Z(IP’ R)
{1,2,...,d+1}
1
()] e
W(F(l+j+%))ﬂ '
Moreover, observe that for all j € Ny it holds that
J
> iy [[Lw | =1L 1)
URERERYISE i=1
{1,2,...d+1}
FoE'ﬂ
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Combining this with (90) proves that

[UN %) = w6, 0 | 2w,
1

e S HEI
< Vmax(T =1, 31K Y _ ('3 [t ]

NI
j=0

+ sup H(F(O))(s X+ W0 WO)‘
selt,T)

ot [o(gn) P omge’s ’ ©2)
TSI Y S

LP Z(IP]R)

n—j J it2

+ sup ’
selr,T),ie{l,2,.. d+1}

3 L0 L S

== i T2

i 5. 3 W)~ WZO)HL%(]P"]R)

Jj=0

This, the fact that 2+/€||L||; < 2+/€max{l1, |L|1} < C, the fact that p > 2, and the
fact that C > 1 imply that

U0 = g 1,0

L2(P;R)

1
_ pi g .
< vmax{T —1,3}|IK |1 ”2} [e(pzj;;—\/ii)]]a(n;l) I:F(jl+l):|ﬂ

j=0

1
+ < sup H(F(O))(s X+ WO — W )H

2 selr,m) L2 B:R)
1

I[E(THH o (n—l)[ 1 ]‘9

n

N J rGg+n
=0
1 0 0
+ = sup ‘ul(s x + W W)H
2 selr.T),iell,2,....d+1) e (P;R)

o1
S 5 o] < L
— Mn—i—1 J rg+n — NI

j:

n—1 , Csupgep 1y | (FO) s x+WE-WO | 2p
Z(n—l) M)/ Vmax{T—1 3JKlli L2 (®R)
i T(j+1)P M 2WM
Jj=0
Fol:'ﬂ
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Csupsers 7y.ic( 2.1y [0 (5 X+ W=WD ] 2
]. (93)

LP—2(P;R)
+ 2

Next note that for all j € Ny it holds that 37—} (";') = 2"~! and

) 1 .\ B 00 Loy B
(VM) _((Mzﬂ)J> S@w) —exp(BM¥).  (94)

FG+DF  \TG+D = Tk+1)

Combining this with (92) assures that

&~

[e(%-kl)]%(ZC)”’l exp(,sMZ

) [mnknu
M

0,vo _ <
AHOE RO S —
Csupyep 1y | (FO) s, x+ WP =W 2, CSUpyers 7y el 2.ty Wi (5. X+ WEI=WH] - 2,
+ LP-2 (P:R) + LP2(ER)
2/M 2 ’
95)
This establishes (77). The proof of Proposition 3.5 is thus completed. O

4 Regularity Analysis for Solutions of Certain Differential Equations

The error analysis in Sect. 3.3 above provides upper bounds for the approximation
errors of the MLP approximations in (39). The established upper bounds contain
certain norms of the unknown exact solutions of the PDEs which we intend to approx-
imate; see, e.g., the right-hand side of (77) in Proposition 3.5 in Sect. 3.3 above for
details. In Lemma 4.2 below we establish suitable upper bounds for these norms of the
unknown exact solutions of the PDEs which we intend to approximate. In our proof
of Lemma 4.2 we employ certain a priori estimates for solutions of BSDEs which we
establish in the essentially well-known result in Lemma 4.1 below (see, e.g., El Karoui
et al. [22, Proposition 2.1 and Equation (2.12)] for results related to Lemma 4.1).

4.1 Regularity Analysis for Solutions of Backward Stochastic Differential
Equations (BSDEs)

Lemma4.1l Let T € (0,00), t € [0,T),d € N, L, £ € [0, 00), let ||-]| : R¢ —
[0, 00) be the standard norm on RY, let (-, ): RY x RY — [0, 00) be the standard
scalar product on RY, let (2, F, P) be a probability space with a normal filtration
Fo)serr.ry let f1, fo: [1,T] x R x RY x Q@ - R be functions, assume for all
s € [t,T), i € {1,2} that the function [t,s] x R x RYxQ > u,y,z,w) —
fi(u, v, z, w) € Ris (B([t,s]) ® BR) @ B(R?Y) ® Fy)/B(R)-measurable, assume
thatforalls € [t,T], y,n € R, z,3 € R it holds P-a.s. that

[f1(s, ¥, 2) — fi(s, 9,31 < Lly — ol + Lllz — 5. (96)
EOE';W
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let YL, Y2: [, T1x Q@ —> Rand W: [1,T] x Q@ — R4 be (Fs)sels, T1-adapted
stochastic processes with continuous sample paths, assume that (Wsy; — W) se[0,7—1]
is a standard Brownian motion, let Z* = (Zk'l, zk2 Zk’d): [t, T] x Q — R4,
k € {1, 2}, be (Fy)sepr, 11-adapted (B([t, T]) ® FV/B@RY)-measurable stochastic pro-
cesses, assume that Zle E[ SUPcpr 7] |Yi |2] < oo and ]P’(X:l-zz1 ftT | fi(s, YI, ZD)| +
||Z§ I2ds < o0) = 1, and assume that forall s € [t, T1, i € {1, 2} it holds P-a.s. that

T T
Y, =Y’T+/ fi(u,Y,j,Z;)du—/ (Z,,dW,). 97)
N N
Then it holds P-a.s. that
v =y <MD (lly} — Y7l Lo@:R)

+(T' —1) sup sup sup ||f1(S,y,Z)—fz(s,y,Z)llLooop;R))- (93)
se[t,T] yeR zeR4

Proof of Lemma 4.1 Throughout this proof assume without loss of generality that
SUPcr 7], yeR.zeRe 1f1(s, ¥, 2) = fa(s, y, DL r) < 00, let A: [1, T] x 2 — R
and B = (B',B?,...,BY: [t,T] x Q@ — RY satisfy for all s € [t,T], j €
{1,2,...,d} that

fiG. YL ZH—f1(.¥2.28) yl = y2
A = yl—y2 - s 7& N 99
s — $ s 1 5 ( )
0 1Y, =Y
and
‘ fis, Lzt Lz z T L 2 syl z Lz Tz Lz i, 2
J T 2.7 P Zg FE Ly
BS — st.I_ZSvj ) o,
0 L7y = 7
(100)

andletI": [r, T]x 2 — Rbeastochastic process with continuous sample paths which

" 12 5
satisfies that for all s € [¢, T'] it holds P-a.s. that I'y = eli Ar— LB g+ (Br.dWr) Note
that It6’s formula implies that for all s € [¢, T] it holds P-a.s. that

N N
Iy, =1 +/ F,Ardr—i—/ T,(B,, dW,). (101)
t t

N¢xt ob'serve that (97) ensures that for ‘all u € [t,T],i € {1,2} it holds IP-a.s. that

Y. =Y — ft“ fir, Y, Z)dr + ft“(Z;, dW,). Combining this and (101) with Itd’s
FolCTM
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formula yields that for all u € [¢, T') it holds P-a.s. that

u
r,y! -yl =/ rs(— fi (s, Y., zsl) + A,Y! + (By, zsl)) ds
t
‘ . (102)
+/ Fszl(Bs,dWQ-i-/ T(Z), dwy)
t t

and

u
ry?—y?= /rs(—fQ(s,Yf,z§)+ASY3+(BS,z§))ds
‘. . (103)
+/ rsY§<Bs,dWS)+/ Ty (Z2, dWy).
t t

Moreover, note that (99) and (100) imply that for all s € [z, T'] it holds that

d
T
AV} =YD+ (Bs, 20 — Z7) = A (Y] = YD) + ) Bl (27 - Z7)
j=1
= fi(s, Y}, ZD) — fi(s, Y7, Z9)

d
Lj 52,j+1
3 (A Zh Lz 2 72

1 ~1,1 Lj=1 2,j 2.d
(R AL A S £

= fits, Y1, 25 = fis, Y2 ZH + fis, YL zZh — fis v, z3)
= fi(s, Y}, ZH — fi(s, Y2, Z2) (104)

This, (102), and (103) assure that for all u € [¢, T] it holds [P-a.s. that

A G W —Y3)+/ s (Y = Y7)(Bs.dWs) + / s(Z§ — Z2.dWy)
t
=/ (16720 = ol ¥2 2D = (Asr) = YD + (Bo. 28 = ZD)) ) ds
t
=/u Fs(fl(s, L Z2) — (5. Y2 7Y )ds. (105)
t

Nextlet 7,: Q — [t,T), n € N, be the (Fy)sc[;,7)-stopping times which satisfy for

all n € N that
T, = inf ({ [t,T]:
t

/ —72.aw)| >

FS(Y; — Y2)(By, dWy)

}U{T— %}). (106)

FoE'ﬂ
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Note that (105) and (106) assure that for all n € N it holds P-a.s. that

Tn
Yy —Y2=E [rfn ¥l —¥2) +/ r, (fl (5. Y2, Z2) — fo(s. Y2, zf)) ds|IF,] .
t
(107)

Moreover, observe that (96) ensures that sup[, 7 | Bs|> < £2d. The fact that

T |2Bs|? T
E[e~ /i #5 ds+[" 2Br.dWo)] = | hence implies that

|

2
e*frT BZ sy [T (B, dWy)

2
:| — El:efrT 1B > ds ,— I w dHftT(zBDdWT)}
< (T-n2% JE|:e_frT 125,12 ds-i—ftT(ZBS,dWY)](lOS)

a2
— [T-ngx

In addition, observe that (96) demonstrates that it holds P-a.s. that sup,¢(, 7 |As| < L.
This, Doob’s martingale inequality, and (108) show that
2:|

2
] (109)

2
} < 40 T-D(2L+£%d)

. 12 :
o= ) B dr [ (B, dW,)

]E|: sup |Fs|2] =E|: sup eJi 2Ardr

selt,T1 selt,T]

; 2 .
— [ B gr (B, dW,)

< ezL(T_’)]E|: sup |e

selt,T]

2
< 42L(T 1) Eﬂe—ﬂ B gy + [ (B .dW,)

Combining this with the Cauchy-Schwarz inequality and the assumption that
S E[ supyep 1¥1?] < o0 proves that

E[ sup |[y(Y] —Yf)|] < E[ sup |FS|2}E[ sup |Y) — YS2|2:| < 00.

selt,T] selt,T] selt,T]
(110)
Next observe that the fact that for all s € [z, T'] it holds that I'y > 0 demonstrates that

T
E[/ rs|f1<s,Y3,z§)—fz<s,Y3,23>|ds}
t

se[t,T]yeR zeR4

T
< E[/ T ds:| [ sup sup sup | fi(s,y,z2) —f2(5,y72)||L°°(P;]R):| < 00.
t
(111)

FoC'T
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This, (110), Lebesgue’s dominated convergence theorem, (107), the fact that Yl v?,
and I" are stochastic processes with continuous sample paths, and the fact that it holds
P-a.s. that lim,,_, »o T, = T ensure that it holds P-a.s. that

Tn
vl y? = nl_i)mooE[l‘rn rh —y2) +/t (672 2D = 6.2 ZD) ds )]F,]

T
=E[FT(Y}—Y%)+/ rs<f1(s,x?,z%)—fz(s,x?,z‘g)) ds IF{|. (112)
t

Next observe that the fact that sup,c[, 711As| < L demonstrates that for all s € [z, T']
it holds that

s 1Br 112 s
E[T[E/] < -0 E[e‘fr Y W

IF,] N (113)

Combining this, (112), and the triangle inequality shows that it holds [P-a.s. that

3

T
v v < E[FTWT‘ — Y7 +f T|fi(s, Y2, Z2) — fo(s, Y2, ZD)| ds
t

!

|: sup sup sup ||fl(S,y’Z)_f2(say’Z)||L°°(IP’;IR):| (114)

T
< E[T7|F Y} — Y 1o @.R) + IE|:/ [yds
t

se[t,T] yeR zeR4
= T (1Y) = Yliwm) + (T = 1)

sup sup sup || fi(s,y,2) — fZ(Ssy,Z)”LDO(]P;R))-
se[t,T]yeR zeR4

This proves (98). The proof of Lemma 4.1 is thus completed. O

4.2 Regularity Analysis for Solutions of Partial Differential Equations (PDEs)

Lemmad4.2 Let T € (0,00), d € N, n,Lo,Ly1,...,L4,L1,%0,...,%4, Ky,
Ky,...,.Kqg e R, f € C(0,T] xR x R x RLR), g € CRY,R), u =
W(t, %) ¢ veo.r1xre € CH2(10,T1 x RER), let |l : R — [0, 00) be a
norm, assume for all t € [0,T], x = (x1,x2,...,%4), £ = (1,%2,...,%4),
2=(21,22, .., 24), 3= (1,32, ..., 34) € R% v, v € R that

|f(t7x7 yaZ) - f(t!;7 053)| =< L0|y _U| +27=](Lj|zj _3j| +£j|-xj _X]Dv (115)

lg(x) —g@®| = 2?21 Kilxi —xil, lu(t,x)] <n[l+ Z?Zl Ixz'l]", u(T, x) = g(x),
(116)

and (Zu)(t,x) + L(Axu)(t,x) + f(t. x, u(t, x), (Veu)(t, x)) = 0, (117)
EOE';W
@ Springer Lﬁjog



948 Foundations of Computational Mathematics (2022) 22:905-966

let (2, F,P) be a probability space, and let W: [0, T] x Q — RY be a standard
Brownian motion. Then
(i) it holds forall s € [0, T), x € R that

B[ [ls e+ wr— (1, =) ]

T
+JEU LA (1 x + Wimg, ue, x 4+ Wy—g), (Txu) (&, x + Wi—))] (1, W8 | dt | < oo,
(118)
(i) it holds for all s € [0, T), x € R? that

(s, %), (V) (s, ¥)) = B[ g + W) (1, =) |

T
+ ]E|:/ [t %+ Wi, ut, x + Wi—g), (Vau)(t, x + Wi—))] (1, vtv’_;)dti| ,

(119)
(iii) it holds for allt € [0, T1, x = (x1, X2, ...,xq), £ = (1,12, ..., tq) € RY that
u(t, x) — ut, 1) < eLo(T*”(Z‘j:] (Kj+ (T —€)lx; — ;cj|), (120)
(iv) it holds forallt € [0, T), x € R, i € {1,2,...,d)} that
(L)t )| < e T0(K; + (T = 1)), (121)

and
(v) it holds for all x € RY, p € [1, o) that

sup  sup (E[lu(t,x+ W, — WS)|”])1/”
sel0.T] tels.T]

s#ﬂ[wp@mu+wmmW+Tsw(mvmx+MﬁﬂWU“

s€[0,T] 5,1€[0,T]
+TebT T4 LK+ T8 (122)
Proof of Lemma 4.2 Throughout this proof let t € [0,7T), x = (x1,x2,...,X4),
r = (1,0,...,84) € Rd, let ||-]| : RY — [0, c0) be the standard norm on

RY, let (-, *): R? x RY — [0, o0) be the standard scalar product on RY, let
F:C(0,T) x RY, R"*Y) — C(0,T) x R4, R) and u: [0, T) x R¢ — RI*!
satisfy for all s € [0, T), y € R4, v € C([0, T) x R4, R!*9) that (F(v))(s, y) =
f(s,y,v(s,y)) andu(s, y) = (u(s, y), (Vyu)(s,y)),andletY,Y: [, T] x 2 - R
and Z,3: [t,T] x Q — R? be stochastic processes which satisfy for all s € [t, T']
that

Yo =u(s, x+W;—=Wy), Ds=uls,t+W;—Wy), Z;=Viu)s,x+Ws—W,),
(123)

EoCTl
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and 3, = (Veu)(s, t+W;—W,). Observe that [47, Lemma 4.2] establishes Item (i) and
Item (ii). Next we prove Item (iii). Note that It0’s lemma yields that for all s € [¢, T']
it holds IP-a.s. that

T T
YT:Ys_/ fa, x+ W, =W, Yr,Zr)dr_i'/ (Zr,dW,) (124)
and
T T
Nr =zJS—/ f(r,x+wr—wt,@r,3r>dr+/ 3rodW,). (125

Next note that (116) implies that there exists A € (%, oo) which satisfies that

SUPsef0, 7], RY llmég\l)kl < 00. Observe that Doob’s inequality implies that

L2(P;R)

lu(s.6)|
= sup e (P
SG[O,T],SE]Rd

sup | Yy
selt,T]

sup |u(s,x + Wy — Wy)|
selt,T]

L2(P;R)

sup lx + Wy — W
selt,T]

L2(P;R)

Ju(s.£)| 25\ ” g
=< sup —2 2] 1+< > lx + Wr — Wil . < 00
sef0.7].ecRrd TIEN 20— 1 L2(P:R)

(126)
and
sup s < 00. (127)
selt,T] L2ER)
Moreover, note that (115) implies thatforalls € [¢, T],y,v € R,z = (z1, 22, .- -, Zd),

3=(1,32,---,3d) € R¥ it holds PP-a.s. that

d
|f (s, X+ Wi = Wy, y,2) = f (s, x + Wy = Wy, 0,3)| < Loly —vl+ Y _ Ljlzj — 3l

j=1
(128)
and
d
[f(s,x+Ws =W, y,2)— fs, 0+ Wy — W, y,2)| < Z£j|xj —xj|. (129)
j=1
Combining this with (124), (125), (126), (127), and Lemma 4.1 proves that
lu(t, x) —u(t,p)l = [¥; = V|
EOE';W
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Lo(T—
< ekl t)<||YT —Drlr~@R)

+ (T - t) sup Ssup sup ||f(s7x + WS - Wt’ Vs Z)
se[t,T] yeR zeR4

- f(s»?+ WS‘ - Wta ) Z)”LOO(IP;]R))

< eLO(T_t)<||g(x +Wr = W) =g+ Wr — W)lrow.R)
d
+(T -1 ) Llxj —Zﬂjl)
j=1

d
< ew—’)( > (Kj+ (T =)l — le>- (130)
j=1

This establishes Item (iii). Next not that Item (iii) demonstrates that for all i €
{1,2,...,d} it holds that

‘(a%u)(t’x)‘ _ ‘ lim  Wxthe)—uG0) | o LoT=0(K, 4 (T — 1)8)(131)

R\{0}5h—0

This establishes Item (iv). In the next step we prove Item (v). Observe that Item (ii),
Tonelli’s theorem, and the triangle inequality prove that for all » € [0, T'], s € [r, T],
p € [1, 00) it holds that

le(s, x + Wy — Wr)”LP(IP’;IR)

= H /g(x + Wy = W, + y)Pw,—w, (dy)

T
+/S /(F(U))(v, x+ Wy =W, +y)Pw,_w, (dy)dv‘ e

< | [ s+ W Wy yPww @,

QU
=

T
+/ H /(F(u))(v, X+ Wy —Wr + ) Py,_w, (dy)’ (132)

LP(P;R)

This and Jensen’s inequality show that for all » € [0, T], s € [r,T], p € [1, 00) it
holds that

1
P
lu@r, x + Wy = Wl Lo @Ry < (f[ lg& + 24+ | Pwy—w, (@) Pw,—w, (dz)>
1

T =
+/ (//|(F(u))(v,x+Z+)7)|PPWT7W,<(d)’)]P)Wx7W,(dZ))p dv.

1
P
= (/ / lg(x +z+ )’)|pP(WU7WMW37W,)(d(Y7Z)))
Elol:;ﬂ
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==

T
+/ (//|(F(u))(v,x—I—z+y)|PIF’(Wv_WhW§_Wr)(d(y’Z))> dv

T
= lgx + Wr = Wo)llLrpR) +/ |(F) @, x + Wy = W) 1 pp.g)dv. (133)

s

This, the triangle inequality, (115), and Item (iv) show that for all » € [0, T], p €
[1, o0) it holds that

sup u(r,x + Wy — WollLre;ry < 18(x + Wr — Wo)llLr @ R)
selr,T]

T
[ IEO) @+ W= Wy

T
- LO/ lutv, x + Wy = W), ., dv
r
d T
+ ZL,-[ G0, 5 + Wo = W) gy
j=t 7
T
< llgtx +Wr — Wo)llLr@:R) +/ |(FO)@, x + Wy =W ) 4V
r

T d

+ LO/ sup JuCs, x + Wy = W gy dv + )T TLj(Kj +TL)).
r selv,T] ’ =1

(134)

In addition, note that the fact that sups¢(o 77 zeRrd llﬁgi\)i < oo ensures that for p €
[1, c0) it holds that

sup sup Jlu(s, x + Wy — W)llrr e R)
rel0,T]se(r,T]

lu(r.§)] A
< sup - 14+ sup sup || |lx + W5 — W,|| || PR | < O
|:r€[O,T],$€]R"' il :| ( rel0,T]selr,T] Lr (B R)
(135)

This, (134), and Gronwall’s inequality yield that for all p € [1, 0o) it holds that

sup sup Ju(s,x + Wy — Wlr@r) <7 sup llgx + Wo)llLreR)

rel0,T]selr,T] rel0,T]

d
ZLj(KjJrT):j)).

+ eLOTT< sup [ (FO) (s, x + W) ey + €7
] ' —
j=1

s,rel0,T
(136)

The proof of Lemma 4.2 is thus completed. O
EOE';W
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5 Overall Complexity Analysis for MLP Approximation Methods

In this section we combine the findings of Sects. 3 and 4 to establish in Theorem 5.2
below the main approximation result of this article; see also Corollary 5.1 and Corol-
lary 5.4 below. The i.i.d. random variables t/: Q@ — (0, 1), # € ®, appearing in
the MLP approximation methods in Corollary 5.1 (see (140) in Corollary 5.1), The-
orem 5.2 (see (160) in Theorem 5.2), and Corollary 5.4 (see (175) in Corollary 5.4)
are employed to approximate the time integrals in the semigroup formulations of the
PDEs under consideration. One of the key ingredients of the MLP approximation
methods, which we propose and analyze in this article, is the fact that the density
of these i.i.d. random variables t?: Q@ — (0,1), 6 € O, is equal to the function
0,1 > 5 — as® ! ¢ R for some a € (0, 1), or equivalently, that these i.i.d.
random variables satisfy for all 6 € ®, b € (0, 1) that P? < b) = b2 for some
o € (0, 1). In particular, in contrast to previous MLP approximation methods studied
in the scientific literature (see, e.g., [4,45,46]) it is crucial in this article to exclude the
case where the random variables 7 : Q — (0, 1), 6 € ®, are continuous uniformly
distributed on (0, 1) (corresponding to the case « = 1). To make this aspect more clear
to the reader, we provide in Lemma 5.3 below an explanation why it is essential to
exclude the continuous uniform distribution case « = 1. Note that the random variable
U: @ — RY"! in Lemma 5.3 coincides with a special case of the random fields in
(160) in Theorem 5.2 (applied with gz(x) =0, fa(s,x,v,z) =1, M =1,¢t =0 for
s€[0,7),x,ze€R% yeR,d e N in the notation of Theorem 5.2).

5.1 Quantitative Complexity Analysis for MLP Approximation Methods

Corollary 5.1 Let ||-]l; : (UpenR") — R and |||l : (UpeNnR") — R satisfy for
alln € N, x = (x1,x2,...,%,) € R" that | x| = Y|, |xi| and ||x]ec =
max;e(1,2,...n) 1Xil, let T,8 € (0,00), ¢ € (0,1, d € N, L = (Lo, Ly,...,Lgq) €
R K = (K1, K2, ... Kg), £ = (£1,€2...,£4), § € RY, p € (2,00),
@ € (b7 sk B =% — L2 f e €10, T] x R? x R x R%, R),
g € CRYR), let u = (u(t, %)) peo.r1xrd € C(0,T1 x RY, R) be an at
most polynomially growing function, assume forallt € (0, T), x = (x1, X2, ..., X4),
E=@1L0, 0, 2= (21,22, -, 2a), 3 = (1,32, -+ 30) € RY, y,9 € R that

[f(t, x,y,2) = f(t,59,3)] < Loly — +27:1(Lj|1j — 31+ £jlx; —)l),

(137)
lg() — g < L Kilxi —wil. u(T,x) = g(x), (138)
and (2u)(t,x) + S(Acu)(t, x) + f(t, x, u(t, x), (Veu)(t, x)) =0, (139)

let F: C([0, T)xR?, R — ([0, T) xR, R) satisfyforallt € [0, T), x € R,
v e C([0,T) x R4, R that (F())(t,x) = f(t,x,v(t,x)), let (2, F,P) be a
probability space, let © = U,cNZ", let 79:Q —> R9, 0 € O, be i.id standard
normal random variables, let ¥ : Q — 0, 1), 6 € O, be i.i.d random variables,
assume for all b € (0, 1) that P(t° < b) = b'~%, assume that (Z%)gce and (:)gco
FolCTM
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are independent, let UZ,M = (Uz:(])v,, UZ:zlw R UZ:?VI): [0,T) x RY x Q@ — RIH4,
nM e 7 0 e O, satisfy forall n, M € N, 0 € ©,t € [0,T), x € R? that
U%, ,(t.x) =Uf ,(t.x) =0and

Ml‘l .
UY (1) = (8(x),0) + 3= > (g(x + [T —1]'/22007D)
i=1
—g(x))(l [T — 1/22(0,0,—1'))
—l M (0,1,i)\a N .
ZZ Z %(1, (T — 1) ®0)=1/2 701D
l:
J(FU™) = INOFUETD) @+ (T = e, x
+ (T — t)t(9 L2 7.0, 1))] (140)

let RV, M) (n, myez2 S Z satisfy for all n, M € N that RVo y = 0 and

n—1
RV, < dM"+ Y [MOD@+ 1+ RV +INORV- 0], (141)
=0

and let C € (0, 00) satisfy that

€ =max {1, IP(§)17 (1 — )7 max | T, P2 227 V2T | max(1, LI |

(142)
Then there exists N € N N [2, oo) such that
Sup I:“ LnZﬁJ (0 g) M(O, ‘5) “LZ(P;]R)
neNN[N,00)
e JUL 28,0, 6) = ()00, s>|\L2(P;R)] <e (143)
and
N SRR L
< de—@+0)3+d | max{7,3} | K1
’;RV,LanﬂJ <de 1+ m
+Ce™T sup g€ +/sZ)] e
s€[0,T] —2(P;R)

+ CeM T (Koo + T1Ll0o)

+C sup |(FO)@. &+ fz“”))(“ - (W 1)

s,t€[0,T)
2446
+ T Ce?oT Z Li(Kj+ T;:j)]
j=1
FoE'ﬂ
@ Springer U_.jo E|



954 Foundations of Computational Mathematics (2022) 22:905-966

1 2+6
10" |:(n—1)2ﬁ [e(@.k]):l ’ (4Ceﬁ)”_]:|

sup 5 < Q. (144)
neNN[2,00) (=122

Proof of Corollary 5.1 Throughout the proof let (nn,m) . pyen2 S R satisfy for all
n, M € N that

. (145)

L2(P;R)

Uy (0,8) — (=w)(0,8)

+ max ‘
L2(P;R)  ie{l,2,....d}

UG, (0.6) — u(0.8)

Nn,.M = ‘

Note that Proposition 3.5 and Item (i) of Lemma 4.2 ensure that for all M, n € N it
holds that

0,0 0,i il
Nn,m < 2max { Un M(O’ &) —u(0,8§) LER)’ ie({I,IZa.).(. a4 Un,M(Ov §) — (E”)(Os &) LZ(JP:]R)}
U 1 S su| 2
() ver (o) [muxul SO,
= O I Vit
Jrcses[lépm[max{Hu(A L%(P R) 'EUZ-»-J” H(‘”’ 0o, (JP R)H
(146)
Combining this with Lemma 4.2 implies for all M, n € N that
pn % !
Ydid n 2B
n <442+Q]MOCW@M ) Nowysilal
nM = NI VM
+C( +TelT) sup  [(FO)T.&+52D)| S,
(7o) s | .
+ CeMT (1K oo + T Llloo)
d
+CeloT sup g +5ZO)| oy +TCOT Y LK+ sz)].
s€[0,T] LP=2(P;R) j=1
(147)
Next observe that (137) and (138) demonstrate that
sup H(F(O))(t g+\/'z<°))ﬂ <oo and
s5,1€[0,T) Lp Z(P R)
sup flg(& + /s z<°>>|| 2 <00 (148)
s€[0,T] =2 (P;R)
FoE’ﬂ
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Combining this with (147) proves that limsup,,_, ., 1, |,26) = 0. Nextlet N € N
satisfy that

N =minyin € NN[2,00): SUP My m26) S € (149)
meNN[n,00)

and let € € IR satisfy that

¢ = 2[1 4 /ma(T3TIK]

JIN-—D]
+C su H(F(O))(t, £+ JEZ(O))’ 2 <+ N TeLoT)
s,ze[gT) 1522 P:R) NV L(N=1)%]

(150)
+ CeT (K oo + T11Lll0)

d
+CehT sup g€ +V5ZO)| 2 +TCe2L°TZLf(Kf+T£i)}

s€[0,T] LP=2(P;R) =

Note that the fact that C > % and (150) ensure that

1
» ¢[e<#+l)]g(40“exp(ﬂ(L(zfnzﬁpﬁ)
r s B _
l<4cefe(5+1)]P el = N . (151)

Furthermore, observe that (147) and (150) demonstrate that

1
g 1
Q[E(%_I)H)} o ew(ﬂ(L(Nfl)z'sJ)ﬁ)

NN—1,|((N=1)2] < N R (152)
Combining this with (149) and (151) proves that
e = 1gy(N) + ny—1, | (v—12¢) L 2.00) (N)
¢HM+1)F<4C>N—I exp<ﬂ(L(Nfl)2ﬂJ)ﬁ>
< . (153)

- V(LN=1)28 )N-2

Moreover, observe that [45, Lemma 3.6] assures that for all n € N it holds that
RV, |n26) =d(5 |n%# |)". Hence, we obtain that

N N N
ZRVH,I_nZﬁJ <d 2(5 LnZﬁJ)n <d Z(5LN2/3J)H

n=1 n=1 n=1
_AGINP)D(GIN PN — 1) 26 \N
= 5INPT <2d(|N“"DH". (154)

FolCT
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Note that the fact that 28 € (0, 1) ensures that
NI < LN =DF +1] = (N = D]+ 1 <2l(N = D). (155)
Combining this and (153) with (154) proves that

N
Y RV, 28 < 2dGINF N =24(5| NP YN 20~ (D)
n=1
2448

1 1
¢|:e(%_l)+l>i| § @c)yN-1 exp(ﬁ(L(N—l)zﬁJ)Tﬁ>

<2de~CHI (5 NP N VN=1)2B])N-2

1 . 248
SN (NN [[e(”(NZ_”H)} * a1 exp(ﬂ(L(Nl)zﬁj)Zﬁ>:|

(N—2)(245)
(LIN—-1)?)) 2

1 BN
1OV (N1 )Y [[e(”“"z‘“ﬂﬂ ¥ ot exp(ﬁ([(Nl)zﬂj)zﬁ>:|

Q)]
(LWN=DH#pH—2

_ 2d8—(2+6) Q:2+5

< 2d8—(2+5) €2+8

1 . 2448
10V | [(N=1)% ] [e(%ﬂ)} *aoyn- exp(ﬁ(L(N—l)zﬁj)zﬁ>:|
— 2de— 2+ g2+8 L

3
(LN=D )2

% 2+
10¥ (N71)2ﬁ|:e<7p(1\/2_1)+1)} (4Ceﬁ)Nl:|

3N
(LN=D2£]) 2

1 2448
10" |:(n—1)2/3 [e<7”(’12_1) +1>] ’ (4Ce/3)nli|

< 2de—(2+8) g2+8

< 2de™ P g2+ sup 5 < 0.
nelNN[2,00) (=D ]) 2
(156)
This establishes (144). The proof of Corollary 5.1 is thus completed. O

5.2 Qualitative Complexity Analysis for MLP Approximation Methods

Theorem5.2 Let T,5,1 € (0,0), o € (0,1), B € (max{ 1112()2)‘,0},1 — ), let
fa € CU0, T] xR x R x R4 R), d € N, let gg € CIRY,R), d € N,
let &g = (a1,842.-...84a4) € R, d € N, let Ly; € R d,i € N, let
ua = (Wa(t, %) oeo.71xrd € CH2(10,T1 x R, R), d € N, be at most poly-
nomially growing functions, let Fy: C([0, T) x R4, Rt — C([0,T) x R4, R),
d € N, be functions, assume for all d € N, t € [0,T), x = (x1,x2,...,Xq),
Elol:;ﬂ
@ Springer Lﬁjog
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r= QL. ta) 2 = (21,22, . 24) 3 = G1.32,---.30) € Ry, e R,
ve C(0,T) x R4, R that

maX{|fd(l, X, Y, Z) - fd(tv L, U! 5)'3 |gd(-x) - gd(;)'}

< Y9 La (@ — gl + 1y — vl + 1z — 3,1), (157)
(Frua)(t, x) + 5 (Agua)(t, x) + fa(t, x, ut, x), (Veua)(t, x)) =0,
ug(T, x) = ga(x), (158)

d*(1g4(0)| + | f4(¢,0,0,0)| + emax 18l + S Lai <A,

and (Fg(v))(t,x) = fq(t, x,v(t, x)), (159)

let (2, F,IP) be a probability space, let ® = U,cNZ", let 749 @ — R4,
d €N, 0 € O, be i.i.d standard normal random variables, let ¥9: Q — O, 1),
0 € O, be i.id random variables, assume for all b € (0,1) that P0 <
b) = b%, assume that (Zd'e)(d,g)e]NX@ and (¢yeco are independent, let UZ”%I =

UL UL U [0, T) x RO x Q — R, n, M. d € Z,0 € O, satisfy
foralln,M,d e N,0 € ©,1€[0,T), x € R thar U (1, x) = Uy (t.x) = 0

and

d.0 _ w
U, x) = (8a(x),0) + Y
i=1

(8a(x + [T = 11220070y — g (0)) (1, [T — 1] 1/2 24 @-07D)

—1 Ml .
£y MZ T=DCOEDTE (1 (T — e @D 1/2 24 0:1D)

=0 i=1 oM
d,6,1,i d,(0,—1i
[(FaUl ) = INO FaU )
(4 (T = e x4 [(T — D@01 27 0.L0y], (160)

and letRVy . m € Z,d,n, M € 7, satisfy foralld,n, M € N thatRV40 m = 0 and
n—1

RV < dM" + 3 [MOD@+1+RVy 1y +INO RV 0] (16D
=0

Then there exist c € R and N = (Ng¢)(d.6)eNx0,11: N x (0, 1] — N such that for
alld € N, & € (0, 1] it holds that 0" RV g, |,s| < cd®e™® and

sup  [E[IUSDS 0, &) — a0, £0)1°]
neNN[Ny,¢,00) ’

. ) 12
d,0,i 9 2
+ ,-e{{?{‘?_f,d}E[|Un,LnﬁJ(o’ €a) — (55 ua)(0, &) ]] <e (162)
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Proof of Theorem 5.2 Throughout this proof let p = =T +2 . Note that the hypothesis
that ¢ € (0, 1) and the hypothesis that g € (max{1

2
T—at5a—T = 2- Moreover, observe that the fact that p = =T +2a ; demonstrates that

O} 1 — o) ensure that p >

1— 1—(1- -2
B_l-a d-d-m)p-2) (163)
2 2 2p
Next note that the hypothesis that « € (0,1) and the hypothesis that 8 €
(max{ 11__2;‘ , 0}, 1 — ) ensure that

p o o

= =1—-a. 164
2p-1 1-p o= (o4
-
Moreover, observe that the hypothesis that « € (0, 1) and the hypothesis that g €
(max{ 11’_20‘5‘ ,0}, 1 — ) prove that

p—2 o
2p-1) 1-8

<1l—a. (165)

Combining this with (164) ensures that

1—oze<p_2, P ) (166)
20p—1) 2(p—1

Next note that (157) ensures for all d € IN that

sup | (Fa(O) ¢, & + /52 )|

2p

5,1€[0,T) LP=2(P;R)
= sup (ROt 8+ 57 = (FaO) 1. 0) 2
5,t€[0,T) LP=2(P;R)
+ sup |(Fa(0))(t,0)]
tel0,7)
= sup Hfd(t £1+ /5240 0,0) - f4(2,0,0, 0)‘
5,1€[0,T) P 2<IP’ R)
+ sup |fa(t,0,0,0)|
tel0,7)
d
< (dAZLd,j(Ed,ﬂ+ﬁ||zl’(0)|| 2 ))
= 72 (B:R)
+ sup |fy(¢,0,0,0)]
tel0,T)
<d max +T)Z" O )( L )
<[j{ o I VTIZYON Z 4]
FolCTM
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+ sup [f4(2,0,0,0). (167)
1€[0,T)

In addition, observe that (157) proves that for all d € IN it holds that

sup llga(€a + /524y >

$€[0,T] j(PlR)
< sup llga(Ea +vsZ4O) — g0 2 +1ga(0)]
sel0, T] LP~2(P;R)
1

5( ZLd] (a1 +VTIZON o, _]R))>+|gd(0)| (168)
Jj=1 B

sdk< max 1641 +VTIZVO) S, )( La )+| 4(0)].
[j{ ]] 72(]P’1R) Z " &

Furthermore, note that the fact that for all 4 € N it holds that (Z”}Zl |La,j H12 <
Z?:l Ly, j ensures that for all d € N it holds that

max d Ly <d L and
jell,2,.d dj = Zl d.j
J

d d 2
Y Laj(d Laj+Td"Laj) <d"(T + 1)[2@1,]-] . (169)
=1 =1

This, (163), (166), the fact that p > 2, (167), (168), Corollary 5.1 (applied with
a=1-a,B = g,p =p,Lo= Z?:l Ld,j,Lj = Ld,j,Kj Zd}‘Ld,j,Sj Zd)‘Ld,j
for j € {1,...,d}, d € N in the notation of Corollary 5.1), and the fact that

d
1
sup |:d_k ( max |§d1|+ sup [ fa(z,0,0, 0)|+Igd(0)|) +2Ldl] < o0

deN ie{l,2,..., tel0,T] i=1
(170)

establish (162). The proof of Theorem 5.2 is thus completed. O

Lemma5.3 Let T € (0,00), d € N, a € (0, 1], let (2, F,P) be a probability
space, let Z = (Zl, Z2, ... , Zd): Q — RY be a standard normal random variable,
let v: Q — (0, 1) satisfy for all b € (0, 1) that P(x < b) = b%, assume that Z
and ¢ are independent, and let U = (UO, ul,..., Ud): Q — RIt! satisfy that
U=Ta '¢!=%(1,[T]"V/2Z). Then

(i) it holds foralli € {1,2, ...,d} that

) T ! _r __ . 1

E[lUPR] == [ sds= {0 %% (171)
o Jo 00 =1

FoE'ﬂ
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and
(i) it holds that U € L*(P; R¥*Y) if and only ifa € (0, 1).

Proof of Lemma 5.3 Note that for all i € {1,2,...,d} it holds that

E['Ul |2] — ale[tz(l—C{)—l |Zl |2]

T (! 21, i 2] T (! 20—a)-14at
—o)— i o— _ = —a)—l+a—
;/0 IE[S |Z* ]s ds = Olfo s ds (172)

1 T .
Z/ s ds = { «0=0) .05<1.
o Jo o0 ta=1

This proves Item (i). Moreover, observe that Item (i) establishes Item (ii). The proof
of Lemma 5.3 is thus completed. O

Corollary5.4 Let T,5,, € (0,00), let f; € C(R x IRd,IR), d € N, let g4 €
CRYR), d e N, let &g = (41,40, 6aq) € R, d € N, let Ly; € R,
d,i € N, let ug = (ua(t,x); oeo.rixrd € C2(10,T] x R4, R), d € N, be
at most polynomially growing functions, assume for all d € N, t € [0,T), x

m |l

(X1, x2, .., x0), & = (1,82, -- %), 2 = (21,225 -5 2d)» 3 = (31,32, -+ +» 3d)
RY, y,y € R that
max{| fa(y,2) — fa(®, 3, 18a(x) — ga ()1} < Z(]{:]Ld,j(dﬂxj =5l + 1y =0l + 1z —350)
(173)
(Zua)(t, x) = (Ayua)(t, ) + fa(u(t, x), (Veua)(t, x)),  ua(0,x) = ga(x), (174)

and d=*(|g4(0)| + | £2(0, 0)| + maxie(i 2, _ay £a.il) + Yoy Lai < A, let (2, F, P)
be a probability space, let ©® = U, cNZ", let 749 Q > RY deN, 0 e®,beiid.
standard normal random variables, lett? : Q@ — (0, 1), 0 € ©, be i.i.d. random vari-
ables, assume for all b € (0, 1) that P < b) = Vb, assume that (z4- 0)(d 0)eNx®
and (¥)pe are independent, let UL, = (ULGL UL 0204 (0, TIxRY x
Q- R neZ M,deN,0 e 0, satisfy foralln, M, d € N, 6e0,reT]
x e R that U] | (1, x) = Uy (1. x) = O and

M" .
UL x) = (8a(1), 0) + Y b (gax + [21]/22¢-0-7D)
i=1

- 8d(x))(1 [26]71/274-0:0.=D)

©.1,i)11/2 ; . . .
L A= [ £a (U7 (1 =), x4 e @012 24 O y)
=0 i=1
NOY7 (Uf;(ﬁ’,;l’i)(t(l B t(&,l,i))’ x + [Ztt(e,l,i)]1/2Zd,(9,l,i)))]
. (1’ [ztt(e,l,i)]—l/zzd,(0,1,[))’ (175)
FoE'ﬂ
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andletRVyp,m € Z,d,n, M € Z, satisfy foralld,n, M € N that RV 4.0,y = 0 and

n—1
RV < dM" + Y [MOD@+ 1+ RV 1y +INORVg 1] (176)
=0
Then there exist c € R and N = (Ng¢)(d.6)eNx0,11: N x (0, 1] — N such that for
alld € N, ¢ € (0, 11 it holds that 0" RV g, |14y < cd®e™ ) and

sup  [E[ULDS (T 60) — ua (T €0)]
neNN[Ny,,,00) ’

. 1/2
d.0, 3 2
+ ie{{flfx [lUn Lnl‘/“J(T’ &) — (3—,qud)(T, &)l ]] <e. (177)
Proof of Corollary 5.4 Observe that Theorem 5.2 (applied witha = % B = 4—1‘, T =2T,

ug(t, x) = ug(T — 5, x), fat,x,y,2) = fa(y,2)/2 fort € [0,2T], x,z € RY,
y € R, d € N in the notation of Theorem 5.2) establishes (177). This completes the
proof of Corollary 5.4. O

Corollary5.5 Let T,8,» € (0,00), let gg € CARYR), d € N, let & =
Ga1.642. - 6aa) €REd e N letug = ua(t, %)) yero.71xRe € CH2([0, T]x
R4, R), d € N, be at most polynomially growing functions, assume foralld € N, t €
[0, T), x = (x1, %2, ..., Xa), ¥ = (X1, X2, - - -, ka) that |ga(0) |+ max;e(1 2. a} 1§a.i| <
A, |ga(x) — ga(¥)] < )»dA(Z?:llxj — ;D) uq(0, x) = ga(x), and

(%ud)(t,x) (Axug)(t, x)+51n(( )(t x)) uqg(0,x) = ga(x), (178)

let (2, F,P) be a probability space, let ©® = U,eNZ", let Z47: Q@ — R4,
d € N, 6 € O, be i.i.d. standard normal random variables, let v Q@ — (0, 1),
0 € O, be iid random variables, assume for all b € (0,1) that P(to
b) = /b, assume that (Z%- 9)(,1 0)eNxo and (!Yoeo are independent, let Uz’?w

(ULE0 udal Ut 0, TI xR x @ - RI*, neZ M,deN,0 €6,
satisfy for all n,M,d € N, 6 € ©,t € (0,T], x € RY that U_IM(t,x) =
Ug:fw (t,x) =0and

1A

M"

Uy (1.3) = (0(x), 0) + 3 g (8a(x + (2022007
i=1

- gd(x))(l [20]7/27¢-0.0.-D)

n-1M 0.0,i)11/2 ; ; ; j
+ Z Z 2’[";4" O [sin (U001 (1 = e @00y, x4 20 @1011/2 74Oy
=0 i=l1
— In@ sin(UR P @ (1 = @00 x4 [0 @D )12 24.O.1Dy)]
. (1’ [2tt(9,l,l)] 1/2Zd,(9,l,l)), (179)

FoE'ﬂ
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andletRVyp,m € Z,d,n, M € Z, satisfy foralld,n, M € N that RV 4.0,y = 0 and

n—1
RV < dM" + 3 [MOD@+ 1+ RV 1 m +INORVg 1] (180)
=0

Then there exist c € R and N = (Ng¢)(d,6)eNx0,11: N x (0, 1] — N such that for
alld € N, ¢ € (0, 1] it holds that Y 0" RV, |4, < ed“e™ ) and

sup (UL (T 60) — ua (T €0) ]
ne€NN[Ng.e,00) ’

. ) 1/2
d,0, il 2
o max | B0 (60 — Gruo (T &0P] ] <o a8y
Proof of Corollary 5.5 Throughout this proof let k = 2 + Y 0, %z Observe that the
fact that for all z, 3 € R it holds that | sin(z) — sin(3)| < |z — 3| and the assumption
that foralld € N, x = (x1,x2,...,x3),t = (£1,%2,...,2) € R it holds that
184(¥) —ga (@) < Ad*(39_,1x; —x;]) imply that foralld € N, x = (x, x2. ..., Xq),

r= Q@12 ta)s 2= (21,22, -+, 2d)s 3 = (1,325 - - - » 3a) € RY it holds that

max{| sin(z1) — sin(31)|, [g4(x) — ga @} < max{lz1 — 311, 2d* Y 5_; |xj — )1}
< Iz — a1l +rd (T — 5D

d
1
fz[omﬂﬂ—z)(mw 1 —;,j|)]. (182)
=1

Moreover, the assumption that foralld € INitholds that |g(0)|+maX;ec(12,....q} £4,i] <
Ad* implies that

d
1
— . A—
d K<|gd<0>| +IsinO)] + _max |sd,i|) + [Zl (Ad 4 1—2)}
j=

(183)

9]

1 1
A— A—k+1
< Ad*" K 4 AdMTH +|:E —j2]§2)»+|:g —jz]—/c.
i=1

i=1

This, (182), and Corollary 5.4 establish (181). This completes the proof of Corol-
lary 5.5. =
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