1802.08464v3 [cs.IT] 12 Feb 2020

arxXiv

The geometry of off-the-grid compressed sensing

Clarice Poon* Nicolas Keriven” Gabriel Peyré*

February 13, 2020

Abstract

This paper presents a sharp geometric analysis of the recovery performance of sparse regularization.
More specifically, we analyze the BLASSO method which estimates a sparse measure (sum of Dirac
masses) from randomized sub-sampled measurements. This is a “continuous”, often called off-the-grid,
extension of the compressed sensing problem, where the £! norm is replaced by the total variation of
measures. This extension is appealing from a numerical perspective because it avoids to discretize the
the space by some grid. But more importantly, it makes explicit the geometry of the problem since the
positions of the Diracs can now freely move over the parameter space. On a methodological level, our
contribution is to propose the Fisher geodesic distance on this parameter space as the canonical metric
to analyze super-resolution performances in a way which is invariant to reparameterization of this space.
While previous works express recovery conditions using a flat Euclidean distance, switching to the Fisher
metric allows us to take into account measurement operators which are not translation invariant, which is
crucial for applications such as Laplace inversion in imaging, Gaussian mixtures estimation and training
of multilayer perceptrons with one hidden layer. On a theoretical level, our main contribution shows that
if the Fisher distance between spikes is larger than a Rayleigh separation constant, then the BLASSO
recovers in a stable way a stream of Diracs, provided that the number of measurements is proportional
(up to log factors) to the number of Diracs. We measure the stability using an optimal transport distance
constructed on top of the Fisher geodesic distance. Our result is (up to log factor) sharp and does not
require any randomness assumption on the amplitudes of the underlying measure. Our proof technique
relies on an infinite-dimensional extension of the so-called “golfing scheme” which operates over the space
of measures and is of general interest.

1 Introduction

Sparse regularization, and in particular convex approaches based on ¢! minimization, is one of the
workhorses to ill-posed linear inverse models. It finds numerous applications ranging from signal process-
ing [19] to machine learning [55]. In many situations, it makes sense to consider a “continuous” counterpart
to ¢! minimization, which avoids gridding the parameter space, thus enabling more efficient solvers and a
sharper theoretical analysis. The most natural continuous extension encodes the positions and amplitudes
of the sought after solution into a Radon measure, so that the ¢! norm is replaced by the total variation
(total mass) of the measure. A measure is then naturally said to be “sparse” when it is a sum of Diracs
at the desired positions and amplitudes. The corresponding infinite dimensional optimization problem is
called BLASSO in [27] following theoretical works on spectral extrapolation [7]. This setting of optimiza-
tion on measures has also been considered in the inverse problem community [9]. Successful examples of
applications of such “off-the-grid methods” include single-molecule fluorescent imaging [8], spikes sorting in
neurosciences [35], mixture model estimation [39] and training shallow neural networks [5].

*Department of Mathematical Sciences, University of Bath, cmhsp20@bath.ac.uk
fCNRS and GIPSA-lab, Univ. Grenoble Alpes, Grenoble INP nicolas.keriven@gipsa-lab.grenoble-inp.fr
fCNRS and DMA, Ecole Normale Supérieure, 45 rue d’Ulm, F-75230 PARIS cedex 05, FRANCE, gabriel.peyre@ens.fr


cmhsp20@bath.ac.uk
nicolas.keriven@gipsa-lab.grenoble-inp.fr
gabriel.peyre@ens.fr

1.1 Sparse spikes recovery using the BLASSO

Observation model. We consider the general problem of estimating a complex-valued unknown Radon
measure g € M(X) defined over some metric space X from a small number m of randomized linear obser-
vations y € C™. In this paper, X will either be a connected bounded open subset of R? or the d-dimensional
torus T?, even though some of our results extend beyond this case. We define the product between a complex-
valued continuous function f € % (X) and complex-valued measure u € M(X) as (f, php = [ X flx)du(z).
The (forward) measurement operator ® : M(X) — C™ that we consider in this paper is of the form

(I)p, = ﬁ (<50wkv :U'>M)21:1 (1)
where (w1q,...,wy,) are parameters identically and independently distributed according to a probability

distribution A(w) over some space 2, and ¢, : X — C are smooth functions parameterized by w. We further
assume that ¢, is normalized, that is E,a[|¢.(2)]°] = 1 for all z € X. Our observations are of the form

y = ®(po + fio) +w, (2)

where po = >.7_; a;6,, with (z;,a;) € X x C is the s-sparse measure we are interested in, gy € M(X)
accounts for modelling error, and w € C™ is measurement noise. In the rest of the paper, we naturally
assume that the support of jigp does not include any of the z;.

BLASSO. An increasingly popular method to estimate such a sparse measure corresponds to solving a
infinite-dimensional analogue of the Lasso regression problem
1 2
in —|ou— + Alp|(X). P
Jamin 5 10—yl + Al () (PA(»))
Following [27], we call this method the BLASSO (for Beurling-Lasso). Here |u|(X) is the so-called total
variation (or total mass) of the measure p, and is defined as

|l (X) = sup {Re ((f, mhaa) 3 f € C(X),[If e <1}

Note that on unbounded X, one needs to impose that f vanishes at infinity. If X = {;}; is a finite space, then

this would correspond to the classical finite-dimensional Lasso problem [55], because [u|(X) = [la]l, = 3, |ai
where a; = p({z;}). Similarly, when X is possibly infinite but p = >, a;0,,, one also has that |u|(X) = ||a||;.

1.2 Previous works

From a theoretical perspective, understanding the performance of this approach corresponds to estab-
lishing a “Rayleigh criterion”, which is the minimum allowable separation distance between two spikes
min,»; ||z; — x;|| for the method to recover them from linear measurements. The first result in this direction
is due to Candés and Fernandez-Granda [15], who prove that for Fourier measurements, this separation dis-
tance is (almost) equal to the inverse of the maximum sample frequency. This results has been extended to
provide robustness to noise [14, 37, 4, 32] and to cope with more general measurement operators [6]. All these
previous theoretical works however strongly rely on the translation invariance of the linear operator (Fourier
measurements or convolutions) and the underlying domain (either Euclidean space or the periodic torus).
Applying these results to spatially varying operator (such as for instance when imaging with non-stationary
point spread functions) generally leads to overly pessimistic minimum separation condition.

In parallel, it has been shown by Tang et al [54] that the recovery guarantees of Candés and Fernandez-
Granda [15] remain valid with high probability when only a small number of (Fourier) measurements are
randomly selected, of the order (up to log factors) of the sparsity of the underlying measure. However, this
result is only valid under a random signs assumption on the amplitudes of the sought-after Dirac masses,
which is a well-known assumption in classical discrete compressed sensing [17, 31] but appears somewhat



unrealistic. 'While more detailed conditions can be derived when the amplitudes a; are all assumed real
and positive [29], in the general case a; € C it was not known until this paper whether the random signs
assumption could be removed.

Although it is not the topic of this paper, let us note that lifting the minimum separation condition
requires to impose positivity of the weights [27, 50] and the price to pay is an explosion of the instabilities
as spikes cluster together [29].

Numerical solvers and alternative approaches. The focus of this paper is on the theoretical analysis
of the performance BLASSO method, not on the development and analysis of efficient numerical solvers.
Although the BLASSO problem is infinite dimensional, there are efficient numerical solvers that use the
fact that the sought-after sparse solution is parameterized by a small number of parameters (positions and
amplitudes of the spikes). This open the door to algorithms which do not scale with some grid size, and hence
can scale beyond 1-D and 2-D problems. Let us mention in particular: (i) discretization on a grid [53, 33],
(ii) semi-definite programming (SDP) relaxation using Lasserre Hierarchy [15, 28], (iii) Frank-Wolfe and its
variants [9, 8], (iv) non-convex particle flows [20]. We also emphasize that the BLASSO is by no means
the only method for estimating sparse measures in an off-the-grid setup. Let us, among other approaches,
cite Prony-type spectral methods such as MUSIC and ESPRIT [51, 48, 42] and non-convex approaches
for instance based on £° or greedy minimization (see for instance [39, 52] for recent contributions in this
direction). In practice, these methods often surpasses BLASSO in term of performance, in particular when
the noise is small and the spikes tends to cluster so that the minimum separation distance condition does not
hold. A rule of thumb is that ¢!-regularization is however good baseline, which benefit from both efficient and
stable numerical solvers and an in-depth theoretical analysis which leverage the convexity of the problem.

1.3 Contributions

The goal of this paper is twofold: remove the random signs assumption of Tang et al [54] while still keeping
a sharp number of random measurements, and extend the framework to encompass non-translation invariant
operators in a natural manner with improved separation conditions. The former is achieved by extending
the so-called golfing scheme [41, 16] to the infinite-dimensional setting, while the latter is done through a
particular Riemannian geometric framework, defined by the metric tensor associated to the covariance kernel
of the measurement operator. We will show that, by imposing a minimal separation between Diracs with
respect to the geodesic distance associated to this tensor, previous strategies can be naturally extended.

Informally, our main result reads as follows. Define the limit covariance kernel K (z,2') = Eypu(x) @ ('),
which measures how much two Diracs at x and 2z’ interact with each other in the large samples limit as
m — oo, and assume that K is real-valued (primary examples include the Gaussian kernel, or the so-called
Jackson kernel used in [15]). Define the metric tensor g, = V; VoK (z,z) € R¥*? where V; indicates the
gradient with respect to the ith variable, and assume that for all x € X it is a positive definite matrix.

Finally, define the associated geodesic distance d4(z,2") = inf, fol A/ (&) T gy (t)dt, where the infimum

is taken over all continuous path v : [0,1] — & such that v(0) = = and (1) = 2’ (more details about this
geodesic distance are given in Section 3.1). Denote by By (z;r) the ball of radius r centered on z, for the
metric 04. The main result of the paper, here stated in an informal way, is the following.

Theorem 1 (Main result, informal). Let Ry = sup, . 0g(z,2"). Under some assumptions on the kernel K
(see Assumption 1 in Sec. 4) and features @, (see Assumption 2 in Sec. 5), there are constants r,A > 0,
that only depends on K, and Cy,Cy > 0 which depend on K and the regularity of ¢, (up to 2nd order),
such that the following holds. Suppose that y is of the form (2) with min;; 04(x;,2;) > A and

m > Cy - s -log(s)log((CoRx)%/p). (3)



Then with probability 1 — p, when |w|| < & and A ~ %, any solution i to (Px(y)) satisfies
Too | D Ajuys 18] | S V56 + ol (X)  and ryéfldj — aj| S V50 + |jio] (X), (4)
j=1

where A; = | (Bo, (w457)), a; = By, (w557)), and Ty, is the partial optimal transport distance associated
to 0y (see Def. 1).

Let us comment a bit on this result. On a technical level, the most salient feature of Theorem 1 is that,
up to log factors, the bound (3) is linear in the sparsity of the underlying measure. This improves over the
best known result of Tang et al [54], since in our case we do not require the random signs assumption.

On a methodological level, the assumptions on the kernel K(x,z’) mainly state that it must decrease
sufficiently when x and x’ are far apart, or, in other words, that the coherence between @6, and ®4,, must
be low. The main novelty of our approach is that we measure this separation in term of the geodesic metric
04, which allows to account for non-translation invariant kernels in an intrinsic and natural manner. The
assumptions on the features ¢, which are more technical in nature, relates to their regularity and the
boundedness of their various derivatives.

Concerning the recovery bound (4), the first part states that the measure fi concentrates around the true
positions of the Diracs, while the second part guarantees that the complex amplitudes of {i around the Diracs
are close to their true values. The discrepancy in the first part is measured in terms of a partial optimal
transport distance associated to 04 (Def. 1 in Sec. 3).

Finally, the constants C7,Cs that appear in (3) can depend (generally polynomially) on the dimension
d but not on the sparsity s. As we will see in Section 5 and the detailed version of Theorem 1 (Theorem
3), the bound (3) is actually valid when we suppose the features ¢, and their derivatives to be uniformly
bounded for all x and w. When this is not the case, we will be able to relax this assumption, similar to the
notion of stochastic incoherence [16] in compressed sensing. As a result, m can actually appear in Cy, Ca,
generally in a logarithmic form (see examples in Section 2), which only adds logarithmic terms in s and d in
the final number of measurements.

Outline of the paper. The paper is organized as follows. In Section 2 we give example applications of
Theorem 1, including non-translation invariant frameworks such as Laplace measurements used in microscopy
[30]. In Section 3, we introduce our Riemannian geometry framework and prove intermediate recovery results
based on the existence of a so-called non-degenerate dual certificate, which is known in the literature to be
the key object in the analysis of the BLASSO model. In Section 4, we study in more detail the relationship
between the minimal separation condition and the covariance kernel. We prove that, under some conditions
on K, in the limit m — oo, one can indeed prove the existence of a non-degenerate dual certificate when
minimal separation is imposed with respect to 94. Finally, in Section 5, we state our main result with finite
number of measurements m (Theorem 3, which is a detailed version of Theorem 1). Section 6 is dedicated
to its proof using an infinite-dimensional extension of the celebrated golfing scheme [16], with technical
computations in the appendix.

Relationship to our previous work [45] This article is a substantially extended version of the conference
publication [45]. The results of Section 4 are in most part already published (under slightly more restrictive
assumptions) in this conference paper. The remainder of the paper is however entirely novel. We remove
the random signs assumption of [45] thanks to a new proof technique with the golfing scheme. Furthermore,
the results in [45] are restricted to the small noise setting and focus on exact support stability, while we
study here arbitrary noise levels and establish more general stability bounds in terms of optimal transport
distances.

Notations. Given n € N, we denote by [n] = {1,2,...,n} the first n integers. We write 1,, to denote the
vector of length n whose entries are all 1’s, and 0,, to denote the vector of length n whose entries are all 0’s.



Given two matrices A and B, we write A < B to mean that B — A is positive definite and A < B to mean
that B — A is semi-positive definite. Given two positive numbers a, b, we write a < b to mean that there exists

some universal constant C' > 0 so that a < Cb. Given (X,0) a metric space, x € X and r > 0, we define
d(=f

By(x;r) = {2z € X ; 0(x,2) <r} the ball centered on x of radius r, or just Bj(r) = {z € X ; ||z|| < r} the
ball centered on 0 for a norm ||-|.

We write ||-[|,, to denote the £, norm, and ||-[| without any subscript denotes the spectral norm for matrices
or /5 norm for vectors. For any norm ||-||y on vectors, the corresponding matrix norm is [[Al/y_,, =
SUP||p | =1 |Az|y and ||A|y = ||A|/x_ x for short. Given a vector z € C*? decomposed in blocks z =
ST

[z],...,2 with z; € C¢, where s and d will always be defined without ambiguity, we define the block
norm |0 = Maxicics ||zi]l. Given a vector x € C*(4+1) decomposed as x = [zg, Xy ,..., X ]T where
7o € € and X, € €, we define |z, 2 max ([lao]l,  macxs_, 1X,,).

For a complex number q, its sign is denoted by sign(a) = ‘ E Given a complex-valued measure u € M(X)

and complex-valued continuous function f € € (X), we recall that (f, p)ap = v f f(x)du(z). For two

lef. — .
complex vectors v and w, (v, w)y = v*w, where v* =T ' denotes conjugate transpose.

2 Examples

In this section, we illustrate Theorem 1 for some special cases of practical interest in imaging and machine
learning. The following statements are obtained by bounding the constants in Theorem 3 in Section 5 (the
detailed version of Theorem 1). These computations, which can be somewhat verbose, are delayed to
Appendices C, D and E.

Off-the-grid Compressed Sensing. Off-the-grid Compressed sensing, initially introduced in the special
case of 1-D Fourier measurements on X = T = R/Z by [54], corresponds to Fourier measurements of the
form (1). This is a “continuous” analogous of the celebrated compressed sensing line of works [17, 31]. We
give a multi-dimensional version below.

Let f. € N with f. > 128 (for simplicity) and X = T¢ the d-dimensional torus. Let @, () = eizm’ e
Q= fwezd; ol < fo}, and Aw) = [T}, g(w;) where g(j) = + St s) (1= IR/ -
(5 —k)/fc]).- The Fisher metric is, up to a constant C, the Euchdean metric dg(x,2") = Cfe |z —2'||.

Provided that min,4; ||z; — z;|| 2 dr‘}“ stable recovery is guaranteed with

m > d*s (log( ) log (p) + log ((Sj;d)d» .

Note that, compared to the uni-dimensional case, the minimal separation A depends on s: this could actually
be replaced by a bound exponential in the dimension d, which we prefer not to do here. Indeed, during the
proof, one must bound a quantity of the form > ;_, |lz1 — a:i||_4, for A-separated Diracs. Since in one
dimension only 2 Diracs can be situated at distance kA from x; for each integer k > 0, this can be easily
bounded by a global bound A~* vy k~* that does not depend on s. In the multidimensional case however,
an exponential number of Diracs can be packed around x7, and applying the same strategy would lead to a
bound on A which is exponential in the dimension.

Continuous sampling Fourier transform A variant of the previous framework is continuous Fourier
sampling, for instance with frequencies distributed according to a Gaussian distribution. Let X C R? be a
bounded open subset of R%. The space of frequencies is @ = R?, ¢, () = e’ and Alw) = N(0,271)
for some known symmetric positive definite matrix ¥. Note that, for simplicity, the frequencies are drawn
according to a Gaussian with precision matriz ¥ (the inverse of the covariance matrix), such that the kernel K

_1lls= % @an”
is the classical Gaussian kernel K (z,2') =e 2 HE Pl )H

. The Fisher metric is 0g4(z, 2') = HE_%((E -2



In this case, provided that min;,; d4(x;, x;) 2 1/log(s), stable recovery is guaranteed with

m> s <L log(s) log <Z> + L2log (W)) .

where L = d + log ( ) Note that log(m) appears in L in the r.h.s. of the expression above, which only

incurs additional logarlthmlc terms in the bound on m, as mentioned in the introduction.

Learning of Gaussian mixtures with fixed covariances An original framework for continuous sparsity
is sketched learning of mixture models [39], and in particular Gaussian mixture models (GMM), for which
we can exploit the computations of the previous case of Fourier measurements sampled in accordance to a
Gaussian distribution. Assume that we have data samples 21, ..., 2, € R? drawn i.i.d. from a mixture of
Gaussians £ < > aiN(x;, ) with known covariance ¥. The means z1,...,zs € X C R? and weights
ai,...,as > 0 are the objects which we want to estimate. Sample frequencies wi,...,w,, € R? i.i.d. from a
Gaussian A = N'(0,X7!/d), and construct the following linear sketch [24] of the data:

y= S (o, (5)

et
where the constant C' = (1+ 2 ) < e? is here for normalization purpose. Linear sketches are mainly used for
computational gain: they are easy to compute in a streaming of distributed context, and are much smaller
to store in memory than the whole database [24, 39]. It is easy to see that the sketch can be reformulated
s (1), by writing

E.(Ce™" %)) = dpo (6)
where 119 = ), a;05,, and ® is defined using the feature functions
Sow(x) _ ]EZNN(I E)celw z Celw x —EwTZw.

The “noise” w = y—E, (Ce~ iwy = )iv, is simply the difference between empirical and true expectations, and
using simple concentration inequalities that we skip here for simplicity, it is possible to show that with high

probability, ||w|| < (n_%). Applying the previous computations we obtain the following result: provided

that min;; HZ 3 (z; — a?J)H 2> +/dlog(s), stable recovery of g is guaranteed when
2

m s (dlog( )log <p> + dlog ((SdRpX)d»

and the concentration in the recovery bound (4) is given by ¢ = ||w|| = O (n*%).

Gaussian mixtures with varying covariances The case of simultaneously recovering both the means
and covariance matrices is an interesting venue for future research. We simply describe here the asso-
ciated metric and distance in the univariate case. The geodesic distance between univariate Gaussian
distributions is well known [25]: Given x = (m,u) and ' = (n,v) with m,n € R and u,v € Ry, let
p(z) = ﬁe’(mf')/@ﬁ), then the covariance kernel is

Quy  _ (m=m?
N ! _ w2102
Ko(z,2") = (p(z), p(z')) L2 = N 2D

The associated metric at = (m,u) is g, = Id; and the Fisher-Rao distance is the Poincaré half plane

distance

2u2

90(z, ") = 2arsinh <|z\/%”> ,  where arsinh(z) = In (m +va? - 1) . (7)



. . . def.
Consider now the case of Gaussian mixture £ = >°7_, a;N(z;,v?), where the unknowns are a; > 0, z; € R

and v; > 0, and we are given data {z;}7_; drawn iid from & and we construct the linear sketch (5) as before,
where wy, € R are iid from A(0,0?). This corresponds to the normalised random features

1 .
@w(mgu) = (2u20.2 + 1)4 eilmw67%u2w2’

and 2
) __(m-n)
K ((m.u), (n,0) = —oe” 3 ®)
Vu2 + 2
where u? = # +u? and v = # + v%. The metric at z = (m,u) is g, = ﬁIdg. Note that since

(8) also corresponds the the kernel between Gaussian distributions with mean and standard deviation as

e = (m,uy) and z/, = (n,v,), the associated geodesic distance is therefore do(z,, /) where dg is the
Poincaré half plane distance described in (7) (as mentioned in (16), geodesic distances on random features

and parameter space are equivalent).

Sampling the Laplace transform. In some fluorescence microscopy applications (see [30] and the ref-
erences therein), depth measurements are obtained from the Laplace transform of the signal. Contrary to
Fourier measurements, this gives rise to a non-translation invariant kernel K, and was therefore not covered
by existing theory. Using the proposed Riemannian geometry framework, we can cover this setting.

Let X = (0,1) C R%. Let Q =R%. Define for z € X and w € €,

d
Pu(7) = exp (-2 w) H Tt nd A(w) = exp(—2a'w) H(2ai).

o
i=1 v i=1

where «; ~ d are positive and distinct real numbers. The Fisher metric is

Gra)
log | —

T; + oy
and provided that min;,; dq(x;, ;) 2 d + log(d®/?s), stable recovery is guaranteed with

mz s (Clog(s) log (Z) + 2 log (c;fi))

where C = @2 (d + log? (m) 4+ log? (%)) Similar to the Gaussian example, log(m) appears in C.

d

0y(z,2") = Z

i=1

2

)

Training a two-layers neural network Following [5], in the large number of neurons limit, regression
using a neural network with a single hidden layer can be formulated using our framework. Given a set
of m training samples (wg,yr)5,, one aims to predicts the values y, € R from the features wy €
using a continuous dictionary of functions w — ¢, (x) (here x € X parameterizes the dictionary), as yi =~
S o (@)dpo(x) = D771 aipw, (#;). In the context of neural networks, one uses ridge functions of the form

def.

©u(x) = &((z, w)), For instance, one can consider &(u) = &,(u) = max(u,0)”, where n = 1 is the ReLu
non-linearity. Detailed treatment of this example will be left for future work, however, we simply mention
that the associated kernel and metric was studied in [22, 23]. We recall their results here. Suppose that
wi, ~ N(0,1d,), then the associated kernel is

o llwll?/2 1
kn(2,y) = 2/W£n(<w7 2))én({w, y))dw = — [ll|" yll" Jn (0),



T n
— -1 ry 1\ 2n+1 Lg T—0
where 6 = cos <||:v| ||y||> and J,(0) = (—1)"(sin6) <sin9 5‘9) < o |-

Since J,,(0) = w(2n — 1)!!, the normalised random features the normalised kernel are therefore

(w, z) Jn(0)
@w(x) = én ( and Kn(xvy) = s
VI, ( ) |zl Jn(0)
and the associated metric is
n? xx |
o = ViVok, (2,2) = —5 o (md + (4n — 3)) .
|]* (2n — 1) [Els

Note that since @, () = @, (x/ ||z||) for all z, the geodesic path between any x and y must lie on the unit
sphere, moreover, given any - : [0, 1] — X with ||y(¢)|| = 1 for all ¢ € [0, 1], we have

[ Voo voa= [ \/ s (01 + (0= 9) ), 2O Y = o 57 [

therefore, d4(z,y) = %ds (H;’;—H, ﬁ), where ds is the geodesic distance on the sphere.

3 Stability and the Fisher information metric

In this section, we introduce the proposed Riemmanian geometry framework, and give intermediate
recovery guarantees which constitute the first building block of our main result. Namely, we introduce so-
called dual certificates, which are known to be key objects in the study of the BLASSO, and show how they
lead to sparse recovery guarantees in our Riemannian framework.

3.1 Fisher and Optimal Transport Distances

Let us first introduce the proposed Riemannian geometry framework, and define objects related to it.

3.1.1 The covariance kernel and the Fubini-Study metric

A natural property to analyse in our problem is the way two Diracs interact with each other, which is
linked to the well-known notion of coherence (or, rather, incoherence) between measurements in compressive
sensing [38]. This is done through what we refer to as the covariance kernel K : X x X — C, defined as

K(z,2') S (B0, §6y Z@wk )Py (), Vr,o' € X. (9)

In the limit case m — oo, the law of large number states that K converges almost surely to the limit
covariance kernel:

K(z,2") = Eupu(r)pu(a’) (10)

where we recall that w ~ A. This object naturally governs the geometry of the space, and we use it to define
our Riemmanian metric, which as we will see is linked to a notion of Fisher information metric. In the rest
of the paper, we assume throughout that K is real-valued, even though K may be complex-valued.

Given the normalisation [, |<pw(as)\2 = 1for all z € X, ¢, (x) can be interpreted as a complex-valued
probability amplitude with respect to w (parameterized by x), a classical notion in quantum mechanics
(see [40]). When z varies, a natural metric between probability amplitudes is the so-called Fubini-Study
metric, which is the complex equivalent of the well-known Fisher information metric. Writing ¢, (z) =



p(w, 2)e! @) where p(w,z) 2 |¢u,(z)]* and a(w, z) 2 arg(p, (z)), the Fubini-Study metric is defined by
the following metric tensor in C%*¢ [36]:

ol

8e = 1By [Velog(p) Ve log(p) "] + Ep[VeaVaa ] — Ey[Vaa]Ey[Vaa] | (11)
i

— 3E4[V log(p) Vo — VeaV, log(p) ],

where we use the notation E,[f] = [ f(w)p(w,z)dA(w). If ¢, is real-valued, then o = 0 and this is indeed

the Fisher metric up to a factor of i. The following simple Lemma shows the link between this metric and

the derivatives of the covariance kernel K.

Lemma 1. For any kernel K (x, ') = B¢, (2)pw ('), the Fubini-Study metric defined in (11) satisfies
9. = ViVaK(2,2) — Ep[V,a|E,[V,a] T (12)

If furthermore K (z,z") is assumed real-valued, then E,[V,a] =0, and g, = V1V2K(z, ).

Proof. Using p = |<pw\2 and Vo, = (Z—Z’)’ + iVa) Yw, a direct computation shows that

2 1
2 IOg(p) = Z;Re (stﬁw) and Vo= Elm (%VS&w) (13)
Therefore,
1
E]Ep[vr log(p)V log(p) '] + E, [V.aV,a']
1 . . T . . T
= / ]? (Re (‘pwV(Pw) Re (‘pwV@w> +Im (@wv¢w) Im (SDWV(,DW) ) pdA
1 — _
- /];Re (|<pw|2 Wwwj) dA = /Re (VeuViel) dA = Re (V1 VoK (z, 7))
Similarly,

1
—5Ep[Va log(p) Voor = VoV log(p) ]
[ — — T __ . T
=i P (Re (PaVew)Im (eoVe,) +Im(p,Vew)Re (0o Vo) ) pdA
1 - _
= —i/};lm (\%Fwwwj) dA = i/Im (VeuVel)dA =i-Im (V1 V2K (2, 7))

which proves the first claim. The second claim is immediate by noticing from (13) that Vo = Im (V2 K (2, x)),
which cancels when K(z,z’) is real (in particular in a neighborhood around z = z'). O

Since in this paper the limit covariance kernel (10) is assumed real-valued, the previous Lemma justifies
the definition g, = V1 V2K (z, x) that we adopt in the rest of the paper. For two vectors u,v € C¢, we define
the corresponding inner product

(u, v), = urgee and  ull, = V{(u, u), (14)
As described in the introduction, this induces a geodesic distance on X
1
0g(x,2') = inf {/ 19 (Ol dt 5 7+ [0,1] = & smooth, 7(0) =z, ¥(1) = m'} (15)
0
and in the case where ¢, () is real-valued, this coincides with the “Fisher-Rao” geodesic distance [47] which

is used extensively in information geometry for estimation and learning problems on parametric families of
distributions [3].



Remark 1 (As a distance on the feature space). The geodesic distance induced by g is the natural distance
between the random features ¢.(x). Indeed, as discussed in [11], the manifold (X,g) as an embedded
submanifold of the sphere in Hilbert space Lo(dA) with embedding x — ¢.(x), and given any z, 2’ € X, we
have )

Lt [ Ol = 24l (16)
where I'; ,» consists of all piecewise smooth paths v : [0,1] — {¢(z); = € X} with v(0) = ¢(x) and
V(1) = p(a).

Remark 2 (Fisher metric and invariances). The Fisher-Rao metric 4 is “canonical” in the sense that it is the
only (up to scalar multiples) geodesic distance which satisfies the natural invariances of the BLASSO problem.
Indeed, the solutions to (Px(y)), in the large sample limit m — +o0, are (i) invariant by the multiplication
of o(x) = (¢u(x))weq by an arbitrary orthogonal transform U (orthogonality on Ly(dA)), i.e. invariance to
o(x) — Up(z), (ii) covariance under any change of variable ¢ — ¢ o h where h is a diffeomorphism between
two d-dimensional parameter spaces. The covariance (ii) means that if 4 = )", a;0,, is a solution associated

to ¢, then the push-forward measure (h_l)u,u = > i @i0p-1(g,) is a solution associated to poh. Note that the
invariance (i) is different from the usual invariance under “Markov morphisms” considered in information
theory [18, 13]. When considering 04 = 04, as a Riemannian distance depending solely on ¢, the invariance
under any diffeomorphism A reads

vy, (2,2") = 0g,,,, (" (x),h ' (). (17)

Assuming for simplicity that ¢ is injective, this invariance (17) is equivalent to the fact that the formula

V(g,q) € M?, dm(a,q) = g, (0 (a), ¢ (d))

defines a proper (i.e. parameterization-independent) Riemannian distance daq on the embedded manifold
M = (p(z))e € La(dA). Among all possible such Riemannian metrics on M, the only ones being invariant
by orthogonal transforms ¢ — U are scalar multiples of the hermitian positive tensor dp(z)*d¢p(z) € C¥9,
which is equal to g, (here Op(x)* refers to the adjoint in Ly (dA) for the inner product defined by the measure
Aw)).

Remark 3 (Tangent spaces). Formally, in Riemannian geometry, one would use the notion of tangent space
T, and for instance the inner product (-, -}, would only be defined between vectors belonging to 7. However,
in our case, since the considered ambient “manifold” is just R?, in the sense that & is not a low-dimensional
sub-manifold of R? but an open set of R¢, each tangent space can be identified with R?, and we extend the
definitions to complex vectors for our needs.

3.1.2 Optimal Transport metric

In order to state quantitative performance bounds, one needs to consider a geometric distance between
measures. The canonical way to “lift” a ground distance d4(x,z’) between parameter to a distance between
measure is to use optimal transport distances [49].

Definition 1 (Wasserstein distance). Given p,v € M4 (X) with |u| (X) = |v| (X), the Wasserstein distance
between p and v, relative to the metric 0 on X is defined by

W)™ nt [ oG,
YEM(p,v) J x2

where T'(p,v) C My (X?) is the set of all transport plans with marginals 1 and v. Given u,v € M, (X) (not
necessarily of equal total mass), the optimal partial distance between p and v is defined as

Ts(nv) = g}g{wg(g, )+ =l (X) + |7 = v| (X))}

10



Note that the distance Wh(u,v) is actually an hybridation (an inf-convolution) between the classical
Wasserstein distance between probability distributions and the total variation norm. It is often called “partial
optimal transport” in the literature (see for instance [12]), and belongs to the larger class of unbalanced
optimal transport distances [43, 21].

3.2 Nondegenerate certificates, uniqueness and stability for sparse measures

We now introduce the notion of a dual certificate and prove recovery guarantees under certain non-
degeneracy conditions, which is the first step toward our main result.

3.2.1 Dual certificates

The minimisation problem (P, (y)) is a convex optimisation problem and a natural way of studying their
solutions are via their corresponding Fenchel-dual problems. It is well known that, in the limit as A — 0, its
solutions cluster in a weak-* sense around minimisers of

min X) subject to du =y, P
i, |l (X) subj p=y (Po(y))
and that properties of the dual solutions to (Py(y)) with y = ®ug can be used to derive stability estimates

for (Px(y)) under noisy measurements. In this section, we recall some of these results (see [9, 32] for further
details). The (pre)dual of (Py(y)) is

A :
sup {tp. )2 = 5 Il s p e ™. @l < 1] D)

where we remark that the adjoint operator ®* : C™ — % (X) is defined by (®*p)(x) = \/—% o PitPw; ().
Note that for A > 0, this is the projection of y/\ onto the closed convex set {p; ||®*p||, < 1} and the
solution py is hence unique. The dual solution p, is related to any primal solution wpy of (Px(y)) by the
condition

1
®pa € 0lua| (X) and pr =+ (y— Pua). (18)

Conversely, any pair py and py which satisfy this equation (18) are necessarily dual and primal solutions of
(Da(y)) and (Pa(y)) respectively. In the case where A = 0, a dual solution need not be unique, although
existence is guaranteed (since in our setting, the dual variable belongs to a finite dimensional space). In this
case, pg and g solve (Dx(y)) with A =0 and (Py(y)), respectively, if and only if

Puo=y and P*py € 9|uol (X). (19)

Following the literature, we call any element n € Im(®*) N 0 |uo| (X) a dual certificate for pg. For pg =
Z;:l a;d.,, the condition n € d|ug| (X) imposes that n(z;) = sign(a;) and ||n|,, < 1. Furthermore, it is
known that in the noiseless case, po is the unique solution to (Py(y)) if: the operator @, : C* — C™ defined
by ®,b = Z;Zl bj®0,, is injective, and there exists n € Im(®*) N 9 |uo| (X) such that [n(x)] < 1 for all
x & {x;}. In order to quantify the latter constraint and provide quantitative stability bounds, we impose
even stronger conditions on 7 and make the following definition.

Definition 2 (Non-degenerate dual certificate). Given (a;,x;)_,, we say that n € Im(P*) is an (g9,€2,7)-
nondegenerate dual certificate if:

(i) n(x;) = sign(a;) foralli=1,...,s,
(i3) |n(x)| < 1—¢o for all v € X7,
(i) |n(x)] <1 —ex0g(x,2;)? for all x € X,

where XP = By (wi571) and XS X\ |, Apenr

11



In other words, there are neighborhoods of the x; such that, outside of these neighborhoods, 7 is strictly
bounded away from 1, and inside, |n| has quadratic decay. In the next section we prove stable recovery
results from the existence of non-degenerate dual certificates.

3.2.2 Stable recovery bounds

The following two propositions describe stability guarantees under the nondegeneracy condition. Propo-
sition 1 quantifies how the recovered measure is approximated by a sparse measure supported on {z;};, and
Proposition 2 describes the error in measure around small neighbourhoods of the points {z;};.

def.

Proposition 1 (Stability away from the sparse support). Suppose that there exists eg,e5 > 0, n ' = ®*p for
some p € C™ such that n is (go,€2,7)-nondegenerate. Assuming the measurement model (1), any minimiser
fv of (Px(y)), with |w|| <& and A ~ &/ ||pl| is approzimately sparse: by defining A; = || (Xj*), we have

s ) 1
2 ~ . < = Al
7o 181 30 Ao, | % ey Ol ()0 o). (20)

Proof. To prove this proposition, we first establish the following bound

ol (X17) + & Z / 2|l () < 8 lp]) + Lo (X). (21)

uear

As we will see, the optimal partial transport bound above is then a consequence of this bound.

Fori=1,...,s, let X" C X and XY™ = X'\ Uj.:l Xj°" be as in Definition 2. Recall the measurement
model y = ®(ug + fio) + w, and define fig = uo + fio for simplicity. We first adapt the proof of [10, Thm. 2]
to derive an upper bound for || — |fg| — Re ((n, ft — Fo)ar). By minimality of ji and since [|w|| < 4,

. 1 R B 1 B B 2
Al (X) + 3 1@ — ylI” < Aol (X) + 3 @0 — yl|* < Alfio| (X) + 5
)

Using n = ®*p, and by adding and subtracting Re ((n, ft — fio)m) = Re ({p, Pt — y)2) + Re ({p, w)3), we

obtain
N _ - - |
(] (X) = |fio] (X) = Re ({0, fu = Fio) ) + Re (Ap, (1 = fio))2) + 5 |04 — ]
(|l (X) = |io] (X) = Re ((n, f1 — 1 7<I> P < & 2”pH —Re ((\ (22)
= (Al (X) = |0l (X) = Re (0, o= fio) ) + 5 B =y + Mpl* < 5 + = — Re ((Ap, w)2)
= |l (X) = ol (X) = Re ((n, /o = fio) m) < 5 &+ Apl)* < 8llpll
using A ~ ¢/ ||p||. We now derive a lower bound for |fi| —|po| —Re ({(n, it — fio) m). Since 1 is a dual certificate,
we have (1, ig) m = |po| (X) and |{n, u)m| < |p| (X). By further exploiting the nondegeneracy assumptions
(ii) and (iii) on 7, we have

|l (X) = ol (X) = Re ((n, o — i) = || (X) = Re ((n, 1)) — 2 |fio] (X)

o> / o THA1AT = /X ol ]l = 2] (X)
— Z / . (1 — 8209(37’ g;i)Q) dlal (z) — (1 —go) |1 (Xfar) — 2io] (X)

ol (X™) + & Z/ D2 (2) - 2 |fio] (X)

near
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which proves (21). Note also that by combining this with (22), we obtain the following bound that we will
use later:

194 —y -+ Apl|* < (6 + Allpll)® + 4 o] (X) = (|94 — yll < &+ 2X[Ipll +2¢/X|fao] (X (23)

It remains to show that the bound (21) yields an upper bound on the partial optimal transport distance

between the recovered measure |1 and p = 3, |f1] (XP°*")4,,, its “projection” onto the positions {z;};. To

see this, first note that the Kantorovich dual formulation [49] of the Wasserstein distance in Def. 1 is

SUP{/X SOdM‘F/deV; PR UNS Cb(.)(), Ve, y € X, go(x)-|—¢(y) gbg(x’y)Q}

Given any ¢, € Cy(X) satisfying ¢(z) + ¥ (y) < 04(x,y)? for all z,y € X, we have

o) < / 0 ] yneme + / Pdp

Wilp, i
Z(/ () + ()l (@) — () /
fZ/w )+ () i Z/ ol ;) ] (2)

d il (z) + () [l (/"6““))

So,
W (p, 1] near) S |fio] (X) + 3 2]

So, since €q |ft] yrar (X) S |fHo| (X) + 6 ||pl|, we have

1

min (2o, ¢2) (Ifol (X) +d1pll) -

To(al,p) <

We now give stability bounds around the sparse support, under some additional assumptions.

Proposition 2 (Stability around the sparse support). Under the assumptions of Proposition 1, let fi be
a solution of (Px(y)), and let a = ((X}))3_;. Suppose in addition that for j = 1,...,s, there emists
n; = ®*p; which satisfies

(i) m;(z;) =1 and 1;(xe) = 0 for all £ # j

(i) [1—n;(z)| < e2dq(2,25)? for all x € X,
(iii) |n;(z)| < e204(x, 20)? for all x € XP°™ and { # j,
(iv) |nj(x)| < 1— ey for all x € X

Then
Vi=1,....s la; —a;| S llpsll 6+ Mps|) + 0" (6ol + liol (X)) (24)

where p is as in Proposition 1.

Proof. First observe that writing v = i — ug, we have

/ o 2@ ‘ / nj(@)dv(z) + / A= mi@)dv(@) = / () - /X nj(a)dv(w)

t#j
< ’/ nj(z)dv(x)| + ez E / (z,2;)%dv(z)
* neas

|a; —a;| =

+ (1= eo) [v] (X™).
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Using (21), we have [v] (™) = || (X™7) S eg " (3 |lp]l + |fio] (X)) and

< S |pll + || ()

| vslen i)

Finally, by (23),

< |[(njs = Bo)ml =+ o] (X) < [lp; | 197 = fo)ll + [fzo] (X)

< lIpsl1 6+ 194 = yll) + fio] (X) < Ip; | (26 + 27llpll + 2v/A o] (X)) + ol ()
< 26 lIpsl) + 2X 2l lps 4+ Allps I + 2 fzo] ()

\ [ m@ivta)

using vab < (a + b)/2. Therefore, we obtain

jaj = aj| < Ipsll (0 + Allpsll) + €5 (B lIpll + |zl (X))

O

Additional certificates. Proposition 2 assumes the construction of additional functions 7; € Im(®*),
which are essentially similar to non-degenerate certificates but with all “signs” to interpolate put to 0 except
for one. As we will see, they are even simpler to construct than 7: indeed, the reason one has to resort to
the random signs assumption (as in [54]) or to the golfing scheme (as in this paper) is that the Euclidean
norm of the vector of signs (sign(a;));_, appears in the proof, which results in a spurious term /s. When
constructing the 7;, this problem does not occur, since only one sign is non-zero.

Relation to previous works. Note that (21) and (24), without the inexact sparsity term |fig| (X), were
previously presented in [37] in the context of sampling Fourier coefficients and in a more general setting in
[4]. However, the statement in [4] is given in terms of orthonormal systems, and the so-called Bernstein
Isolation Property which imposes that |P'(z)] < Cm?||P|, for all P € Im(®*). These conditions can
be difficult to check in our setting of random sampling and were imposed only to ensure the existence of
nondegenerate dual certificates, and to have explicit control on the constant C. For completeness, we still
present the proof of (21) under nondegeneracy assumptions, and we later establish that these nondegeneracy
assumptions hold, under appropriate separation conditions imposed via 0.

In [14], one could also obtain bounds ijl |a; — a;] < 6 in the case of Fourier sampling, however, to prove
such a statement, one is required to construct a trigonometric function (a dual certificate) which interpolates
arbitrary sign patterns. In the case of subsampling, such an approach cannot lead to sharp dependency on s,
since in the real setting, one is then required to show the existence of 2° random polynomials corresponding
to all possible sign patterns. We therefore settle for the bound (24) in this paper. We remark that being able
to construct dual functions which interpolate arbitrary signs patterns lead to Wasserstein-1 error bounds, as
opposed to Wasserstein-2 error bounds presented here.

Finally, we mention the more recent work of [34] which presents stability bounds for the sparse spikes
problem where one restricts to positive measures and where the sampling functions form a T-systems. Under
a positivity constraint (rather than total variation penalisation), they derive stability bounds in terms of op-
timal partial transport distances. We stress that since we consider more general measurement operators than
T-systems in this work, we consider transport distances under the Fisher metric as opposed to the Euclidean
metric. Moreover, another difference is that our error bounds use the Wasserstein-2 distance, whereas they
use the Wasserstein-1 distance — the reason is that since they do not consider random subsampling, their
proofs in fact follow the work of [14] to construct dual certificates which interpolate arbitrary sign patterns.

14



4 Nondegenerate limit certificates

In this section, we provide the second building block of our main theorem: a generic way to ensure the
existence and construct non-degenerates dual certificates, when m — oo and the sought-after Diracs satisfy
a minimal separation condition with respect to the metric 0.

4.1 Notions of differential geometry

We start with additional definitions in differential Riemannian geometry. All these notions can be found
in the textbook [1], to which we refer the reader for further details. In many instances, we extend classical
definitions to the complex case in a natural way.

Riemannian gradient and Hessian. Let f : R? — C be a smooth function. The Riemannian gradient
gradf(x) € C? and Riemannian Hessian Hessf(z) : C? — C?, which is a linear mapping, can be defined as:

gradf(z) = g; 'V ()
(Hessf(x)[ei], ej)e = 8:0;f () = Tij(x) "V f(2)

where V, 9; are the classical Euclidean gradient and partial derivatives, and the {e;} are the canonical basis
of R%. The I';;(z) = [I'};(x)]r € R* are the Christoffel symbols, here equal to:

I}(x) = % > 9" (@) (9iges () + D590i(x) — Degis ()
4

where g;;(z) = [g.];; and ¢"(z) = [g;']i;. Finally we denote by Hf(z) € C%*¢ the matrix that contains
these terms: Hf (z) = ((Hessf(x)[ei], ej>:,3) .
ij

For r = 0,1,2, the “covariant derivative” D, [f] (z) : (C%)" — C are mappings (or scalar in the case
r = 0) defined as:

d

Do [f] (z) = f()
D [f] (z)[v] = (v, grad f(x)), = v*V f(z)
Ds [f] (z)[v,v'] = (Hessf(x)[v], v}, = v*Hf (2)V/

We define associated operator norms

ID: 1A @), sup Dy [f) (2)[0] = |

llvll,=1

g;%Vf(fv)H2

IDe(A) @), % s Dalf) ()] |

vl =1 M0, =1

_1 1
g *Hf (z)gs° )

where we recall that ||-||, is defined by (14).

Covariant derivatives of the kernel. Recall the definition of the limit covariance kernel (10). Given
0<i,7 <2, let K@) (x,2') be a “bi”-multilinear map, defined for @ € (C%)* and V € (C%) as

[QIK') (a,a")[V] = ED; [pu] (2)[QID; [pu] (") [V]]- (25)

In the case 7, j < 1, note that these admits simplified expressions: K (z 2" = K(z,2'), [v] K19 (2,2') =
vV K(z,2') and [v] K (2, 2")[v'] = vT V1 VoK (2, 2")v’. Define the operator norm of K () (z,2') as
£

= sup [[QIK ™) (a,2)[V] (26)

HK(ij)(x’ )
x,z’ Q,V
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where the supremum is over all V' = [vq,...,v;] with |lvg]|, < 1 for all £ € [i], and all Q = [q1,...,q;] with
lgell,., <1 for all £ € [j]. We will sometimes overload the notations and write |||, when the dependence is
only on x, i.e. for K% where j = 0. Note that, in particular,

9;%V1V2K($7 fl)g;%
o (27)

2

HK(IO) (iC, (L'/)

g;%le(x,x')’ . HK(ll)(m,x’)

T ‘ x,x’ ’

and HK(20> (z,2) 0z PH[K (-, 2'))(2)g

x ‘ 2

All these definitions are naturally extended to the covariance kernel K by replacing the expectation E in
(25) by an empirical expectation over wy, ..., Wn,.

4.2 Non-degenerate dual certificate with m — oo

Recall the definition of the covariance kernel (9). Following [15], a natural approach towards constructing
a dual certificate is by interpolating the sign vector sign(a;) using the functions K (z;,-) and K19 (x;,-),
since we have

S S
n S ZO&LJ‘K(%]‘, ) + Z[OLQJ]IA{(IO) (:cj, ) ;a1 € (C, Qg € (Cd - Im(@*) .
J=1 Jj=1
Using the gradients of the kernel allows to additionally impose that Vn(x;) = 0, which is a necessary (but
not sufficient) condition for the dual certificate to reach its maximum amplitude in z;. Usual proofs then
show that, under minimal separation, applying this strategy indeed yields a non-degenerate dual certificate.
We first consider the case where one has access to arbitrarily many measurements (m — o0), and to
this end, we consider the limit covariance kernel K defined in (10). Let us introduce some handy notations
that will be particularly useful in later proofs (Section 6). Our aim is to find coefficients (a1, ;);_; € C* and

(az,7)5=; € (C?)® such that

S

N =Y oK () + Y g ] K0 () 28)

j=1 j=1

satisfies n(z;) = sign(a;) and Vn(z;) = 0 for all j = 1,...,s. Note that these s(d + 1) constraints can be
written as the linear system
a1 (sign(a;))i=1 aer.
Y - i=1) ety 29
(o) = () = &

where T e Rs(@+1)xs(d+1) jg 3 real symmetric matrix defined as
T Eyfy(w)y(w)?] € Coldrxsdth), (30)

with the vector y(w) € C*4+1 defined as

1) 2 ((Pule)is - (VouledT)L,) (31)

-1

Assuming that Y is invertible, we can therefore rewrite (28) as n(x) = (Y~ 'uy) "f(z), where

(@) " Buf@pu ()] = (K(za)i, . (ViK(@,)T)]_) RO, (32)
We also define the block diagonal normalisation matrix Dy € R*(4F1)xs(d+1) a4
Ids
-3
Dy & " (33)

-3
9z
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so that T = DyY Dy has constant value 1 along its diagonal.

We will prove in Theorem 2 below that 7 of the form (28) is indeed nondegenerate, provided that there
is sufficient curvature on K (z,-) in a small neighbourhood around z and ming.; 94(z;, zx) > A where A is
the distance at which the kernel and its partial derivatives are sufficiently small (to allow for interpolation
with K (-, ;) with minimal inference between the point sources). To do so we need the following definition.

Definition 3. Given r > 0, the local curvature constants &o(r) and &3(r) of K are defined as

def.

Eo(r) = sup{e; K(z,2') <1—¢, Vo2’ € X s.t. 0g(x,2’) > 1}

5y (r) = sup {E c KO p)o,v] > e|v]?, Va2’ € X st 0g(x,2") <7, Vo € Rd}

Given h > 0 and s € N, the kernel width of K is defined as

Z1,Zk

Alhys) = inf {A P> [E D @] < () € (0,13 x 0,2, {midin € sA}
k=2

where Sy = {(xr)i_y € X% d(xk, @e) = A, Vk # U} is the set of k-tuples of A-separated points. We define
inf ) < +o0.

Intuitively, these notions are similar to those appearing in the definition of non-degenerate dual certificates
(and will ultimately serve in the proof of existence of such certificates): r is a neighborhood size, & represents
the distance to 1 of the kernel away from = = 2/, and &5 is the “curvature” of the kernel when x ~ x’. Finally,
A is the “minimal separation” under which s Diracs have minimal interference between them, or, in other
words, the covariance kernel and its derivatives have low value. We formalize this in the following assumption.

Assumption 1 (Assumptions on the kernel.). Suppose that K is a real-valued kernel. For i,j < 2 and
d

i+ j < 3, assume that By ) SUP, 2 x HK(ij)(x,x/)Hxx, < 00 and denote B; = By; + By; + 1. Assume

1
that K has positive curvature constants &y and &z at radius 0 < Tpear < Byy®. Let s € N be such that
A= A(h,s) < 0o with h < & min (g—‘(’), %)

Under this assumption, the following theorem, which is the main result of this section, proves that a limit
non-degenerate dual certificate can be constructed under minimal separation.

Theorem 2. Under Assumption 1, for all {x)}§_, with ming., 04(zx,7e) = A, there exists a unique function

n of the form (28) which is (5, <%, Tnear)-nondegenerate. Moreover,

sign(a;)Da [n] (x) — K(OQ)(a:j,m)H < % Vo € By, (743 near)-

We delay the (slightly lengthy) proof of this result to the next subsection. Before that, we make a few
comments.

Dependency on s. As we have seen in the examples of Section 2, for a constant h we generally let the
minimal separation A = W (h,s) depend on s. Indeed, in dimension d, it is well known one can pack C?
A-separated points in a ball of radius 2A for some constant C' (this is known as the kissing number). Hence,
there exist s A-separated points such that

> HK(”)(@“h%)
k=2

Therefore, while the kernel width can be independent of s in low dimensions (and the trick is then to upper
bound this by a constant bound s — oo, assuming the sum on the Lh.s. converges), as d increases, the
dependence on s will become inevitable, otherwise A generally depends exponentially on d.

’

>min (C%s) sup HK(”)(x,a:')
@1 o(z,2)>A

x,x
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Babel function. The attentative reader might recognise the similarity of definition of kernel width W (h, s)
with the Babel function from compressed sensing [56], if we restrict the definition to (4, ) = (0,0) and recall
that K (z,2') = E,[¢w(®)pw.(2')]. The Babel function of a m x N matrix A with columns a; is defined as

p(s) = maxmax < Y |(ay, a;)| 5 S C[N],|S|=s,i# 53,
€S

1€[N]

and small value of u(s) ensure that the sub-matrix A5Ag, where Ag is the matrix A restricted to index
set S with |S] < s, is well conditioned and invertible. Furthermore, recovery guarantees for Basis Pursuit
and Orthogonal Matching Pursuit can be stated in terms of u(s). In Theorem 2, sufficient kernel width also
ensures that ®;®, is well conditioned and thereby provide performance guarantees for the BLASSO.

4.3 Proof of Theorem 2

Before proving Theorem 2, we illustrate the link between curvature of the kernel as represented by &5 in
Def. 3 and the quadratic decay condition || < 1—ed4(x;,-)? that we used in the definition of non-degenerate
certificates (Def. 2). The resulting condition (35) is the one that we are actually going to prove in practice.
The following Lemma is based on a generalized second-order Taylor expansion.

Lemma 2. Let zp € X and a € C with |a| = 1. Suppose that for somee >0, B >0 and 0 <r < B~z we
have: for all x € By, (xo;7) and v € C?, it holds that —K©) (x4, 2)[v,v] > ¢ Hv||§ and ||K(02)(£U0,(£)||$ < B.
Let n: X — C be a smooth function.

(i) If n(zo) = 0, Vn(zo) = 0 and
D2 [n] ()|, <6 Va € By (wo;7) (34)
then |n(x)| < 634 (w0, x)2 for all x € By, (xo;7).
(ii) If n(zo) = a, Vi(zo) = 0 and

JaD2 1] (@) = K2 (20, 2)

<46 Va € By, (wo;7) (35)

x
for some & < £, then, for all x € By (z0;7) we have [n(z)| < 1 —dg(x0,2)? with &' = 2.

Proof. We prove (i), the proof for (i) is similar and simpler. Using (35) and the assumption on K% we
can deduce that for all v € R? we have

Re (@D ] («)[v,v]) < —(e — &) [ol|> and  |Im (@D ] (2)[v, o])| < & ]2

Given a geodesic v : [0,1] — R?, it is a well-known property that 4 + Do ;T (7)¥:7; = 0 where we recall
that I';; € R? are the Christoffel symbols. Therefore, we have

2
S an(1)) = 40TV 0)3(0) + Tn(H) A ()
=5(t) T Vn(v(1))3(t L (7 ()75t (1)

= () "Hn(v(1))3(t) Y)Y (),
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So, given any geodesic path with v(0) = z¢ and y(1) = x, since of course we have d4(zo,v(t)) < 0g(z9,z) < 7,
by applying the inequalities above:

Re (@) = Re (3 (a(e0) + Voo 50+ 3 [ (00 Gnainir) )

1+ [ (1= ORe @2 1] GO, 50) )
0

(€-9)
2

2

<1-(e—0) / (1= ) [5(8)2 dt = 1 - 0 (20, 7).

where the last line follows because [[¥(t)[,; is constant for all ¢ € [0,1]. Similarly, we can show that
Re(an(z)) > 1 — BTMDg(xO,x)Q > 0 since » < B~2, and |Im (an(z))| < gbg(mo,x)2, from which we got
[n(2)] < Re (an(z)) + [Im (@n(z))] < 1 - =204(x0, 2)*. 0

We can now proceed with the proof of Theorem 2.

Proof of Theorem 2. Recall the block diagonal matric Dy from (33). The system (29) is equivalent to

T<&1> = u,. (37)

a%)
. . . T
where T = D YDy and & = Dg_la. So, if T is invertible, then we can write n = (T_lus) Dyf =

('I**lus)T f. Therefore, we will proceed as follows: First, prove that T is invertible. Second, bound the
coefficients oy and ap. Third, prove that 7 is nondegenerate.
We first prove that the matrix T is invertible. To this end, we decompose it into blocks

e TI
T (T1 v (38)
where Yo € C**5, T; € C%¥*5 and Ty € C*¥*5? are defined as
. _1 o 1 —1,
Yo = (K(zi )i e, Y1 = (002 ViK (w0, 25)f o1, To = (92,2 VaVaK (21, 7)02,2)5 jo1-

To prove the invertibility of Y, it suffices to prove that T, and its Schur complement T g e T 1T1'—

1 1
are both invertible. To show that Y5 is invertible, we define A;; = g.,> V1 V2K (2;, xj)g.,”, such that To has
the form:

Id Ay ... A
1, — [An 1 :
A
and by Lemma 5 in Appendix A.1, Assumption 1 and (27), we have
1d = Lol < max ) || Ay, = max) HK(H)(%%‘) . Sh<1/32

J#i J#i

Since [|[Id — Y2l < 1, T2 is invertible, and we have |1 < 3. Next, again with

1 1
HblOCk < 17‘|Id7'r2”block =
Lemma 5, we can bound

1d = Yoll,, = max Y |K(zi,z;)| < h
biF

174 s < max Y |
J

VAR o), = ma 3 Oy, <
: ;
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since K19 (z,2) = 0. Hence, we have

def.

4
||Id - TSHoo < HId - TOHOO + HTI|’block~>oo HTEIHbloCk ||T1||oo~>block <h+ §h2 <2h = n <1 (39)

1

Therefore the Schur complement of T is invertible and so is T. Moreover, ||T§1 ||Oo < 9

We can now define:
- e &
a=""ltu, = 1
Q2

and, as described above, a = D’ 1&. The Schur’s complement of T allows us to express o and as as

(ZD - (-rfi?i?iﬁw) (40)

and therefore we can bound
1
1-n
x; = HdQHblock g ||T51||block ||T1||oo—>b10ck HTngoo < 4h

loalloe < 75 <

max ||z ;
; ;
Moreover, we have

. _ _ h
lon = sign(a)l o < [[1d = | o < [[Ts"| o 1d = Tsllo < 1 (41)

—h

We can now prove that 7 is non-degenerate. For any x such that 04(z, ;) > rnear for all z;’s, there exists
at most one index ¢ such that 94(x, z;) < A/2 and so, for all j # i, we have d4(x, ;) > A/2. Therefore,

In(z)| = |a1,i K (v, 7) + Z a K (z),7) + [0z, K10 (2, 7) + Z[ag,j]K(lo) (zj,2)

s i
< laallg | 1K (s 2)| + > 1K (2, 2)] + max |zl HK(IO)($1_7x) + S HK(lo)(mj,x) .
J#i N j#i J
1 i -
<77 (=G +h) +4h(Bio+h) <1- -

Now, let  be such that dy(x;, ) < rnear- Similarly, for all j # i we have d4(x, ;) > A/2. Observe that

sign(a;)D2 [1] (z) = K% (z;,2) + (Sigﬂ(ai)al,i - 1) KO (2, )

+ sign(ax)

> a1 ;KO (25, ) + g, ] KU (2, 2) + [Olz,j]K(m(xjvf)]
i i
So,

sign(a;)Dz [n] (x) — K (;, )

x

< | (Sign(ajars — 1) KO (w;,) + sign(a:)

D o KO (), 2) + o ] K (g, ) + D [ag ;] K02 (ffj»x)]

J#i J# @
h h h 5 _ &2

<1T h/BoQ + h o] o + max |azill,, (Biz +h) < 1= h,Bo2 tiom Tt 4hB1a + 4h” < 6

We conclude using Lemma 2 and w > &9/4. O
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5 Sparse recovery

In this section, we formulate our main contribution, Theorem 3, which is a detailed version of Theorem 1.
In previous sections, we have shown that the existence of a non-degenerate dual certificates implies sparse
recovery guarantees, and that in the limit case m — oo, a minimal separation assumption implies the
existence of a dual certificate. Our main theorem is obtained by bounding the deviations from the limit case
when m is finite. We do so by extending the celebrated golfing scheme [41] to the infinite-dimensional case.
We first begin by our assumptions on the feature functions ¢,,.

5.1 Almost bounded random features

In order to bound the variation between K and K, we would ideally like the features ¢, and their
derivatives to be uniformly bounded for all w. However this may not be the case: think of ei‘”Tw, which
does not have a uniformly bounded gradient when the support of the distribution A is not bounded. On the
other hand, if A(w) has sufficient decay as ||w]|| increases, one could argue that the selected random features
and their derivatives are uniformly bounded with high probability. For r € {0, 1,2}, we define the random
variables

Lp(w) = sup [IDr [pu] (), - (42)

Note that L,(w) < oo for each w since X is a bounded domain and ¢,, is smooth.

Since |py(x) — pu(2')| = ‘fol %gpw(y(t))dt’ = ‘fol D1 [pw] (v(£)[¥(t)]dt| for a smooth path from x to 2/,
it is easy to see that
|pu () = @u(@)] < L1 (w)og(z, 2) (43)

We will also require Dg [p,,] (z) to be Lipschitz, to this end, we assume that for all z,2’ € X, there exists
Tosz : C* = C? an isometric isomorphism with respect to g, that is, such that (u, v) = (To_sprt, T sz V)ar,
such that for all w:

D —-D / ,. ,.
La() ™ inf { L0 s IP2Pel @) = Da R @)mar Tanarly L} o

[
Dg(xaxl)grnear ag J?,x/)
where naturally

HD2 [pr] (:C) —-Dy [(Pw] (-’L‘l)[szﬁm"a Tx%a:"] Ha: = sup Do [(pw] (-’I;)[uy 'U] — Dy [(Pw] (x/)[mﬁﬁu, Twﬂwl’l}]
llull, <L,llvll, <1
and Tpear comes from Assumption 1. One possible choice of 7.,/ is to choose the parallel transport along
1 1

the unique geodesic connecting  and 2’. Another possible choice is to simply choose 7,4 : v+ g2 g2 v.
The latter choice implies

1

1 1 1 1
ID2 [pu] (x) — D2 [pu] (&) [Tz—ar+, Tasar |, = gz'ZHQPw(x/)gz'Z — 0o “Hpw(2)ga ® (44)
which is a more convenient expression that we will use in the examples.
Finally, we let F,. : [0,00) — [0, 1] be decaying tail functions such that
P, (Lr(w) > t) < F.(t). (45)

Our sampling complexity will depend on the decay of these tail distributions so that the derivatives of the
selected random features are bounded with high probability. A similar idea of stochastic incoherence was
exploited in [16] for deriving compressed sensing bounds.
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5.2 Main result

Our main result is valid under the following assumption, which links the tail probabilities of the bounds
on the feature functions and the final number of measurements m.

Assumption 2 (Assymption on the features and the sample complexity). For p > 0, suppose that m € N
and some constant {L;}}_, € R are chosen such that

3

NP 3 N
- min (&g, &2, p) 3 [ =9 - e min (&g, &2)
]EIO F; (Lj) < o and 15138( (Lj i:E - F;(L;)+6 L tEy (t)dt | < I (46)

m>s <01 log(s) log (Z) + Colog <(S]Z)d>) (47)

def. R+ T onrLs Lo+ L def. /7 = B? def. Bgo L2 L2 | LoL,
where N = L&t o teemfatolfle O = (LG + L3) o, g p 2 and Co = Z5 + 30 o, (& + 72
2 &2 , -

€o €2 a2
with Eij = ,/E? + E?

The constants L, play the role of “stochastic” Lipschitz constant: for r = 0,1,2, with high probability
on wj, D, [p,] (z) will be L,-bounded and L,;-Lipschitz. The condition (46) ensures that this is true
with probability 1 — p, that is, with the same desired probability of failure. Then, the entire proof is done
conditionally on these bounds to hold.

Note also that, generally, {L,} depend on m, through (46). However, all our examples fall under two
categories (see Sec. 2):

and

i) either ||D, [¢.] (z)].. is already uniformly bounded, in which case L, can be chosen independently of
' x
p and m, this is for instance the case of discrete Fourier sampling;

- P
(ii) or the F.(t) are exponentially decaying, in which case we can show that L, = O <log (%) ) for

some p > 0, which only incurs additional logarithmic terms in the bound (47). This occurs in the
case of sampling the Laplace transform or sampling the Fourier transform with respect to a Gaussian
distribution.

We are now ready to state the detailed version of Theorem 1, which is the main result of this paper.

Theorem 3. Suppose that Assumptions 1 and 2 hold. Let y be as in (2) with min;4; 04(z;, z;) = A and

||lw|| < §&. Then, with probability at least 1 — p, any solution fi of (Px(y)) with A ~ % satisfies

S
7—02B |/)|7Zz‘ii5a;j <e and msalx|di—ai|<e
i=
=1

where A; = |i (Bo, (i;Tnear)) s @i = f (Bo, (Ti5Tnear)) and e S m (|fo] (X) +6-+/s).

The next section is dedicated to the proof of Theorem 3 using an infinite-dimensional golfing scheme.
Appendix A is dedicated to the proof of some technical Lemmas. Appendix B gathers all the concentration
inequalities that we use in the golfing scheme, which are essentially many variants of Bernstein’s inequality.
Finally, Appendices C, D and E are dedicated to the computation of all the constants in Assumptions 1 and
2 for the examples described in Section 2, which can be quite verbose.
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6 Proof of Theorem 3

The main step towards proving Theorem 3 is to prove the existence of a dual certificate satisfying the
properties described in Proposition 1. More precisely, we are going to prove the following theorem.

Theorem 4. Suppose that Assumptions 1 and 2 hold. Let {x;}5_; be such that min;z; d4(vi, ;) > A.
Then, with probability at least 1 — p, there exists p € C™ with ||p|| < /s such that 1 = ®*p is (%07 3%, Thnear) -
nondegenerate.

Outline of the proof. The construction of the non-degenerate certificate includes several intermediate
steps. As usual in this type of proof, we will first prove these properties on a finite e-net that covers X, then
extend them to the whole space by regularity. Here we work with several nets G7°*" C A**" and G far  yfar
whose precision will be adjusted later. The principle of the golfing scheme is to work with an “approzimate”
dual certificate ®PP (which is actually not a dual certificate at all), then “correct” it to obtain the desired
true certificate. In details, we will go through the following steps:

1. First, show that with probability at least 1 — p, there is an approximate certificate 7*PP € Im(®*) such
that, for some constant ¢y that will be adjusted later,

> 1P () —sign(ay)|” + Dy [n%7) ()7, < forallj=1,....s

i=1 Y

[n™PP(x)] < 1— %0 for all & € Gfr (48)
—_— 77

[Stenta)Ds [v7] () = KO @y, )|| <22 forall j=1,...,5 0 € G

64
In other words, we relax the condition n(x;) = sign(a;), Vn(z;) = 0, and replace it with the first
equation above.

2. Second, correct the approximate certificate to obtain a function® 7 € Im(®*) such that:

f(xz;) = sign(a;) and Vi7(z;) =0 forallj=1,...,s

R 3&o far
[H(x)] <1 - 16 forall z € G (49)
_— 15&

sign(a;) Dy [7]] (z) — K2 (z;,2)|| < ?682 forall j =1,...,s, © € G

That is, /) satisfy all the properties we want, but on the finite nets G*r, gjeer.
3. Third, bound the norm of the p € C™ corresponding to 7 = ®*p.

4. Then, use Assumption 2 on the feature functions and the bound on ||p|| to show that actually, the 7
constructed above satisfy:

f(x;) =sign(a;) and Vi(z;) =0 forall j=1,...,s
N — @ far
[7(z)| <1 3 forall z € X (50)

HMD2 (7] () = KO (z;,2)| < %2 forallj=1,...,s x € A

x

which, by Lemma 2, will imply that 7 is non-degenerate with the desired constants and conclude the
proof of Theorem 4.

IHere we write 7j to distinguish from the “limit” certificate n that we built in the case m — oo.
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5. In a fifth and final step, prove the existence of s additional certificates 7); as appear in Prop. 2.
Combined with the existence of 7 and Prop. 1 and 2, it concludes the proof of Theorem 3.

We dedicate a subsection to each step of the proof. Before that, we start in the next subsection with
some technical preliminaries and notations.
6.1 Preliminaries

Let us introduce some notations and show some technical bounds that will be handy. Recall the definitions
of the sign vector u, from (29), v, T and f from (31), (30) and (32), and Dy from (33). We have the following
additional bounds, whose proof, in Appendix A.2, follows similar arguments to that of Theorem 2.

Lemma 3. Under Assumption 1, T and £ defined as in (30) and (32) satisfy the following.
(i) Y is invertible and satisfies

1

—_

[1d = Dg Y Dg||, < 5 and  [[Id = DgY Dygllg),q < N5 (51)
(ii) For any vector ¢ € C*(*Y) and any = € X™*, we have
IDof(z)lly < Bo  and  |q"£(x)] < Bo || Dg 4| g0 (52)
(iii) For any vector q € C*HD) gnd any x € X" we have the bound:
D2 [a"£0)] (@), < [Dg"al| B2 and  |[D2 [¢7£0)] @)[|, < D5 |y B2 (53)
Now, for wy,...,wnm, denote the empirical versions of T and f by:
a1 \ aer. 1 ¢
T= =) ylwr)ylwr)” and i) DRICHINC; (54)
k=1 k=1
Recall the definition of L;(w) and L; in Assumption 2. Let the event E be defined by
E ﬂ E,, where E, = {L;(w)<L;;j=0,1,2,3}. (55)
k=

Since by Assumption 2, eq. (46), we have P(E¢) < p, a nondegenerate dual certificate can be constructed
with probability at least (1 — p)? > 1 — 2p provided that, conditional on event E, a nondegenerate dual
certificate can be constructed with probability at least 1 — p.

We therefore assume for the rest of this proof that event E holds and establish the probability conditional
on E that a nondegenerate dual certificate exists. To control this probability, we will need to control the

deviation of f and T from their conditional expectations fz = E[f] and Tz “< Ez[Y], where we denote

Ez[-] = E[|E]. The following Lemma, proved in Appendix A.3, bounds the deviations between these.

Lemma 4. Under Assumption 1 and 2, we have:

(i) | Dg(Y — Y 5)Dgll, < 4CHImINCEE) 44 || Dy (T — T ) Dyl o < 8EH IR (E0:E2)

m

(ii) for all @ € X, | Dy(f(x) - fp(a))]|, < (Pot2velmnCocs)

m

(iii) for all x € X", supyq) <1 D2 [(f — £5) " Dygq] ()], < (Ba+2+/5) min(o,&2)

m
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6.2 Step 1: construction of an approximate certificate with the golfing scheme

The first step is to construct an approximate certificate n*PP using the so-called “golfing scheme”. The
golfing scheme was introduced in [41] and successfully used in compressed sensing for instance in [16]. It can
be intuitively explained as follows. Recall that the certificate constructed in Theorem 2 in the case m — oo
is of the form n = (Y~'u)Tf. It is therefore natural to try to show directly that 7 % (T=u)Tf is also
nondegenerate by bounding the variation between n and 7. This is the strategy adopted by Tang et al [54]
and in our previous work [45]. However, as mentioned before, this proof technique requires the random signs
assumption, otherwise a sub-optimal bound on m is obtained. To solve this, the golfing scheme starts by
writing the following Neumann expansion: assuming that T is invertible, we have

=T ) Tf =YY Y tu)'f
o] R -1 T ~ [e%e] R
=> (T‘1 (Id — TT—l) u> F=> (r"'q )"t
=1 =1

where ¢, & (Id — TTﬁl) qo—1, o = u. By cutting the sum above to a finite number of terms, one effectively

(56)

obtains an approximate certificate that must be later corrected. However, there is an additional difficulty in
analysing the sum, which comes from the fact that for each summand, f and Y~ 1g,_; are random variables
which are not mutually independent. The idea of [41, 16] is to decouple the random variables by partitioning
the indices {1,...,m} into J disjoint blocks By of size m, with ZZ:1 mpy = m, for some J and m, that

are adjusted below. Denote by Y, and f; the empirical versions of T and f over the my random variables
included in By, that is:

T def—z (we)y(wr)* and  fy(z :—Z V(Wi )Py, (T

kGB[ kGBZ

Then, instead of (56), we consider

app

(T~ g0 1) f

I
MK‘

n

~
[

1

where ¢, = (Id — TgT_l) qo—1, go = u. Note that this can be rewritten as:

14
qe = U5 — Z Y\p’rilq;)—l (57)
p=1

Now, the idea is that one can control each term q;_lf'g conditional on g¢—; and for appropriate choices of the
blocksizes my, n®PP can be shown to be approximately nondegenerate with high probability. Each additional
term in the sum brings the certificate “closer” to its desired properties, hence the term “golfing” scheme.

Parameters and intermediate assumptions. We set the error ¢y that appears in (48) as
Eo &9
co = Cpmin ,1
o= Comin (2, 521

for some universal constant Cy. We define the parameters of our golfing scheme as follows:

J = [log(s)] + 2,

01:02:670 and Y =3,...,J, c=cp,
log(s)
go  €o
t1=1-— 5 + 3 to = 4By+/log(s), and V¢=3,...,J, t;,=4Bglog(s),
by = ?;)i; by = 4B5/log(s), and V0=3,...,J, b;=4Bslog(s).

25



We now formulate an intermediate set of assumptions, and proceed to show that: first, they imply the desired
properties on 1*PP and second, they are valid with high probability. For 1 < £ < J, we define:

(o) 1Dgellgion. < ce lDgde-1lg1oek-

(II;) For all z € Gar,

(T—lqé_l)—rfe(q;)‘ < te | Dgde-1lgroees

(Ilp) If £ = 1: for all j = 1,...,s, & € G}, < by; and if

T

sign(a;)Da [(T_lus)—rﬂ} (z) — KO (z;,z)

D2 [(Tar-) 7| @) < b0 1Dga1-1 g

£ > 2: for all x € gt

Let us now assume that (Iy), (II;) and (IIIy) are true for all ¢, and show that PP satisfy the desired
properties. We define ¥ : € (X) — C*(@+1) by

T

Uf = [f(@1),. o, flas), V(@) ..., V()] . (58)

In words, W evaluates a function and its first derivative at the points {x;};_;. Note that for any vector
v € C*(4+1) by definition we have W (v f;) = Tyv. Using this, we have

S e () — sign(ag) [ + [Ds 1] (2))]2)
j=1

= Hus - ng/napp” < V2s ”Dg (us - \I/napp)HBbck =V2s

J
Dg (us - (Z(T_lql—l)Tfé>>
(=1

J

- [€9) \/ﬂc‘]

= V25 | Dgar o < Vs [] er < Tolog(s) S
/=1

Block

=V2s

J
Dg (us - Z Y2T1%—1>

{=1

Block

1 1
since by adjusting Cy we can have ¢y < (%) s < (\/12:) “#971 where the last inequality is valid for

all s and results from a simple function study. It proves the first part of (48). Next, for all z € G,

J . - (1 J ) J £—1
@) < 0 |0 ) THe@)| < Dt Dot o < D te [T
(=1

=1 =1 p=1
<1-2 420 4 By +&§c£<1—§0+€;0+30 +B°7q2’<1—§—0
S22 T TR T Ry Ty T T (1) ST 4T
since by our choice of ¢y and adjusting Cy, Bocg + 4(?07_‘1?’0) < %. Similarly, for all x € gjr_xear’

sign(a;)Da [177] (z) — KO (z;, )

x

< ||sien(a)Ds [(T7u) Th (2) - K@y, )| + S s [(r a8 )
(=1

€T

_ J —1 _ J—1 _ _
352 362 BQ ¢ 352 BQC% 782

< 5= b =—--+B — <= +B —— <
32 +£Z_;EPHCP @ "Bt T <t 20 T ") S 64

=1 =2

2
Bacy

since similarly, Baco + =y < £2. Hence (Ip), (IIy), (III;) indeed implies (48). Next we derive a condition

on m under which they are true with probability 1 — p (conditional on event E).
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Probability of successful construction. Let us now prove that (I), (I;) and (I1I;) are indeed valid
with the desired probability. Let p;(f), p2(¢) and p3(¢) be the probabilities conditional on event E that
(Ie), (IT;) and (III,) fail, respectively. By a union bound, our goal is to derive a bound on m such that
Zizl 2521 pr(€) < p. We do so by applying variants of Bernstein’s concentration inequality, that are all
detailed in Appendix B. As we mentioned before, a crucial construction of the golfing scheme is that, at each
step, g¢o—1 and f; are mutually independent, such that we can reason conditionally on ¢,—;1 and treat it as a
fixed vector when bounding the probabilities w.r.t. £, and Y.

We define g, = Dg_lT_lw for short. To bound p;(¢), we first observe the recurrence relation Dgygq, =

Dgy(Id — 'Ang—l)qg 1 = Dg(T — Y@) o@e—1. Moreover, by Lemma 3 we have HDElT_lDElHBIOCk <

Wlp”mmk < 2, and therefore || Dgge—1llp;o0, 2 D5 - 1D—1|| 1Ge-11lB1oekc = 3 lGe—1llproe- Finally,
by Lemma 4 and our assumptions we have in particular that || Dy (T & — Y)Dgllg1oq < mingce/4. Therefore,
S _ Ce =
PL(O) = P (I Datelpron > ¢ |1Date-1loa) <P (| Do = T)Daden|| > 5 131 o)

: _ Co -
Pe (| Dere — TDete| > %L laeillpron)
Finally, applying Lemma 14, for some p, that we adjust later we obtain that

Pz (HDg(TE - Tz)Dg(je_lH

Block

(&7
Block ~ 4 ”qé_l”BbCk) S pe

if mg 2 01 log ( )
For py (8) we have

(072 4e-0) THu(@)| = [(@-1) " Dofie(@)| < |(@e-1) T Dy(fea) = £@))| + [(@r-1) T Dyt (a)

< ‘((jefl)TDg(f’z(x) B f(x))‘ n {1Bo||g;f—1||1310ck ii i
by Lemma 3 for the case £ > 2 and Theorem 2 for the case £ = 1. Hence,
pa(0) =P (30 € G, |0 q1) THu()| > te | Dgge 1 o)
<Pg <3$ e g, (T_lqul)Tf’e(ﬂC)‘ > % ||Qe1||Block>
(4 —By) (>

< PE (Elx S gfar,

(@r-1) " Dy(fe(x) — f(l‘))‘ > 1y ||@3—1H1310Ck) where £, = {
Since by Lemma 4 we have in particular

(@)™ Dy(Ep(2) = £(2))] < V25 -1 i | Do (E5 (@) = E@)] < 5 G It -

by Lemma 8 and a union bound we have

. t
() < P (30 € 0%, [(@0) Dyi(o) ~ fole))] > % -1l ) <

|gf4r

provided that my 2 s ( + LOILO) log
For p3(¢), fix j, for any = € GF**": in the case ¢ > 2, by Lemma 3,

|D2 [(Page-) 8] @) < |(D2 [(Dad—1) (& = D) @))|_+[ID2 [(Dea—1) 78] @],

< P2 [(Dede-1) " = ©)] @)]| + Bz g1l
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and for £ = 1, by Theorem 2,

() [(Dgdo) 8] () — K (ay,0)|
sz [(ng())'rf} (3;‘) _ K(02) (xj’m)Hx + HDQ {(ngO)T(fl - f)} ($>

< 2+ |2 [(Dodo) " - )] @)

<

x

x

Therefore, by the same computation as before,
p3(l) < Pg (Ela: € gren, HDz [(DQ(IEA)T(Q - f)} (:c)H > by H(j#l”Block) , where by & {

Again using Lemma 4 we bound ||D [(Dgge—1)" (fz — )] @)||, < % 11@-1 groa and

. . b,
ps(0) < Pg <3x e g, [Ds [(Dyae1) (e~ t2)] ()] > % ||q“||Block> <

by Lemma 10 and a union bound, provided that m, = s (b + L2bL01> log (\gnml)
4

Choosing p1 = p2 = p/9 and py = p/(9J) for ¢ > 3, recalhng that obviously &, < B, for r = 1,2 and
denoting No = |G™| and Ny = |G"°*| for short, we have Zk 1 ZZ 1 Pk(€) < p provided that

B2 S L?> Lo L N,
Z [2 014 T
= m2>sr 02( 0l'z2 g2 log( )log <p>+<€£+5r) log <P)>
and for ¢ > 3,

log(s) > ( L? Loi L, N, log(s)
me 2> S L? Tl i + L + log | ———=
- Z< Ve ( p B2log?(s)  Brlog(s)) "\ p

Therefore, conditionally on E, n*PP can be constructed with probability at least 1 — p if m > mq +mg +Jms,
for which it is sufficient that

mzs Y. (iglfflog(s) log (;) + (52 + LOlL )log (leg“))) (59)

r=0,2 T Er

6.3 Step 2: correcting the approximate certificate

The second step of our proof is to “correct” the previously constructed approximate certificate n®PP to
def.

obtain a certificate n € Im(®*) satisfying (49). Recalling the definition (58) of ¥, let e '= ¥n?*PP —u, be the
error made by n*PP and define

n = n**? —n°  where n° (T )f

Then,
iy = Uy —e =,

and we have indeed that 7j(z;) = sign(a;) and Vij(z;) = 0. We will now bound the deviations of 7 on the
grids G and G"°® using the fact that e has a small norm. Note that there is a subtlety here: e itself is
random, and not independent of f or T. So we must use “uniform” concentration bounds.
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Using Lemma 3 in combination with Lemma 4 and Lemma 12, we have that with probability at least
1—p:

. 1
[1d = DyTD,| < ld = DD+ 1D6(T ~ T2)Dgll + [ Dy(Tz = TID[ < S+ 545 =2 (60)

and therefore R
HDg—l“r—ng—lH <4. (61)

By Lemma 3, 4, 9 and a union bound to respectively bound each term in the following triangular inequality,
with probability 1 — p we have

Vo€ g™, || Dyf(@)]| < IDsE@)] + 1 Dg(Ep @) — £@)]| + || DylE@)  E(@)| < 280

‘g ar

if m > By ?log ( > (sL3, + \/sLo1Lo). Then, for all z € G since by adjusting Cy we can have in

s co 1 g2 &g
particular ||Dgel| < % S ¢ < 15 min (—BZ, Bo)’ we have
3&0

[7(@)] < | @)| + || Dot ()| | D T D3| I1Dgell < 1 - =2,

Similarly, by Lemma 3, 4, with probability 1 — p we have for all z € G***" and ¢ € C*(@+1),

[D2 [ Dea] )] < 102 (£ Dga) )], + D2 [(£ — ) Dga) )], + [P [ (85— 1) Dea] ()]

< (B2 + B2/2) |lgll + [lal| sup %Zng(wk)gwk(v) —EgDgv(w)gu(v)

lloll,<

where g, (v) = Dy [¢w] (2)[v,v]. By Lemma 11 and and a union bound, for all z € G,

sup
llvll. <1

Z k)9 (v) = EgDgy(w)ge (v)
M=

if m 2 5322E31+]3\/2§L°1L232 (l og (‘gnem‘) + dlog (QL‘”L"‘)). Using this property with ¢ Dg_lf_le such
2
that | g|| < 4co, and by adjusting Cp, we obtain: for all z € G},

sign(a;)Da [n*PP] (z) — K(OQ)(:L‘j,x)“ + HDQ [f‘Tng} (x)H
LT, 8 1%
64 128 128

sign(a;)Ds [i] () — K (a,2) | <

which concludes the second step of our proof. By combining the bounds on m that we obtained with (59),
after simplification we still obtain

s L? LyL. B Nllog(s
m>s Z (L(zn log(s) log (p) + <€2 + 051 + BQ;L(Q)l)l og <pg())> (62)

r=0,2 T

with Né = NO = |gfar| but Né = |gncar| + (SEOlI;Q/BQ)d.
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6.4 Step 3: Bounding the norm ||p||

In this section we upper bound ||p|| where ®*p = 7, for the 7} that we have constructed in the previous
section. We recall that ®*p = \/—% > PEPw, (), and

J
NP = Z (Y gqe) T Hr = \FZ Z (Y qe-1) "y (wr)pu, = D*p*PP,
=1

kEB,
where pP ' (p)7_, € C™ and pp = Y2 (y(wp)* Y gr1), 5 € C™. So, [[pP|> = S |Ipell3. T
0) =1 De me \V\Wk QZlkeB - 90, ||IP ¢=1 IPellg- 1O
upper bound this, for each £ =1,...,J,
g 2 —1 * —14~ An—1
— = T T = T'7,Y _
— llpell> = Z @ Y y(wr)y(wr) Q-1 =gy X qe

kGB[
=g T I+ Y e = g Y e+ g Y e
< || 'Y DS | 1Dgqe—1ll (1Dggqe—1 | + | Dgaell)

< 45 [1Dgae-1llgroa (1Pgellgioe + 11Dgqe-1llproq) < 48 (ce +1) H e

where we have used HDg_lT_ng_1 | <2by Lemma 3, ||| < v2s||||gjock> and the computation that precedes
for [[Dggelgjpe- For £=1,2 ;% = O(1) and = = O(log(s)). Also, for £ > 3,
-1
(ce+1) Hc (14 ¢o) 1612)g(s)

Therefore,

”pappH2 <4514+ Co n C% + (1 +Co)i < .
~ 4,/log(s) ~ 161og(s) ~

On the other hand, n® = ®*p°® where p°® = ( (we)* Yt ) So,

k=1"
lp)* = e YT TT e < 8| Dge” S 1.

Therefore, /) = ®*p with ||pH2 S s

6.5 Step 4: Nondegeneracy on the entire domain

We conclude by showing that the 7 constructed in the previous sections is indeed nondegenerate on the
entire domain. For this we simply need to control the Lipschitz constants of /) and its Hessian, which are in
fact directly related to ||p||. Let any z € X" and 2’ € G be the point in the grid closest to it. Under £,
we have

A< 1= T2+ i) — )] =1 - 0+ [@B)(@) — (@°p) )
1220 ol |3 fn (@) — @ < 1= 22 4 L [l g, )
k=1

Hence we prove the first part of (50) by choosing G™" such that d4(z,2) < which results in

G| = (CRXLl |p||>d

€0

%o
16 L1 |lpll”
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for an appropriate constant C.
Now, for any z € X**", and Tz e G closest to it, we write

sign(a)Ds [7] (2) = K (a;,2)| < ID2 () (2) = D2 (3] (@) [7avars 7o,

+ |Isign(a;)Da [1] (2) [Twmsar - Tesar-] — KO (2, 2" ) [Tomsar s Twsar]

T

* HK(OQ) (xjv x/) [Tmﬁm’ Y Te—a! } - K(Oz) ((Ej, ‘r)

(63)
We bound each of these terms. For the first, under E we have

D2 [4] () = D2 0] (&) [Temar, Tomar ],

2 _
g ||p|| Z ||D2 <pwk D2 [‘Pwk} ( )[Tm—>w"77-w—>w"]”z < LS ||pH Dg(a:,a:’)

For the second term in (63), we have

Hsign(aj)Dg (] (&) [Fosar s Toosar ] — KO (2,2 [Fomsar s Tosar ]
_— 15¢&
= |[Sign(ay)Ds 7] (+') — KO (ay,a")| < =2
x’ 128

from what we have proved in the previous section. -
Finally, for the third term in (63) we naturally introduce Kg] ) defined as K@) in (25), but by replacing

E with the conditional E5. From Lemma 4 the deviation between K (°?) and K (92) can be bounded by
near 02 €2
Vo e xmer || K9P (@), 2) — KO (2, 2) H = [P [(fz = )" Dgus] ()|, < £33

where u; is the jth canonical vector of C#(@+1) Moreover, by Assumption 2 it is easy to see that
(02 02 -
HKE )(xju ‘r/)[Tx—)z"7 Txﬁx"] - K(E )(x]7 LU)H < LOL?)DEI(xa ml)
x
Hence by a triangular inequality we have

HK(Oz) (:Ej’ ‘T,) [T-T—%’E' Y Te—sa’ ] - K(O2) (gjj7 :17) H g HK(O2) (l’j, zl) [Tm—mﬂ Y Te—a! ] - Kg)g) (:Cj7 l‘/) [T."c—mc’ 5 Te—a! ]

x

02)

+ HK xj,x’)[n%g;f-,may'] - K](;m) (xj,x)

x

— 4+ LoLgbg(.’E, (E/)

02
+ HKE )(%'ax)—Km)(xjaff) 256

Therefore, (63) becomes
. ) . 155, &
[sten(aDz i (2) = KO (;,2)|| < Lo(Lo + [p)0g(w,2") + T + 5o
We prove the desired property on Dy [fj] by choosing d4(z, z") < m, which yields

Crnearz/OI/S ||pH ) ¢

(64)

D)

|gnear‘ =3 |g§16ar| =g <
for an appropriate constant C. Gathering everything with (62), we finally obtain

L? Ly L, NZ
m2s Z (L%1 log(s) log <Z> + (5; + O;) log (;)) (65)

r=0,2 r T

] _ [ (o I
with N() = 787{5:\;111’ N2 = —5(7"6“ 5_02 st 2).

31



6.6 Step 5: additional certificates

Nondegeneracy of 1 directly allows us to apply Proposition 1 to deduce stability away from the sparse
support in the reconstructed measure. In order to apply Proposition 2, we need to construct an additional s
certificates n;, which are however “simpler” to construct since they need to interpolate a “sign vector” that
has only one non-zero coordinate, and do not require the golfing scheme to do so.

For each j =1,...,s, let u; be the vector of length s(d + 1) whose jth entry is one and all other entries
are zero. Define the functions

e (o) 10 w0 (o ()

aer. 1

77j:§

By Theorem 2, 77;Ir and 7;" are nondegenerate (limit) dual certificates with respect to signs 1, and —1 + 2u,
respectively, and 7); satisfies, for all £ # j:

and
(i +n7) = (T ') £(a).

ni(z;) =1, Vni(z;) =0 and n;(ze) =0, Vn;(xe) =0

]. — E_ ar
g (@) < 5 ([0 @] + [y (@)]) 1=, Vo xS
|D2lns] (@) = KO (a,0) | < 25, Voe e (66)

D2 [n;] ()],

<3 ([P 7] @) - K a0

D2 [7] (@) = K (@)

€2
< —=, vx E Xnear
x) =16 ¢
Thus, using Lemma 2 to translate the last two conditions into quadratic decay, we conclude that 7; satisfies
the conditions of Proposition 2.

To conclude, we will show that

A~ def. 1 T *
n; = (T uj) felmd®

does not deviate too much from 7; and satisfies the conditions of Proposition 2. Note that by construction,
A;(z;) =1, 7;(z¢) = 0 for all £ # j, and V7;(z,) = 0 for all £. It therefore remains to control the deviation
of 7j; from n; on X" and Dy [1};] from Dy [n;] on Amear,

Proposition 3. Under Assumption 1 and 2, suppose that min;x; 94(x;, x;) = A. Then, with probability at
least 1 — p, for all j =1,...,s, there exists 7); = ®*p; where ||p;|| < 4 which satisfies, for all £ # j:

ni(zj) =1, Vi(x;) =0 and dq;(ze) =0, Vij(ze) =0
€o

~ far
|77j(37)|<1—§, Ve e X (67)

D2 i) (@) = K(a,2)| < 2, va e a7, Da ) (@), < 2, Ve € A
x
The proof controls the deviation between 7); and 7; on a fine grid using Bernstein’s concentration in-
equalities, and extend the bound to the entire domain using Lipschitz properties of 7;. As we mentioned
above, the proof of this result is conceptually simpler than the deviation bounds on 7?PP since |ju;|| = 1.
We therefore defer its proof to Appendix B.5. Using Lemma 2, we have therefore constructed the additional
certificates to apply Proposition 2 and conclude the proof of Theorem 3.
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7 Conclusion and outlooks

In this paper, we have presented an unifying geometric view on the problem of sparse measures recov-
ery from random measurements. This theoretical analysis highlights the key role played by the invariant
Fisher metric to define a precise notion of Rayleigh limit in the case of possibly non-translation invariant
measurement kernels. We analyzed several examples including Laplace measurements in imaging, and left
partially open some other important examples such as one-hidden-layer neural networks. Analyzing the
super-resolution regime (going below the Rayleigh limit) requires stringent assumptions, such as positivity
of the measures. Beyond the 1-D case, this is still mostly an open question, and we refer to [46] for some
partial results.

References

[1] P.-A. ABsiL, R. MAHONY, AND R. SEPULCHRE, Optimization Algorithms on Matriz Manifolds, 2014.

[2] M. AKKOUCHI, On the convolution of exponential distributions, Journal of the Chungcheong Mathe-
matical Society, 21 (2008), pp. 501-510.

[3] S.-1. AMARI AND H. NAGAOKA, Methods of information geometry, vol. 191, American Mathematical
Soc., 2007.

[4] J.-M. Azais, Y. DE CASTRO, AND F. GAMBOA, Spike detection from inaccurate samplings, Applied
and Computational Harmonic Analysis, 38 (2015), pp. 177-195.

[5] F. BACH, Breaking the curse of dimensionality with convex neural networks, Journal of Machine Learn-
ing Research, 18 (2017), pp. 1-53.

[6] T. BENDORY AND Y. C. ELDAR, Recovery of sparse positive signals on the sphere from low resolution
measurements, IEEE Signal Processing Letters, 22 (2015), pp. 2383-2386.

[7] A. BEURLING, Sur les intégrales de fourier absolument convergentes et leur application a une transfor-
mation fonctionelle, in Ninth Scandinavian Mathematical Congress, 1938, pp. 345-366.

[8] N. BoyD, G. SCHIEBINGER, AND B. RECHT, The alternating descent conditional gradient method for
sparse inverse problems, STAM Journal on Optimization, 27 (2017), pp. 616-639.

[9] K. BREDIES AND H. K. PIKKARAINEN, Inverse problems in spaces of measures, ESAIM: Control,
Optimisation and Calculus of Variations, 19 (2013), pp. 190-218.

[10] M. BURGER AND S. OSHER, Convergence rates of convex variational reqularization, Inverse problems,
20 (2004), p. 1411.

[11] C. J. BURGES, Geometry and invariance in kernel based methods, MIT Press, 1999.

[12] L. CAFFARELLI AND R. J. MCCANN, Free boundaries in optimal transport and monge-ampere obstacle
problems, Annals of mathematics, 171 (2010), pp. 673-730.

[13] L. L. CAMPBELL, An extended éencov characterization of the information metric, Proceedings of the
American Mathematical Society, 98 (1986), pp. 135-141.

[14] E. J. CanDpiis AND C. FERNANDEZ-GRANDA, Super-resolution from noisy data, Journal of Fourier
Analysis and Applications, 19 (2013), pp. 1229-1254.

[15] ——, Towards a mathematical theory of super-resolution, Communications on Pure and Applied Math-
ematics, 67 (2014), pp. 906-956.

33



[16]

[17]

[23]

E. J. CANDES AND Y. PLAN, A probabilistic and RIPless theory of compressed sensing, IEEE Trans-
actions on Information Theory, 57 (2011), pp. 7235-7254.

E. J. CaNDES, J. ROMBERG, AND T. TAO, Robust uncertainty principles: Exact signal reconstruction
from highly incomplete frequency information, IEEE Transactions on information theory, 52 (2006),
pp. 489-509.

N. N. CeENcov, Statistical decision rules and optimal inference, no. 53, American Mathematical Soc.,
1982.

S. S. CHEN, D. L. DoNOHO, AND M. A. SAUNDERS, Atomic decomposition by basis pursuit, STAM
review, 43 (2001), pp. 129-159.

L. CHizAaT AND F. BACH, On the global convergence of gradient descent for over-parameterized models
using optimal transport, in Advances in neural information processing systems, 2018, pp. 3036-3046.

L. CHizaT, G. PEYRE, B. SCHMITZER, AND F.-X. VIALARD, Unbalanced optimal transport: Dynamic
and kantorovich formulations, Journal of Functional Analysis, 274 (2018), pp. 3090-3123.

Y. CHo AND L. K. SAuL, Large-margin classification in infinite neural networks, Neural computation,
22 (2010), pp. 2678-2697.

—, Analysis and extension of arc-cosine kernels for large margin classification, arXiv preprint
arXiv:1112.3712, (2011).

G. CORMODE, M. GAROFALAKIS, P. J. HAAS, AND C. JERMAINE, Synopses for Massive Data: Sam-
ples, Histograms, Wavelets, Sketches, Foundations and Trends in Databases, 4 (2011), pp. 1-294.

S. I. CostA, S. A. SANTOS, AND J. E. STRAPASSON, Fisher information distance: a geometrical
reading, Discrete Applied Mathematics, 197 (2015), pp. 59-69.

S. DascupTA AND A. GupTA, An Elementary Proof of a Theorem of Johnson and Lindenstrauss,
Random Structures and Algorithms, 22 (2003), pp. 60-65.

Y. DE CASTRO AND F. GAMBOA, Ezxact reconstruction using Beurling minimal extrapolation, Journal
of Mathematical Analysis and applications, 395 (2012), pp. 336-354.

Y. DE CasTrO, F. GAMBOA, D. HENRION, AND J.-B. LASSERRE, Ezxact solutions to super resolution
on semi-algebraic domains in higher dimensions, IEEE Transactions on Information Theory, 63 (2016),
pp. 621-630.

Q. DENOYELLE, V. DUVAL, AND G. PEYRE, Support recovery for sparse super-resolution of positive
measures, Journal of Fourier Analysis and Applications, 23 (2017), pp. 1153-1194.

Q. DENOYELLE, V. DuVAL, G. PEYRE, AND E. SOUBIES, The Sliding Frank-Wolfe Algorithm and its
Application to Super-Resolution Microscopy, Inverse Problems, (2019).

D. L. DoNoHO, Compressed sensing, IEEE Transactions on information theory, 52 (2006), pp. 1289—
1306.

V. DuvAL AND G. PEYRE, Ezact support recovery for sparse spikes deconvolution, Foundations of
Computational Mathematics, 15 (2015), pp. 1315-1355.

V. DUVAL AND G. PEYRE, Sparse spikes super-resolution on thin grids I: the LASSO, Inverse Problems,
33 (2017), p. 055008.

A. EFTEKHARI, J. TANNER, A. THOMPSON, B. TOADER, AND H. TYAGI, Sparse non-negative super-
resolution-simplified and stabilised, arXiv preprint arXiv:1804.01490, (2018).

34



[35]

[36]

C. EKANADHAM, D. TRANCHINA, AND E. P. SIMONCELLI, A unified framework and method for auto-
matic neural spike identification, Journal of neuroscience methods, 222 (2014), pp. 47-55.

P. FaccHi, R. KULKARNI, V. I. MAN'KO, G. MARMO, E. C. SUDARSHAN, AND F. VENTRIGLIA,

Classical and quantum Fisher information in the geometrical formulation of quantum mechanics, Physics
Letters, Section A: General, Atomic and Solid State Physics, 374 (2010), pp. 4801-4803.

C. FERNANDEZ-GRANDA, Support detection in super-resolution, Proc. Proceedings of the 10th Interna-
tional Conference on Sampling Theory and Applications, (2013), pp. 145-148.

S. FoucArT AND H. RAUHUT, A mathematical introduction to compressive sensing, vol. 1, Birkhduser
Basel, 2013.

R. GRIBONVAL, G. BLANCHARD, N. KERIVEN, AND Y. TRAONMILIN, Compressive statistical learning
with random feature moments, arXiv preprint arXiv:1706.07180, (2017).

D. GRIFFITHS, Introduction to Quantum Mechanics, Pearson Education, Inc., 2004.

D. GROsS, Recovering low-rank matrices from few coefficients in any basis, IEEE Transactions on
Information Theory, 57 (2011), pp. 1548-1566.

W. Liao AND A. FANNJIANG, MUSIC for single-snapshot spectral estimation: Stability and super-
resolution, Applied and Computational Harmonic Analysis, 40 (2016), pp. 33-67.

M. LIERO, A. MIELKE, AND G. SAVARE, Optimal entropy-transport problems and a new hellinger—
kantorovich distance between positive measures, Inventiones mathematicae, 211 (2018), pp. 969-1117.

S. MINSKER, On some extensions of bernstein’s inequality for self-adjoint operators, Statistics & Prob-
ability Letters, 127 (2017), pp. 111-119.

C. PooN, N. KERIVEN, AND G. PEYRE, Support localization and the fisher metric for off-the-grid
sparse reqularization, in Proc. AISTATS’19, 2019.

C. PooN AND G. PEYRE, Multi-dimensional sparse super-resolution, SIAM Journal on Mathematical
Analysis, 51 (2019), pp. 1-44.

C. R. Rao0, Information and the accuracy attainable in the estimation of statistical parameters, Bull.
Calcutta Math. Soc., 37 (1945), pp. 81-91.

R. Roy AND T. KAILATH, ESPRIT-estimation of signal parameters via rotational invariance techniques,
IEEE Transactions on acoustics, speech, and signal processing, 37 (1989), pp. 984-995.

F. SANTAMBROGIO, Optimal transport for applied mathematicians, Birkduser, NY, 55 (2015), pp. 58-63.

GG. SCHIEBINGER, E. ROBEVA, AND B. RECHT, Superresolution without separation, arXiv preprint
arXiv:1506.03144, (2015).

R. ScaMIDT, Multiple emitter location and signal parameter estimation, IEEE transactions on antennas
and propagation, 34 (1986), pp. 276-280.

E. SouBigs, L. BLANC-FERAUD, AND G. AUBERT, A continuous exact \ell_0 penalty (cel0) for least
squares reqularized problem, SIAM Journal on Imaging Sciences, 8 (2015), pp. 1607-1639.

G. TANG, B. N. BHASKAR, AND B. RECHT, Sparse recovery over continuous dictionaries-just discretize,
in 2013 Asilomar Conference on Signals, Systems and Computers, IEEE, 2013, pp. 1043-1047.

G. TaNG, B. N. BHASKAR, P. SHAH, AND B. RECHT, Compressed sensing off the grid, IEEE trans-
actions on information theory, 59 (2013), pp. 7465-7490.

35



[65] R. TIBSHIRANI, Regression shrinkage and selection via the Lasso, Journal of the Royal Statistical Society.
Series B (Methodological), (1996), pp. 267-288.

[56] J. A. TROPP, Greed is good: Algorithmic results for sparse approzimation, IEEE Transactions on
Information theory, 50 (2004), pp. 2231-2242.

36



A Preliminaries

In this Appendix, we provide the proofs to some technical lemmas in the paper, and give useful tools.

A.1 Linear algebra tools
We give the following simple lemma.
Lemma 5. For1 < 4,5 < s, take any scalars a;; € C, vectors Q;j, R;j € C? and square matrices Aij € Cxd,

(i) For g € C** and M € C**5% we have ||q|loa < N9l < V5 lallioa: and as a consequence || M| <
V3 IM o a7 [|M || o < V3 IM . Similarly, for ¢ € C*4+Y and M € C3(d+DXs(@+D) e have

el Brock < llall < V25 [|lq]lgioas and as a consequence | M|| < V25 || M| 500 and [|M||goac < V25 || M]].
(i) Let M € C***4 be a matriz formed by blocks :

A11 . Als
M=1: .
Asl CIEIR Ass
Then we have
M|l 100k = ”SUP [ Mx]])00, < ax Z ([ Ai; (68)
Tllblock =

Now, let M € R*¥*# be a rectangular matriz formed by stacking vectors Qij € R?:

Qll le
M=o
Qsl vee st
Then,
+
||M||oo~>block 1rila<X Z ||QU ||2 ) |M Hblock—)oo = 112a<x Z ||QJ’L||2 (69)
(iii) Consider M € C*(4+D)xs(d+1) decomposed as
ail . A1s Qirl PN ;—S
M = as1 oo Gss ;rl s ;rs
Rll Rls A11 Als
Rs1 ... Rss Ag ... Ay
Then,
S S
1M < max > laij| +1|Qij| | - max <Z |ai;| + ||Qz‘j||>
j=1 7o\iz1
+max | Y[Ry + [ Ai | $Tax (Z [ Rl + HAij”) :
j=1 i=1
and

1M ]lg10i < maX{Z |ai;| + [1Qisll, Z 1R [l + 114511}
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Proof. The proof is simple linear algebra.
(i) This is immediate by writing the definitions.

(ii) Let = be a vector with ||z|,,,4 < 1 decomposed into blocks x = [z1, ..., x| with z; € C?, we have

s
1Mo = max > Aijrg|| <max > [ Ayl [|lz;] < max D [ Ayl
<i<s — 7 ; 7 ;
j=

Similarly,

S
|M Tz = nax E Qjsx;|| < max E [1Qjill llz;|l < max E 1@yl
<i<s — % ; i ;
iz

Then, taking « € C* such that |z||, <1, we have

1<i<s

S
Mo = max || Y 2;Q; <m?XZ||Qij||
=1 j

(iii) Taking & = [x1,..., x4, X1, ..., X,] € C*@HD) with ||z|| = 1, we have

2 2
S S S
HMCE”2 :Z Zaijxj—i-Q;;Xj + ZR”‘(E]"FAUX]'
i=1 \j=1 j=1
S S S
2
<D D lassl 23 + 11Qu 1 1X5] D la] + [1Qu |
i=1 \j=1 j=1

i=1 \j=

S S S
2
+y 1Rijll 23 + [ Ag || 1 X5 D IR+ 11431l
1 j=1
S

S S

2

= max > laij| + 11Qijl | - max <H1JE.1XZ|%| ,m]axZIQin) [z
=1 =1

j=1

S S S

2

+max | Rl + [[Ai]| | - max (I?Elf(ZRinvm?XZ”Aiﬂo ]|
i=1 =1

Jj=1

Now, if ||z]/ g, = 1, we have

S S
T
Mz gio, = max D g+ QLX) ||D] Rijry + Ay X;

j=1 j=1

S S
< max D lagl +1Qul s D IR + 1Ayl
j=1 j=1

38



A.2 Proof of Lemma 3

The proof is similar to that of Theorem 2.

(i) We bound the spectral norm of Id — DyYDy. By Lemma 5,

|(1d — DY Dy) > < max Z\K zi, |+ZHK1° (wir)||

J;ﬁz

2

+ max Z HK(lo)(xj,aci) < 8h?

1 . . .
J=1j#i

T, Tj

+> HK(H)(%%‘)
a:j j:1

by assumption on the kernel widths. Hence T is invertible. Similarly, by again applying Lemma 5,
|Dg YDy — 1d|| 5100 < 2P

(ii) Let z € X then we have

1

2 2
) < Boo + Bio +2h < By

Dot (a)| < (Z K (s, ) + || K00 (s, 2)
i=1

for which, similar to the proof above, we have used the fact that x is A/2-separated from at least s — 1
points ;. Similarly, for any vector ¢ = [q1,...,¢s, Q1,...,Qs] € C*@*D) and any = € X" we have

(.’L‘i7.'L‘)

la"f(2)| < Z il |K (24, 2)] + 1Qill,

Tq

< ||D B00+Blo+2h) gBQHD;l

g q”Block( qHBlock'

(iii) For any x € A" we have the bound:

D> [a7] ( O (i, 2) + QKD i, 0)
z :
S 2 2
< |[Dyq| (Z [ @i, + [ @) ) < [0y 4] B2
i—1 * oot
and
D2 [ £] ( KO (i) + [QIIK ) (1,2)

<105 (32 ]+ i
i=1

which concludes the proof.

x-;,z) < HDg_quBlock 32

A.3 Proof of Lemma 4

First note that, for X =n=* > | f(wy) any empirical average, since the wy, are iid, we have E5[X] =
Eg,[f(w)], and therefore fz = Eg_[y(w)y(w)*], and so on.
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We now prove a general bound, that we then implement for each item. Let A = A, be a random matrix
that depends on w, such that ||E[A]|| < B and ||A|| < L(w), for any matrix norm |-||. We have

E[A] = E[Alg, | + E[Alg:| = E5[A]P(E,) + E[Al g ]
by Bayes’ rule, and therefore,

|EANPES) +EfAll 1]  BP(ED) + E[L(w)ls]

IE[4] - Egl4]) < S < S

(70)

Then, if we let B, , be the event that Ly(w) < Lg, so E, = N3 Eu.q, by the union bound we get P(ES) <
o PES ) < D2, Fy(L L,) < g minto.s2) 1 2, and in particular P(E,,) > 3. In the following L(w) will be a

m max; (L3)

sum of some of the Lg(w)?, so we bound E[Lg(w)?1ge] < > E[Lg (w)*1pe ,J and we have

E[Lq(w)*1pe ] = /OOO P(Ly(w)?1pe , > t)dt = /OOOIP((Lq(w)Q >t)N(Lj(w) > L;))dt

R _
L2 a

< LIF(L; )+/Oo L(V)dt = L2F;(L; )+2/ooth(t)dt
L

where we have bounded P ((Lq(w)? = t) N (L;(w) > L;)) by respectively P(L;(w) > L;) < F;(L;) in the first
term and by P(L,(w)? > t) < F,(\/t) in the second term. Hence by Assumption 2 we have

BIL, w)1ps) < L) ()
m
We can now obtain the desired results by combining (70) and (71) each time:
(i) we lét A = Dyy(w)y(w)*Dy. We have |E[A]|] < 2 by Lemma 3, and |v(w)y(w)*| < sL;(w). When
apphed with the norm ||'HB10ck’ we get ”E[ ]HBlock < 2 and ||’Y( ) ( ) ||Block < SLgl( ) by Lemma

5 (id).
(ii) we let A = Dgy(w)pw(z). We have [|[E[A]|| < By by Lemma 3, and ||A]| < /sLoi(w)Lo(w) <
3V5(Lot(w)" + Lo(w)?).

(iii) welet A = (:y(w)Tq)g;%(Hcpw)(x)g;%. We have ||E[A]]] < Bz ||¢|| by Lemma 3, and || A]| < v/sLo1(w)La(w).

B Concentration bounds

In this section, we detail the various Berstein concentration inequalities that we used in the golfing
scheme. More precisely, we present some probabilistic bounds on deviation of f and T from their deterministic
counterparts f and Y, conditional on event E (recall their definitions in (30), (54) and (55)). Define the
shorthands

Lij(w) = \/Li(w)2 + Lj(w)? and L;; = /L? + L2
Observe that conditional on E, we have

[Dgy(@)ll < 4/s(L§ + LT) = VsLoy (72)

All this section is done under the assumptions of Theorem 3, and we will use several times the following
from Lemma 3 and 4:

||DETEDQ|| <1+ ||Id - DQTDEH + ||D£;(T - TE)DQH <2 (73)
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B.1 Elementary concentration inequalities

To begin, we first recall some elementary concentration inequalities.

Lemma 6 (Matrix Bernstein for complex matrices). Let Y, ..., Y be a sequence of di X da complex random
matrices with E[Y;] = 0, |Yy||o_o < K for all ¢ =1,...,M and set

M M
o2 max{ > E(YY) D D EEYY) }
=1 22 l£=1 252
Then,
M
1 Mt2/2
P(|-— > Y >t| <2(di+d — .
< TORL ) (di + Q)GXP( 02/M+Kt/3>
(=1 252
Lemma 7 (Vector Bernstein for complex vectors [44]). Let Y1,...,Ya € C? be a sequence of independent

random vectors such that E[Y;] =0, ||Yi|l, < K fori=1,..., M and set

M
of =Y B[Vl
i=1

Then, for allt > (2K + 60)/M,

‘

B.2 Deviation between f; and f

Mt? /2 )

M

1
— Yill >t <28 —_——
M; ) ) eXp( o2 /M +tK/3

Lemma 8 (Bound against a fixed vector). Let ¢ € C*(4*Y) and x € X. For all u > 0 we have

P (|(tste) ~ 200Dy > ullel) < 1ex0 (g p s ).

As a corollary,

) —mu?
Ps (‘(fE(x) - f(x))Tng’ Zu ”q”Block) < dexp (45(2L2 T \/§L01LOU/3)> .
0

Proof. Assume ||q||, = 1 without lost of generality. We apply the classical (scalar) Bernstein inequality.

By defining Vi, = o, (#)7(wr)* Deq — Eglpw()7(w) T Dag], we have (f(x) — fz(2)) Dgg = 5 3L, Vi
To apply Bernstein’s inequality, observe that for each & = 1,...,m, Ez[Yx] = 0, and conditional on event
E, we have |Yy| < 2/sLo1Lo and Eg [Vi[* = Ep |pu, ()] [7(wi)* Dogl” < L3 [|Dg Y 5Dg]| < 2L3 by (73).

Therefore,
1 & —mu?
Pl |— Yil >u ] <4ex = B .
< m ; ’“ ) P <2Lg T 2\/§L01L0u/3))

The last inequality follows because ||q|/goa = llalls /V2s. O

Lemma 9 (Uniform bound). Fiz z € X. For all u > 4\/55?@0 + 6‘/\/5%1 we have

e (|uteto - | > o) <00 (g A o)
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Proof. We apply the vector Bernstein inequality (Lemma 7). By defining Yy, = Dg7y(wi) 9w, (2)—Eg[Dgy(wi)@w, ()],
we have Dy(f(z) — fg(z)) = = 37", Vj,. Observe that for each k = 1,...,m, E5[Yx] = 0, and conditional

on event E, we have |Yi| < 2v/5Lo1Lo and Eg [|Yi|* = Eg |@w, ()] ||Dgfy(wk)||2 < sL3,. Therefore, for all
4fL01L0 _|_ 6\[L01

u =

ZY >u <4ex< —mu” )
] o = P SE%1+2\/§E01E0U/3) '

The last inequality follows because ||q||go0c = [1allo /V25 O

B.3 Deviation between D, [fz] and D, H

Lemma 10 (Bound against a fixed vector). Let ¢ € C*(*1) and x € X. For all u > 0 we have

2

P (|02 (52 = 7 Doa] @], > ula) < 000 (575 57 ) e

as a corollary

2

B (||D2 [(6 — )7 Dya] ()] > ullallp) < Adexp (WE% T /3)) NS

Proof. Assume ||¢|| = 1 without lost of generality. Recalling the definitions of Sec. 4.1, we have

HD2 { 2 f)TDQQ} (x) g;%H ((fE - f‘)Tng) (x)g;%

T

We now apply Lemma 6. Define
Yie = (a7 Dgr()gz *H (pu,) (2)8:* — Bgla” Dyy(e))ar H (p) (2)s
which are indeed symmetric matrices. We have EgY; = 0 and conditional on event F,
Ykl < 2v/sLo1 Lo
Furthermore, defining A = (qTng(wk))g;%H (Puw) (x)g;,% (which is symmetric), we have
0 X Ep[Y;Y]] R Ep(AA*) - EgAEA* < Ep (AA*) 2 L3Eg |¢" Dgy(w y Id < L3||DyY gDyl 1d < 2L31d

and thus ||IE elY;Y/] || < 2L3. Therefore, the matrix Bernstein’s inequality yields

Z Y| 2 u| <4de —mu?
= B X = F=—— .
¢ P\ 22 2y/5001 Lou/3

The last inequality follows because |\q| g = a5 /V2 O

Lemma 11 (Uniform bound). Let x € X. Let B, = {veC; |lv||, <1} and given v € By, let g, (v) =

Ds [pw] (2)[v,v] € C. Then, for all u > 4\[L°1L2 + 6%27

SZJ(]lI/Q mu2
> <exp (Cdl - _
“) b < o8 ( u ) L3, Bay + 2v/5Lo1 Lau/3)

S DR (v) ~ B Dy @) )

for some constant C.
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Proof. We use a covering net strategy: let V = {v1,...,v5} be a covering e-net of B,, for ¢ > 0 that we

will adjust later. Fix v € V, and define Yy, = Dyy(wk)guw, (v) — EpDgy(wk)guwy, (v) € C*4FY centered i.i.d.

variables. We have EzY; = 0, [Yi| < 2¢/5Lo1 Ly and Eg |Yi|® < Ez |go(v)]? ||Dgfy(o.1)||2 < sL3, Bas. Hence

4\/§E01E2 + 6\/BQQ$E01
m vm

applying Lemma 7: for all u >

1m
I B N
A(e

Next, we use the fact that for all w

)

> <d4de —m’
>u | <4dex - — .
P\ SL2,Bas + 2/5Lo1 Lou/3)

Dygy(w)gw(v) = Dgy(w)gu(v')| < 2v/sLor Lz [Jv — v,

Hence by choosing
= = \d
V/sLo1 Lo
|V| ~ <
u
and using a union bound on |V| we conclude the proof. O

B.4 Deviation between Tz and T

Lemma 12 (Bound in spectral norm). For all u > 0, it holds that,

N mu2
P HD T——TDH> <A(d+1 S _ . 76
E ( 9( E ) g u) ( + )sexp 25L31 —+ 25L(2)1U/3 ( )

Proof. To bound this probability, we apply Lemma 6 with Y = (Dgy(wi))(Dgy(wk))* — Tg. We have,
conditional on event E:

T
Ep[Yi] =0, [[Yil < 2sLg.

Also,
0 < ElYiV7] = Ea[Vi¥i = EallDgy(wn) |2 (D)) (Dgr(we))*] — (DgT 5Dg)?
=< Eg[| Dgv(wi)||* (Dgy(wn))(Dg(wr))’] = sL, || DgY Dy 1d
So, |E[Y;Yi]ll = [ENMY] < sLg, [|Dg YDl < 2sL3; by (73). By choosing K = 2sLj; and o =

msL, |DgY 5Dg| in Lemma 6, we obtain

- mu2
P—(HD T——TDH>)<4d 1 S _ .
E o(Te = T)Dg|| > u (d+1)sexp 2sL2, +2sL2,t/3

Lemma 13. Fori = 1,...,s, let S; = {s4+ (i — 1)d + 1,...,s + id}, ¢ € C*D . Then, for all u >
4y/sLo1 L1 6v2L1
m T Jm

Pg (H(Dg(TE —Y)Dgq)s,

—mu?/2 > .

S ) < 28 = 3
, > llallo exp <2L§ + 2u~/sLo1L1/3

As a corollary, for all u > 4‘/§S£°1E1 + 12\‘/[%E1 , we have
P (H(D (Yp — T)Dea)s,|| > ullal )< 28 —mu®
P P — ’ U < 28ex = — .
E g\ E 94)S; ) 41IBlock p 1s (2L% n \/iuL01L1/3)
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Proof. Fixi € {1,...,s}. Without loss of generality, assume that ||g||, = 1. The claim of this lemma follows
by applying Lemma 7. Let

2V @) (1(w1) Daa) ~ B (82 Vipu, () (1(w)" Dya) ) € €,

=

Yy =

©

and observe that (Dg(T — T5)Dgq)s, = L5 Yi. We apply Lemma 7. Observe that conditional on event

E, we have -
Yelly < 2llally 1Dgy(wi)lly D1 [w] (@), < 2v/sLorLa

and

2 T ) —
< Liq" DY pDyq < LT | Dy T 5Dyl < 217
2

Ep IVl < Eg (i) Daal? |52.* Voo, (@)

by (73). Therefore, for all u > 4\/5510@1 + 6\/\/%17
s (

1 m
m 2

The last inequality follows because ||q| g0 = gl /V/2s. O

>u | <28e mu2/2
= X X T AT = H
. P\ 722 ¥ 2uy/5Lo L1 /3

Lemma 14 (Bound in block norm). Let ¢ € C*(*1) be any vector. For all u > 4\/5875"@1 + 12\‘/[%1 we have

2

—mu
>u ) < 32sex = — 77
HqHBlock p <48 (2[%1 + \/iuL01L1/3)> ( )

]P)E (HDQ(TE - Y)ngHBlock

Proof. Let Sop = {1,...,s} and S; = {s+ (j — 1)d +1,...,s+jd} for j = 1,...,s. By the union bound

Pr (| Pa(Te = 1)Dgd|| > wlalpin)

Block
s

>
, 2 wldlsioa) (79)

<3Py (|(Do(ts ~ T)Da)| > wldllos) + 3 P (| (Do(Xs ~ T)Dg0)s,
j=1 i=1

To bound the first sum, observe that for j = 1,...,s, (Dg(Y — T)Dgq); = (Dg(f(x;) — f(x;))) T q and apply
Lemma 8. The second sum can be bounded by applying Lemma 13.
O

B.5 Proof of Proposition 3

We fix a particular j = 1,...,s, do the proof for 7;, then use a union bound to conclude. As before, it
is enough to establish the probability that 7); satisfies the properties of Proposition 3 conditional on event
E. We proceed in the same way as in the main proof of the golfing scheme: first we show that 7); satisfies
the desired property on a finite grid, then we bound ||p;||, and finally we use the latter to extend the non-
degeneracy to the whole space. As mentioned in the paper, the first step is considerably simpler and more
direct than the golfing scheme, since the “sign” vector u; is of norm 1.

Deviation bounds on a grid. Similar to our previous argument, we will bound the deviation between
7); and 7; on a finite grid G C X" whose precision we will later adjust, and between Dy [f};] and Ds [n;]
on gredr c xrear We will show that

ar N <
Vo € G (@) — iy(e)] < T

near N 5_
Vo € G™, ||D2 [n;] (z) — D2 [i5] (2)], < é
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Let ¢; = Dy*T 'u; and ¢; = DY 1u;. Note that g; is deterministic and ||g;|| < 2 for all j. Recall
also that 7; = g, TDyf(z) and 7; = q; D f( ). For z € gfar,

03 (2) = 5(2)| < |a] Da(E() = E(@))| + | g (0 = T =) D5 || | Do)
< |a] Da(E(@) — £@))| + 8| Dy(x =) | Pt (@)
where the last line is valid with probability 1 — p by Lemma 3 and (61). Similarly,

D2 [n;] () = D2 [0;] ()],

<[Pz o7 Dot - B)] @)||_+ || D5 (x-t = )05 S %ime Dz [pu] () [0, ]
vl < k=1
< HD2 [quDg(f— f)} (@) +8 HDg(T - Y)‘ S iDgWDQ [Pue] (2)[v, V]

where again, the last line is valid with probability 1 — p by Lemma 3 and (61). Therefore, we simply have
to show that with probability at least 1 — p

(i) Forj=1,...,s,

o] Dy(f5(x) — f'(z))’ < 2/32 for all z € G,

(11) FOI‘j = 17"'a87 52/64 for all egne‘“.

o/ Dy - 1) @) <

(iii) HDgf'(ac)H < 2B, for all z € G,

() suppu <1 || Shey Do @)Dz [pun] (@)[v, o] | < 2B, for all @ € g,

HD (T - TDH mm(5123071025232)

By applying Lemma 4 and recalling our choice of m, (i) follows by Lemma 8, (ii) follows by Lemma 10, (iii)
follows by Lemma 9, (iv) follows by Lemma 11, and (v) follows by Lemma 12.

Bound on p;. By the same computations as in Section 6.5, we have 7;(z) = (Y_luj)—rf(x) = ®*p; with
pj = ﬁ (fy(wl) T- 1uj) . Therefore,

I e .
2 * A~ — * A — AN —
||Pj||2:EZUjT My (wi)y(wi)* T 1Uj:“jT tu

with probability 1 — p, by (61).

Extension to the whole domain. We proceed as in Section 6.4. By the same computations, we obtain:
for any = € X and 2/ € Gfar,

175 ()] < Inj (") + 17 (&) =y (2")] + [ () — 0 (2")[ < 1= - + =+ L [Ip;l| 65 (2

16
far RXEl !
g ~ (R21)
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For the second covariante derivative, as in Section 6.4 we get: for all z € X" and ' e g;e,

sign(a;)Da [A;] () — KO (x;, ) i
< D2 [735] (2) = D2 [] (&) [Tasar s Temsar ],

+ || D2 [77]] (33/)[%—)95"7 Ta:—m/'} —Dq [nj} (37/)[7'7;%7;"7 Tw—M"]Hz
+ Sign(aj)D2 [m‘] (x/)[Tw%w"v Twﬁw"] - K(OQ)(xjv xl)[Tmﬁm"a 7$%m"}
* HK(OQ)(JS '7$/)[Tf—>1”77—r—>r"} - K(Oz)(xjvx) z
€9 Eg /
Ls(L
32+16+6 + Ls(Lo + |ps])0og (2, 2")

and similarly for £ # j, for all x € X" and 2’ € G}**,

D2 [9;] (@)l < D2 [;] (x) = Da [);] (2) [Twmsar s T ],
+ ||D2 [77]] (@) [Te—sars Tomsar:] — D2 [n;] (x/)[Tx%x"aTxﬁx“}”m + [|D2 [1;] (xl)[Txﬁx/'aTxﬁw“]”m

L N ; /
< 2+ 2t Loy (e,2)

and therefore we conclude by setting

= = (d
G| ~ s <LL>

€2

The final bound on m is satisfied with the one we obtained previously (65).

C Application: Discrete Fourier sampling

In this section, we consider the case of sampling Fourier coefficients as described in [15]. Let f € N and
X € T? the d-dimensional torus. Let @ = {w € Z¢; ||w|| < f}, pu(z) = 2™’ and A(w) = Hj L9(w;)

where g(j) = 4 LD, = [k/ )1 - 1 = k)/F1).
The kernel and Fisher metric The associated kernel is the multivariate Jackson kernel K (z,a2’) =

T, s(x; — #}), where
4
() sin ((% + 1) 7T£C)
K(r) =

(% + 1) sin(ma)

)

with constant metric tensor

1
g = Cyld and dg(z,2") = C7 [lz — '],

where C; ' —#"(0) = T f(f +4) ~ f2 Note that K(?) = V{ V4K and K@D, .= oy e HV’NQK :
Moreover, since the metric is constant, we have ||-||, = C’% |I|| for all . The domain diameter is Ry = C’l?d%.
Sampling bounds Suppose that f > 128. The rest of this section consists of Lemmas which bound the

parameters in Theorem 3: We show in Lemma 15 that by choosing rpear = 3 f’ for all 94(x, z') < Thear,
we can set &a = (1 — 6rpear?)/(1 — Tnear>/(2 — Thear>) — Tnear2) = 0.941. In Lemma 16, we show that for all
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0 (2,2") = roears [K(z,2)] < 1—1/(8%-2), so we can set & = 0.00097. Moreover, the uniform bounds

given in Lemma 18 imply that
min (&g, &2) :(’)(d_%).

32 max; ; Bij

So, for h = O(d~2), by Lemma 17, we have W (h, s) = O(sid2). Gradient bounds are computed in Section
C.6.

To summarise, Theorem 3 is applicable with:
(i) Boo = Boz = B1a = O(1), By = O(d?), Bay = O(d) and Cy = 0.
(ii) Tnear = 1/(8v/2), &0 = 0.00097, &, = 0.941.
(i) A = O(d} sha).
(iv) L; = O(d'/?).

and - <log( )log(p> 1o g<(fd) ))

C.1 Preliminaries: properties of the univariate kernel

We first summarise in Section C.1 some key properties of the univariate Jackson kernel x when f > 128

which were derived in [15].
From [15, Equations (2.20)-(2.24) and (2.29)], for all ¢ € [-1/2,1/2] and £ =10,1,2,3:

1+2 2

2 2 1+2/24+ f
1+2/f \°
"(t)] < Cyt ") < C ") <3 C?t < 12C% 79
WOI<Cpt, 0] <Cr In <1+2/2+f> % < 1203 (79)
3 1+2/f \?
//g_ 2< t2
By [15, Lemma 2.6],
' Hy (1) 1 V2
| < { T Ll
(f—7;2)4 Zt4a t e [%7 %)7

“at(t)Be(t), with

def. 2 = def. a(t) N 2

a(t) = @7 p(t) ft  ftr(1 — 72t2/6)

where Hg® = 1, H® = 4, H5° = 18 and H$® = 77, and Hy(t) =

and Bo(t) = 1, B1(t) = 2+2B(t), B2 = 4+ 76( ) +653(t)% and B3(t) = 8+ 248+ 308(t)? + 155(t)3. Let us
first remark that 3 is decreasmg on [ = | 2f’ ¥2]so |B(t)| < |B(1/(2f))| = 1.2733, and a(t) < a(V2/7) =
on I. Therefore, on I, Hy(t) < Hl( ) < 3.79, HQ( ) < 18.83 and Hj(t) < 98.26, and we can conclude that

L, 1), we have

on [57,3

mtH®

0] < Gy

B
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where Hg® = 1, H® = 4, Hs° = 19, H® = 99. Combining with (79), we have

det
where £3° = 1, k5° = O,

4
K3’ = (Cf)3/2 max 9?:3 ( 24 > ’6\/@) = O((Cf)3/2)-

Finally, given p € (0,1),

1
(f+2)% > (L +p(f+2)%H)2, Vi ——meee————
(1-p)(f+2)
Choosing p = 3 and using (f +2)* = (5Cf +4) > 5, we have
0o 27T2
(@t’g# V2> 81
ERI0 et s (81)

In the following sections, we will repeatedly make use of (79), (80) and (81).

C.2 Notation

ef def. def
For notational convenience, write t; = x; — x}, k; = k(t;), k; = £'(t;), and so on. Let
d
def. def (lef
K; = H’ik; Z_] = H kg and z]é = H RE.

k=1

k#i k‘#w k#,m
With this, we have:

/ I

O, K(z,2") = kiK;
/ " . - / ! !
61),‘82,1‘[((.%‘,.’17 ) = —kK; Ki, and V¢ 7’5 Js 817¢827jK(x,x ) = —/iil'inij.
. . . def. . . .

Where convenient, we sometimes write K(t) = K(z — 2') = K(x,2'). Given a symmetric matrix M, we

write Amin(M) to denote the smallest eigenvalue of M.

C.3 Bounds when ||t|| is small

Lemma 15. Suppose that Cy ||z — m’||§ < ¢ with ¢ > 0 such that

def. c
16 (1 — ) = 0
e =( c)( 3 c) c>

Then, —<K(02) (.’IJ - m/)Q7 q> 2 € HqHz
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Proof. Let ¢ € R?, and note that

—(V3Kq, q) = —Z qir; Ki — K; Z%H;—Kij 4
: i

= — qu,@é’]{i — Zqilﬂ qu'linij (82)

) VE
S 2 i . MR 2
> llallz o | - max{wiKi} = > ||
f ¢ J

We first consider ) K;: By applying (79), we obtain
ki < —Cy + 6CFt7,
Cr 0 Crio (Cri2\" (Cr i)’
wex (1= G ) = 1= Loz - (Foez) - (Feg) -
J#i
2
Cr Il

21—
C 2
2(1 = 5" [Itll)

and hence,

2112 Cy IItll5
R < (Cr 6t IE) (1- L
21 = [Itll2)

For the second term in (82), again, by applying (79), we obtain
2 2
> lml < el
J

Therefore, for ||¢||, = 1, we have

Cy I3
—(K®(x—a)q, q) > (1 —6C; IIt\@) (1 - % — Cr ltll;
2(1 = S [ILll2)

Lemma 16. Assume that —— > ||t||, Then,

8‘/Cf
< Cf 2 2 4
K(t) <1- =L |13+ 1607 |t

Consequently, for all

1
0<e< —o,
8./2C;
and all t such that ||t||y > ¢,
C
IK(t)] < 1 ?fCQ

Proof. First note that by (79),

C
[p(u)] <1 - 7fu2 + 32C?u4 =1-u?g(u)
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where

1
glu) = C (2 — 32Ofu2> ,

and note that g(u) € (0, %) for u € (0,1/(8,/C%). So, writing t = (t;)%, and g; = g(t;), we have

d d
ko =TTw0) < T4t
j=1 j=1
d
=1=) g+ > tgign— > Uttig9k90+ -
J=1 J#k J#kAL
d ¢
=1+ > (DT ),
t=13j€Te i=1

where J; & {j € N¢: j < d, all entries of j are distinct}. Note that for odd integers /,

Y/ £+1 Y/
YT+ Y T < X T+ [ 3 1T (z)

JjETri=1 JE€ETes1 1=1 JE€ETr i=1 JETr i=1
Cy 2
(e (1— ) <o
JjeTpi=1
since (1 — = ||t ) > 0. Also,

d d
C

S < O

j=1 j=1

by assumption. So,

<1- ZtQQJ + Zt t/cgjgk

J#k
d 1 1 d
2 2 2
gl_ztj9j+§ thgj <1—§th9j

Jj=1 J J=1

1 d c
2 4
3 Sz, Y | <1- If )15 + 1602 [|¢]]5 -

j=1 j=

Finally, observe that the function
q(z) = G 22 16C

4
is positive and increasing on the interval [0, 8\/%27] So, for t satisfing
s
<l < — (s3)
c< < —
> 7 8/2C;
we have |[K(t)] < 1—gq(c) <1-—=L Fmally, since | K (t)] is decreasing as t increases, we trivially have that
|K(t)] < 1—q(c) for all t with Ht||2
O
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C.4 Bounds when ||t|| is large

Lemma 17. Leti,j € {0,1,2} with i+ j < 3. Let A > /%3~ ® and IItll, = A\/gsrln/;x/«/C’f. Then, we have

| KG9 (t )1 A7 (A s ) L
Proof. Write t = (tj);-lzl. To bound K(¢t) = H;‘l:1 %(tj), we want to make use of the bounds on x3° from
(81). We can do this for each ¢; such that |¢;| > % Note that there exists at least one such t; since
— 2 2
o = 1ty /VA > Asilidc/ /Ty > /32 T {Jt;[}5oy € [0,/ 25) for k < d— 1, then
d 12 5 1/2
2 A dsm x
ki + Z 5> ||tll; > Ta,
j=k+1 S
_ _ 1/2 _

which implies that Z] el t? > 1f (Astrln/aQX — 27T2(d 1)) > A QdC‘;‘“‘ by our assumptions on A. Therefore,

we may assume that we have some d > p > 1 such that {b;}/_, C {t;} with [b;] > \/ 22— - and 6], =
AVd Y/Smax
T Observe that

P
3C 30 3C
H 1+ f f ZbQ 1+ f ||b||2 1+ 7A2d\/5max
So, by applying the fact that |x| < 1, k5° = 1 and (81), we have

p p 1 1
INOIRSY || QLIRS : < - :
Mot ey < sy

For \n;Ki|,ifi§Z{], t] > /22 } then

p /
[[5]]
kiG] < Il T 15051 < —
j=1

T (14 22 A% o)

: / ’ KT° o ..
and otherwise, we have |r;K;| < |&'(t:)] [];4 [k(b;)] < (1+$A21d = In a similar manner, writing
7 (1+ 25 A%d\/Smax) _2, we can deduce that

|ki K| < KTV, |k K;| < KXV, |/<;’/<;’Kl | (k$°)2V
\ﬁg"Kﬂ < KV, ff-@"ﬁ:’ KZJ| < KPRPPV, ff-i,i/@jﬁs@Kijd (kax)3Y,
Therefore,
1 1 1
K = — |ViK|| € —— .
H z,x’ 1/Cf H ! || = ‘/Cf \/C N A4d3/28max

Using Gershgorin theorem, we have

V3K (z,2)]| < max{\n”K ERADNEAN:O
J#i



and hence,

HK(OQ) » = —HVQKH 7maX{|KJ”K|+|’€/|Z|K KU’}
JF#i
o0 002
<AV (k4 (52— 1) < max{r3°, (K{*)°} 0 o 1

Cy Cy ~ AdSpax

Note also that HK(“)HI’I, = HK(OQ)HJC,. Finally, since
||81_,iV§K(x,x')H < max{ |k K| + |k Z |/<c;‘ |Kijl,
J#i

rglixﬂm" /KU‘ + |f€, /‘DNKZJ| + |’€;‘ |’€;‘ Z |’f;| |Kijé|}}a

1#i,5
we have
12 9
0], = = Ivavix]
’ f
S 03/2 \[Vmax (Klg +/€2 Ry (d* 1)725;;0”?0 + (d* 1)(%?)3)
f

1 1

< d*? max{k®, Kk, (k$9)3 < =
S { 3 1 2 1 ) }C;,/g A4d1/23max

C.5 Uniform bounds
Lemma 18. If myear ~ 1/4/Cy, then By = O(1), Boy = O(Vd), Boz = Biz = O(1) and By = O(d).
Proof. We have |K| <1, and

IVE]® <D kil [Kil* < d(55)* S Cpd,
SO BOl = O(\/&)
From (82), for all ||q|| =1,

2 2 2 2
(V3K (t)q, ¢) < max|sf| llglly + llally Y |sil” < Cp + CF [1tI° = O(Cy),
%
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for ”tH 5 1/ V C(f~ 807 since Tnear g 2/\/C'f7 ||K02(t)H S 2 dif B02 For the bound on 312

HK(lz) 0 3/2 DD 01 (95K pidi + 01,02,k K pididr)
v’ gl=lpl=1 o\

+ Z Z Z 81 1827382 kplpjpk + Z Z 81 182 162 ngzqqu + Z 61 71(92 ]Kplq7,>

NV E
3/2 SO i Kikpiay + 57 5y Kikpidiar

 lal=lpl= P\ Tz

- Z Z Z KRR Kikpippe + Z Z Ky K5 Kijpigia; + Z KiKj ijpiqi2>
NV E i

3/2
1 2 2
< <3n"|oo,/2|n;| + <Zm;> +||m’||m||n"||m>
f i i

1
< —573 (33 I+ 3 P + 0(C)) = 0(1)
!

for ||t < 1/C}/2.

C.6 Gradient bounds

The derivatives of the random features are uniformly bounded with
IV eu(@)] = el < ffd/? ~ Cf 272 (84)
So, we can set L; = O(d"/?) for i = 0,1,2. For Ls, the condition (44) is simply
-1
CJTI HVZ%,(QC) — V2cpw(m')H < LiCf |z — 2|,

so Lz = O(d*/?) by (84).

D Application: Continuous Fourier sampling with the Gaussian
kernel

In this section, we consider the case of continuous Fourier sampling with Gaussian frequencies, which
may appear for instance in sketched Gaussian mixture learning [39]. Let X C R? be any bounded subset of

R?. Let Q = RY, @, (z) = e“' T and A(w) = N(0,271), for a known covariance matrix .

The kernel and Fisher metric The associated kernel is the Gaussian kernel
/ 1 7112
K(wa) = exp (— o =/

with constant metric tensor

-1

e = 2 and oz, 7)) = ||z — 2/||gs = |22 (z — 2
)
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Sampling bounds The rest of this section consists of Lemmas Which bound the parameters in Assumptions

1 _  def.

1 and 2. We show that by choosing rear = %, we obtain £, = e~ 1 and Eg = 1—e~ i, Moreover, Lemma

21 gives uniform bounds in B;; = O(1) and, for h = O(1), W(h, s) = O(y/Iog s + 1). Gradient bounds are
computed in Section D.5.

D.1 Properties of the kernel

Notations. For simplicity define ¢ = z — 2, b an abuse of notations Kx(t) = exp (—% Ht||22_1) and for

u € R, r(u) = exp (—3u?). Denote by {e;} the canonical basis of R%, and by f; = X~ 'e; the i" row of 7.

Gradients of the kernel. We have the following:

VKs(t)= — %~ 1tKg()
V2Ks(t)= (-7 '+ 27t 'S7Y) K (t)
OVPKs(t) = (S7'tf + fit ') Ks(t) — (t7 f) V2Ks(t)
0 VPEs(t) = (=X N st + T s )+ (Fif] + £17)) Ks(t) — fi; VP Es(t) — (7 £:)9; V2 Kx(t)

Then we observe that for any ¢ > 1 the function f,(r) = rie=2"" defined on R is increasing on [0, /q]
Q) q/2

" . Furthermore, it is easy to see that we have

and decreasing after, and its maximum value is f,(,/q) = (
fo(r) =rie /2 < (%) —r*/4 and therefore f(r) <eifr > 2 (log () + %1og (22)).
D.2 Bounds when |[t|| is small

Lemma 19. For all 04(z,2') < rpear = % and all v € TyM, we have —K©2) (z,2')[v,v] > & Hv||3J where

_1
522%6 1,

Proof. From the derivations above we have K92 (z, 2/)[v,v] = v VK5 (t)v = (—1404(z, 2')?) k(04 (x, 2')) ||1)Hi <

(7"nea1r2 - ]-)H(Tnear) ”v”z D

D.3 Bounds when ||t|| is large

Lemma 20. For all 04(,2") > roear we have |K (z,2')] < 1— &, where & = 1 — e~ 4, and for h = O(1),

W(h,s) = O(y/logs +1).

Proof. For the first inequality we have |K| < &(rnear) =1 — (1 — e 1).
Then, from (27), the fact that the metric tensor is constant, and the expressions for the derivatives of
the kernel above, it is immediate that

HK(lo) (CL’, 33/)

= HK(Ol)(gC7 )

sl
=0(z, 2 )k(0(z,2")) = f1(0(x, "))

|xOD @ =K@ = |siviEsmst

x,z’ x,x! 2

= (0(z,2')* + Dr(d(z,2")) = foad(,2")) + fo(d(z,2))

For K(12), again since the metric tensor g is constant, we observe that

d
[ KO (2, 2" [o1, 0] = v] (Z qi (OiVQKZ(t))> V9

i=1
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and

d
HK(H)(,I,Q;') sup v < 4 (@'VQKE(t))) V2
Hz || <1, ||2 2o <1 i=1
d
= sup ’Uir (Z(Eéq)zzé (&-Vng(t)) E§> (22
llallo <1 llvsll, <1 i=1

= sup
llall=1

Using, Zi(E%q)-f- = Y~ 2¢, we observe that

( 1th> ST <ZqT2%eiejz—é> b

7

d
3 (Z(z%qmv%(t)) X3

i=1

w\»—A

1 1

Z 2iq)tT )V KO = (727 (BHVEK (2,00 )

m\»—A

Hence at the end of the day
< (30(z, 2') +0(z, 7)) r(d(2, ")) = 3f1(0(x, 2")) + f3(0(x,2))

Therefore, for h = O(1), using the properties of the functions f, it is immediate that W (h,s) = O(y/log s +
1). O

HK(lz) (z,2")

D.4 Uniform bounds
Lemma 21. For (i,7) € {0,1,2}, we have B;; = O(1).

Proof. The bounds for ¢ + j < 3 are immediate using the identities in the proof of Lemma 20 and the
properties of the functions f,.
By the same reasoning we have

sup 22 ) (88q1)i(82 q2); 0, VK (1) 57

HK(ZQ) (x,2")
lg1ll=1,llg2]I=1 ij

and we have

22N (00q)i(R2qe); ST £) () | B2 = (g3 STE)N T R tg)

ij

W

ST (2Eq)i(Rrq)i fif] | D = qiad

j

2

Z(EQQI) (E Q2) fzg E% = (J1Q2T

j

S (300 ) (7 f)0; VK (1) | Shos = (af 3730 [] KO (2, ) [on, v2)
Hence
HK<22>(Q:,:C’) < [3fo+6f2+ fal(d(z,2"))

and B22 = 0(1) O
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D.5 Gradient bounds
For j = {0,1,2}, we have D; [p,] ()[g1,-..,¢;] = (Hz qui) o () and therefore

ID; [eu] (@), < || £t

And then, from (44), using 7, = Id,

ID2 (2] () = D2 [Pl (@)asares Tosar W, = [ B (Vhole) — V() £

= |21, lout@) — puta)

1 2 1 3
S R R e e
1 J J
Since w ~ N(0,571), HZEwH = W2 where W is a x? variable with d degrees of freedom. Then, we use
the following Chernoff bound [26]: for = > d, we have

22

by using z%e~ 7 <

@ [N

PTY)

Hence we can define the F; such that, for all t > d7/2, P(L;(w) > t) < Fi(t) = 2% exp [ - ), and
j j j 1

F;(L;) is smaller than some § if L; o« (d + log %)% Then we must choose the L; such that [; tF;(t)dt is

bounded by some §. Taking Ej > d’/? in any case, we have

2
t5 . t
tF(t)dt =25 | texp | —— |dt=2% [ ,(j/2)t" Texp (- ) dt
L, L, 4 L’ 4
t

i

_2
. Then we have E?Fz(iz) = E?2% exp (_ Li )

NS

Hence this quantity is bounded by ¢ if Ej x (d + log (%))

J

which is also bounded by § if Ej x (d + (log %)2) ®. At the end of the day, our assumptions are satisfied for

B dm\ 2\ ?
Lo |d+ 1og7

D.5.1 Gaussian mixture model learning

We apply the mixture model framework with the base distribution:
Py =N(6,%)

The random features on the data space are ¢/, (z) = Ce™'® with Gaussian distribution w ~ A = N(0,A)
for some constant C' and matrix A that we will choose later. Then, the features on the parameter space
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are @, (0) = Eyup,¢l,(x) = Ce™ 9ezlwI% (that is, the characteristic function of Gaussians). Then, it is
possible to show [39] that the kernel is

A
25 + A1

7% ||070 ||(2):+A*1)*1

K(0,0') = C?

Hence we choose A = ¢X™!, C = (1+ 2¢)%, and we come back to the previous case K (6,6') = 1 Lol
with covariance ¥ = (2+1/¢)X. Hence &; = O (1), B;j = O (1),0(6,0") = [|0 — 0'||s-1 = \/2‘171/6 10— 6|51

Admissible features. Unlike the previous case, the features are directly bounded and Lipschitz. We have

e (8)] < C = Lo,

ol

et 0(2+1/c)%<‘;) o,

lelld

T C(2+1/c)

k.

ID; [eu @] = €[S

Hence all constants L; are in O (C(Z + 1/0)%) by choosing ¢ = X they are in O ( %)

E Application: Sampling the Laplace transform

Let a € RY and let X = (0, R] C R4 for some R > 0. Let Q = R%. Define for z € X and w € €,

d d
def. T+
o(x) = —(z, d Alw)= (2 (2a;
wu(x) = exp (—(z w))H o an (w) = exp(—{2a, w) L[l ;)

The kernel and Fisher metric The associated kernel is K(x,z') = H?Zl k(i + ag, x} + ;) where

u+v

RdXd

The associated metric g, € is the diagonal matrix with diagonal (h,,+a,)%, where given z € Ry,

he = 9,0y k(z,z) = (22)~2. The induced distance in dimension one is

max{s,t} ¢
/ (27 + 2a) " 'dx = |log ( i oz) (85)
min{s,t} s+
and hence,
d 2
T + o,
0 ") = 1
oo =\ o (55 )
is the Fisher distance between exponential distributions. The domain diameter is Rx = />, (F”al) ‘
The Christoffel symbol is T'%;, = —(z;+a;)~" when i = j = k and 0 otherwise, so the Riemannian Hessian
of fat x is

Hf(z) = V2f(x) + diag(a2 V £ ().
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Sampling bounds Assuming that the «; ~ d and are all distinct, Theorem 3 is applicable with:
(i) Boo = Bo1 = Boz = O(1), B2 = O(Vd), Bz = O(d).
(ii) Tnear = 0.2, &g = 0.005, &5 = 0.7960.

(iif) A = O(d + log(d3/?smax))

(iv) Lj ocd? (\/ng <log(m) + log (%)))J

and J
m2>s (Clog(s) log (8) +C?log (C>>
p p

where C & ¢2 (d + log® (m) + log? (%)) In the above, the implicit constant depends on R.

E.1 Preliminaries: properties of the univariate kernel

We first provide bounds for « and its derivatives. In the following, let
k) (u, v) & h;i/Qh;j/Qaftagn(u, v).

We denote 0, (u, v) = [log(u/v)|. Recall also the hyperbolic functions

—Uu

aer. €Y+ €

sinh(u) = %, cosh(u)

or. Sinh(u
tanh(u) = cosh((ui’

cosh(u)’
Lemma 22. We have

(i) #(u,v) = sech (w) < e $0n(u)

(ii) |10 (u,v)| = 2 ’tanh (w) K(M)’ , and [K09 (u, v)| < 2| (u,v)].

(i) |0 (u,0)| < [k (u,0)|* + 4|k (u,v)|

(iv) |H(20) (u,v)| < 5|k(u,v)| and —(20) (u,v) > K(u,v) (1 _ Atanh (%))

(v) ’/i(u)(u,v)’ < 49 |k(u,v)].

Proof. We first state the partial derivatives of x:

w0) = 2/,

Burc(u,v) = \/%

0By, v) = _;‘f/%fi(zi—v()zf
r5(usv) = — ()2 ((u+v)? + du(v — u))

2 (u)*’? (u+ v)3
(v)? L 2v(v—u)
2 (uv)3/2 (u+v) (uv)l/2 (u+v)3
u3 + 13u?v — 33u(v)? + 3(v)?)
4o(uv)t/2(u + v)4

0,02k (u,v) =
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We also make use of the following fact: For u > v,

- <1 +eXp(10K(u, v) 1+exp(ian(u7u)))
_ < exp(—0,(u,v)) — exp(0,(u,v)) )
)

2+ exp(0.(u,v)) + exp(on(u, v

_ - sinh(9; (u,v))
1+ cosh(d,(u, v))

—1
U v 2 1 1
KU, v =2 “F\/i) = O — ey — <26_§DN(“‘7U))
( ) (\/: u 67% +€DN(2) ) Cosh(an(;,’u)) =

(ii) We have, assuming that u > v,

= —tanh(0,(u, v)/2).

(i)

V—U
u-+v

K10 (u,v) = 2udy K (u,v) = 2 k(u,v) = —2tanh(d,(u, v)/2)k(u, v).

(iii)

2y/uv(u + v)3
_ 2 (u — U)Q
= k(u,v) (/{(u, v) (ut0)?
= r(u,v) (k(u,v)? — 4tanh2(b,§(u,v)/2))

=) |I€(11)’ < |Kl° + 4]kl

(iv)

4 (uv)l/2 ((u+v)? + 4u(v — u))
2(u+v)3

K2 (u,v) = 4?02k (u,v) = —

)

= —K(u, U) <1 +
so [k20] <5kl Also,
—k > k(u,v) (1 — 4tanh (0, (u,v)/2))
(v)
R (u,0) = 20(20)0,05 K (u, v)

= r(u,v) (1 + 20(5UZ(ZLTZ;J3+ (U)2)>

so |k(1D] < 49x].
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E.2 Kernel bounds

Theorem 5 (Kernel bounds). The following hold:

11— Loz, 2)? < |K(z,2')] < min{2le= 220 =8y

2. ||[K09 (z,2)|| < min{2Vd |K|,V/2}.

3. ||KMV|| < min{9d |K],8}

4. |K@| < min{9d |K|,8} and Amin(—K ) > (1 —50(2,2')?) K when d(z,2’) < 1.
5. ||K 02| < min{66 |K|d*/?,16Vd + 49} and | K12 (z,2')|| < 34 if o(z,2’) < 1.

In particular, for 0(x,z’') > 2dlog(2) + 2log (M), we have HK(ij)(aj,x’)H < kb

Smax

Proof. Let dy = 0, (¢ + ar, 2 + ag) and note that dg(z,2’) = />, d7. Define g = (2 tanh(%)) . We
first prove that

. d d
(i) 1K (z,2")] < TTjmy sech(de/2) < [Toms 58 < oG

if) [|[KC (2, 2| < llglly K-

(i) (| < IK] (llgll3 +5)
(i) K < K] (llgh; +5) and Amin (K@) > K (1-5]lg]3)
v) [0 <1k (llgl3 + 16 1gll, +49)

The result would then follow because |tanh(z)| < min{z,1}, so ||g|| < min{d(z,2’),2v/d}. For example,
K12 < m (0(z,2')® + 160(z, 2') + 24) < 80(x, ') + LB + 24 < 34 when d(z,2') < 1.
$o(w,
In the following, we write

Hgij) k) (2 4+ g, ) + ap)

and ky = Reoo) and K; =[] ;i fij- Moreover, we will make use of the inequalities for () derived in Lemma
22.
(i) Note that sech(z) < 2e~% and sech(z) < (1 +22/2)71. So,

d

|K( ’)|<ﬁsech de <H 1+d—§ _1<;
T,T \221 9 X 9 S 1+0($,$/)2.

we also have K(x o) =TI, (1 - 1d2) 21— Loz, 2')>
(s8).
=1

HK(IO) (.’E, (E/)

Also, since sech(z) > 1 —

f‘\

2 )

(i) Note that ||K 10 (z,2")|| = , 50 by Lemma 22 (ii),

< llgllz 1K1

< 4tanh (d )tanh (d > | K],
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(iii) For 4 # j

5(10),%(01)}{

i J




and |k

< 5|K]|. So, given p € R? of unit norm,

Rl HSlulplzz k(M (Ol)K”pngJer? Wk,
p i=1 j#i

d d
< sup |K| | D) 4tanh(d;/2) tanh(d;/2)pip; +5 Y p}

lIpll=1 i=1 j#i i=1
< 1K1 (llgh} +5) -
(iv) Note that
d
HK(QO)H = sup ZZH(H)) (10)K”pzpj + Zp2 (20) K; + anlo)Kipf .

Ipl=1 iz S P

Observe that ’ﬁEZO)Ki < 5|K| and —KEQO)Ki > K (1 — 4 tanh (?l))

10) (10 20) g
HK(QO)‘ < ”SIHJI<) ZZ (10) ( )K7]p7p] Jrzpz ( Ki| + gl | K]
plIst =1 JFi

d d
<|K]| s > 4tanh(d;/2) tanh(d;/2)pip; +5 Y 07 | + llglly | K]
PlIs i=1 j#i i=1

2
<K (219l +5).
and given any p with [|p||, =
(K@, 5) > K (1 -4 g].)

(v)Note that HKHHZ = [IA][; where A = (Aijf)?,j,ézl is defined as follows: For 1, j, £ all distinct,
d; d; d
Aije = ngw)n;Ol)néol)Kwe 8tanh ( 5 ) tanh (;) tanh (;) K,

d
Ajip = SH(H) OI)KM < 10tanh <;> K,

for all i, ¢ distinct,

d;
Awi = kM EOY K, < 10tanh <2> K,
and for i # j, Aij; = x{'”Vk{" Kij <12tanh (%) K,

d; d;
Aijy = ﬁglo)ﬁg.w)Kij + Hglo)ng-Ol)K < 10tanh ( ) K + 2tanh ( 5 ) K
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and A;; = (Kglz) + K£O2))Ki < 54K. So, for p,q € R? of unit norm,

DD Aumipeai =Y | DD Aiepipedi + Z Asiepipeds
i j ¢

% j#i L

12
= Z Z Z Aljép]pKQz + AlePjPle Kz(jj )p] qi
i j#i \L2{i,j}

+ Z Z Aiiepipeqs + Z Ampz q;

i AF#G
< 1K1 (lgll3 + 16 g1, +49) .

E.3 Gradient bounds

Theorem 6 (Stochastic gradient bounds). Assume that the o;’s are all distinct. Then, Lo(w) < Ly =
d
(1 + 2 ) and

min; o

1/j
P(Lj(w) > 1) < F} MZ@eXp( ((R+1||a||)<t> —x/Zi>>, je{1,2,3}

and we have that Y, Fj(L;) <& and L? Y, Fi(L;) + 2fgj tF;(t)dt < 0 provided that

i day;

_ . 1 dBiLo(R I
Ly o Lol + o) (V-+ ma - o (2454 *”a”w))), je{1,2,3)

where 3; = H]# av_a . Note that a; ~ d implies that Lo ~ (1 + R/d)* ~

def.

Proof. Let V, = (1 — 2(=; —|—az)wz) _, € RY. Then,

IVl = \/Zu 9+ a)ws)?
\/21—1-43%4-0@ \/d+4R+||0z|| )2 ||wH2

7

SVA+2(R+ o) [wl] = V

We have the following bounds:

d T R \°
L@ <[] 1+ =< (1 =L
|SD (x)| . + oy ( + min; oz,'> 0

9z " Voo (@) = u(2)Ve = D1 [pu] ()], < LoV

and

_%H -3 _ _%v2 -3 di -3
gz $u ()8 gz Vu(T)ge * + diag ( gz > puw(T)
= <,0w(:c)(VIVI—r —2Id) + ¢, (z) diag(V;).
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which yields ||Ds [p.] ()], < Lo(2 + V?).
Note that by the mean value theorem, |x; — 2| < (R + «;) [log(z; + a;) — log(

Ve = Varlly < 2wlly [l — 2]l

Also, [@u () = ¢u ()] < sup, [|D1 [pu] (2)[| 04 (2, 2")

< (@) = @u(@)] 2+ V + V) + oo ()] Ve
< LoV (24 V +V?) vg(z,2")

x}; 4+ «;)| and hence,

< 2|wlly (R + llall)og(, ).

< LoVoy(z,2"). Therefore,

—1 —1 —1 —1
g:E 2H w X g(E 2 _g /2H w 1'/ g /2
® o HP «

=Vl + |§0w(x/)| HVIVJ -
+ (Lo + 2LoV )2 [|wlly (R + [l o )0g (, 2")

z! Vg

Define for j =0,1,2,3

of J
G;(w) "= Lo (Va+2(R+ flall) )
then, for j = 0,1,2, L;(w) % sup, [D; [¢.] (@), S G;(w) and

L oz *Hou@)an* - 0, Hiu (e y
3(”)_8;195 Dg(l‘,l’l) ~ B(W)'

When all «; are distinct, we have [2]:

1
2

Pllwll = ¢) < P(lw]l, > Zﬁz et

where 3; =[], o using the fact that ||wl||; is a sum of independent exponential random variable
Hence, forall 1 <j <3 and t > d* we have

1 + 1/3
P(Lj(w) > t) <P (Hw Z 2R+ ol <Lo) ) ﬂ>

and F;(L;) <6 if

L, > Lo <2J’(R+ el o) (ﬁm?X;bg (d§i>)J>

Next, we compute

/LjotFj(t)dt = iﬁi/. e ( <(R+1IIQH) (;)”j B ﬁ)) v

—ouU ;
=12 j ea’fﬂ exp (1 ) w2 lduy
’ Z ysis D A2R T ol
. 25—1 .
< ((2; 1)4(R+Ila|m)> L2 Zealf&/ exp( aiu )du
eq; L;/Lo)1/d ( )

AR+ [lofl
4R+ [lof )>2j (QJ - 1) ey N (-ai(ij/io)l/j>
< = L§j g V4B, exp .
( o e e 4(R +lall)
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This is bounded from above by ¢ if for all i =1,...,d,

AR+ loll) <2jlog(4<2j— (R + ||a|oo>> log(L24) + oA + log <d@->> . <gj)1”

o; eq; 0 Lo

L, > Lo <2j(R+ ladloc)’ (ﬁmfﬂ“;.log (df)y) '

It remains to bound L;Fy(L,) with £, j € {0,1,2,3}: Let L, > LoM?* for some M to be determined. Then,

that is,

d

_ _ _ . — v

Lng(L@) < L()M] Zﬁz exp (lM + Olz\/g)
2 2R+ o

o)

e —Qy a;Vd
"% ) exp (M) e
llerll o) > AR+ all)

L |
. 45(R + ||la J - o
< foe Z( . ai” ”°°)> ﬁieXp<4<R+||a|| >M)e’ﬂ

d
_ . —
= L() E ﬁZM] exp (
— 4R+

i=1
d 3
= 12(R + [|of )) —q; VZ
< Loe™3 <°° Biexp| —————M | eV L6
; i 4R+ [lell )

if for each i =1,...,d

M > 4R+ o) (ﬁmaxilog (iodﬁi (12<R+ ||aoo>>3>) |

oed o

_ d
Therefore, the conclusion follows for Lo = (1 + L) ,and for j =1,2,3,

min; a;

;o7 ; 1 dB;Lo(R J
L, o Lo(R+ fa]l.)’ <\/a+maxalog< Aibotltx “‘“oo>>) .
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