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Abstract

We propose a method to construct numerical solutions of parabolic
equations on the unit sphere. The time discretization uses Laplace
transforms and quadrature. The spatial approximation of the solution
employs radial basis functions restricted to the sphere. The method
allows us to construct high accuracy numerical solutions in parallel.
We establish Ly error estimates for smooth and nonsmooth initial data,
and describe some numerical experiments.
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1 Introduction
We consider the initial-value problem

otu+ Au="f(t), fort>0, with u(0)=uy, (1.1)
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where 0 = 0/0t and A is a linear, self-adjoint, positive-semidefinite, second-
order elliptic partial differential operator on the unit sphere. In our standard
example, —A is the Laplace-Beltrami operator. The source term f(t) may
depend on the spatial variables but we suppress this dependence in our no-
tation, viewing f(t) as an element of a function space on the sphere.

Instead of using time stepping for the numerical solution, as was done
previously [4], our approach is to represent the solution of (L) as an inverse
Laplace transform, which is then approximated by quadrature. Developed
first for parabolic problems by Sheen, Sloan and Thomée [11], such an ap-
proach is also effective for some evolution equations with memory [5]. These
and related papers have discussed thoroughly the time discretization, but
for the space discretization have considered only piecewise linear finite el-
ements on a bounded domain in R™. Here, we propose instead a space
discretization using spherical radial basis functions (SRBFs), which are con-
venient for parabolic problems on Riemannian surfaces such as the unit
sphere S™ ={x € R™"!: x| =1}.

Denoting the Laplace transform of u with respect to t by

o

U(z) = L{u(t)} = Jo e “tu(t)dt, (1.2)

we find that the solution of (LI]) formally satisfies
(21 + A)i(z) = g(2) 1= uo + f(2), (1.3)

where I denotes the identity operator. The spectrum of A is a subset of the
half-line [0, 00), so if z ¢ (—o0, 0] and if the Laplace transform f(z) exists,
then

u(z) = (zI + A) 'g(z2). (1.4)

When f(z) is analytic and bounded for Rz > 0, the solution u(t) can be
recovered via the Laplace inversion formula

u(t) = —J e“"i(z)dz, fort >0, (1.5)
2 o

where [} is the contour Rz = w, for any w > 0, with Jz increasing.

Section 2 summarizes some technical results and assumptions needed for
our subsequent analysis. In Section Bl we describe the time discretization
and quote a known error estimate (Theorem [B.1]), after which we introduce
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the space discretization using SRBFs. The heart of the paper is Section [4],
where we prove two error bounds for the space discretization by adapting
the analysis of Thomée [13] for a finite element approximation of the heat
equation on a domain in R™. The first bound (Theorem 3] requires some
spatial regularity of 1 and f, and is proved by estimating a contour integral.
The second bound is proved by an energy argument, and assumes f = 0 but
allows nonsmooth initial data uy € Ly(S™). Both bounds include a factor
that blows up as t — 0. Finally, Section [ describes the results of some
numerical experiments.

2 Preliminaries

2.1 Resolvent estimates

We now view A as an abstract, densely defined, self-adjoint and positive-
semidefinite linear operator on a complex Hilbert space H. Assume further
that (I+A)~!: H — H is compact, so A has a discrete spectrum, and order
the eigenvalues 0 < A; < Ay < ---. Note that A\j — oo as j — oo if H is
infinite dimensional.

For any ¢@ > 0, the spectrum of A is a subset of a closed sector in the
complex plane C,

Yo ={z#0:]argz| < @ }U{0}, with0< ¢ < m/2.

In addition, there is a constant C > 0 such that A satisfies the resolvent
estimate ||(zI — A)7Y| < Clz| ™! for z € C\ X, or, equivalently,

[(zI+A) Y <Clzl™!, forze I, ,, (2.1)

where || - || denotes the operator norm induced by the norm in .

2.2 Sobolev spaces on the unit sphere

Denote the inner product in H = L,(S™) by

(v,w) = J ww dS,

where dS is the surface measure on the unit sphere, and denote the mea-
sure of the whole sphere by wy (so, for example, wy = 47). Recall [0]
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that a spherical harmonic is the restriction to S™ of a homogeneous polyno-
mial Y(x) in R™"! satisfying AY(x) = 0, where A is the Laplacian operator
in R™"!1. The space of spherical harmonics of degree {, denoted by 3, has
dimension N(n,{) := dim H,, given by

204+n—1){+n—2)!
(n—1)!

N(n,0)=1 and N(n,{) = for £ > 1.

In the usual way, we construct an orthonormal basis { Yy : 1 <k < N(n,{)}
for J‘Cg, so that <Yek,Yg/k/> == 6(@/6kk/.

The Laplace—Beltrami operator A* on S™ may be defined in terms of the
Laplacian A on R™*! by

A*v = AV|gn  where v(x) = v(x/|x|). (2.2)
The spherical harmonics are eigenfunctions of A*, satisfying
—A*ng = }\EYEk where }\g = €(€ +n— 1),

for 1 <k < N(n,¢) and £ € {0,1,2,...}. Every function v € L,(S™) can be
expanded in a generalized Fourier series

0o N(n,t)
Vv = E ngng where Ve = <V,ng>,

=0 k=1

and for 0 € R we can characterize the Sobolev space on the unit sphere,
H® = H?(S™), in terms of the generalized Fourier coefficients: v € H? if and
only if the norm defined by

) N (n,?)
Ve = [[(T= A9 =Y (14207 Y el (2.3)
£=0 k=1

is finite. We also define the subspace of functions with mean zero,

HY = HJ(S™) ::{VEHG(S“):J vdS=0};

n

since Yp; = 1/,/wy is constant, we see that v € H® belongs to Hf if and
only if vg; = 0.



2.3 Positive definite kernels on the unit sphere

A continuous function @ : S* xS™ — R is called a positive definite kernel [10,
17] on S™ if it satisfies the following two conditions:

(i) ®(x,y) =D(y,x) forall x, y € S™;

(ii) for any set of distinct scattered points {yi,ys,...,yx} C S™, the sym-
metric K x K matrix [®(y;,y;)] is positive semi-definite.

We call @ strictly positive definite if the matrix is strictly positive definite.
We will work with a kernel ®@ defined in terms of a univariate function ¢ :

[—1,1] = R by
d(x,y)=d(x-y) forall x,yeS™, (2.4)

where x -y denotes the Euclidean inner product of x and y. Following
Miiller [6], let P¢(t) denote the Legendre polynomial of degree £ for R™!
and expand ¢(t) in a Fourier-Legendre series

O() = —— Y N, D arPe(t). 25
™ =0

Due to the addition formula for spherical harmonics [6, Page 10],

> Vol Vely) = = 2Py,

n

the kernel @ can be represented as

Z Z Cnggk ng y) (26)
=0 k=1

and since Py(1) = 1 we find that

(e¢]

1
|D(x, )|} = (1+A)%aiN(n,¢), forallx € S™ (2.7)
w =0

™oy

Chen et al. |2] proved that the kernel @ is strictly positive definite if and
only if ag > 0 for all £ > 0 and a; > 0 for infinitely many even values of £
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and infinitely many odd values of {; see also Schoenberg [10] and Xu and
Cheney [17]. Here, we assume there is a T > n/2 and positive constants
¢ and C such that

C(l +7\g)7T <a < C(l + }\e)iT, for all £ > 0. (28)

Hence, @ is strictly positive definite and, since N(n,£) = O(£™ 1) as { — oo,
the sum (7)) is finite so, for each fixed x € S™, the function y — ®(x,y)
belongs to HT(S™). Moreover, this function is continuous by the Sobolev
imbedding theorem.

3 The discrete problem

Choose an angle 3 € (7t/2,m1— @) and let T be any curve in the interior
of the sector g which is homotopic to the line Iy appearing in the Laplace
inversion formula ([L5]). Deforming the contour of integration in (LH]), we

may then write
1

~ omi

u(t) J e“'i(z)dz, (3.1)
r
assuming that f(z) is analytic on and to the right of T
By taking f = 0 in (L)), so that g(z) = up in (L3]), we see that the solu-
tion operator for the homogeneous problem has the integral representation

1

J e*'&(z)updz, where &(z) = (zI+ A) . (3.2)
r

For the inhomogeneous case, the inverse Laplace transform of &(2)f(z) is the
convolution of £(t) and f(t), giving the Duhamel formula

u(t) = &(t)ug —|—Jt8(t—s)f(s)ds. (3.3)
0

A standard energy argument shows that ||€(t)ug|| < ||ue|| for all t > 0, so
the continuous problem ([LLI]) is stable in the sense that

t
[u(t)]] < Jfuoll +J If(s)||ds, fort > 0.
0



For our numerical methods we choose I' to be the curve with parametric
representation

z(&) == w + A(1 —sin(6 —1&)), for & € R, (3.4)
where the constants w, A and 8 satisfy
w>0, A>0 and 0<d<PB—m/2. (3.5)

Writing z = x + 1y, we find that I" is the left branch of the hyperbola

xow Ay ) (3.6)
Asin & Acosd ) ’

which cuts the real axis at the point z = w +A(1—sind) and has asymptotes
y = +(x — w —A) cot 8. Thus, the conditions (B.0]) ensure that I lies in the
sector Ly := w + X C X, and crosses into the left half-plane.

We use (3.4)) in (B.I) to represent u(t) as an integral with respect to &,

u(t) Lr e*(E1tw(z(E))2/(£) dE. (3.7)

Coomi) o

Since |8 = eNz(&)t = gwteAt(l=sindcosh&) the integrand exhibits a double
exponential decay as || — oo, for any fixed t > 0.

3.1 Time discretization

We choose a quadrature step k, put
& =jk, zj:=1z(&), Zj/ = z'(&),

and apply an equal weight rule to the integral (87)) to obtain an approximate
solution

Un(t) =5— ) ed'i(z)z]. (3.8)
N
In view of (B.0]), to compute Uy (t) we must solve the 2N + 1 equations

(z;I+ A)u(z;) = g(z;), for [j| < N. (3.9)

These equations are independent and hence may be solved in parallel. Notice
that the 1i(z;) determine the approximate solution (3.8) for all t > 0 and that
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the numerical solution (B.8]) depends on the choice of the curve I, even though
the representation (B.1]) does not. However, we will see that a given I' and
k yield an accurate approximation Uy (t) ~ u(t) only for t at a particular
time scale.

The parametric representation (3.4) of ' extends to a conformal mapping

z=Y(C) = w+ A(1 —sin(5 — ig)), (3.10)

which, for r > 0, transforms the strip Y, :={C : |3| < r} onto the set S, :=
{W(Q): Ce Y.} DT. In fact, ¥ maps the line J{ = n to the left branch of a
hyperbola given by (B.6) with & replaced by & +mn. Thus, S, is bounded by
the left branches of the hyperbolas corresponding to J( = r and J( = —r.
To ensure that S, C Xy and that Rz — —oo if [z| — oo with z € S, we
require 0 < d —r < &+ 1 < p — /2, or equivalently that

0<r<min(d,p —7m/2—0). (3.11)
We introduce the notation

lgllx.z == su;z) llg(z)||x, for XC H and Z C C,
ze

abbreviated by ||g||z if X = H, and put lg(s) = max(l, log(l/s)).

Theorem 3.1. Let u be the solution of (L), with f bounded and analytic
in Xy, and fix a time scale T > 0. Let 0 < 6 < 1 and define b > 0
by coshb = 4/(0sind), let v satisfy (B.II)) so that T C S, C Ly, and put
A = mwrON/(bT). Then the approximate solution Un(t) defined by [BI)
with k = b/N < 27trlog 2 satisfies

[Un(t) = w(V)] < Ce lg(p,N)e ™ (Juoll + [fllzs),  for T/2 < t< 2T,
where p = 2nr(1 —0)/b, pr = mrOsin(d —1)/(2b) and C = Cs+ 5.
Proof. See McLean and Thomée [5, Theorem 3.1]. O

3.2 (Galerkin approximation by SRBFs

Given a suitable set of points X = {x1, X2, ..., Xk} € S™ and a strictly positive
definite kernel @ (x,y), we define the spherical radial basis functions @, (x) :=



O(xp,x) for 1 < p < K. Recall that our assumption (2.8) ensures @, € H*
with T > n/2 > 1; thus

Shi=span{ D, : 1 <p < K}C HL.

The uniformity of the set X is measured by its mesh norm hx and its sepa-
ration radius qx, defined by

1
h =hy = sup mincos *(y-x) and q=qx:=~ min cos '(y-x).
yegn xeX 2 ngx

In words, hyx is the maximum geodesic distance from a point on S™ to the
nearest point of X. For our convergence analysis, we require that the family
of point sets {X} has a bounded mesh ratio:

Associated with the second-order, partial differential differential opera-
tor A is a bounded sesquilinear form a : H! x H! — C defined by

a(u,v) = (Au,v) foru, ve H.

For example, if A = —A* then a(u,v) = (gradu, gradv) where grad is the
surface gradient. The mild solution w: [0, 00) — Ly(S™) of (II)) satisfies

(0qu,v) + a(u,v) = (f(t),v) fort>0andallve H',

with u(0) = ug, and we define a semidiscrete solution u, : [0,00) — Sy

of (L) by
(O¢un, x) + alun, x) = (f(t),x) forall x € Sy, (3.13)
with up(0) = ugn ~ uy for a suitable ugy € Sy,.
The Laplace transform of u at z; is the weak solution 1i(z;) € H' of (3.9)),
that is,
z;((z;),v) + a(t(z;),v) = (g(z;),v) for allve H',
and the Laplace transform of the semidiscrete solution, 1th(z;) € Sn, satisfies

zi(Tn(z5),X) + a(Un(z;),x) = (gn(z;),x) for all x € Sy, (3.14)
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where gn(z) = uon + P..f(z) € Sy and P}, denotes the orthogonal projector
from Lo(S™) onto Sy,. Thus, we can view 1in(z;) as a Galerkin approximation
to 1i(z;). Concretely, to compute iy (z) = ZE:l ﬂp (z)®, we form the K x K
matrices B and S, with entries

qu = <(DP7 (DC(> and SPCI - a(q)p7 (Dq)v (315>

form the load vector G(z) € C* with components G, (z) = (gn(z), @;), and
then solve the K x K complex linear system

(z;B + S)U(z;) = G(z), (3.16)

to obtain the solution vector U(z) € CX with components ﬂp (z). In contrast
to finite element mass and stiffness matrices, B and S are not sparse because
the SRBFs have large supports.

3.3 Fully-discrete solution

Combining the time and space discretizations, we arrive at a fully-discrete
solution

Un n(t 2711 Z e”"n(z)z (3.17)

whose evaluation requires that we solve the linear system (B.16]) at each of
the 2N +1 quadrature points z;. (In practice, we also use quadratures for the
integrations over S™ that are needed to compute Byq, Spq and Gp(z), but
for our analysis we assume that these quantities are computed exactly.) The

elliptic differential operator A induces a discrete operator Ay : Sy, — Sy,
defined by

<Ahll)7x> = a(ll)v)()v for 1|)7 X € S]’U (318>
and the Galerkin equations (B:14]) are equivalent to

(14 An)un(z;) = gn(z). (3.19)

If we choose ugn = Pnug then gn(z;) = Png(z;) and by taking H = Sp
equipped with the Ly-norm, we can apply Theorem [B.1] to Ay, and deduce
that

IUn n () —un(t)]] < Ce“lg(p,N)e ™™™ (Juoll+fllsy), for T/2 <t <2T.
(3.20)
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Since the triangle inequality gives
[Un o (8) = w(t)]| < [[Unn(t) —un(t) [ + [[un(t) —ult)]], (3.21)

to estimate the error in Uy 1 it now suffices to estimate the error in the
semidiscrete approximation up(t).

4 FError analysis of the spatial discretization

We assume now that A = —A*. Since Ag =0 but Ay > A =nforall > 1,
we see that 14+Ap < (14+n"1)Ag for all £ > 1. Hence, the sesquilinear form a
is coercive on H}, that is,

VI,
av,v) >
( 9 )/ 1+n_1

if ve H! and omzj vdS = 0. (4.1)
Our analysis follows Thomée |13, Chapter 3|, with A* in place of the Lapla-
cian (with homogeneous Dirichlet boundary conditions). Some technical
modifications are needed, however, because A* has a zero eigenvalue.

4.1 Approximation by SRBFs

We will use the following estimate for the best approximation by SRBFs.

Theorem 4.1. Assume that the Fourier—Legendre coefficients in the expan-
sion (20 satisfy (28) with T > n/2, so that S, € H*(S™). For any real
q and v satisfying < v < 2t and q < T, if v € HY then there exists X € Sy
such that

I = vllra < Chy vl

Proof. See Tran et al. [15, Theorem 3.2] or [14, Theorem 3.7 and Remark 5.1],
and note our assumption (B.I2). O

In the special case g = 0, the estimate must hold for x = Pnv, giving the
following result.

Corollary 4.2. The Ly-projection of v onto Sy, has the approximation prop-
erty
lv—Pnv|| < Chy|v||iv for 0 < v <2t
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For our error analysis, we also use the Ritz projector Ry, : HY(S™) — Sy,
determined by the sesquilinear form

a;(u,v) = a(u,v) + (u,v) foru, veH.

We see from (4.1)) that a; is coercive on H'; in fact, a;(v,v) = ||v||?,;. Thus,
Ryv € Sy, is well-defined by

a1 (Rpv,x) = ai(v,x) for all x € Sy, (4.2)
and the following error estimates hold using standard arguments.
Theorem 4.3. Ifve HY and 1 < v < 27, then

v =Rl = inf v =Xl < CRY Vs
and
[V — Ry < Chy[[vl[n.
Proof. The definition (£.2]) immediately implies the orthogonality property
a;(v—Ruv,x) =0 forall x € Sy, (4.3)
s0, because a;(v,v) = |[v||?,,

lv— th||%l1 =a;(v—Rpv,v—Rpv) = a;(v—Rpv,v —X)
< v = Ruv[[rr [[v — x| 1,

and thus [|[v—Rpv||q: < [[v—X]|n: for all x € Sy,. The first claim now follows
by Theorem LTI

A duality argument [8] yields the second claim. Given v there is a
unique u € H! satisfying (I + A)u = v — Rpv, or equivalently (since A
is self-adjoint)

a;(w,u) = (w,v—Rpv) for all w e H',
Taking w = v — Ry,v and applying (4.3)), we have for every x € Sy,

(v—Rpv,v—Rpv) = a;(v—Rpv,u) = a1 (v —Rpv,u—x)
< v —Ruvllr lu =Xl < ChYH[v][nv [lu = X e

By Theorem 4.1l with ¢ = 1 and v = 2 < 27, there is a x € Sy such that
lu—Xl[lnr < Chljufnez, so

v = Ruv[* < ChY (V][ f[ullre,

and the result follows because ||u||z = [[(I+ A)u|| = ||[v—Ruv|. O
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4.2 Contour integral estimate
We see from ([3) and (3.19) that, assuming ugn, = Pruy,
U(z) = (zI+A) 'g(z) and tn(z) = (zI + An) 'Prg(z),
S
Un(z) —U(z) = Gr(z)g(z) where Gp(z):= (zI+Ap) 'Pn — (zI+A)

Deforming the integration contour in the Laplace inversion formula to I' =
0%y, we can represent the error in the semidiscrete solution as follows:

un(t) —ut) = % Jr e“'Gn(z)g(z) dz. (4.4)

The next lemma allows us to estimate this integral.

Lemma 4.4. If 0 < v < 27, then
IGr(z)v|| < Chx|Vl[yv—2, forz e Z§ andv e HY 2.

Proof. Recall that &(z) := (zI + A)L, and let &n(z) = (zl + An)~L. We
split Gy, (z) into two terms,

Gn(z) = (Ph —1E(2) + [En(2)Pn — Pré(2)]. (4.5)

Since A&(z) = (zI + A —zI)(zl + A)"! = I — z(zI + A)~L, the resolvent
estimate (2.1)) shows that

|AE(z)v|| < Clv|| forz € Z§.

Moreover, since (I+A)&(z) = 1+ (1—z)&(z) and since (I+ A)Y2 commutes
with (I + A)E(z), we have ||(I + A)E&(z)v||na < C|1 — zllz|7}||v||a for any
g € R, and thus by Corollary [4.2]

(P —DE(2)v|| < ChY||&(2)V||rv = ChY|[(T+A)E(2)V|[11v—2 < ChY|[V][ v,

noting that [1 —zllz| 7' < Cy p for z € Zf.
To estimate the second term in (4.1]), we write

n(2) (21 + Ap)Pré(2)

>
=
Ll
-
>
|
B
=
>
I
>
=
Ll
-
oy
N
—
_|_
=
Q7]
L
|
o>



For all u, w € H!,

(Pr(I+A)u,w) = ((I4+ A)u, Phw) = a;(u, Phw) = a;(Rpu, Prw)
= (T4 An)Ruu, Phw) = (I + Ap)Rpu, w),

so Ph.(I+A) = (I+ Ay )Ry and thus
En(z)Pr — Pré(z) = En(2)(1+ An)Pr(Rn — DE(2).

Since €n(z)(I+ An) = I+ (1 — 2)€n(z) the resolvent estimate (21) and
Theorem (.3 imply that

[[En(2)Ph — PréE(2)]V| < (1+CIL —zllzl*l)H Rh— DE(z)v|
< ChY[|€(2) ][y = CRY|[(T+ A)E(2)V|[11v—> < ChY|[v]|1yvo,
noting again that [1 —zllz| 7' < Cy,p for z € Zf. O

Theorem 4.5. Let u be the solution of (LIl and let uyn be the semidiscrete
approximation given by BI3). If 0 < v < 21, then

||uh(t) —U(t)H < Ch;/(t_lewt(||'LL0||Hv—2 + ||‘F||HV72,GZE“’)a fO’f’ t>0.
Proof. Let Ty be the half-line z = w + se™P for 0 < s < oo, so that

I'=T, —T_. Since Rz = w — cs where ¢ = —cosf3 > 0, by applying
Lemma [£.4] we have

and the error bound follows at once from the integral representation (£.4). O

< j el |G (2)g(2)]| ds
0

Jr e*'Gy(z)g(z) dz

(o)
< Ce‘”thVHgHHvz,rJ e “*tds,
0

Combining Theorems B.1] and 5] we conclude that provided uy and f
have the appropriate spatial regularity,

[Unon(t) —w(t)] = O(lg(p,N)e ™™ + hYT) for T/2<t < 2T,  (4.6)

where the constant includes a factor (1+T~1)e?®T. Moreover, in the next sec-
tion (Theorem .8 Part 2) we will see that when f = 0 the error bound (4.6))
remains valid even if the initial data is not regular.
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4.3 Nonsmooth initial data
Consider the case f = 0, that is,
oyu—A"u=0 onS"™ fort >0, withu=wuy, whent=0, (4.7)

and the corresponding semidiscrete problem in which uy : [0,00) — Sy
satisfies

Otup — Afup =0 on S™ for t >0, with u=1uo, whent =0, (4.8)
where A} : Sy, — Sy, is defined by
(A3, x) = a(h,x) = (grad b, grady) for all b, X € Sy

compare with (BI8]). In contrast to the forgoing analysis, we now permit the
initial data wuy to be an arbitrary function in Ly(S™).
By separating variables, we obtain an expansion in spherical harmonics,

N (n,¢)

u(t) = E(t)LLQ = Z _M LL0 ) kYEka (49)
(=0 k=1

that implies the smoothing property in the next theorem.

Theorem 4.6. Let 0 < g < vand m € {0,1,2,...}. Ifuy € H® then
E(t)ug € HY and

oM E (V]| < Crt= =92yl [a,  for 0 <t < T.

Proof. Adapting the argument of Thomée [13| Lemma 3.2|, we see from (4.9)
that the generalized Fourier coefficients of 9]*E(t)ug are

(O (), Yor) = (—A¢)™e M (o) gy
so by (23),

[e'e) N(¢m)

T EMuolZe = 3 (L +AAT™e 2 S | (o) |

£=0 k=1

The result follows because, with s = A,t,
YL A YT INT e M (T +5)Y 9s°Me 2 < Cp for0<t < T,

O
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Let T: Ly, — H? be the solution operator for the elliptic problem
u—A*u=f onS",
that is, 7f :=u. Thus,
a,(Tf,v) = (f,v) forallve H!,
and we can define Ty, : Ly — Sy, by
a; (Tnf,x) = (f,x) for all x € Sy.
It follows that Tpf = Rpu = Ry Jf and Ry, = T4 (I — A*). Since
(f, Thw) = a1 (Thf, Thw) for all f, v € Ly,

we see that Ty, is self-adjoint and (taking w = f) strictly positive-definite.
Rewriting the homogeneous equation (47) as 9;u+ (I — A*)u = u, we
see that
Jou+u=TJu fort>0, withu(0)=u,

and similarly the corresponding semidiscrete problem (48]) is equivalent to
Thoun +up = Thuy, for t >0, with up(0) = ugn.
Thus, the error e = u;, — u satisfies
Thoie+e=The+p where p=(Rp—1Iu (4.10)

Lemma 4.7. With the notation above, if ugn, = Prug then

Jetv) < Cr(Io(l + ¢ [ (100l + Ip(s)I?) as) foro< <.

Proof. We modify the argument of Thomée [13] Lemma 3.3|. Taking the
inner product of (AI0) with 0.e gives

<Thate, ate> + <e, ate> = <(.The + o, ate>,
and since (T, 0¢e, 0te) > 0 and (e, 0¢e) = (1/2)0¢||e||?, it follows that

O¢lle||* < 2(Tne + p, 0¢e),
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implying that

Oc(tllell®) = llell” + tocllel* < llell* +2t(Tne + p, dre).

Since

2t(The, 0re) = t0¢(The, e) < 0¢(t(The, €))
and

t(p, 0re) = 0¢(t(p, €)) — t(dep,€) — (p,e),
we have

at (t||eH2) < HeH2 + at(t<7he + 2p7 e>) - 2t<atp7 e> - 2<p7 e>7

so integration gives

t

tlel” < L le(s)[|* ds + t(Tne + 2p, ) + 2L |(sdsp + p(s), e(s))] ds,

and using 2(p,e) < 4||p[]* + (1/2)]le]?,

t

tlell” < 2t(Tre, e>+8tup||2+2j (5”100l + [lo(s)[*+2]els)]?) ds. (4.11)
0

To deal with the terms in e on the right-hand side, take the inner product
of (4.10) with e, obtaining

(1/2)0¢(The, ) + |le]|* = (The + p,e),

or equivalently, 0 (The, e) —2(Tne, e) +2|e]|* = 2(p, e). After multiplying by

the integrating factor e 2,

Oc (e (The, e)) +2e ||| = 2e > (p,e), (4.12)
and the choice ug, = Prhug means that Tpe(0) = 0 because
(The(0),w) = (Th(Pn — Dug,w) = ((Pn — Dug, Thw) =0
for every w € Ly. Thus,

t

e *Y(The,e) + 2Jt e *%|le(s)]|* ds = QJ e *(p(s),e(s)) ds
0 0

< j &2 ([lp(s)]? + [le(s)]]?) ds,
0

17



implying that

t

t
(Tne,e) +J £2=9)le(s) |2 ds < J e2=9)||o(s)|2 ds.
0 0

Hence,
t t
2t(Tne, e) + 4J le(s)[* ds < 2maX(t,2)J e?|p(s)[|* ds,
0 0

and inserting this bound in (£I1]) gives

t

2 t
et < o0+ 5 | 0upl? ds + 3max(1 2671 | e p(s)| ds.
0 0

O

Theorem 4.8. Let u be the solution of the homogeneous problem (A7)
with initial data uy, let uy, be the semidiscrete approzimation given by (48]
with Ugh = Phug. For 1 < v < 21:

1. if ug € HY(S™), then

lun(t) —u(t)|| < Crhy|luollny for0<t < T;

2. if ug € Ly(S™) and 2T is an integer, then

[un(t) —u(t)|| < CrtY?hY||lug| for0<t<T.

Proof. We see at once from Lemma [£.7] that

le(t)]] < Ce sup (llp(s)]| + s[laspll),

0<s<t
and if uy € HY then, by Theorems and [4.6]
le(s)]| +sl[0sp(s)]| < ChY ([[u(s)[[nv + sllosuls)nv) < ChY[[uollmv,

which proves Part 1.
Assume now that 1y € Ly. By Theorems [4.3] and .6,

e[ = [[u(t) = Rau(t)]] < Chju(t) 1o < Cht™2]u|,
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and the expansion (£.9)) in spherical harmonics implies that

t t
jnp 2 ds < ChFJ ()| ds
0

N(n,¢) - t
= Ch? Z(l + A¢) Z }(Uo)zk‘zJ e 2Mes ds.
=0 k=1 0

If £ > 1 then A; > Ay = n so the substitution s = o/A, gives

t 1 A Act 00
(1+}\e)J' e s g = 1 (]’J e do< (14+n" I)J e 2°do < 1,
0 Ao Jo 0
and thus
t oo N(n,?)
J Hp(s)szs < Ch? (tl Ug 01|2 —I—Z Z l(ug €k|2) < Cth2||u0H2.
0 =1 k=1
Similarly,

t

t
J s%[|9sp[|* ds < Ch2J s%[|osu(s)||?: ds
0

o

N(n,¢)

= Z 14+ A 7\2J e 2Ms ds Z |@€k|2
=1 k=1

and forall £ > 1

1+ A (M
(1+m)>\2j e s ds = S eJ

o?e 2 do < C,
0 Ag

0
so [352]|0sp||? ds < Ch?|u|®>. Applying Lemma E7, Part 2 follows in the
special case v = 1.

To deal with case v = 27, we introduce the solution operator for the
semidiscrete problem, & (t)uy := un(t), and use the semigroup property:
E(s+1) = E(s)E(t) and E (s +t) = En(s)En(t) for all s and t. The error
operator Fy(t) = &, (t) — E(t) satisfies the identity

Fn(t) — Fn(t/2)? = Enlt
— F(t

2)> — £(/2)° — [En(t/2) — &(t/2)]°

/
/2)E(t/2) + E(t/2)Fn(t/2),
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and by Part 1 and Theorem [4.6]
| Fn(t/2)E(t/2)ug|| < ChY||E(t/2) ||y < ChY(t/2) Y/ ||Jul|.

Since €(t/2) and Fy(t/2) are self-adjoint in Ly, the same estimate holds for
the reversed product €(t/2)JF(t/2), and therefore

1T (t)to]| < Ct™/2hY|[uo|| + Ct/2h|| F (t/2)wo]]. (4.13)

The stability estimates ||€(t)up|| < [Jug|| and ||En(t)up]| < C|lup|| mean that
it suffices to consider the case t~%/?h < 1, when repeated application of the

estimate (£13]) gives
| Fn(t)uol] < Ct /2R |luoll + C(t ) || Fn (t/2) )uo||

for j =0, 1,2, ..., v= 2t and thus ||Fn(t)ug| < Ct "h?7||uy||. For the
remaining case 1 < v < 21, let 6 = v/(271) and observe that
[Fn(t)uoll = [|Fn(t)uel'°[|Fn(t)uol®
0T . 0 /2
< Clluo[I" P [(£ 2 n)* Jue|]]” = Ct/2YJug .

5 Numerical experiments

We present the results of some numerical experiments with two model prob-
lems. In both cases, the integration contour (8.4]) and quadrature step k are
chosen as in Theorem [3.1] with

T=1, w=1, 0=1/2, s=mn/4, 1=m/4

Figure [l shows the case N = 20. Our conference paper [3] presents some
earlier numerical examples.

5.1 A scalar problem

Consider the ODE u' +u = f(t) for t > 0, with w(0) = 1. We choose the

source term f so that the exact solution is
4t3/2
3V’

u(t) =1+
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Figure 1: The integration contour I and quadrature points z; when N = 20.

which has the Laplace transform 1i(z) = z7' +z7°/2. In this case, no spatial
discretization is required, and the numerical solution Uy is given by (B.8)).
Table [1l shows the error at t = 2 for different values of N. The rapid conver-
gence is consistent with the error bound of Theorem [B.Il but as N increases
the quadrature eventually becomes unstable.

N 10 20 30 35 40
Un(2) —u(2)| | 1.71E-04 6.44E-08 3.75E-11 7.52E-13 1.16E-12

Table 1: Errors for a scalar problem.

5.2 Heat equation on the unit sphere

Fix 0 < a < 1 and define ug : S> — C for x = (x1,%2,%3) € S? by

(x) 1, ifa<<xs3<1,
v e
0 0, if—1<x3<a.
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m Pm(T) Smoothness | T
2 (1—7)%(3+ 18r + 3512) c? 7/2
3| (1—7)8(1+ 8r+25r% 4 32r3) C* 9/2

Table 2: The compactly supported SRBFs of Wendland [16].

This axially symmetric function has the Fourier—Legendre expansion

_ — 2041 (!
ug(x) = > (uo)Pelxs), where (ug), = — 5 J
£=0

[o¢]

Pe(t)dt.

a

—

The zeroth coefficient is (uy), = (1 —a)/2, and the remaining coefficients are
expressible in terms of Jacobi polynomials [I, page 172|, [7, Formula 18.9.15],

(20+1)
AL

(u/\) _1—(12 20+ 1
VT e+ 1)

—

consequently (ug), = O(£"1/2) as { — oo [12, Theorem 7.32.2].

The PDE uy — A*u = 0 with initial data (5] describes heat diffu-
sion from a spherical cap about the north pole onto the surface of the unit
sphere S?. By separating variables, we find that the exact solution is

Pi(a) =(1—a? P (@) for€>1;

ulx,t) = Y e I ug) Polxg),  for x = (x1, %2, x3) € S2
£=0

For the spatial discretization, we use the compactly supported radial basis
functions introduced by Wendland [16], for which the strictly positive-definite
kernel has the form

D(x,y) = pm(\/2—2x-y).

In Table Pl we show ps and ps3 explicitly, along with the values of the expo-
nent T in (2.8). We generate the set of points X using an equal area parti-
tioning algorithm of Saff and Kuijlaars [9]. To compute the inner products
arising in the matrix entries (8.15) and the load vector components G, (z),
we use a quadrature approximation of the form

R R/2

27 . . .
JS2 vdS ~ X Z Z wpv(sm Op cos ¢pg,sin 0, sin ¢, cos Bp), (5.2)

q=1p=1
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K 200 400 600 801 1001
hx 0.1796 0.1281 0.1039 0.0888 0.0794
R 200 200 200 500 500
N =10 €max 5.67E-05 | 5.06E-06 | 1.67E-06 | 9.89E-07 | 8.24E-07
(2 4.63E-05 | 3.60E-06 | 1.10E-06 | 8.23E-07 | 7.81E-07
EOC(ey) 7.56E+00 | 5.66E+00 | 1.84E+00 | 4.66E-01
N =20 €max 5.61E-05 | 4.47E-06 | 1.03E-06 | 3.26E-07 | 1.48E-07
€9 4.61E-05 | 3.53E-06 | 8.07E-07 | 2.64E-07 | 1.20E-07
EOC(e9) 7.60E+00 | 7.05E+00 | 7.11E+00 | 7.06E+00
N =30 €max 59.61E-05 | 4.47E-06 | 1.03E-06 | 3.26E-07 | 1.48E-07
€ 4.61E-05 | 3.53E-06 | 8.07E-07 | 2.64E-07 | 1.20E-07
EOC(e9) 7.60E+00 | 7.05E+00 | 7.11E+00 | 7.06E+00
N =35 €max 5.61E-05 | 4.47E-06 | 1.03E-06 | 3.26E-07 | 1.48E-07
€ 4.61E-05 | 3.53E-06 | 8.07E-07 | 2.64E-07 | 1.20E-07
EOC(ey) 7.60E+00 | 7.05E+00 | 7.11E+400 | 7.06E+00

Table 3: Numerical results with SRBFs constructed using ps.

for an even number R > 2, where fll f(z) dz ~ ngl wyf(cos 0p) is a Gauss—

Legendre rule and ¢4 = 27q/R. The error in the approximation (5.2)) is zero
if the integrand v is a polynomial of total degree R — 1 or less.

In the numerical experiments, we let a = 0.9 in the definition (5.1I) of uy.
Tables Bl and @ show values of the quantities

€max = maX‘UN,h(Xa ]-) —'LL(X, 1)‘
x€Q

and

1/2
e = (Z Wi [Unn (6, 1) = ulx, 1)\2) :
x€Q

for different choices of K and R. Here, Q is the set of quadrature points.

Since uy € Ly(S?), we expect from Theorem .8 and the triangle inequal-
ity (32I) that if N is sufficiently large then e, = O(h?*) — that is, O(h")
using P2, and O(h?) using ps. The observed convergence rates are close to
these predicted values. We remark that when K = 1001, the condition num-
ber of the linear system (3.19) is around 107 using ps, and around 10° using
P3, SO we cannot expect to reduce the error much below the smallest values
shown in the tables.
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K 200 400 600 801 1001
hix 0.1796 | 0.1281 | 0.1039 | 0.0888 | 0.0794

R 200 200 200 500 500

N=10| emax | 6.86E-05| 3.84E-06 | 1.17E-06 | 8.35E-07 | 7.79E-07
e; | 3.93E-05| 1.63E-06 | 7.85E-07 | 7.74E-07 | 7.71E-07

EOC(e,) 9.41E+00 | 3.50E+00 | 9.13E-02 | 3.37E-02

N=20| emax |O6.785-05] 3.11E-06 | 4.54E-07 | 8.98E-08 | 3.24E-08
e; | 3.91E-05 | 1.45E-06 | 2.12E-07 | 4.83E-08 | 1.73E-08
EOC(es) 9.75E+00 | 9.17E-+00 | 9.41E+00 | 9.18E-+00
N=230| emax |6.785-05| 3.115-06 | 4.54E-07 | 8.98E-08 | 3.24E-08
e; | 3.91E-05 | 1.45E-06 | 2.12E-07 | 4.83E-08 | 1.73E-08
EOC(es) 9.75E+00 | 9.17E-+00 | 9.41E+00 | 9.18E-+00
N=35| emx |6.785-05| 3.115-06 | 4.54E-07 | 8.98E-08 | 3.24E-08
e; | 3.91E-05 | 1.45E-06 | 2.12E-07 | 4.83E-08 | 1.73E-08
EOC(e,) 9.75E+00 | 9.17E+00 | 9.41E+00 | 9.18E+00

Table 4: Numerical results with SRBFs constructed using ps.
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