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1 Introduction

In this paper we investigate multiscale symmetric collocation approximation
with Wendland compactly supported radial basis functions (RBFs) to solve
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the Stokes problem

—vAu+Vp=f in £, (1)
V-ou=0 in 2 2)
u=g on 012, (3)

where the region 2 C R?, the viscosity v, f : 2 — R? and g : 2 — R? are
given and we seek an approximate solution to the velocity u : 2 — R? and
the pressure p: 2 — R.

Radial basis functions (RBFs) have been increasingly important in the area
of approximation theory. For solving partial differential equations (PDEs),
RBFs with meshless collocation for PDEs have been investigated in [9[5] and
for the Stokes problem in [23]. Matrix-valued, positive definite kernels have
been studied in [161[7L8I3l14L23]. Two excellent recent books covering practi-
cal and theoretical issues related to RBF's are [5] and [22]. We recall that a func-
tion ¥ : R? — R is said to be radial if there exists a function 1 : [0,00) — R
such that ¥(x) = v(||x||2) for all x € R%, where || - ||2 denoting the usual Eu-
clidean norm in R?. Then with a scaling factor § > 0, we can define a scaled
RBF as

Ws(x) = 6% <@) .

A practical issue that arises is that of which scale to use for the radial basis
functions. A small scale will lead to a sparse and consequently well-conditioned
linear system, but at the price of the approximation power. Conversely, a
large scale will have better approximation power but at the price of a poorly-
conditioned linear system.

Many examples may naturally exhibit multiple scales, for example, mod-
elling fluid dynamics, where many different scales may be required. Of course,
this comes at the price of having to select which scales to use in which regions
but this is not the topic of this paper.

The multiscale algorithm investigated in this paper is constructed over
multiple levels, in which the residual of the current stage is the target function
for the next stage, and in each stage, RBFs with smaller support and with
more closely spaced centres will be used as basis functions.

Such a multiscale algorithm for interpolation was first proposed in [6]
and [T9] but without any theoretical grounding. Theoretical convergence was
proven in the case of the data points being located on a sphere [T1] and then
extended to interpolation and approximation on bounded domains [24].

In [I2] we can find an analysis of multiscale algorithms for RBF collocation
of elliptic PDEs on the sphere.

The extension to considering the Stokes problem on a bounded domain
changes the analysis significantly as matrix-valued kernels need to be con-
sidered with divergence-free approximation spaces. The scaled kernel, conver-
gence and stability analysis are significant new contributions.
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Our approach differs significantly from the literature, where for example
in [I5] the authors consider the incompressible Navier-Stokes equations in its
weak formulation, and then decompose the velocity into coarse and fine scales.

In the next section we provide necessary background material regarding
point sets and function spaces. Section [ describes our (single scale) symmetric
collocation approximation and then Section Ml extends this to a multiscale
algorithm and provides proofs of convergence. Section Bl provides an analysis of
the stability of the approximations. Section [0l provides numerical experiments
to test the theoretical results.

2 Preliminaries

In this paper, we will use (scaled) compactly supported radial basis functions
to construct multiscale approximate solutions to the Stokes problem, that is,
we form the solution over multiple levels. We will work with a given domain
2 C R A kernel & : 2 x 2 — Ris also given.

At each level, we will have a finite point set X C (2. We will define the
mesh norm as

hx.q = sup min l[x —x]l2,

and the separation distance as

gx = g minlx; — x|z,
which are measures of the uniformity of the points in X. Then for example, at
each level 7, we denote the mesh norm by h;. The selection of point sets with
mesh norms decreasing in a specific way will form one of the requirements for
convergence of our algorithms and the separation distance will be used for the
stability analysis.

We define the Sobolev spaces in the usual way. For a given domain, 2 C R¢,
k € Np, and 1 < p < oo, the Sobolev spaces sz(ﬂ) consist of all v with weak
derivatives D*u € L,({2), |a| < k. The semi-norms and norms are defined as

S =
s

|U|W§(Q) = Z ||Dau||TLJp(Q) and ||U||W§(Q) = Z HDauHip(m
la|=k || <k

For p = 0o, these definitions become

|u|W§O(Q):|SI‘1p | D%l (2 and ||u||W§O(Q):‘s?fkl\DauHLxm).
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Let 1 < p < o0, k€ Ng, and 0 < s < 1. Then we can define the fractional
Sobolev spaces WF*#(£2) as all u for which the two norms

1/p

|D*u(x) — D*u(y)|P
[ p—— = g / / . dx dy
Wp™2(£2) 0o x — g‘i‘l)s

=k yll

1/p
lullys+s () = (|\“H€V,§<n> + |“|Zv)v§+5(9))

are finite. For the case p = 2, we write W5 (£2) = H*(2) and Ly(02) = W(£2).

The functions that we will be concerned with are defined on a bounded
domain 2 with a Lipschitz boundary. As a result, there is an extension operator
for functions defined in Sobolev spaces which is presented in the following
lemma. For further details, we refer the reader to [20] and [4].

Lemma 2.1 Suppose 2 C R? has a Lipschitz boundary. Then there is an
extension mapping Es : H™(2) — H™(R?) defined for all non-negative real T
satisfying Esv|o = v for allv € HT(2) and

| Esvl ey < Cllv]| e (0)-

C will denote a generic constant. Since we also have ||[v]| - (o) < [[Esv]| g- ray,
this means that when we need to consider the H7({2) norms of the errors at
each level, we can carry out our error analysis in the H™(R%)-norm. This is
advantageous, since we then have for g € H™(R?)

lolEe ey = [ G (14 w]B)" d, ()
Rd

upon defining the Fourier transform as

g(w) = (27r)_d/2/g(:c)efixT“’dx.
Rd

At each level, we will also require a kernel ¥ : 2 x 2 — R. We will use
the Wendland compactly supported radial basis functions [22] with a (level-
specific) scaling parameter § > 0. We recall that for a given spatial dimension
d and smoothness parameter k € N, the Wendland functions are defined as

1 1
——— [ s(1—9)s®—r)Ftdsfor 0<r <1,
You(r) = { T(k)2F1 /

0 for r>1,

(5)

with ¢ := |4] + k 4 1. This choice of ¢ ensures the Wendland functions are
positive definite. It is the reproducing kernel of a Hilbert space which is norm
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equivalent to the Sobolev space H Stk (R9). For the Wendland basis func-
tions, there exist two constants 0 < ¢; < co, which depend on d and k, such
that their Fourier transforms satisfy [22]

1 272 g w) < e (1 2)"5 ks R (6
er (14 [|wll2) S W i(w) < oo (1 [|w]3) . weRL (6)

With a given kernel ¥ and scaling factor § > 0, we define the scaled kernel
as

wo(x) =0~ (152, (7)

Appropriate selection of the scaling parameters will also prove to be one
of the important ingredients for convergence of our multiscale algorithm.
We will need norm equivalence as stated in the following lemma from [3].

Lemma 2.2 For every 6 € (0,6,] and for all g € H™(RY), there eist con-
stants 0 < ¢z < ¢q4 such that

csllglles < lglla@a) < cad™ " llgllas-

As we will be working with vectors, in particular for u, we will need to
define vector-valued Sobolev spaces in the usual way as

H™(02) = H7(2) x ... x HT(£2),

with norm
1/2

d
£l = | D I£illFm : (8)
j=1

Now we define divergence-free approximation spaces in 2 and in R%. With the
divergence of u : 2 — R? defined as

d
V ‘= Zajuj ,
7j=1

we define
H™ (2;div) :={ueH(2):V-u=0},
and
_ Flw)l2 .
H™ (R div) := { f € H"(R?; div) ;/ w (1+ [lw]3) dw <00,
re |wll3
with norm

_ f(w)||2 T+1
f|% =27 d/2/ ”72 1+ ||wl|3 dw
H HH (R4;div) ( ) R ”wng ( H H2)
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We note that H” (R; div) is a subspace of H™ (R%; div). We will also need that
for £2 C R? being a simply connected domain with C71'* boundary for d = 2,3
and with 7 > 0, there exists a continuous operator

Eaiy : H"(2;div) — ﬁT(Rd;div),

such that Edivu|9 = u for all u € H"(£2;div) [23, Proposition 3.8]. For d = 3,
this operator is defined as

Eaqivu:=V x EgTu, (9)

where Eg is the extension operator defined in Lemma 2.l and v = Tu is the
unique solution of the boundary value problem

u=Vxv, V-v=0in 2, v-n=0 on 9f2.
For d = 2, formula (@) is replaced by
Edivu = curl EgTu, (10)

where Tu = ¢ with u = curl ¢ = (9y9, —0,7).

Using the idea from [8] Lemma 4] and interpolation of operators (see
[1, Proposition (14.1.5)]) we can show that the operator T' : H™(£2;div) —
H™ (), with 7 =k + 0 for k € Ny and 0 € [0, 1], is bounded.

To measure the pressure, which is determined only up to a constant, we
will use the norm

Pl 272y /m = igﬂg||P+ |l ()

We follow [9] to define Sobolev norms and the mesh norm on the boundary.
We assume that 92 C Uszle, where V; C R? are open sets. The sets V; are
images of C'*»*—diffeomorphisms

(ijB—>‘/j,

where B = B(0, 1) denotes the unit ball in R4~1. If {w,} is a partition of unity
with respect to {V;}, then the Sobolev norms on 92 can be defined as

K

lullfye o0y = Z l(ww;) © @ 1Tye -
j=1

The mesh norm on the boundary can be defined as

hxon = max hr, g,
1<G<K

with T} := gp;l(X NV;) C B. Finally, we will need the following “sampling”
inequalities, which are valid for both scalars and vectors [17[18l[23].
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Theorem 2.3 Let 2 C R? be a bounded domain with Lipschitz boundary. Let
T >d/2. Let X C (2 be a discrete set having mesh norm h sufficiently small.
For each w € H™(£2) with w|X = 0 we have for 0 < o < 7 that

|0l ge () < CR™ 7 (|wl| g7 (@) (11)

Theorem 2.4 Let T =k+s > d/2. Let 2 C R? be a bounded domain having
C** smooth boundary. Let X C 082 be a discrete set with h sufficiently small.
Then there is a positive constant C such that for all w € HT(£2) with w|X =0
we have for 0 <o <7 —1/2 that

|| =00y < CRT277 |w| e (). (12)

We also define a matrix-valued function ® : RY — R"*" as being positive
definite if it is even, so ®(—x) = ®(x), symmetric, so ®(x) = ®(x)7, and

satisfies
n

Z a]T<I>(xj — xp)a > 0,

k=1

for all pairwise distinct x; € R? and all a; € R™ such that not all a; are
vanishing.

3 Symmetric collocation approximation
We will first consider a single-scale approximant to the combined velocity and

pressure vector v := (u,p) : R? — R following [I6[7,23]. Then (@)-(B)
become

d
(LVL = —Z/Z ajj’UZ‘ + &'vd_ﬂ = fl in Q, (13)
j=1
d
> 0w =0 in 0 (14)
j=1
v, =g¢; on 02 (15)

where 1 <1 < d. We seek a meshfree, kernel-based collocation method with an
analytically divergence-free approximation space. We use the notation ;41
and ©,_1 to denote the functions to be used in our matrix-valued kernel. We
will mainly be interested in the case where both 1,11 and ¥,_; are Wendland
functions which, for a given spatial dimension d, have native space norms
equivalent to the Sobolev spaces H™+1(R9) and H™~!(R?) respectively. Their
Fourier transforms satisfy

(14 [[w]3) 777 < g (lwlle) < carpr(1+ [w]3) 777, (16)
and

crr—1(L+ [w]3) 7 < vra(lwll2) < ez (1 [lw]f3) 77, (17)
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and we define C; := min(cy 741,¢1,--1) and Cy = max(ca,r+1,¢2,r—1). Then
we define the matrix-valued kernel

0 1/}771

where ¥, 1 := (=AIL + VVT )41 with I denoting the identity matrix. We
note that ¥, 14 is also positive definite [16] and hence due to the tensor product
construction of @, it is positive definite as well. This choice for ¥, is known
to lead to divergence-free interpolants [16]. We also note that

& (!IITH 0 ) . RY o5 REHDX(d+1), (18)

V() = (o3 - wo™) (). (19)

We will consider the case where the collocation points are the same as the
RBF centres. We denote the interior centres by X; := {x1,...,xy} and the
boundary centres by Xo := {Xn41,...,Xa} and their union by X = X; U Xo,
with mesh norms h; and hg respectively. Since ([[d]) is automatically satisfied,
this means that our approximant and collocation conditions will consist of dIV
terms from ([3) and d(M — N) terms from (I&]). Then with LY denoting the
operator L acting as a function of the second argument, applied to rows of @,
our approximant takes the form

d N d M
Sxv(x) =Y > i (WP (x—x;)),+ > > ai;®(x-x;),, (20)
i=1 j=1 i=1 j=N+1

where the notation @; means column 4 of the matrix ¢ and Sxv = (Sxu, Sxp).
The coefficients «; j, 1 <i <d, 1 < j < M are determined by the collocation
conditions

(LSXV(X]‘))Z. :fi(xj); 1 Slgd, jzl,...,N, (21)
(Sxv(xj)), = gi(xj), 1<i<d, j=N+1,...,M. (22)

From [7[23], we know that if ¥, 41,1,_1 are positive definite and if ¥, €
WEZ(R?) N C%(R?), then the native space of the kernel @ given by ([J) is

Na(R?) =Ny, (R) x Ny, _, (RY),

with norm

||f||ifq>(uq<d) = ||fu||if\pT+1(Rd) + HfP”ifwT,l(Rd)
T 2 N 2
E)lE | B@P] o

= (2 —d/2 ASadal EY A
2 /Rd [wl3Yri1(w)  Yroa1(w)

where f = (fu, f,)T with £, : R — R? and f, : R? — R. We recall that the
generalised interpolant satisfies [22] Chapter 16]

[Ev — SxEV||z re) < [EV|Ag a)-
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With (I6]) and (7)), we define the extension operator for the velocity-pressure
vector v as

Ev :— (Edivu, Esp) , (24)

where Ejs is the classical Stein extension operator as defined in Lemma 2.1
Then the native space of our approximant given by (20) is

E:H(2;div) x H'(2) = Na(R?) = H™(R%; div) x H™~1(R%).

Once again we can define interpolants with scaled kernels. In this case, we
define the matrix-valued kernel

_(¥r115 O . md (d+1)x (d+1)
42;.( . wr—m)'R —R , (25)

where W, 1 5 := (—AI+VV7T )1, 11 5 and the scaled basis functions are defined
as in (). Then the native space of the kernel ®; is given by

Nq’a (Rd) = N‘I’r+1,5(Rd) X prl,a (Rd)a

with norm

||f||ifq>5(Rd) = ||fu||/2\/\I,T+1Y5(Rd) + ||fp||,%\/¢771’6(]Rd)

_ (om)-ir2 /L (Y Y P

W2 15(w)  Prors(w)

We will need norm equivalence as stated in the following lemma.

Lemma 3.1 For every § € (0,8,] where 1.1 and 1,_1 generate H™H1(R?)
and H™~Y(R?) respectively, we have Ng,;(RY) = Ng(R?) and for every £ €
Na(R?) there exist positive constants c3 and c4 such that

eIl @) < NEllnm@aey < cad™ " HIE] nvg, ma)-

Proof With f = (fu, f,)7, by using arguments similar to [3, Lemma 2.2] we
have

llfpllng, @ < fplln,, @y < 0657771||fp||N¢T7175(]R'i)a
where ¢5 1= ¢; ;—1min(1,677"!) and ¢ := 2 1. Similarly, we can show
C7||fu|‘N\pT+lya(Rd) < ||quN\pT+1(Rd) < 085_7_1HquN\PHM(Rd),

where ¢7 = ¢1,41min(1,5;771) and cg := co,41. With 26) and setting
¢ := min(cs, ¢7) and ¢4 := max(cg, cg), we get the final result.

We require one further result from [21].
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Theorem 3.2 Let m € Ny and let 2 C R be a C™L1 smooth domain
with outer normal vector n. For each £ € H™(02) and g € H™3/2(002) with

fan -ndS = 0, the nonhomogeneous Stokes problem ([I)-@B) has a unique
solution u € H™2(02) and p € H™ () and

Jallgme2 o) + pllami0)yr < C (Ifllam @) + lglamrszoa) (27)

Theorem 3.3 Let 7 > 2+ d/2 with d = 2,3. Assume that 2 C R? is a
bounded, simply connected region with a C!™V' boundary. Let f € H™2(02)
and g € H™1/2(00) satisfy fan g-ndS = 0. Suppose the kernel ® is chosen

such that Ng(RY) = H™(R%; div) x H™Y(R%). Then the approzimation Sxv
given by 20) to the Stokes problem ([I)-@B]) satisfies the error bound

IV = SxVLy(e) < ChT?||Bv — SxBV| x5 (ro), (28)
where h := max(hy, ho) and the extension operator E is given by (24).

Proof With the definition of the Sobolev space norms in (§) and assuming that
we choose the representer for the pressure p such that ||p|| g1 (0)/r = [Pl a1 (02)
gives

[v—=SxvlL, (0 < llu—Sxulr,o) + P — Sxplr.(0)
< lu - Sxulla2(o) + lp — Sxpllar (o)
= [[u - Sxullaz(2) + [Ip — Sxplla1(2)/r
< C|Lv = LSx V|1, (0) + [[u = Sxullgs/290),  (29)

where the last line follows from (27) applied to v — Sxv with m = 0. We
now extend the function v to Ev € H™(R%) x H"}(R%) and note that the
generalised interpolant Sxv coincides with SxEv. We now consider the two
terms in the right hand side of ([29) separately. From ([]) and with [23] p.3173],

we have
||LV — LSXVHL2(Q) < ChI_2HEV — SXEVH,/\/QI,(Rd)-

From ([I2)), we have
lu = Sxullps290) < Chi?u = Sxullu- (o). (30)
Now we can write

[u—Sxulur (o < [[u—Sxular ) + llp— Sxplla-—1(2)
< ||Egivu — SXEdiVuHﬁr(]Rd;diV) + [|[Esp — Sx Espll g1 (ra)
< ClEv — SxEv|| np re),

and the stated result follows.
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4 Multiscale symmetric collocation approximation

We can now formally state our multiscale algorithm for the symmetric collo-
cation solution of ([{I)-(@) which is stated as Algorithm[Il To simplify notation,
we write S;v = Sx,v and ®; = ®;, and denote the mesh norms for the in-
terior and boundary collocation points at level ¢ as hy; and ho; respectively.

Algorithm 1: Multiscale symmetric collocation approximation to the
Stokes problem

Data: n: number of levels
X :={X1,4, X2} ,: the interior and boundary collocation
points for each level 4, with mesh norms at each level given by
{h1,i,h2i}j_, satisfying cph; < hitq < phy, where
hi = max(hi,;, ho,;) with fixed p € (0,1),c € (0,1] and
h1 sufficiently small
{0:}7~, : the scale parameters to use at each level, satisfying

§; = ﬁﬁifa/(ﬂrl), B is a fixed constant.

begin
Set Mov =0,fp =f,go =g
fori=1,2,...,ndo
With the scaled kernel ®;, solve the symmetric collocation linear system
(LSiv(x)); = fi—1,j(x), 1<j<d, x€ X,
(Siv(x)); = gi-1,;(x), 1<j<d, x€Xo,.

Update the solution and residual according to

M;v =M,;_1v+S;v
f; =f,_1—LS;v
g = 8i—1— Siv

Result: Approximate solution at level n, M, v
The error at level n, e, :=v — M, v.

We require a technical lemma regarding the error in the estimation of the
velocity u.

Lemma 4.1 Let d = 2,3. Assume that u € H™(£2;div) with 7 > 0 and let
Egiv be defined by @) for d =2,3. Then we have the following bound

= 2
[Basu] ;
2
| g <l
Rd
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Proof With the definitions of the EdiV,Es and T operators, we have

2

JLc
dw

lwl3 lwli3

. 2
< C/HEsTu(w)H dw
2
Rd

= C||EsTull], g4
< C||EsTul| 31 gay
< O|Tul3 (g

< C”“Hi(n)v

where we have also used that the Es and T operators are bounded (Lemma

21).

The following theorem and corollary are our main results on the conver-
gence of the multiscale symmetric collocation algorithm for solving the Stokes
problem.

Theorem 4.2 Assume that 2 and f,g satisfy the smoothness assumptions of
Theorem[33 for d = 2, 3. Suppose the kernel ® is chosen such that Ng(R?) =
H™ (R div) x H™"Y(R%) with 7 > 0 and define the scaled kernels by @5) with
scale factor 6;. Then for Algorithm [ there exists a constant oy such that

IE€;lIne,, , re) < c1llEej1lln, @), (31)

where oy s a constant independent of the point sets X1, Xo, ... and Ee; is the
extension operator for v defined in ([24) applied to the error at level j defined
in Algorithm [

Proof With the notation Eej = (Egqiyu—M,Egiyu, Esp— M, Esp)” = (Egivew,;, Esep

and with (20]), we have

— 2
|

2 T+1
HwH% (1+5+1” I3 )

9 _
||Eej||Nq,j+l(Rd) < Cy /
R4

— 1
‘Esep,j(w)‘ (1+(52+1||w|| ) ]dw

=: I + I,

)T
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with
S 2
'HEdiveu,j(‘-‘J)H2 ) nTHL | 2 2\ 7
. / o L S leld) T Bse () (14 87 leld)
leoll2 <57
S 2
_’EdiveU,j(w)HQ ) nTHL A 2 2\ 7
I — / o 2 ()T Fsen (@) (14 87 wlB)
loll2>5A1

For Iy, we can use that §,41|lw||2 < 1, Lemma 1] Theorem B3 and Lemma
B to yield

1 < € (BallewslE, @ + 1 Bsenl}za)

< C (lewslaa) + llepsl e )
7.217—4

< Ch? HEejlli@(Rd)
72T7—4

j 2
< CﬁHEeJ‘—IHN% (R4)
J
_ Clﬁ72'r*2||Eej_1||?\/q)j (R)>

where in the second last step we have used that since the interpolant at X;
to e;_1 is the same as the interpolant to Ee;_; (both functions take the same
values on X; C 2), we have

lesllmr(a = llej-1 — Sje;-1llar o)
= [Eej—1 —S;Ee;j1[lar(o)
< |Bej—1 — S;Bej 1 |lar(ze)
< 0857 |Bej 1 — ;e 1 |xy, (re)

< 0677 [ Bejmi| e, m)-
For I, since ;11 ||wl|[2 > 1, we have
—1 —1 1o —1
L+ llwld)™ < (267 llwl3) <27 ™ (14 6 llwl3) ",

since if pu,d < 1, we have

27—2 27=2)(7=3) 9r_9 T—3¢27—2
6j+1 S p T 5j < 6]' .

Similarly, we have

(1402 llwl?)™ <271 (14 6% |w)|2)

1

1

dw

dw.
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Hence
I < CMT_?’HEQJ‘H?\/(I,]. (R)
< CzMngﬂEejle/Q\/éj (R)>

where the last step follows in the same way as the last part of the derivation
for I;. The result follows with

oy = (Clﬁ—QT—Q + CQ,U/T_3) 1/2 )

Corollary 4.3 There exist positive constants C's and Cy such that

v = M,V|L,0) < Csaf (ulla-@) + IPlar—1(2)  for n=1,2,...

and

Hu — Mnu||L2(ag) S C4a? (HuHHT(Q) + HpHH"*l(Q)) for n = 1,2, I

Thus the multiscale approzimation M, v resulting from Algorithm [ converges
linearly to v in the Lo—mnorm in 2 and on 012 if aq < 1.

Proof With Lemma [31] and Theorems and 2] we have

[v =MV, = lenllL, (o)
< Ch 2 | Benl|y (i)
< CllEenllng, ,, (re)
< Cal[|Evpy, (re)
< Col'[|Bv|| ng re)
< Cal (|ulla- o) + Iplla—12))
which proves the first result. For the second result, with (B0]) we can see that

[u—M,ull,00) < [lu—Myullgs2oo)
S Chg;fHu — MnuHHT(Q)
< Chl || Een|| g (ve),

and the remainder of the proof is the same as for the first result.

5 Condition number

In this section, we present upper and lower bounds for the eigenvalues of the
multiscale symmetric collocation algorithm for the Stokes problem. At each
step of the multiscale algorithm, we need to solve a linear system resulting
from the collocation conditions 2]) and 22]) on a set X = {x1,...,xp}:

A(;b = (f g)T.
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Since the collocation matrix A is symmetric and positive definite, we know
that the condition number is given by

Amax (As)
)\min(Azi) ,
where Apax(As) and Apin(As) denote the maximum and minimum eigenvalues
of Ag.

We will first need several technical lemmas concerning derivatives of the
Wendland functions.

r(As) = (32)

Lemma 5.1 With spatial dimension d and smoothness parameter k =2,3,...
let 1y i be the original Wendland function. Then with x,y € R% and 1 <i,j <
d and i # j, we have

9ijWek(x = ¥)lx=y = 0.

Proof We recall that the Wendland functions are piecewise polynomials with
support [0, 1] and we can write [22]

2k
Do Z bir', rel0,1] (33)
and that the first k odd coefficients {bg;11}¥ , vanish. With the chain rule,
where x —y = (1 — y1,..., 24 — ya) and 7 = ||x — y||2, we have
(ﬂﬁz*yz)(z*y) 2 1
Oi e (x —y) = S5 =00 (4@ - L)

Using (33), this last expression becomes

(:C' o y 2k+¢ 2k+¢ )
é%»%,k(x —y) = ! Z b ’L — 1 Z ’L'biT172 s

i=1
( 2k+L
= yz (Z by i~ ) (34)
where I )
c+n
() o= —pr=—
I'(c) )
denotes the Pochhammer symbol. Now the first three coefficients {b;}3_; are
by =b;=0
by =(2—2)by =0
bs = 0,

since the first & odd coefficients of the Wendland polynomial are zero and
k > 2. Hence we can write

2k+l_ _
0ijWer(x = y) = (zi = yi)(z; = yj) (Z bi 7"14) ,
1=4

and the result follows immediately.
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Lemma 5.2 With spatial dimension d and smoothness parameter k = 3,4, ...
let g 1. be the original Wendland function. Then with x,y € R and1<i,j <
d and i # j, we have

Oy AWy i (x — y)|x=y = 0.

Proof Once again employing the chain rule gives

0y AWy (x —y) = G y121(2$] )

x(<6><>+ L) - Zulhm + el - Byl + w“)()).

With B3) we can rewrite this as

(@5 — yi)(2; — y;) 2k+4-£ _ 2k+4
0y A" p(x —y) = ——— 57— ZG bili = 5)er' "+ 3 bili
2k+£ 2k+4 2k+2¢ 2k+24
=7 bi(i—3) 16+12Z (i — 2)3 152 (6= 1)or ™0 415 ) " ibir'™ 6]
i=4 i=1
2k+l~ )
= biTl_G
=1

Since b; = C(i)b;, the first k odd coefficients {bg;41}%_, are zero. Then we can
determine other coefficients as

by = 30(by — by) =0
by = bs(60 — 15(3)2 4 12(2)5 — 7(1)4) = 0
bs = b(90 — 15(5)2 4+ 12(4)5 — 7(3)4 + (1)6) = 0.

Hence since k = 3,4, ..., we can write

By AWy i (x —y) = (w5 — yi) (x5 — yj) Z bir'™®,
8

and the result follows immediately.

Lemma 5.3 With spatial dimension d and smoothness parameter k = 2,3, ...
let 1y i be the original Wendland function. Then withx,y € R and 1 < j <d
we have

050 k(X = ¥)|x=y <0,

and is independent of j.
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Proof With the chain rule, where once again x —y = (21 — y1,...,%d — Yd)
and r = ||x — y||2, we have

= yj)? 1 1
oy~ ) = B (20 - 1ol ) + ol

With Lemma 5] the term in brackets is equal to zero when x = y. Using (B3)
and noting that the first £ odd coefficients are zero, this last term becomes

1 204k
20y b2
Tw&k (r) ; Lo o,

which means that the case of x = y, which is equivalent to r = 0, reduces down
to 2ba. Now combining positive terms into a generic constant C', we have from

2

= C(-D* (-1 <o,
where we have also used [10, 8.339.3]

(b)- A

Lemma 5.4 With spatial dimension d and smoothness parameter k = 3,4, ...
let 1y i be the original Wendland function. Then with x,y € R and 1 < j <d
we have

05 AW k(X = ¥)|x=y <0,

and is independent of j.

Proof With the chain rule, where once again x —y = (1 — y1,...,2Zd — Yd)
and r = [|x — y||2, we have

)2
ajjA2We,k(X - Y> - (z] Tgyj)
x ( fr ()

1 2 3 3 3
+ - (wé:”,z (r) + g (r) = Sl + o) — Sl <r>) .

+

1 7 12 15 15
L) = TS + o) - T + o))

With Lemma Bl the first term in the previous expression is equal to zero
when x = y. As before, we can write the second term as a series

2k+1L

i—6
g b, .
i=1
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Since k > 3, b; = by = by = 0 and equating coefficients gives

by = ba(—6+3(1)2) =0
by = ba(—=12+3(3)2 — 3(2)3 + 2(1)4) = 0,

which means we are left with

Hence the case of x =y, which is equivalent to r» = 0, reduces down to by
which is given by

bs = ((2)5 +2(3)4 — 3(4)3 + 3(5)2 — 18)bs = 1152bs.

As before, combining positive terms into a generic constant C' and noting that
k=3,4,..., we have from [2]

T3

=C(-D*(-1F3 <o.
The next theorem gives a lower bound on the minimum eigenvalue of As.

Theorem 5.5 Suppose the kernel ® is defined by [AR) and define the scaled
kernel @5 by 28) with a positive scaling factor 6. Then the smallest eigenvalue
of the collocation matriz defined by 1)) and @22) can be bounded by

Ain(A) > 0 (B) 7 g2

where the constant C' is independent of the pointset X .

Proof We follow the proof of [9 Theorem 4.1]. We will adopt the functional
notation

€i(v) = (Lv); (x5) for 1<j<N, 1<i<d,
w3\ = vi(x;) for N+1<j<M, 1<i<d.

We will use the superscript y to denote that the functional acts with respect
to its second argument. Then with 8 € R we need to show that

d M

2742
DY BuiBraii€l i ®slx—y) = € (B5)T T B1E (39)

ii'=1j k=1
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Now with the inverse Fourier transform, the left hand side of (3H) becomes

d M
Z Z Bi,jBir ki, iE) 1 Bs(X —Y)
i =1 j k=1
d M R
= (2m) =42 / S0 BB ki€ xBs(w)e’ Y, dw
RY G =14 k=1 7

where I? = —1. Now we define a second scaled kernel ®, by @) with0<a <1
and a < §. For § < 1 we have

7—1 T—1 — T—1
(L+0%wl3)" = (0 +8%lwllz)” =" (14 [lwll3)” . (36)
and recalling that 1,1 satisfies (IT) gives

Urrale) = Brm1(00) 2 ea o (L4 o)

e (%)27—2 ((%)2 N ||aw||§) —74+1

a\ 27—2 41
> Cl,r—1 (5) (1 + ||aw||§)

Cl,r—1 (a)2T72 —

Z 5 w‘r—l,a(w)-

C21r—1

Since ;41 satisfies (I6) and with (IJ]), we proceed similarly to get

-

Tris(w) = = (I3l - ww”) §ra(6]w]2)
—7r—1
= v (3)77 (- o) ((5)"+ w3
> e (3)7 (BT - ww™) (14 )
> 92 (47wl - w”) T3l

2742
C1 1 a
_ G+ (_) U1 a(w).
C2 741 o

Since a/d < 1, we have the following bound on <i>\5

i) > e(4) 7 B,

and hence we have

d M d M

DID DEFITHCIE RO R () MED D) DU S ARCIE NeS)

ii/=1jk=1 i,i/=1j k=1
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and if we select a = gx < 1 such that we need only consider entries of the
quadratic form corresponding to equal centres, with the definition of the scaled
kernel in (), this reduces to

d M
DN BigBi kil 1 Bs(x —y)

ii'=1j k=1

>e(% )W *dzl Zﬂ - {Z}\ 0550, A%, 1(0) — 520utbr1(0) | +
ks = j={1:d}\i

M
SoBL - Y. ax705¢-a0) | ¢,

j=N+1 j={1:d}\i
since for interior centres we have

—2 0 A% (0) — Dyt (0) for  i=4d
0,7 X @ — P v Z]*Ld\l 7] T+1 i Vr—1 ,
51,]51 Jk (X Y>|J_k { VQaii/AQwTJrl(O) — 8“-/1/)7_71(0) =0 for i ?é Z-/7
(37)
with Lemmas [F.1] and Similarly for the boundary centres

ey . o 7Zj:1:d\iajj¢‘r*1(0) for =14,
51,]51’,k(§(x y)'.]:k { _aii’l/JT—l(O) =0 for : 75 i/, (38)

and then the result follows as

M

d 2742
DY BiiBirts€®slx—y) = ce (B5)7 T 2B13,
k=

i=1j 1

)

with Lemmas and [5.4] which give

¢:= min | — Z q;(4ajjA2wT+1(0)_ Oiithr—1( Z 9jjvr—1(

1<i<d
T J={1:d}\i j={1:d}\i

Y

min - Z ajjAQ"/JT-i-l(O)_ uw‘r 1 Z a]]"/’r 1

1<:<d
== J={L:d}\e J={L:d}\e

d d
= min [ =Y 9;;4%%,41(0) — It 1(0), = > Dj5¢-1(0) |
i=2

=2

since 111 is a radial function and 9;;1-—1(0) is independent of ¢ from Lemma
0.0

Our next result bounds the maximum eigenvalue Apax(As).



Multiscale methods for the Stokes problem on bounded domains 21

Theorem 5.6 Suppose the kernel ®; is defined as in Theorem [53. Then if
we assume that B
M < Ch™1, (39)

where M denotes the number of (interior and boundary) centres, then the
largest eigenvalue of the collocation matriz constructed with ®5 defined by

@) and @2) can be bounded by
Amax(iAzi) S Caid72 Bidv

if 6 > 1 and by B
)\maX(Aé) S CéidiS hida

if 0 < 1, where the constants C' are independent of the pointset X .

Proof Using the notation from Theorem B35 together with Gershgorin’s the-
orem, we have

M
Minax(As) = 6,6, @5(x,x)| <D D 16,8, ®s(xy), 1<i<d
i'=1 k=1
il £ k]

which since ® is positive definite, using [B9), Lemmas (3] and [£4] the defini-
tion of the scaled kernels (7)) and (37) and B8], if 6 > 1

Amax(As) < dM||&ir &) @5(-, )L (2x0)

d d
S th_d max | — Z ajjA2’L/JT+1,5(O) — alle_l,(;(O), — Z ajij_l,(;(O)
Jj=2

j=2
B d d
< Cdh™6™ " max | =) 9;;4%0:11(0) = d1tpr1(0), = > 95541 (0) |
j=2 j=2
where in the last step we have used that
03 A%Pr41,6(0) = 679854260441 (0) < 679720,54%,41(0),
since 6 > 1. If § < 1, we have

AmaX(A5) < dMHfi/,.éZ,‘I’a(', ')”Loo(!?x.(?)

d d
<Cd }_LidcsidiS max | — Z 8]-]-A21/)T+1(0) — (911’1/)7—71(0), — Z 8jjz/17,1(0) R
j=2 j=2

where in the last step we have used, for example, that

O119--1,6(0) = 674911624, _1(0) < 6759119, _1(0),

which completes the proof.
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We note that ([B9) will hold if, for example, the dataset is quasi-uniform, which
means that h;/q; is bounded above by a constant.

Now with (32]) and Theorems 5.5 and 5.6 we obtain the following theorem
where we write q; 1= qx; -

Theorem 5.7 Suppose the kernel ®s is defined as in Theorem [5.3. Then the
condition number of the multiscale symmetric collocation matriz in Algorithm
[0 is level-dependent and is bounded by

7 2'rfd__ 5 )
kj <C <ﬁ) h‘f+1(2 d)—d

; J g
4q;j

if 6 > 1 and by

iy
Rj SC (—j
4j

T+1
h; ;

27—d .
) -3 (2r—d—4)—d—4
J

if 6 < 1. In the case of quasi-uniform datasets and h; <1, these reduce to
7. —27
Rj S C hj .

Proof The first two results follows with §; = ﬁi_z;_g/ (1) and 32) and Theo-
rems and 5.6 If the datasets are quasi-uniform, which means that h;/g; is
bounded above by a constant, the final result follows by simplifying the first
two expressions.

6 Numerical experiments

In this section, we present the results from applying the multiscale algorithm
described in Algorithm [[] with 2 = [0,1]? and v = 1 to the Stokes problem
with exact solution given by

u(zy, 72) = <2cos<5w1>cos<2x2>) |

5sin(5xy ) sin(xs)
p(z1,x2) = sin(3z1) sin(3z2) + C.
This gives

£( ) = 58 cos(hx1) cos(2x2) + 3 cos(3x1) sin(3x2)
1020 =\ 145 sin(521 ) sin (222 ) + 3 sin(321) cos(3z2)

and g equal to the restriction of u(x) to 942 .
We use the C® Wendland radial basis function given by

10
voalllxl) = (1 — llxl)y (429]x]* + 450[|x[|° + 210][x* + 50]}x[| +5) ,
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which is positive definite on R? and generates the Sobolev space H%-5(R?) [22].
We use the same kernel for both 1,41 and v¢,_;. Consequently, in this case
7 =4.5. Since d = 2, our approximate solution takes the form

N l/aQQA’le+1(X — Xj) M —822w7+1(x — Xj)
Sxv(x) =Y ar; | —vdedvrn(x—x) |+ D ar; | Ot (x—x;)
=1 —01r—1(x — x5) J=N+1 0

N —l/algA’le_i_l(X — Xj) M 812w7+1(x — Xj)
+ Z asj | vO11AYr(x—x%4) | + Z asj | —011¢r41(x — %)
j=1 —Oothr_1(x — %) j=N+1 0

We used five levels for the approximation, with N equally spaced points for
the interior point sets and 4(\/N — 1) equally spaced boundary centres. The
number of interior points, N;, the number of boundary points, M; — N;, and
the maximum mesh norms at each level, i_Lj, are given in Table[ll We note that
the (maximum) mesh norms decrease by one half at each level and hence we

select u = % For the scaling parameters, since 7 = 4.5, Algorithm [ specifies

Level 1 2 3 4 5
N 25 | 81 | 289 | 1089 | 4225
M—-N | 16 | 32 64 128 | 256
h 1/4 | 1/8 | 1/16 | 1/32 | 1/64

Table 1: The number of interior and boundary points used at each level and
the maximum mesh norm each level for the numerical experiment

that -
5; = Bh?,s/as

with 3 constant. With the given value of h; in Table [l we select 3 such that
01 = 10. This gives 8 = 18.779 and we use this to generate the other § values
which are given along with the Ly and Lo errors in Table[2l The Ly error was
estimated using Gaussian quadrature with a 300 x 300 tensor product grid of
Gauss-Legendre points and the L., error was estimated with the same tensor
product grid. We used MATLAB for the calculations and worked with double
precision.

Level 1 2 3 4 5
0; 10 7.29 5.33 3.89 2.84
llew,s L, (2) 1.592e-02 6.498e-04 | 3.274e-05 | 1.650e-06 | 1.028e-07
lleu,j ”Loc(ﬂ) 2.740e-02 2.233e-03 | 1.462e-04 | 8.268e-06 | 4.579e-07
IVep,; ||L2(Q) 1.112e400 | 1.222e-01 | 1.235e-02 | 2.561e-03 | 5.612e-04
||v6p’j||Lw(Q) 4.209e+00 | 3.338¢-01 | 1.048e-01 | 3.650e-02 | 1.211e-02

Table 2: The scaling factors and approximation errors of the collocation ma-
trices for the multiscale symmetric collocation Stokes problem example
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