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Abstract
We consider the Bessel functions J,(z) and Y, (z) for ®v > —1/2 and Rz > 0. We
derive a convergent expansion of J,(z) in terms of the derivatives of (sinz)/z, and a
convergent expansion of Y, (z) in terms of derivatives of (1 — cosz)/z, derivatives of
(1 —e#)/z and I'(2v, z). Both expansions hold uniformly in z in any fixed horizontal
strip and are accompanied by error bounds. The accuracy of the approximations is
illustrated with some numerical experiments.
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1 Introduction

The power series expansions of the Bessel function J,(z) is well known [4, Sec. 2, eq.
(10.2.2)],

(2) #60= % prg s R0 (1)

For non integer v, the power series expansions of the Bessel function Y, (z) follows straightfor-
wardly from this formula and the connection formula Y, (z) = [J,(2) cos(mv)—J_,(2)]/ sin(mv)
[4, Sec. 2, eq. (10.2.3)]:
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For integer v, the power series expansions of Y, (z) follows from the limiting value of this
formula [4, Sec. 2, eq. (10.2.4)]. The asymptotic expansions of the Bessel function J,(z) in
terms of inverse powers of z is also well known [4, Sec. 17, eq. (10.17.3)],

5 J,(z) = cos (z - - 4) :z:) (ajkz(;/)l — sin (z — % — Z) Zz;é Cw + RU=)(y, z),)
(3

with ao(v) =1 and, for k =1,2,3, ..
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The asymptotic expansions of Y, (z) is similar [4, Sec. 17, eq. (10.17.4)]:
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A good property of these expansions is that they are given in terms of elementary func-
tions. On the other hand, they have an inconvenience: they are not uniformly valid for all
values of z; the remainders R("?) (v, z) and R('")(v, 2) are unbounded for large values of |z|,
whereas the remainders R>) (v, z) and R("*) (v, z) are unbounded for small values of |z|.

In this paper we derive convergent expansions of J,(z) and Y, (z) in terms of elementary
functions that hold uniformly in z in any fixed horizontal strip. The starting point is the
following Poisson’s integral representation of the Bessel functions [4, Sec. 9, egs. (10.9.4)
and (10.9.5)], valid for Rv > —1/2:

() = ﬁiizy/ i)l 5 )= [ 1= 2 eosetydt, (5)
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Yi(z):= /01(1 — tQ)”_l/Q sin(zt)dt; Yf(z) = /OOO e 1+ tz)”_l/zdt.

Taking into account the analytic continuation formulas [4, Sec. 11, egs. (10.11.1), (10.11.2)],

J, (™M z) = ™7 ],(2), m=0,£1,£2, ...

Y, (e""2) = e "™, (2) + 2isin(mmv) cot(mwv)J,(2),

without loss of generality, we may consider the approximation of these functions only for
Rz > 0.

The power series expansion of (1) (and similarly (2)) may be derived from the integral
representation (5) by replacing the cosine in the integrand by its Taylor series expansion



at the origin and interchanging series and integral. The Taylor expansion converges for
t € [0,1], but the convergence is not uniform in |z|. Therefore, the remainders R (v, 2)
and R (v, ) are not uniformly bounded in |z|.

The asymptotic expansion (3) (and similarly (4)) may be derived from the integral (5) by
using Cauchy’s theorem to transform the integration path into a vertical line in the complex
plane and then applying Watson’s lemma |7, Chap. 1, p. 24, Example 4]:

1 1
2 / (1 — 12)"~ Y2 cos(zt)dt = / (1 — 12)"~ Y2 cos(=t)dt =
0
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After a straightforward change of variables in the last two integrals we get
1 . )
2/ (1 . t2)1/71/2 COS(Zt)dt _ 221/[efz(z71/7r/277r/4)[7 (Z) + ez(szr/277r/4)[+(z)],
0

with .
Lo(z) = [T R i) ey,
0

The asymptotic expansion (3) is obtained by applying Watson’s lemma to the above integral.
Roughly speaking, Watson’s lemma consists of a replacement of the factor (14it)*~/2 of the
above integrand by its Taylor series at ¢ = 0 and an interchange of series and integral. Now,
the situation with respect to the convergence is worse than in the case of the power series
expansion. The Taylor expansion of (1 & 4t)*~!/2 is not convergent in the whole integration
interval (0, 00), but only in (0,1). This translates into the fact that the expansion that we
obtain after interchanging series and integral is not convergent; although it is asymptotic |7,
Chap. 1, p. 24, eq. (5.32)]. As the remainder R (v, z) is unbounded for small |z, the
expansion (3) is not uniform in |z|. Similarly, the remainder R(Y>>*) (v, z) is unbounded for
small |z| and the expansion (4) is not uniform in |z|.

In this paper we propose a different approach that avoids the lack of uniformity in |z|:
we consider the Taylor expansion at the origin of the factor (1 — ¢?)*~'/2 instead of the
factor cos(zt) in (5) or the factor sin(zt) in (6). This Taylor expansion is convergent for ¢
in the integration interval of the integral (5) and of the first integral (6) and, obviously, it
is independent of z. After the interchange of series and integral, this fact, the independence
of z, translates into a remainder that may be bounded independently of |z|. The same idea,
a Taylor expansion of the factor (1 + #2)*~!/2 in the second integral of (6) does not work
as it is not convergent in the whole integration interval. Then, we divide appropriately the
integration interval in order to have convergent Taylor expansions of the factor (1 + t2)”_1/ 2
in both intervals.

As an illustration of the type of approximations that we are going to obtain (see Theorem
2 below), we derive, for example, the following approximation valid for x > 0:

157 3zt — 1402% + 360

o3 3(7) = 840
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+ 91(1‘)1 rsinz + l + 6y(x)| cosx,  (7)



with [0;(z)] < 0.0062 and |62(x)| < 0.051.

The paper is organized as follows. In Theorem 1 in the following section we derive the
expansion of J,(z) for complex z and v with error bounds. We specialize to real z and
v in Theorem 2, where we obtain more accurate error bounds. In Section 3 we derive
the expansion of Y, (z) for complex z and v with error bounds. Section 4 contains some
numerical experiments and a few remarks. Through the paper we use the principal argument
arg z € (—m,m] for any complex number z and assume that Rv > —1/2 and Rz > 0. The
formulas derived throughout the paper may be extended to Rv < —1/2 using the recurrence
relations [4, Sec. 6, eq. 10.6.1],

Toa(e) + diaz) = Z02) Vi) + Vo) = 2V ()

2 A convergent expansion of J,(z) uniformly valid in z in
any fixed horizontal strip

A convergent expansion of J,(z) in terms of elementary functions and uniformly valid in z
in any fixed horizontal strip is given in the following theorem.

Theorem 1. Forn =1,2,3, ..., the Bessel function J,(z) may be written in the form:

V(v 4+ 1/2) B L sin z
2(2/2)1/ JI/(Z) - Pnfl( ) )

— Qn_1(z,v)cosz + R,(z,v), 9)

where P,(z,v) and Q,(z,v) are the following rational functions:

n nm(V n 1/2 —v k’(2k)'
Pie)i= 3P )= 3 G

m=0 e (10)
n bn,m v n ]_ 2 —V)k 21{3 '
Qn(z,v) = mgl (_Z2<)ﬂ)w bom(v) = k; k§(2/(k - 731)(+ i)!

and (V)i is the Pochhammer symbol: (v)y := T'(n + k)/T' (). The functions P,(z,v) and
Qn(z,v) may be computed recursively in the following form:

(1/2 = v)n(2n)!

Pn(Z,V) = Pn_l(Z,V) + n|(_22)n

cn(2), Py(z,v) =1,
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(1/2 = v)n(2n)! -

Qn(z,v) = Qun_1(z,v)+ (= 22) Sn(2) Qo(z,v) =0,
with (—22)F L (L 2)k
cn(z) = 2 G sn(2) == ’g) 2h D



Forn > Rv — 1/2, the remainder R, (z,v) is bounded in the form:

2|(1/2 — v)n| 132
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where Sz represents the imaginary part of z and 3F5 is a generalized hypergeometric function
[1, Sec. 2, eq. (16.2.1)]. The remainder R,(z,v) behaves as n~"~1/% as n — oo uniformly
in z in any fived horizontal strip. For real v > 1/2 and n > v — 1/2 we also have

SZ

(n—1)l2v —1)z|°

| Bn(z,v)] < (13)

Proof. Consider the Taylor expansion at the origin of the function (1 — 2)¥~1/2:

(1—t2)12 = nf Wt% +7(t,v), te[0,1), (14)

where 7,(t,v) is the Taylor remainder:

ra(t,v) = i W?ﬁ%, t€0,1).

k=n

After straightforward manipulations we obtain

(1/2 = v) " & (n+1/2 — V)kt%

D

ra(t,v) = D I

n!
(15)
1/2-v, 1

1/2 = )t n !
:(/‘”)QF1 ], teo,1),

where 5y is the Gauss hypergeometric function [3, Sec. 2, eq. (15.2.1)]. Substituting (14)
into the integral representation of J,(z) given in (5) and interchanging sum and integral we
obtain

Jy(z) = :z:o (I/Qk:?l/)kAk(Z) + R, (z,v), (16)
with 1 o '
Ai(2) = A t* cos(zt)dt = (_Dkﬁ (SH;Z> —
(2k) (—27) (—27) "
2k)! kL (—2) L (i
(_1)k22k+1 lsmzjgo o zcosz];) 2j + 1)!
and

=
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/01 rn(t, V) cos(zt)dt. (18)



When we introduce (17) into (16) and rearrange terms, we obtain (9)-(10).
It is straightforward to see that, for n =0, 1,2, ..., the functions A, (z) satisfy the recur-
rence relation:

1 cos z] _2(n+1)(2n+1)

Apia(z) = 2 sinz +2(n+1) 5 A, (2), Ap(z) =

z z

Recurrences (11) follow from this one after straightforward manipulations.
In order to get the bounds (12) and (13) we write, from (18),

1
[Rulz0)] < 3 [ ra(t,v)at
0

Replacing the hypergeometric function in the second line of (15) by its integral representation
[3, Sec. 6, eq. (15.6.1)],

a, b . 1
o Fy ( ) t2) = F(b)rf((c)—b)/o w1 —w) (1 — Pu) " du, Re > Rb >0, (19)

taking the bound |(1 — t?u)™¢| < (1 — t>u)~" and using (19) again, we find that, for
n>Rv—1/2,

1/2— R, 1
1/2 — v), |t n )
\m@wﬂéu/ ?' 2 Fy ], telo,1).

Then,

n+1/2—-Rv, 1
2| dt =

(/2 =),
|Rn(Z> V)| < 6“”‘7“ / V) | thgl 1
0 n+1

(20)

1/2 —Rv, 1 1/2
o (1/2 = v, [T Lol
(& 3F2 11.
nl(2n+1) n+1, n+3/2
From [1, Sec. 4, Eq. (16.4.11)| we have that
n+1/2—Rv, 1, n+1/2 (n + 3/2)0(1/2 + Rv) 1, 1/2+ Ry, 1/2
32 Y= T 1/2r6/2 + ) L
(n V) n+1, 3/2+Rv
(21)

n+1, n+3/2

Using the following obvious bound valid for e > ¢ > 0 and a,b,d > 0:

a,b,c a,b
3Fy 1 <oF Ly, (22)
d,e d



and formula [3, Sec. 4(ii), eq. (15.4.20)]

a,b L(e)'(c—a—10)
o Fy ) 1 :F(c—a)f‘(c—b)’ R(c—a—15) >0, (23)

in the right hand side of (21), and then introducing (21) in (20), we obtain the bound (12).
On the other hand, integrating by parts in (18) we obtain

sinz 1

1
— f/ ! (t,v) sin(zt)dt.
0

z z

R.(z,v) =r.(1,v)

It is straightforward to check from (15) that, for real v and n > v —1/2, r,(t,v)/(1/2 — V),
and 7, (t,v)/(1/2 — v), are positive for t € [0,1). Then,

e“‘z‘ [(1/2 = v),| el
7 =2 /2=, rn(l,v)

Bound (13) follows from the last line of formula (15), the observation that r, (¢, v) is contin-
uous at t =1 for Rv > 1/2 and (23). o

R.(z,v) < 1472 = )| { (1,v —i—/ (t,v)dt

K

When z is positive and v > —1/2 is real, we can derive more accurate error bounds for
the expansion (9) than the ones given in (12) and (13). It is given in Theorem 2. The proof
of that theorem requires the following lemma.

Lemma 1. For x >0 and a > 1/2,

1 2
1By e <1 (24)
a+2, a+3/2
and, forx > 1 and a > 1,
1 2
\F —57 <2(a+1)(2a+1) %X (25)
x

a+2, a+3/2

with 0 < o(z) < 2. Numerical experiments suggest that we can replace o(z) by the most
accurate bound 1+ 1/x.

Proof. From [6, Sec. 9] we have that

1 2
—x 2(a+1)(2a + 1
F,(x) :=1F = ( ) )52a+1/2,1/2($)a

2a+3/2
a+2 a+3/2| * v




where S, ,(z) is the Lommel’s function [6, Sec. 9, eqs. (11.9.3) and (11.9.4)]. Then, from
[2, eq. (1)], that is valid for x > 0, v > 0, p+v > —1,

2 ) (ntv—1)/2 Q(v—p+1)/2,1—p

* (w—nt1)/2 [ _
/0 ‘](ﬂﬂ/+1)/2(t)t ( dt F((,u U+ 1)/2> SMJ/(:E)?
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we find the following integral representation valid for a > 1/2:

20+3/2(q + NI (a + 3/2) [= B 2\
Fa(x) — ( ) ( / )/O Ja+1/2(t)t1/2 a (1 o ) dt

x? x?
(26)
3\ [ (xt)
a+3/2 2 a+1/2 _ 42\a

2 (a+DF@ﬁd>A@wﬁmtﬂ £2)7dt

Using formula [4, Sec. 4, eq. (10.14.4)]: |7 J,(z)| < 1/(2"T'(v+1)), in the integrand in the
second line above, and after some simplifications, we find (24).

Using the formula [4, Sec. 6, eq. (10.6.6)]: (z7"J,(x)) = —ax7"J,11(z), withv = a—1/2,

in the integral in the first line of (26), we can integrate by parts to get

2013/2(q + 1)['(a + 3/2) [ 2Y/% U Ja1/o(at) ya—1
Fo(x) = 3 [F(a+1/2)_2 /0 Wt(l—t) dt].

Using again the bound z7%J,(x) > —1/(2"T'(v + 1)) in the above integrand we get, after
simplifications,

21/2—a
F(2) < ———o(a),
0= Far 177
with o(z) = 2. Numerical experiments suggest that we can replace o(z) by 1+ 1/z. Intro-
ducing this bound in the first line of (26) we get (25). 3

Theorem 2. Forv > —1/2, x > 0 and n > max{1l,v — 1/2},

Val(v+1/2) [ Paca(z,v)
T A

+ RV (z, y)] xrsinr— {Qn_l(x, v) + R9(x, V)} cosz, (27)

where P,(z,v) and Q,(z,v) are the rational functions given in Theorem 1. Write m =
\v—1/2] and a :== v —1/2 —m, where the symbol |v| stands for the biggest integer smaller
than or equal to v. Then, the remainders RE(z,v) and R9(x,v) are uniformly bounded in
the form:
1— Oé) —m—1
RP < <a>m+1< n—m
B @)l < o — T + 3)

(28)

and
2()mt1(1 — A)n-m—1
(n—1!2n—-1)(2v+1)

Ry (2, v)] < (29)



Also, for v > 3/2 and x > 1, the remainders are bounded in the form:

2(@)ml'(n —v+1/2) o(x)
2v—-1TI'({1—a)(n—1)! 22

Ry (2, v)] < (30)

and
()1 l(n —v+1/2) o(x)
(2v =31 —a)(n—2)! a2’

R (2, v)] < (31)
, 1
with 1 + — < o(z) < 2.
T

Proof. We use that

1
n (_22)]€ (_1>nz2n+2 22
> =cosz+ ———1F% - —
| |
= (2k)! (2n +2)! n+2, n+3/2 4
and
”il (—z2)k sinz  (—=1)"z*" 7 1 22
= (2k 4+ 1)! 2 (2n+ 1)! N4 1, n+3/2 4

in the second line of (17). Rearranging terms we find, after straightforward computations,
that J,(z) may be written in the form (27) with

1
e 1/2—V)k LC2
RY(z,v) := Z ( 1 Fy -—1,
= K2k +1)(2k +2) k42, k+3/2 4
0  (1/2 = )y ! 22
B v) == 2 ap )P “T
k=n ™" k+1, k+3/2

We will find bounds for these two series by using Lemma 1 and also the fact that, for
k>m+1(n>v—1/2)and a :=v —1/2 — m,

(1/2 =)k = (=)™ (@)m41(1 = Q) p-m-1- (32)
From this identity and bound (24) with @ = k or a = k — 1/2 we find that, for n > 1,

P = (1=a)kma
‘Rn(‘%y)’ S (a>m+1§k!(2k+1)(2k—|—2) =

B n+1/2, n—m-—a, 1
(@nir(l = Qs o ( 1)

n!(2n + 1)(2n + 2) n+3/2, n+2




and

1_akm 1
R9 < (), E:—:
B (@)l < (@ 2L 5

n+1/2, n—m-—a, 1
3F5 1
n+3/2, n+1

(@)mt1(1 = A)n—m—1
n!(2n + 1)

Bounds (28) and (29) follow from these inequalities, formula [1, Sec. 4, Eq. (16.4.11)],
inequality (22) and formula (23).
From (32) and bound (25) with a = k or a = k — 1/2 we find that

(@t § (L= @iy _ 20hnarlln v 41/2) o0

Ry (@ V)| <o x2 k! S Qu—-1DI(1-a)(n—1)! 22

k=n

and

|R§(:p,y)| < 20

(@)m1 i - pmr  H)mal(n—v+1/2) o(z)
(k—1)! (2v =3) (1 —a)(n —2)! a2

Formula (7) is a rewriting of formulas (27)-(29) for v = n = 3. From (28) we find that
RE(2,3) < 0.00615 and from (29) we find that R$(x,3) < 0.0508.

3 A convergent expansion of Y,(z) uniformly valid in z in
any fixed horizontal strip

The expansion of Y, (z) is derived in Theorem 3 below. It is achieved in three steps detailed
in the respective propositions 1, 2 and 3. In Proposition 1 we derive an expansion for Y!(z);
the derivation is similar to that of .J,(z) in Theorem 1, just replacing cos(zt) by sin(zt)
in the proof of that theorem. The expansion of Y?(z) is a little bit more cumbersome as
the integration interval is unbounded and then, just the use of the Taylor expansion of
(142)*~1/2 does not work. To overcome this problem we write Y,?(z) = F,(2) + G, (z) with

1 00
F,(z) ::/ e (1 + 224, Gy (2) ::/ e (1 + 122t (33)
0 1
and approximate both integrals independently in propositions 2 and 3 respectively.

Proposition 1. Forn =1,2,3, ..., the function Y,}(z) may be written in the form:

1 COS 2

YHz) = Sn1(z, 1/); — Py_1(z,v) — Qn_1(z,v)sinz + R (2, v), (34)

10



where P,(z,v) and Qn(z,v) are given in Theorem 1 and S, (z,v) is the following rational
function:
O (172 = v)w(2K)!
Sn(z,v) :=> AT (35)

k=0

The remainder R)(z,v) has the same bounds (12) and (13) as the remainder R,(z,v) in
Theorem 1 and under the same conditions.

Proof. It is identical to the proof of Theorem 1, except for the fact that now, equation (17)

reads . E——
12" sin(zt)dt = (—1)" ( _COSZ):
/O sin(zt)dt = (—1)" 2 (<
(271) 1 (_22)16 ) n—1 (_22)k
(—1> Z2n+1 ;—COSZZ (2k>' —ZSIHZk;)m
and )
R} (z,v) := / ro(t, v) sin(zt)dt.
0
[ J
Proposition 2. Forn =1,2.3, ..., the function F,(z) may be written in the form:
1 e ~?
FV(Z):Sn_l(Z,V);_Tn_l(Z,V) » n(zvy)v (36>
where Sy, (z,v) is given in (35) and T,(z,v) is the following rational function:
& (1/2 = v)i(2K)! . k zj
For n > Rv — 1/2, the remainder term may be bounded in the following forms:
1/2 — v)a| (1/2 = v)a| -
F < ( F < 1 — e %2y
RiGo)| < and RIe) < g e ey

Proof. It is similar to the proof of Theorem 1. Consider the Taylor expansion at the origin
of the function (1 + #2)¥~1/2:

(e = 3 U2k page e ) ey, ()

where r'(t,v) is the Taylor remainder:

i 1/2 V) (—tH)k, te0,1).

k=n

11



After straightforward manipulations we obtain

/2 ==y o (1 12=m 1

F _
70n<t7y>_ n|

— ], t€[0,1).  (40)

n+1

Substituting (39) into (33) and interchanging sum and integral we obtain

R = 3 W2 1) + RE G, ()
with X _— N .y
o) = [ et = o () = Gl ] @
and

1
RE(z,v) ::/ rE(t, v)e *dt.
0

Introducing (42) in (41) and rearranging terms we obtain (36)-(37).
For n > Rv —1/2 and t € [0, 1], we derive easily from the integral representation (19)
that the hypergeometric function in (40) is bounded by 1. Therefore,

1/2 — 1
|RE(z,v)| < 1372 = v)a] o V)"‘/ 12ne—tRz gy
. 0

The first bound in (38) follows from this equation straightforwardly. Integrating by parts in
the above integral we obtain the second bound in (38). .

In general, for arbitrary values of v, we have no means to approximate G, (z) uniformly
in z in any fixed horizontal strip in terms of elementary functions, as we did for J,(z), Y,}(2)
and F,(z). But it is possible when v is a positive integer. In the following proposition we
give a uniform approximation of G, (z) for general values of v in terms of incomplete gamma
functions. In Corollary 1 we give a uniform approximation of G,,(z) for m € N (natural
numbers) in terms of elementary functions.

Proposition 3. Forn =1,23,..., the function G,(z) may be written in the form:

1 =2 (1/2—v),

i (=22)"T(2v — 2k, 2) + RS (2, v), (43)

where, for n > Rv, the remainder term may be bounded in the form

RS < g2 e (44)

Also, for n > Rv — 1/2 it is bounded in the form

2(1/2 =)l .

G
RS( )] <

12



Proof. The integral defining G,(z) in (33) may be written in the form
Gulz) = [T et (14 42y (46)
1

Then, we consider the Taylor expansion at the infinity of the function (1 4 ¢=2)*~1/2:

(1 + t—2>u—1/2 — 7§ M(_t2>_k + T’S(t, l/), te [17 OO)? <47)

k=0 k!

where 7€ (¢, v) is the Taylor remainder:
> (1 2—
Z A2= e oy t € [1,00). (48)

After straightforward manipulations we obtain
n+1/2—-v, 1 1

1/2 —-v),
a2-v. o 1

G
t =
Tn( 77/) n'(_tg)n i1

€ [1,00). (49)

Substituting (47) into (46) and interchanging sum and integral we obtain (43) with
RS (z,v) = / 1215 (1 p)e L. (50)
1

Forn > Rv—1/2 and t € [1,00), we derive easily from the integral representation (19), that
the hypergeometric function in (49) is bounded by 1. Therefore,

|R§(Z,I/)‘ § ’(1/2 |/ t28%1/ 2n—1 —t?det

Bound (44) follows from this equation straightforwardly. Integrating by parts in the above
integral we obtain the bound (45). o

Observation 1. The terms of the expansion (43) may be computed recursively [5, Sec. 8,
eq. (8.8.2)] starting from I'(2v, z): T'(a + 1,2) = al'(a,z) + 2% *. For n = 0,1,2,... and
v ¢ Z (integer numbers), the incomplete gamma functions satisfy the recurrence relation:

T(2v —2n,2) + (2n+ 1 — 2 — 2)22 22>

T(2v—2n—2z) = 2(v —n —1)(2v — 2n — 1)

(51)

From propositions 1, 2 and 3 we find the following expansion of the Bessel function Y, (z)
uniformly valid in z in any fixed horizontal strip:

13



Theorem 3. Forn =1,2,3, ..., the Bessel function Y,(z) may be written in the form:

V(v +1/2) G (2=w) [TRE+1,2) (=) (2v =2k, 2)]
0= 5 {0 RO =)

(52)

Ap—11 (V) cos 2 + b1 (V) zsin z v
Z(_ZQ)k- +Rn (Z7V)7

with

- 1/2—1/) (2))! oy 1/2—1/) (2))!
Qp— 1k Z k:))' ) by 1k Z )+1),7

fork=0,1,2,....n, except b,_19(v) = 0. Forn > Rv, the remainder RY (z,v) is bounded in
the form:

R (z0)] <

1/2 —v),| [( 2n €l 1 e—Re ] (59)

n! 2n — 1)(2Rv + 1) +2n+1+2(n—§}?y)

and behaves as n~""Y2 as n — oo uniformly in z in any fived horizontal strip. For real

v>1/2 andn >v —1/2 it is bounded in the form:

R < G222 (54

4n elS*! 1+e %
_'_
2v —1)|z| Rz

Observation 2. When v = m € N we have that recurrence (51) is valid for n > m. On
the other hand, from the definition [5, Sec. 2, eq. (8.2.2)],

(a, z) ::/ t*le tdt,

we find that, forn =0,1,2,...m — 1

Y

d2m72n71

L(2m —2n,2) = -2 2" <ez> =(2m —2n — 1)le e _an-1(2),

dZQm—Qn—l

with eg(z) given in (37). Therefore, when v = m € N, the m-th order approximation of
Y,.(2) given in Theorem 3 is given in terms of elementary functions.

4 Final remarks and numerical experiments

Observe that the function Y;!(2) defined in (6) is related to the Struve function H,(z) [6,
Sec. 5, eq. (11.5.1)]:

21—VZV

H,(z) = Y(2).

Sl (v +1/2) "

14



Therefore, the expansion (34) multiplied by the above factor is a convergent expansion of
H, (z) uniformly in z in any fixed horizontal strip.

From the recurrence relations (8) and the special values [4, Sec. 16, egs. (10.16.1)],

[2 . [ 2
Jij2(2) = Yoq2(2) = Esm z, J_1y92(2) = =Yi0(2) = — oS z,

we know that, for half-integer values of v, J,(z) and Y, (z) are elementary functions of z.
This is confirmed by all the expansions given in the above theorems: when v = k + 1/2,
k =0,1,2, ..., the presence of the factor (1/2—v),, in the bounds for the remainders R, (z,v)
shows that the remainders vanish for n > k+ 1, and then the approximations are exact (and
given in terms of elementary functions). More precisely, for half-integer values of v:

o 2(z/2) & Y2 ginz
To(z) = Vrl(v +1/2) [1 N sz] z
and )
B 2(2/2)" a2 1"V cos z
VW) == T 1 [1+d22] L

From the Poisson’s integral representations (5) and (6) we see that these expressions are
formally valid for any real v. This is so because when we replace t2 cos(zt) by —d? cos(zt)/dz>

in (5) we find

1 21 421" sin 2
1—#2 v—1/2 = |14+ = / = |14+ — .
/O( %) cos(zt)dt [ +dz2] ; cos(zt)dt +d22

z
And similarly when we replace t*sin(zt) by —d?sin(zt)/dz? in the first integral of (6) and
t?e=* by d*e¢~*'/dz? in the second integral of (6), we find:

277~ cosz 2777 )
1+ pr _— and — |1+ 12 2 respectively.
z

z
Therefore, for half-integer values of v, 27".J,(z) is an elementary function of z. For other
values of v it is not, but at least, it is an infinite expansion of elementary functions of z
uniformly valid in z in any fixed horizontal strip.

Figures 1 and 2 illustrate the accuracy of the expansions given in theorems 1 and 2
for J,(z), with v = 2, several values of z and different orders n of the approximation; the
situation is similar for other values of v. The accuracy of the expansion given in theorem 3
for Y, (2) is similar. The Figures have been obtained by using the program Mathematica 7.

The convergent expansions of the Bessel functions given in (9) and (52) are alternative
formulas to the convergent power expansions given in (1) and (2), or to the asymptotic
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Figure 1: Plot of the function Jo(x) and the right hand side of (16) for n = 10, n = 15 (top) and

n = 20, n = 25 (bottom) in the real interval [0, 50].
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Figure 2: Plot of the real part of the function J2((1 + 0.1i)z) and the real part of the right hand
side of (16) for n = 10, n = 15 (top) and n = 20, n = 25 (bottom) for 0 < x < 50.



Figure 3: Approximations of (2/z)"J,(z) (thicker graphics) given by the expansions (1) (left), (3)
(middle) and (9) (right) for v = 1, z € [0,10] and five degrees of approximation n = 1,2,3,4,5
(thinner graphics). The approximations are similar for complex z and other values of v.

inverse power expansions given in (3) and (4). All of these expansions are given in terms
of elementary functions, but the character of the approximation is different. At a given
order n of the approximation, the remainder terms in the power expansions (1) and (2)
are proportional to |z|"; the remainder terms in the asymptotic expansions (3) and (4) are
proportional to |z|™". On the other hand, the remainder terms of the expansions given
in theorems 1 or 2 and in Theorem 3 are independent of z in any fixed horizontal strip.
Therefore, when we want to compute the Bessel functions within a prescribed accuracy with
(1) or (2), the number of terms n needed increases as |z| increases. When we want to compute
the Bessel functions within a prescribed accuracy with (3) or (4), the number of terms n
needed increases as |z| decreases; or even worse, it is not possible to get that accuracy for
any value of n. On the other hand, the number of terms n required to compute the Bessel
functions within a prescribed accuracy using theorems 1, 2 or 3 is fixed independently of z in
any fixed horizontal strip. Figures 3 and 4 illustrate these facts for the Bessel function J,(z2);
the situation is similar for the approximations (2), (4) and (52) of the Bessel function Y, (z).
Then, in general, expansions (1) and (2) are more accurate for small |z| and expansions (3)
and (4) are more accurate for large |z|'. On the other hand, expansions (9) and (52) are
more uniform approximations in |z| in any fixed horizontal strip.
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