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Abstract

Recently, the alternating direction method of multipliers (ADMM) has found many efficient ap-
plications in various areas; and it has been shown that the convergence is not guaranteed when it is
directly extended to the multiple-block case of separable convex minimization problems where there
are m > 3 functions without coupled variables in the objective. This fact has given great impetus to
investigate various conditions on both the model and the algorithm’s parameter that can ensure the
convergence of the direct extension of ADMM (abbreviated as “e-ADMM?”). Despite some results
under very strong conditions (e.g., at least (m — 1) functions should be strongly convex) that are
applicable to the generic case with a general m, some others concentrate on the special case of m = 3
under the relatively milder condition that only one function is assumed to be strongly convex. We
focus on extending the convergence analysis from the case of m = 3 to the more general case of m > 3.
That is, we show the convergence of e-ADMM for the case of m > 3 with the assumption of only
(m—2) functions being strongly convex; and establish its convergence rates in different scenarios such
as the worst-case convergence rates measured by iteration complexity and the asymptotically linear
convergence rate under stronger assumptions. Thus the convergence of e-ADMM for the general case
of m > 4 is proved; this result seems to be still unknown even though it is intuitive given the known
result of the case of m = 3. Even for the special case of m = 3, our convergence results turn out to
be more general than the exiting results that are derived specifically for the case of m = 3.

Keywords: Convex Programming, Alternating Direction Method of Multipliers, Multiple-block, Con-
vergence Analysis.

1 Introduction

We consider a canonical convex minimization model with separable structure and linear constraints,
whose objective function is the sum of m functions without coupled variables:

mln{Z@z(:cl) ZAifL'iZb, r; € X, i:1,2,...,m}, (11)
i=1 i=1

where 6; : R — R (i = 1,2,---,m) are closed proper convex functions (not necessarily smooth);
A e R (3 =1,2,--- ,m); & CR™ (i = 1,2,---,m) are nonempty closed convex sets; b € R' and

> n; = n. The solution set of (1.1) is assumed to be nonempty throughout our discussion.
Let the augmented Lagrangian function of (1.1) be

m 2

Z Ai,’Ei —b

i=1

91(111) — ZT(Z Ai,’Ei — b) + g

i=1

La(x1,22,. .., Ty, 2) = (1.2)
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with z € R! the Lagrange multiplier and 8 > 0 the penalty parameter. We focus on the following iterative
scheme with m > 3:

28 = argmin {Lo(x1,25, ... 2k, ") |21 € X1}, (1.3a)
25T = argmin {Eﬂ(IIf+l,,’E2, ok 2R 2 € Al (1.3b)
™ = argmin {La(ai o w2k 2k 2R e X (1.3¢)
ahtt = argmin { L (i, ab ™ 2l rn, 2Y) |2 € X, (1.3d)

m
=2k _p (Z Akt — b) , (1.3e)

i=1
which starts from an given iterate (z5,...,2%  2%). When m = 2, the scheme (1.3a)-(1.3¢) reduces to
the alternating direction method of multipliers (ADMM) originally proposed in [10]. The convergence
of ADMM has been well studied in the literature, see [3, 9, 13, 14]. Recently, ADMM has found many
applications in a wide range of areas; we refer to, e.g., [2, 6, 11] for its review. For the generic case of

m > 3, the scheme (1.3a)-(1.3€e) can be regarded as a direct extension of the alternating direction method
of multipliers (abbreviated as “e-ADMM?”). Despite the inertia in algorithmic design and the numerical
efficiency in empirical implementation (e.g., in [20, 22, 23]), it was shown in [3] that the e-ADMM (1.3a)-
(1.3e) is not necessarily convergent when m = 3. By mathematical induction, it is easy to prove that the
same conclusion for the general case of m > 3. This rather surprising fact has immediately given impetus
to investigate various conditions to ensure the convergence of the scheme (1.3a)-(1.3e) with m > 3.

In the literature, there are some results for the generic case with a general m > 3, it was shown in
[12] that the scheme (1.3a)-(1.3e) is convergent if all the functions 6; are strongly convex. In [17], the
global convergence of (1.3a)-(1.3¢) was shown under the conditions that (m — 1) of the functions 6; are
strongly convex. In [18], the linear convergence of (1.3a)-(1.3e) was shown under the condition that at
least (m — 1) of the functions 6; are strongly convex together with other assumptions such as V6, are
Lipschitz continuous and A; are full row/column rank. In addition, the authors of [15] showed that the
linear convergence can be guaranteed if the step size of the last step (1.3e) for updating the multiplier
2F*1 is shrank by a sufficiently small factor and a certain error bound condition is satisfied.

For the special case of m = 3, there is a richer set of literature. The first one is [4], which shows the
convergence of (1.3) under the assumption that two functions of 6; are strongly convex. Still requiring
the strong convexity of two functions, the work [17] proves some refined convergence results such as
the O(1/t) ergodic convergence rate and o(1/t) non-ergodic convergence rate measured by the iteration
complexity, where ¢ is the iteration number. Later, the results in [4, 17] were improved in [1, 16], in which
the convergence of (1.3a)-(1.3e) was obtained with only one strongly convex function for the case m = 3.
According to the results in [3], the strong convexity of at least one function seems minimal for the special
case of m = 3 of (1.1) to ensure the convergence of (1.3a)-(1.3¢); and the work in [1, 16] verifies this
conclusion positively.

Given the mentioned results for the case of m = 3, by analogy, can we claim that we need (m — 2)
strongly convex functions amid 6;’s to ensure the convergence of the scheme (1.3a)-(1.3e) for the generic
case with a general m that can be larger than 37 Our main goal in this paper is to answer this question
affirmatively. As we shall show, though the answer seems to be intuitive because of the known result for
the special case of m = 3, technically the extension from m = 3 to m > 3 is highly nontrivial. One may
ask if we can only require (m — 3) of the functions 6; to be strongly convex to ensure the convergence
of (1.3) when m > 4. In Section 6.2, we give an example to show that in general it is not guaranteed
and thus verify the rationale of considering the convergence of (1.3) with m > 3 with the assumption
of (m — 2) functions being strongly convex. We also refer to the recent work [5] for a more general
study in the operator context and it includes the case of (1.1) with m — 2 strongly convex functions as a
special case. But the resulting algorithm (see Algorithm 9 in [5]) for this special case is not the same as



the e-ADMM (1.3) under our consideration, e.g., for the subproblems accompanying the strongly convex
functions, their objectives do not involve augmented Lagrangian terms and they are solved in parallel.

In addition to the strong convexity of some or all the functions in the objective of (1.1), it is worthwhile
to mention that the penalty parameter 8 in (1.3) should be appropriately restricted to theoretically ensure
the convergence, see, e.g., all the work [1, 4, 12, 16, 17, 18]*. According to Theorem 4.1 in [3], even all
the functions 6;’s in the objective of (1.1) are strongly convex, the scheme (1.3a)-(1.3e) with m = 3 may
be divergent if the penalty parameter S is not well restricted. Similarly, in Section 6.3, we show that
the scheme (1.3) could be divergent even when (m — 2) functions are strongly convex while the /3 is not
restricted appropriately. Therefore, to discuss the more difficult case where only some of the functions
0;’s are assumed to be strongly convex, we shall also restrict the penalty parameter into certain intervals
when discussing the the convergence of e-ADMM (1.3a)-(1.3¢) with m > 3. Indeed, as we shall elucidate,
the range of 3, which is eligible to the case with a generic m, is even larger than those in [1, 16] when it
reduces to the special case of m = 3. That is, we shall prove the convergence for the e-ADMM (1.3) by
requiring only (m — 2) strongly convex functions and a larger range of 8 for m > 3. Moreover, we shall
establish the worst-case O(1/t) convergence rate in the ergodic sense for m > 3, where ¢ is the iteration
counter; and explore some stronger conditions that can ensure the asymptotically linear convergence for
m > 3. Thus, compared with existing work in the same category such as [I, 4, 12, 16, 17, 18], the
convergence results in this paper are more general and they are proved under weaker conditions.

The rest of this paper is organized as follows. We summarize some notation, present the assumptions
for future discussion and recall some known results in Section 2. In Section 3, we prove the convergence of
e-ADMM (1.3a)-(1.3e) under certain assumptions; this is the main result of this paper. Then, we establish
the worst-case convergence rate measured by the iteration complexity in Section 4. In Section 5, we show
that the scheme (1.3a)-(1.3e) can be guaranteed to be globally linear convergent if further conditions are
posed. In Section 6, we show that the convergence of e-ADMM (1.3) may not be guaranteed if there are
no appropriate assumptions on the model (1.1) or the penalty parameter 5 in (1.3). Some examples are
also constructed. Finally, we draw some conclusions in Section 7.

2 Preliminaries

In this section, we define some notation to be used; present some assumptions on the model (1.1) under
which our convergence analysis will be conducted; show the optimality condition of the model (1.1) in
the variational inequality context.

2.1 Notation

The domain of a function f is denoted by dom(f) and the set of all relative interior points of a given
nonempty convex set {2 by ri(€2). Given a vector z € R", the notation z(;; (1 <7 < j < n) denotes
the subvector of = consisting of the i-th up to the j-th entries of x. If i = j, ;) just denotes the i-th
entry of x. For any given vector z and a symmetric positive semi-definite matrix M with appropriate
dimensionality, we use ||z[|3, to denote z " Mx. For an symmetric matrix M, let || M|| denote its 2-norm. If
M is nonsymmetric, we use | M| := /|| M TM|| and p(M) to denote its spectral radius, i.e., the maximal
absolute value of its eigenvalues. A function f : %" — (—o00, 0] is strongly convex with modulus p > 0
if it satisfies

flz+ (1 —t)y) <tf(z)+ A -1)f(y) - gt(l —t)]lz —yl*, Va,y e R (2.1)

where t € [0, 1].

INote that such a requirement of the penalty parameter is usually conservative because it is used to sufficiently ensure
the convergence. In numerical implementation, it can be appropriately relaxed to result in faster convergence.



Then, based on the coefficient matrices A; in (1.1) and the penalty parameter 8 in (1.3), we define
some matrices to simplify our notation in later analysis. More specifically, for m > 3, let the block
triangular matrices M, N and block diagonal matrix @) be respectively defined as:

0 ATAy ATAs - AlA,

0 0 0 0 )
0 0 AjAs --- AJA, O
: . . . 0 AJ A,
A o : : 0|, n=| . : ' . (2.2)
0 0 0 0 Al A, 0 - : : : :
0 0 0 0 0 0 ANAs -+ AlA, 0O
0 0 0 0 0 0 0 0 0 U
and
BAJ A, 0 . 0 0
0 BAJ Az - 0 0
Q= : : . ; ; (2.3)
0 BAILAm 0
0 0 17

B

Note that both M and N are in the space (n +1) x (n+1); and Q in (3o n; +1) x (3 ity n; +1). Also,
the matrix @ defined in (2.3) is positive definite if A; (i = 2,...,m) are assumed to be full column rank
and 8 > 0.

2.2 Assumptions

Then, we present the assumptions on the model (1.1) to conduct the convergence analysis for the e-ADMM
(1.3) with a general m > 3.

Assumption 2.1. In (1.1) with m > 3, the functions 61 and 02 are convex; the functions s, ...0,, are
strongly convex with the modulus p; >0 (i =3,...,m); A; (i=1,...,m) are full column rank matrices.

Assumption 2.2. There exists u' = (z},...,2},) € ri(dom(61) x dom(02) x - -- x dom(0,,)) N F, where

? m

F = {u—(:cl,...,:cm)eXl><~-~><Xm|ZAZ—:17i—b}.
i=1

Note that both 6; and 65 are assumed to be convex; but we also say that they both satisfy the
inequality (2.1) with u = 0 as long as there is no confusion. This helps us present the analysis in a unified
notation.

2.3 Optimality condition of (1.1) as a variational inequality

In the following, we characterize the optimality condition of the model (1.1) as a variational inequality.
The variational inequality representation plays a crucial role in our convergence analysis to be conducted.
First, let W := X1 X Xy x -+ x X, X Z and the Lagrangian function of (1.1) be

m

L(x1,X2,. .. Ty, 2) 1= 291(:01) — ZT(Z Az — b)),
i=1 i=1
with z the Lagrange multiplier. Under Assumption 2.2, it follows from [21, Corollary 28.2.2] and [21,
Corollary 28.3.1] that the set of saddle points of L£(z1,22,...,Zm, 2), denoted by W*, is nonempty due
to the nonempty assumption on the solution set of (1.1). Then, solving (1.1) amounts to finding a saddle



point of L(x1, 2, ..., Tm, 2). Therefore, the optimality condition of the model (1.1) can be characterized
by finding w* € W* such that:

01(z1) — 01 () + (21 — 25) T (—A] 2*) > 0,
O2(22) — Oa(x3) + (22 — 23) T (—Aj 2*) > 0,

1% YweWw, (2.4)

Om(Tm) — Om(z},) + (T — x:n)T(_AT 2*) > B llem — x:n”Qv
Z?ll Ajxi —b =0,

where p; is the strongly convex modulus of 6; for ¢ = 3,...,m. More compactly, the system (2.4) can be
written as the variational inequality:

VIW,F,0)  6(u) — 0(u*) + (w — w*) T Flw*) > Z%Hxi —2?, Ywew, (2.5a)
i=3
where
- 1 —Alz
! T2 . —Ajz
T2
u= ) , w= : and f(u) = Z@i(xi), F(w) = : . (2.5b)
' Tom =1 —Alz

Note that u collects all the primal variables in (1.1) and it is a sub-vector of w. Since the variable z; is
not involved in the iteration of e-ADMM (1.3), we denote by

U= (I25I35"' ,xm,z)

all the primal and dual variables that are essentially involved in the iteration (1.3). Moreover, the
solution set of VI(W, F, 0), i.e., W*, is also convex due to Theorem 2.3.5 in [7]. Accordingly, we also use
the notation

Vo={(ah, . xl N (2, b, ak AT e W

2.4 Two elementary lemmas

In the following, we present two elementary lemmas. The first one is trivial and its proof is omitted.
Lemma 2.1. The mapping F(w) defined in (2.5b) satisfies
(w' —w)" (F(w') — F(w)) =0, Yuw,weR". (2.6)

The second lemma shows that the spectral radius is a continuous function with respect to the 2-norm
of a matrix. We shall use this property in Section 6.

Lemma 2.2. Given two matrices A € R"*" and A € R"*™ that are not necessarily symmetric. Suppose
that ||A]| < 1. Then, there exists a positive constant C' depending only on the matriz A such that

[p(A+A) = p(A)] < ClA]. (2.7)
Proof. First, using the triangle inequality, we have

A+ 2)T(A+ )] —[IATA] < [ATA+ATA + ATA| < 2 4] + JADAI < @Al + DAl



Then, it follows from the definition of the spectral radius p(-) that

T _ T
oA+ 8) =) = I+ AT AT A - flaTal] - w(“A” ii;h%ﬂ%
1
< e @lal+nla) 28)

Thus, the inequality (2.7) holds with C' := W(QHAH + 1) which is positive and only dependent on

the matrix A. O

3 Convergence

In this section, we prove the convergence of the e-ADMM (1.3) for m > 3 under the mentioned assump-
tions on the model (1.1) with a certain restriction on the penalty parameter §. This is the main result
of this paper. As mentioned, the proof is highly nontrivial. So we organize the discussion into several
subsections. The roadmap of the proof is also reflected by the titles of these subsections.

3.1 Discerning the difference of an iterate from a solution point

We intend to observe the iterate w**! generated by the e-ADMM (1.3) and quantity its difference from a
solution point in W* in terms of the variational inequality representation (2.5) of the optimality condition.
Since the iterate w**! generated by the scheme (1.3) can be expressed in the variational inequality form,
it is possible to compare it with the variational inequality representation (2.5) of the optimality condition
of the model (1.1) and so discern the difference of the iterate w**! from a solution point in WW*. More
precisely, we can show that this difference can be measured by some crossing terms and hence we need
to carefully analyze these crossing terms. The following lemma follows from the first-order optimality
conditions of the subproblems in the e-ADMM (1.3).

Lemma 3.1. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3). Then, we have xiﬁl eX, (i=1,...,m) and

Hi
Oi(w:) — Os(af ) — (i — 2T TAT M — Z Ayl — 2t > EH%—UC;CHHQ’ (3.1)
J=i+1

with py =0, pe =0 and p; >0 fori=3,...,m

Proof. According to the optimality condition of the z;-subproblem (1.3¢), we have :vf"’l € A&, such that

0; _ k+1 L k+1 TAl [z k+1 S Hi ek . -

(1) = O ™) = (23 — 27 T) T A ZA:v +ZA:v > Elas - 2P Vs € X,
j=1+1

Substituting the equation (1.3e) into the last inequality, we obtain the assertion (3.1). O

Recall the characterization of W* in (2.5). The following lemma reflects the discrepancy of w**! from
a solution point in W*.

Lemma 3.2. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3a)-(1.3¢e). Then, we have

O(u) — O(uF ) + (w — W T F(wh ) + %(2 — RO TR Ry 4 Bw — b)) T M (w — wh )

[

Z% ZF 22, Yw e W (3.2)
1=3



Proof. First, it follows from (1.3e) that
1
2T A; karl ——(ZF =] >0, vz e Rl 3.3
Z b—5( )} = (3-3)

Combining the inequalities (3.1) for i = 1,...,m, with the above inequality, we have

01 (1) — O (2 T) = (21 — 2T TAT R = BT, Aj(ak — 271 > 0,
Oa(w2) — Oa(w5™") — (29 — 5T ) TAJ [2FH1 — BT 5 Aj(ah —2) )] > 0,
Oi(xi) — 0:i(xf*) — (i —af T TAT M = B3 ) Aj(ak k+1)] %

e, Ywe W.(3.4)

(2 — ) T[S0, At —b— L(eh — 2] > 0.

Adding all these inequalities together and using the definitions of F in (2.5b) and M in (2.2), we imme-
diately obtain the assertion (3.2). O

3.2 Replacing the crossing terms by summable quadratic terms

According to Lemma 3.2 and the optimality condition (2.5), it is clear that our emphasis should be
analyzing the crossing term

%(z — MO T A 2Py 4 Bw — ) T M (w — wh ) (3.5)

which gives the difference of the iterate w**! from a solution point in W*. As we shall show later, the
first term in (3.5) can be handled easily, whereas the second one should be sophisticatedly treated. This
is indeed the most technical part in the paper. We start from the following lemma.

Lemma 3.3. Suppose Assumptions 2.1 and 2.2 hold. For the iterative sequence {w*} generated by the
e-ADMM (1.3), we have

<zk+1 — 2k A — Ay > —B(Ax Tt — AT Z Aj(x;ﬁ'l - xf) - Z Aj(:vf - ZC?_I)]
j=it1 j=it1
Huillef =22 i=1,m, (3.6)
where g =0, p2 =0 and p; >0 (i =3,...,m).
Proof. Setting x; := z¥ in (3.1), we get
i
Oi(af) — Oi(af ) — (af —aftHTAT M 4 8 Z Aj (@t —af)] 2 7”%““ i
J=1+1
Setting x; := zF"! in (3.1) with k := k — 1, we have
G ) — 0i(a) — @ ) TAT IR 48 S Ak — b ] 2 B ke
j=it1
Adding the above two inequalities, we obtain that for ¢ = 1,...,m, it holds
(AT = A, M =28) 2 | —af TP B(Aaf T = Ad) T Y At =)= Y Ayl el ).
j=i+1 j=it1
(3.7)
Note we use the convention ) " ., a; = 0. The assertion (3.6) is proved. O



Lemma 3.4. Suppose Assumptions 2.1 and 2.2 hold. For the iterative sequence {w*} generated by the
e-ADMM (1.3), we have

m m—1 m m
(= ALY A ) > Y (A - AT Ak ) - Y Ak o)
=2 i=2 J=i+1 Jj=i+1
+Zm||x?“ - zf|)? (3.8)
=3

Proof. Adding inequalities (3.7) from i = 2 to m together, the assertion (3.8) follows immediately. O

In the following lemma, we use the results in Lemmas 3.2 and 3.4; and represent the difference
between the iterate w**! from a solution point in W* by some quadratic terms (see (3.10) and (3.11))
and crossing terms in terms of only A; ;vk+1 (see (3.12) and (3.13)). This refined treatment turns out to
be more convenient for successive operations over different subproblems; and it is the key to the proof of
the main convergence results to be conducted.

Lemma 3.5. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3). Then, for any w € W, we have

O(u) — O(u*tY) + (w — W T F(w) + 8 ZAxl—b > Ak — 2t
1=1 =1
> g; Aai ™ol @) + g AET AR 2) + ; (rallrk ™ = k1% + Skt - zil?)
_|_T11€+ ($§+1,Ii€,xf 1) + TkJrl( k+1;$57$i)7
(3.9)
where
A( k“,xf,xi) = ||Al$f+l — Azxz||2 — ||AZ!E1C - Ai$i||2 + ||AZ£L'ic - Ai$f+l||2, (310)
AL 2R 2) = M — 22— |28 — 2 4 )12 = ) (3.11)
m—1 m
TR b, ab ) = —p 3 (AT - AT (32 4 —ah) - 30 Aytah -
i=2 j=i+l J=itl
(3.12)
m i—1
YE @b b i) = ) D) (At — Agay) (AT — Ajah). (3.13)
1=3 j=2

Proof. First, using the definitions of M and N in (2.2), it holds that
B(w _ wk-‘rl)TM(wk _ wk-i—l) + B(w _ wk-‘rl)TN(wk _ wk-i—l)

m T m
:5(2(,4 x; —b) — (AT — )) > (A — At (3.14)

i=1 =2



Substituting (3.14) into the left-hand side of (3.2), we obtain

O(u) = 0 ) + (w — W) TF () + 3

m

ﬂ(iAﬂi—b)Ti Ak — Akt — ZAIkH TZ(
i=1 i=2

i=2
—Bw — wFH TN (wk — wh+1) > Z % fﬂ — |2, Yw e W
i=3

On the other hand, using the definition of A(z**1 2% 2) in (3.11), we have
l(z _Zk—i-l)'l'(zk-i-l _Zk) _ _i

26
Substituting the above identity into (3.15) and using (1.3d), we obtain

A2 2 7).

l(z _ Zk+1)T(Zk+1 _ Zk)

k k+1

O(u) — O(uF 1) + (w — Wt ) T F(wh ) + ﬁ(z Ajz; —b)" Z(Aixf — A;zhth
i=2

i=1
i 1
> Z Hiyygy — 22 4 Blw — TN (wF — bty 4+ %

m
TN (Al — At Vw e W,
1=2

Next, substituting (3.8) into the last term of the right-hand of (3.16), it yields

m

— AP 2R )

O(u) — O(uf ) + (w — W T F (W) + B(i Az —b)" Z(Aixf — A;zhth

i=1 =2

>3 [ Bl — a2 4 pulled = 2F2] 4+ Bw — w ) TN (@ — )

=3
1 m—1
—i—%A(zkH,zk,z) _ ﬁ (Aixi_c-i-l _ Azxf)—r Z A k-‘rl )
i=2 J=i+1 J=itl

On the other hand, it follows from (3.10) and the definition of the matrix N in (2.2) that

ﬂ(w _ warl)TN(wk o wk+1)

_B< k1 k1 T(A Lkt
= 5; (At Aa? sz)"'ﬁZZ(Aixi — Ajzi) (A

J

(3.15)

(3.16)

(3.18)



Substituting (3.18) into (3.17), we get

0(u) — 0w ) + (w — ) TP + B0 A =) T > (Aiaf — At
i=1 1=2
>3 [Sles =2+ il — )] + > At Ak, ) + g5 A 2,2)
=3 P
m—1 m
—B > (AT — k)T Z At —aby = 3 Al —ab
i=2 j=it+1 j=it1
m 1—1
B8 0 (At — Agry) T(Aah T — Ajah), Vwew
i=3 j=2
(3.19)
Finally, the assertion (3.9) follows from Lemma 2.1 and inequality (3.19) immediately. O

For succinctness, we temporarily skip the superscripts and the variables for Y; (i = 1,2). The next
lemma focuses on analyzing the crossing terms Y7 and Y5 in the right-hand side of (3.9); and finding their
lower bounds representable by negative quadratic terms. The purpose of doing so is that the difference
between the iterate w**! and a solution point in WW* can be completely represented by quadratic terms
in a unified way. More specially, we decompose T1 and Y5 into following several terms:

Tgl) = —f(Agzh ! — ZA k"'l ZAJ r — 3: ) (3.20)
7j=3
m—1
TEY =8 S (At — Z Aj(zEH — oh) (3.21)
=3 J=t+1
m—1 m
TP =53 (Ah ! — Aah)T DT Ak - 2h ) (3.22)
i=3 j=it+1
Tél) = ﬂ(AQ.IIQH_l — A2$§)T Z(Al.fiﬁ_l - Alsz) (323)
i=3
m—1 m
TP =83 3 (At — AT (A2h - Ayah). (3.24)
Jj=3 i=j+1

Then, we take a further analysis for each smaller term to get their lower bounds.

Lemma 3.6. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3). Then, for any w € W, we have the following assertions:

1) For any scalars a,b > 0, it holds

1, — m—2
1" > 5 <—<a+ )l Azah — Apay ™ |P = I 3 (Asa ™ — A - Z | Ak — Asal 1>||2>
=3
(3.25)
2) The following identity holds:
ﬁ m m
TP = =5 (1D (Al = Ah) =3 A+ — Ak ) (3.26)
=3 =3
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3) It holds that

,_.

m—

T > DN - At - AP 53 8) At — At
=4

z:3

4) For any scalar 6 > 0, it holds

m—2
T > -5 (2—5 O lAih T = A + —HA x5t — A2$§|I2> :
=3

5) It holds that

e (Z(z’—za)nAixf“ Aji]|® + Z m = i) A Aix?||2>.

i=3
6) Y1 and Yo defined respectively in (3.12) and (3.13) satisfy the equations

T =1H 13 1 and vy = 18 + 12,

Proof. 1) Using Cauchy-Schwarz inequality, for any positive scalars a and b, we have

| 2

(3.27)

(3.28)

(3.29)

(3.30)

T = —B(Agah™ — Apah) TN A (@b — ab) + B(Asah T — Apa) T A (ah - b

Y%

B (—alAzw’S — Aprg | ~ HZ( it = A )Il2>

m— 2 -
B (—b|A2:v2 A TS Z |Aiaf — Aga 1|2> :
=3

Then, the inequality (3.25) follows directly.
2) Invoking the identity 2"y = (||l + y||> — [|z]*> — ||y||?), we know

’r(ﬂ)

1 =

ey
3

@
Il
w

j=i =i+l

<| D (At = Af)|P =Y || A~ Aidfﬂ?) -

=3 =3

@

Then, the inequality (3.26) is proved.
3) Using Cauchy-Schwarz inequality, we have

m—1 m
T > DN S (At - AP + 4y - At )
=3 j=i+1
ﬁm_l k+1 k2 ﬂ - k—1112
= -5 > (m—i)l| At — Al _EZ 3)|| Al — A2
=3 i=4

Thus, we obtain the inequality (3.27).

11

Z(Aj:vfﬂ — ij;?) — ||Asftt - AifoQ - Z (Ajz

]

k+1

2

— Ajay)



4) Using Cauchy-Schwarz inequality, for any positive scalar 0, we have

( ||Z oyt — AP + —||f4235kJrl A2$§|2>

> - ( Z 1At — Aii|® + IIAM’S+1 - A2I§||2> -

Then, the inequality (3.28) follows directly.
5) Again, using Cauchy-Schwarz inequality, it yields

Y

)

m—1

T > g Z (A5 = Ajaf||? + | A ™ — Al )
=3 i=j+1
B m m—1
_ k+1 2 k41 k2
- 5(22—3 4 = A 3 = )] At At )
(

Thus, the inequality (3.29) is proved.
6) The assertion (3.30) follows from the definitions of Y1, Yo, Tgl), ngl), T§22)7 Tél) and Tg) (see
(3.12), (3.13) and (3.20-3.24)), and some elementary calculations. O

With the previously proved lemmas, we can derive a favorable relationship for two consecutive iterates
about their respective differences from a solution point in W*. This relationship is reflected by an
inequality that is completely representable by quadratic terms without any crossing terms. It is thus easy
to show that the sequence generated by the e-ADMM (1.3) is Fejér monotone with respect to W*.

Lemma 3.7. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3). For arbitrary positive scalars a, b, §, and any w* € W*, we have

ﬂ * P
ZHA S AP+ | - |2+ﬁz[
1=2

] A+t — AP

<’ 3 2+ 2 k=112
§Z||Aiw — A"+ || - 2" +ﬁz +— | Azl — Ak
— 2 CiHAi:varl _ Aifo? - %sz _ Zk+1||2 _ ;Q”Aﬂfﬂ _ Aix;ﬁ|‘27
(3.31)
where
1 J
Cri= (3= (a+b) = 3)F (3.32)
Y W SO Al B
Ci = AT A B((4a+4b)(m 2) + 5 ),2_3,...,m, (3.33)
and
Hi m—2  (1—3)] .
CTTATAL 95 ’ R EEEE) . 34
AT Al s e (3.31)

12



Proof. First, substituting (3.25)-(3.29) into (3.9) and invoking (3.30) we derive that

03 At — At + z||2+ﬂz[ P22 ik - P
1=2

gimm - AP+ ot ZI2+ﬂZ[ Wx At
—cznAQx’;“—A2x§|\2—%nzk—z’mnuﬁ >|\Z< o A

5 {illat = o2 = 5 |22 b om =5 At - Aiw;@*w?}

1=3

m

i m—2 17—
_2{7“31' _x§+1|‘2 _ [ 5 T ( )} | At k+1 Aixi”Q}
i=3

+{9(“)‘9<U’““>+<w YT R () + B3 A — )T fﬁAu?—xf*l)}.
=1 =1

(3.35)
Invoking the Cauchy-Schwarz inequality and a > 0, we have
Ty Z( S = 4B < 21+ Dym -2 Y Akt - At (3.36)
i=3
Then, using (2.5a), we get
* k+1 * k+1\T * * T k k+1 Hay k12
O(u") = 0(u™"") + (w" — ™) F(w )+ﬁ(;Alxi - ) ;Al(xi - )S—ggllxi - "
(3.37)

Setting w := w* € W* in (3.35) and combining (3.36) and (3.37), we obtain the assertion (3.31)-(3.34)
directly. |

3.3 Main result

In this subsection, we prove the convergence of the e-ADMM (1.3) with m > 3 under Assumptions 2.1
and 2.2. This is the main result of this paper. As mentioned, it has been shown in [3] that the penalty
parameter 3 must be appropriately restricted to guarantee the convergence of the e-ADMM (1.3) even
all functions are assumed to be strongly convex. Therefore, in the following theorem we first present
a range of B to ensure the convergence of the eeADMM (1.3) with m > 3 under our assumptions. We
target a larger range of 5 while ensuring that all the coefficients C; (i =2,...,m) and ¢; (i =3,...,m)
defined in (3.32)-(3.34) are positive. With the positiveness of these coefficients, as we shall show in the
proof, it becomes possible to measure the difference of distance to a solution point for two consecutive
iterates. It is noticed that determining the range of 8 via the inequalities (3.32)-(3.34) relies on the free
variables a,b,d and m; thus it seems to be unclear to know what the theoretically largest range is. In
the following proof, we provide a heuristics and probe a favorable range of 8 which can be shown to be
a better choice than those in the existing literature.

Lemma 3.8. Suppose Assumptions 2.1 and 2.2 hold. When (3 is restricted by

. i
e (o, , 3.38
b ( 32ism max{4m—10,3m—6.5}||Ain||) (8:38)

we have

13



Z) C;>0,i=2,...,m,
ZZ) ¢G>0,1=3,...,m,
where Cy, Cy (i =3,--+-,m) and {; (i=3,---,m) are defined in (3.32), (3.33) and (3.34), respectively.

Proof. Let us first explain our heuristics to find the range (3.38). With the purpose of finding a larger
range of 8 while enduring the positiveness of all the coefficients in (3.32)-(3.34), and mainly motivated
by (3.33), we choose a = b and thus we should ensure the following inequalities:

Cy:= (% —2a — g)ﬁ > 0, (3.39)
M _ m—-—2 3m—1—7 .

C; = AT A7 B( 5g + > >>O,z—3,...,m, (3.40)
== | — ,1=23,...,m. 41
¢ AT 47| ﬁ{ 55 + 5 >0,i=3 m (3.41)

To ensure (3.39) and simplify (3.41), we probe the choice of ¢ as

m—2
d=(1—4a)————— withe >0
( a)m_(2_61) with e
so that the numerator m — 2 in (3.41) can be canceled. This particular choice also makes us to derive a
range of 8 whose upper bound can be represented by some linear terms of m. Indeed, with the mentioned
probe, we have

1—4a €

Cy =  m_oro’ (3.42)
i m-—2 3m—i—7 .

C; = _ L i=3,....m, 3.43
TAT Al (g ) " (343)
i m—2+€¢ i-3 .

=P i=3.....m. 3.44

G AT A 42(1—4@* 2 ] ’ " (3.44)

Further probing different values of a, we choose a = 1 in (3.42). Also, we choose i = 3 in (3.43) and

i =m in (3.44). Then, the definitions in (3.42)-(3.44) can be accordingly specified as

Ca: 10(m —2+¢€)’ (3:45)
Hi .

Ci = m —[3(4m—10), 123,...,m, (346)

o= IIA»FTMAI-II — B(3m —6.5+2.5¢), i =3,...,m. (3.47)

Letting ¢ — 0 in (3.47), we obtain the range (3.38) that can ensure the positiveness of all the coefficients
defined in (3.32)-(3.34). O

Now, we are in the stage to prove the convergence of the eeADMM (1.3) with the restriction (3.38)

on f3. Let us define a potential function ®(v**1,v* v) as

1 5(m —2)

k41 ok oy . k41 2 o~ [(i—3) k1 k)2
DT 0% ) = §||v -+ ﬁ; [ 5 + 1 [|Azz; ™ — Az, (3.48)
with 8 satisfying (3.38); and a block diagonal matrix as
N . Lo
Q = diag (202142 Ao, 20 AT Ay, EI) . (3.49)
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Then, Q is positive definite because C; >0 (i = 2,--- ,m) according to Lemma 3.8. It thus follows from
(3.31) that

1
O(vF L vk ) < B0k, R ) — < |of — vk+1||z~2. (3.50)

Theorem 3.1. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-
ADMM (1.3) with B restricted in (3.38). Then, the sequence {w*} converges to a solution point in
%8

Proof. Tt follows from (3.50) that the sequence defined by

(I =l + 83 52+ M D gt - k)
is non-increasing. It implies that the sequence {v*} is bounded under the assumption that A; (i =
2,...,m) are full column rank. The relationship (1.3e) and the fact that A; is full column rank further
imply that the sequence {z%} is also bounded. Hence, the iterative sequence {w*} generated by the
scheme (1.3a)-(1.3e) is bounded.
Summarizing (3.50) for all k£ and rearranging the terms, we get

1 K k12 1.4 112 - (t—3) 5(m—2) 0 -
5;Hv —o g < | 5l —U||Q+B; St | 420 — Azl |? ), (3.51)

which implies

lim |[2% — 2**Y = 0and lim ||A;zF — A2t =0, i=2,...,m. (3.52)
k— o0 k—o00

Moreover, the boundedness of the sequence indicates that the sequence {w"} has at least one cluster
point. Let w™ be an arbitrary cluster point of {w*} and {w*/} be the subsequence converging to w>
Then, the sequence {v¥} converges to v>°; and the whole sequence {v*} has only one cluster point v>
because of (3.50). On the other hand, it follows from (1.3e) and the fact that A; is full column rank that

k+1 T 14T Z k+1 28 — 2
=(A] A)7 A [b=) Az — .
=2
Then, the sequence {z}} has only one cluster point, say z§° = (A A1)7tA] (b—3", A;25°), by
combining the above equation with v*¥ — v°°. Thus, the sequence {w*} converges to w>. Taking limit
along the subsequence {w*s} in (3.4) and using (3.52), we have

01(21) — 01(27°) + (21 — 27°) T (—A] 2) >0,
O2(z2) — O2(25°) + (22 — 25°) T (—Ag 2°°) >0,

0;(z:) — 0:(25°) + (w; — 22°) T (= A 2°) > Bl

YweW.

©|2, i=3,...,m,

i — X

According to the optimality condition (2.5), we know w™> € W*. Consequently, the sequence {w"}
generated by the eeADMM (1.3) with S restricted in (3.38) converges to a solution point in W*. O

Remark 3.1. It can be seen from (3.50) that the sequence {A;x¥} (i = 1,...,m) converges to {A;x°}
(i=1,...,m) even without the full column rank assumptions on A;’s (i =1,...,m).
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Remark 3.2. We have shown the convergence of the e-ADMM (1.3) when (3 is restricted in the range
(3.38), for the generic case with a general m > 3. Indeed, when the special case of m = 3 is considered,
the range (3.38) reduces to

2
e (omitar).
5] A3 As]|

which is still larger than some ones in the literature that are only eligible to the special case of m = 3,

e.g., the range (O, m) proposed in [1].

4 FErgodic convergence rate

In [13, 14], some worst-case O(1/t) convergence rates measured by the iteration complexity were estab-
lished for the original ADMM scheme which corresponds to the scheme (1.3) with m = 2. Since then,
there are some works focusing on investigating the convergence rates in the same nature for various
splitting methods in the literature. This kind of convergence rates provides a global, though perhaps
not sharp, estimate on the convergence speed for the algorithm under discussion. In this section, we
establish a worst-case O(1/t) convergence rate measured by iteration complexity for the e-ADMM (1.3)
with m > 3 under Assumptions 2.1 and 2.2. Compared with (3.38), the restriction on S to ensure the
O(1/t) convergence rate is slightly more restrictive. In order to establish the ergodic convergence rate,
we require the positiveness of Cy defined in (3.32), C; (i = 3,...,m) in (3.33) and {; (i = 3,...,m) in
(4.7). Note that ¢; (i = 3,...,m) is deferent from ¢; (i = 3,...,m); and the difference results in a more
restrictive range of 8 as to be shown later.

We first prove a lemma that will be used to prove a worst-case O(1/t) convergence rate for the
e-ADMM (1.3) with m > 3.

Lemma 4.1. Suppose Assumptions 2.1 and 2.2 hold. Let {w*} be the sequence generated by the e-ADMM
(1.3) with m > 3. If B is restricted by

. i
ﬁ (S (073£I}L_1<nm (13+4\/§m _ 17+2\/§)|ATA1|> ? (41)
then we have
O(* v* v) < Ok, vF L v) + 2w, Wk, w), (4.2)
where
1 m
O(*H W* v) = §||vk+l —vl|j + ﬂZnHAixf“ — Azh|?, (4.3)
i=3
T = (i-3) + (7 + V/33)(m 2). (4.4)
2 8
and
B wh w) = 0(u) — 0w + (w — ) TF(w) + B0 iz —b) T Y Ai(af — 2. (4.5)
i=1 =2
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Proof. First, substituting (3.36) into (3.35), we get

5 m—2
5 0 el = il + n k1 ZII2+BZ{ ! )}lAixf“—AixW

4b

ﬂ - k 2 k 2 (i—3 (m —2) K k—1)2
<52 Mt~ A + 5l = +ﬂ; D D k-

o |

s

1 m
= Cill Attt — Awf)? — ﬁllzk =P =Y Gl A = AP+ S 0t w),

i=2 =3
(4.6)
where Z(wk ! wk w) is defined in (4.5) and
5 1 m-—2  (i—3)] .
L - i=3,...m. AT
o= apatan 2+ e o

The heuristics of the following part is similar as that of Lemma 3.8. We skip the detail for succinctness.

Setting a = b = FT@ and ¢ = @% (¢ >0), we get

V33 -5 ¢
4 (m—-2+¢)’

13++/33 14 +1i+ /33

Cy =

i .
O,L' — - - 9 :35"'7 ’
P R S R "
and
~ i 54+ v33 54+v33 1—3 5+4++vV33 )
G = NT —( * m— + 41 + * €)B,i=3,...,m.
2| A7 Al 8 4 2 8

Let € — 0+. Then, we derive that C; > 0, (i = 2,...,m) and G>0 (i = 3,...,m) when 3 satisfies
(4.1). Thus, the assertion (4.2) follows from (4.6) immediately. O

Based on Lemma 4.1, we now establish a worst-case O(1/t) convergence rate in the ergodic sense
for the e-ADMM (1.3a)-(1.3e). For this analysis, the quality of an iterate is measured by the feasibility
violation and the decrease of the objective function. Let us define

t
1
k+1 o Bl Y k+1 k1. 1 k+1
: Zx i=1,...,m; = Zu , and wy .—tZw . (4.8)
k=1
Obviously, w k+1 € W because of the convexity of X; (i = 1,...,m). Note that we are considering the

case of m > 3. Hence, the interval (4.1) is included in the restriction of § (3.38). Then, invoking Theorem
3.1, the sequence {1|jv* — v*[|%,} is bounded and thus there exists a constant  such that

Ak <k, Vi=1,...,m, and ||2"| < &, Yk > 0. (4.9)

Theorem 4.1. Suppose Assumptions 2.1 and 2.2 hold. Fort iterations generated by the e-ADMM (1.3)
with B restricted in (4.1), the following assertions holds.

1) For C =B ", r|| Azl — A2l and 7; is defined in (4.4), we have

1 — 1 _
O(ui ™) = 0(w) + (wi ™! —w)TF(w) <~ 12B5(m = D) D Aizs = b + 5o vy +C| . (4.10)
=1
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2) There exists a constant ¢; > 0 such that

C1
| ZA it —b||? < = (4.11)

3) There exists a constant ¢ > 0 such that
k+1 * 62
16(us™) = 0(w")| < - (4.12)

Proof. 1) First, it follows from the assertion (4.2) that for all w € W, we have

0(u) — O(u*tY) 4+ (w — W T F(w) + 8 ZA z; — b) ZA — 2+
> 0w vk v) — 0", vF L ). (4.13)
Summarizing both sides of the above inequality from k= 1,2,--- |, we have
t t m m
— ZG(u’”l) + (tw — Zle)TF(w) + ﬁ(z Ajz; —b)" Z Aj(x} — 2t
k=1 k=1 i=1 i=2
>0 vt v) — O(vh, v v). (4.14)

Then, it follows from the convexity of §; (i = 1,...,m) that

O(urtt) < O(urt). (4.15)

| =
M“

E
Il

1

Combining (4.9), (4.14) and (4.15), we have

O(ut ™) = O(u) + (wi™ —w) " F(w) <

~ | —

(@(’Ul 00, v) 4+ 2BK(m — 1) || ZA Ti— b||> (4.16)

Thus, the assertion (4.10) follows from the above inequality and the defintion of ©(v!,v°,v) directly.
2) Let us define ¢; := ﬂ% (|2 = 2|2 + [[2*"! — 2*[|?). Then, we have

2
1 t m 1 t 11 2
k41 a2 |IL LR 1 s 2L e
D O t;[ IR
12
< —Qﬂ—(llz =27+ [l = 27 =

where the first equality follows from (4.8), the second follows from (1.3¢) and the last follows from
Cauchy-Schwarz inequality. The assertion (4.11) is proved immediately.
3) It follows from L(uf™!, 2*) > L(u*, 2*) that

1 N _
o) =00 > (3=t =0 (JI 3 At i) 2 < 4,
(4.17)

where the second inequality is because of the Cauchy-Schwarz inequality and the last is due to (4.11).
On the other hand, setting w := w™* in (4.16), we obtain

—_

O(ui ™) = 0(u*) + (it —w") T F(w) < ZO(u!,0%,v").

~+
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Invoking the definition of F' in (2.5b), we have

m

* * * 1 * —
(W =) TP’ = =73 Al =) 2 =5 (171" + &),
i=1

where the proof of the last inequality is similar to (4.17). Combining these two inequalities above, we get

1 1
Bui) — B(u') < L0 ) + - (1 + 20, (1.18)
The inequalities (4.17) and (4.18) indicate that the assertion (4.12) holds by setting ¢ := O(v!,v°,v*) +
s(12*]1% + 2.
O

For a compact set D C W containing a solution point of the variational inequality (2.5), let us define

- Ui 1
d = sup{2Bk(m — 1)|| Y Asz; — bl| + 5Hvl —v||3|w € D}. (4.19)

=1

Then, for the first ¢ iterations of the e-ADMM (1.3), the point wf™! defined in (4.8) satisfies

sup {0(uy 1) — 0(u) + (i —w) " F(w)} < dhach

p < — (4.20)

On the other hand, invoking Theorem 3.1 and Stolz-Cesaro Theorem (see, e.g. [19]), the sequence {wF*1}
converges to the same saddle point w™ as the sequence {w*} does. Therefore, it implies that w,’f"’l is
an approximated solution of (1.1) with an accuracy of O(1/t) in sense of (4.20). Note that Theorem 4.1
also indicates a worst-case O(1/t) convergence rate of the e-ADMM (1.3) in sense of that the accuracy is

measured by both the feasibility violation (4.11) and the decrease of the objective function (4.12).
Remark 4.1. For the special case of m = 3, the restriction of 5 (4.1) reduces to

V33 -5
ﬁ E (07 f)?
2|| A5 Az
which is larger than that in [1] for the special case of m = 3:

6

pse0,— ).
O Ty

For m > 4, we can derive a less restrictive range for B3:

. i
0 ' 4.21
pe ( 32i%m max{4.5m — 11}|A3Ail) -

Indeed, setting a =b = % and § = %% (¢ >0). Let € — 0+, we know that C; >0, (i=2,...,m)

and ;>0 (i =3,...,m) when 3 satisfies ({.21). Thus, the inequality (4.2) holds with 7; = @—i—w
when B is restricted to (4.21). Thus, Theorem 4.1 also holds and it ensures a worst-case O(1/t) ergodic
convergence rate in senses of both the variational inequality characterization (4.10) and the combination

of the feasibility violation (4.11) and the decrease of the objective function (4.12).
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5 Asymptotically linear convergence under stronger conditions

In this section, we show that it is possible to theoretically derive the globally linear convergence in the
asymptotical sense for the e-ADMM (1.3) with m > 3. The results in Section 3 are useful for this purpose.
Note that the asymptotically linear convergence is a very strong result and thus more general assumptions
are needed to ensure this result. We refer to [18] for some existing results about the linear convergence
of the e-ADMM (1.3) under some conditions stronger than what we shall present now. Our assumptions
to ensure the asymptotically linear convergence of the e-ADMM (1.3) are listed below.

Assumption 5.1. In (1.1), 0 is convex and 0; (i = 2,...,m) are strongly conver with modulus ;.
Moreover, one of the following conditions hold:

1) One of VO; (i = 2,...,m) is Lipschitz continuous with constant L;, the corresponding A; is full
row rank and the corresponding X; = R™;

2) V01 is Lipschitz continuous with constant Ly, Ay is nonsingular and X, = R™.

First of all, under Assumption 5.1, we can prove a result similar to (3.31), i.e.,

m
_ 1
P(vFL ok ) < 0k, 0 0") — ZCiHAi:vf“ — Agk|? - %sz — 22
i=2
m
=) GllAaf T — At |® — pol|ab Tt — ab||® — pof|af Tt — 252,
i=3
(5.1)

where ®(v**1 ¥ v) is defined in (3.48). Recall that when the penalty parameter 3 is restricted into

(3.38), we know that all the constants Co in (3.32), C; (i = 3,...,m) in (3.33) and (; in (3.34) are
positive. Thus, there exists a constant

) ) ) 1 max{4m — 10,3m — 6.5} || A A;|
¢ :=min {Sginm{g}, legnm{ci}, 3 lax " sz e >0
such that

(I)(’UkJrl,’Uk,’U*) < ‘I)(’Uk,’ukil,’u*)

m m
=< <Z 1At = Agaf ||+ |25 = PP Y A — AP+ ey - a3+ Jlastt - J1?’5|2> -
=2 =3

(5.2)

Indeed, according to (5.2) and the definition of ®(v**! v* v) in (3.48), it is clear that we only need to
bound the terms [|z"*1 — 2*||2 in terms of the minus term in (5.2). As we show below, this is exactly why
we need to assume Assumption 5.1.

Lemma 5.1. Suppose Assumption 5.1 holds. Let w* be a saddle point in W* and {w"*} be the sequence
generated by the e-ADMM (1.3) with m > 3. Then, there exists a constant o1 > 0 such that

m m
24 = 2% < oy (Z [Aieftt — Al |> + ) et — A} |)?
1=2 =3
HllF = 2P 4 25t — 25+ st - 2h)?) (5.3)

Proof. We consider two cases.
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Case I: “ One of V0; (i = 2,...,m) is Lipschitz continuous with constant L;, the corresponding 4; is
full row rank and the corresponding &X; = R"*”. The optimality conditions for the z;- and z}-subproblems
are respectively:

AT = V0,28t + BAT Y (Al — A,
j=i+1
and
— Al 2 = —V0;(x)).

Adding these two equalities, we get

Amin (AiAD|ZHE = 27| < JAT M = AT 27| < |IV0:(2fH) = Vo, (27| + Bl Al D 1425 — 4
j=it+1
< Lillef™ =2 + Bl Al Y 145e5 — At i=2,...,m.
j=i+1
Then, there exists a constant o1 > 0 such that conclusion (5.3) follows.

Case II: “V6, is Lipschitz continuous with constant Lq, A; is nonsingular and X; = R™”. It follows
from (1.3e) and the last equation in (2.4) that

m

1
Ayt — Ayay = B(zk =2 =) (At — Agal).
i=2
Then, because A; is nonsingular, we have
1 m
Amin(A] A1) |2yt — 27| < Ellzk =+ D AT — A

i=2

1 m

k k k+1 k+1
< Ellz — T Y A — Al + 1A A5t — 3.

i=3

On the other hand, similarly as (5.4), we get

Amin(ALAD) |25 = 27| < Lyflaft™ — %)) + Bl Ax ) D | Ajaf — At

=2

Combining these two inequalities, the conclusion (5.3) follows immediately. O

Now, we can derive the asymptotically linear convergence of the e-ADMM (1.3) under Assumptions
5.1. To compare with Theorems 3.1-3.3 in [18], we just show the linear convergence of the sequence
{(Ayh T Agah o Akt 2PN If further assumptions are assumed such as that all A; (i =
1,--+,m) are assumed to be full column rank, it is trivial to derive the linear convergence of the sequence
{(2h b ekt 2R )Y We skip the detail for succinctness.

Theorem 5.1. Suppose Assumptions 5.1. Let {(xlerl,:zrngl, o xR RO be the sequence generated
by the e-ADMM (1.3) with m > 3 and the restriction of 3 (3.38). Then the sequence {(A;xh*t, Agah™t,

oy AL 2RI converges linearly to a point in {(Ayx}, Aewh, ... Ak, 2)w* € W,

Proof. Let w* be a saddle point in W*. Tt follows from (5.3) that there exists a positive scalar ¢’ such
that

(I)(,Uk-‘rl , ’Uk, ’U*)

m m
<o (Z 1A Tt = Agaf (| + 2% = PP YAt = AP+ flag T - 3]+ flag - af )
i=2 =3
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Table 1: Comparison of assumptions and restrictions on 8 with [18]

Ay is full column rank.

. . 4p; ap
0, min { ming<; _ L L
( ’ 2SiSml 5 om ) G—DJA] Azl 3mZ—3m-—2A] Am

Scenario Assumptions in [18] Assumption 5.1
X, =R" 1=1,...,n) General nonempty closed convex sets
1. 02, --- 0, are strongly convex; 02, -, 0, are strongly convex;
V6,, is Lipschitz continuous One of VO; (i =2,--- ,m) is Lipschitz continuous,
A, is full row rank and A; is full row rank with X; = R"i.
. . ) 4pg Apm i B K
0, min {mm?glﬁmfl @Em—i)(i—DIA] A (mTD(m—2)[A] Al }) (O’ ming<i<m{ max{4m—10,3m—6.5}[|A] A }>
2. 01,---,0, are strongly convex; 02, -, 0, are strongly convex;
Voi,---,V0,, are Lipschitz continuous V6, is Lipschitz continuous,
and A; is nonsingular with X; = R™¢
0, min ¢ ming<; < b dim 0, ming<;<m{ Hi }
’ 2sismel gam_i)(i-D[A] Ayll" 3m2Z—3m—2]| A} Ay ’ BSISMA ax{4m—10,3m—6.5} [ A A,
3. 62, -, 0, are strongly convex;
Voi,---,V0,, are Lipschitz continuous

Then, combining (5.2) and the above inequality, we obtain

/

(I)(karl,vk’v*) < Cig'fb(vk’vkil’v*)'
It implies the Q-linearly convergence rate of the sequence {®(v¥*1, v* v*)}. Thus, we know that the
sequences {||A;x¥ Tt — A2} (0= 2,...,m), {||ZFtT — 2|2} and {|| At — Ab|?} (0 =3,...,m)

all converges R-linearly. Recall that
l25 = 22 < 2(]]2" — 2|7+ [|25T - 21%).

The sequence ||z* — z51||2 also converges R-linearly. Finally, it follows from (1.3e) that
1 m
bt = Ay = (8 - ) 2 Y (At - ).
B i=2

Then, using Cauchy-Schwarz inequality, we have

* 1 - *
J skt — Ay < 2 <@|Iz’“ — R - )Y A A ||2> .
=2
Therefore, the sequence {||A; 25T — A;2%||?} also converges R-linearly because of the R-linear convergence
of the sequences {[|2* — 2"*1||2} and {||A;z* ™ — A;z¥|]?} (i = 2,...,m). The proof is complete. O

Remark 5.1. In [18], three scenarios are considered to ensure the linear convergence of e-ADMM (1.3).
We list them in Table 1. Note that all the cases in [18] additionally require X; = R™ (i = 1,...,m).
Scenario 1 in Table 2 of [18] is included in our Assumption 5.1; while we can easily establish the linear
convergence of the e-ADMM with (3.38) for Scenarios 2 and 3 in Table 2 of [18] by following the roadmap
of the proof of Theorem 5.1. For succinctness, we omit the proof details for Scenarios 2 and 3 in Table 2
of [18]. Now we elaborate on the difference of the restrictions on [ in Table 1. Note that the denominator
of the upper bound for 8 in (3.38) is a linear function of m while that in [18] is quadratic. So it is not
hard to see that our restriction of 5 (3.38) is less restrictive than those in [18]. More specifically, for
example, if we consider the case of m =15 and p; = p (i = 2,...,m), then the ranges of 8 in [18] for
Scenarios 1 and 2 are (0, 4&5) and (0, $%=), respectively; while those in (3.58) for both cases are (0, £5).

) 157 » 50
The difference of 3’s range becomes more apparent for larger values of m.
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6 Two assertions

In this section, we construct some examples to show that the e-ADMM (1.3) with m > 3 are divergent
if the model (1.1) or the penalty parameter § in (1.3) is not appropriately assumed. These examples
exclude the hope of ensuring the convergence of (1.3) under too mild assumptions and to some extent
justify the rationale of our assumptions for discussing the convergence of the e-ADMM (1.3) with m > 3.
In particular, we verify the following assertions.

e The e-ADMM may be divergent for solving (1.1) if (m — 3) functions are strongly convex for any
penalty parameter g > 0 with m > 4;

e The e-ADMM may be divergent for solving (1.1) if (m — 2) functions are strongly convex without
any restriction on the penalty parameter g with m > 3.

6.1 Application of e-ADMM to a linear homogeneous equation

Inspired by [3], we consider a linear homogeneous equation with m variables
m
> Aimi =0, (6.1)
i=1

where A; € R™ (i =1,...,m) are all column vectors and the matrix A :=[A4;,..., 4,,] is assumed to be
nonsingular. Obviously, the equation (6.1) has the unique solution 2; =0 (¢ = 1,...,m). The equation
(6.1) is a special case of the model (1.1) where the objective function is null, b is the all-zero vector in
R™ and X; =Rfori=1,...,m.

Applying the e-ADMM (1.3) with 8 > 0 to (6.1), we obtain

—A] 2P+ BAT (AT 4 Agah + -+ Ak =0,
—AJ 2P+ BAS (At 4 Apah T o A2k ) =0,

.................. (6.2)
—ALZF 4 BAT (Agah T Agah T 4 A2kt =0,
L= 2k B(A T 4 A o Ak,
Introducing the new variable ¥ := 2¥/3, the scheme (6.2) can be rewritten as
ah T ok
: =S : , where S = L™'R, (6.3)
wktt zk
s 1*
with
A;AQ 0 ce 0 0 01><m
A;AQ A;Ag s 0 0 01><m
I = : : " : : . (64)
Al 1Ay s AN AL 0 01xm
Al Ay AT As o ATAL1 ALAL Oixim
A2 AB e Amfl Am Im><m
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and

0 —AJAs - . —AJA,  A]
0 0 e —AJ A, Aj
R= (6.5)
0 0 AN AL AL
0 0 0 A;z
07n><1 07n><1 07n><1 Om><1 Imxm
AT A,
AT A
1 :
—_— : —AJ Ay, —AT A3, - AT A, 1, —AT AL AT ).
AIAl Al71A1 ( 1 412, 1 413, ) 1 1, 1 1 )
Al Ay
Ay

(6.6)

Therefore, the eeADMM (1.3) for solving (6.1) is divergent if the spectral radius of S, denoted by p(S),
is strictly larger than 1. Note that p(S) is independent of 3. That is, when the e-ADMM (1.3) is applied
to the special problem (6.1), the convergence is independent of the value of 5.

Based on the analysis above, the divergence of (1.3) with m = 3 for any § > 0 has been illustrated in
[3] by the example with A defined as

111
A=A A A) =111 2 |. (6.7)
1 2 2

For this case, we have p(S) = 1.0278 > 1 where S is the corresponding matrix given in (6.3). We can
extend the assertion to the more general case of m > 3. Indeed, the following theorem can be easily
proved by mathematical induction; thus we omit the proof. But the same technique will be used for
constructing other examples.

Theorem 6.1. For model (1.1) with m > 3, the e-ADMM (1.3) is not necessarily convergent for any
8> 0.

Proof. Indeed, we can use mathematical induction on m to show that for any m > 3, there exists one
specific matrix A(™ € R™*™ such that the corresponding iterative matrix, i.e., S in (6.3), satisfies
p(S) > 1 when e-ADMM is applied to (6.1) with A := A(™), O

6.2 The divergence of (1.3) with (m — 3) strongly convex functions for any
£ >0 with m >4

Let us consider the problem

min, 0.052%
1

s.t. T2 (6.8)

€3

O = =
O N =
S NN =
o O O

T4

which corresponds to the model (1.1) with one strongly convex function in its objective. Let us denote
the coefficient matrix of the linear constraint in (6.8) by A := [A;, Aa, A3, A4]. Applying the e-ADMM
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(1.3) with 8 > 0 to (6.8), we obtain

—AT;L’“ + AT (Ajah ! 4 A2x2 + Agxg + A4x4) =0,
—Ag pF + AT(/g ]f+1 + /} aza T 4 {13:103 + A4af4) =0,
—f}sT#k + AJ (Aveyt + Apai ™+ Azt + Auaf) = 0,
—A]pF+ AT(A T Agas T 4 Agas ™ 4 Ayl ) + Glalt =0,

:M (A k+1+A $k+1+A (Ek+1 +A (Ek+1)

which depends on the penalty parameter 5. Note AIAZ- =0 (i = 1,2,3). Consequently, we have

—ATpk + AT (Aahtt 4 A2$2 + A3:C3) =0,

—AJpF + AJ (AT Agah T 4 Agak) = o

—AJpF + A (Ajahtt 4 Ay :vk'H + Agah ) =

eyt = A1+ 5,

PR = i — (At 4 Agah ! 4+ Agaht! 4+ Agakt),

Moreover, if we set fi := .3, and recall the definition of A in (6.7), we get

— Al iR+ AT (AT Agah 4 Aza) =0,
—A;gk + Ag (AT 4 Agah ™ 4 Azak) =0,
—AJiF A (AT 4 A, xk“ + A xk+1) =0,

k+1 0.1 (6.9)
h1 _ 'ugc]/(l N k+)1 k+1 k+1

it — (A12)" + Agxy™ + Azay™ ),
k1 k41

Ha - = kg e

Also, we denote y := (4,24 ,/i" ). Then, the iterative scheme (6.9) is

yrtt S 05x1 05x1 y"*

Mk4<]%1 _ 01><5 1 -1 IUJF4] . (610)
it Oix5 1/(1+5%) 0 o

where S is the matrix given in (6.3) when the e-ADMM is applied to (6.1) with A defined in (6.7).
Let S (8) be the coefficient matrix given in (6.10), which is clearly dependent on 8. Then, we have
p(5(8)) > p(S) = 1.0278 > 1 for any 3 > 0. In fact, we have p(S(3)) > p(S) because the absolute value
of the maximum eigenvalue of the 2 x 2 submatrix in the lower right corner of the coefficient matrix in
(6.10) is no big than 1. Hence, the e-ADMM (1.3) may be divergent for any penalty parameter 8 > 0 if
m = 4 and there is one strongly convex function. We extend the conclusion to the general case of m > 4
in the following theorem.

Theorem 6.2. For model (1.1) with m > 4, the e-ADMM (1.3) is not necessarily convergent for an
arbitrarily fized B > 0 if there are (m — 3) strongly convex functions in the objective of (1.1).

Proof. For any m > 4, we consider the following convex programming:

min gyl
st S Ajx =0, (6.11)
where A :=[A},..., A,] € R™*™ or rewritten as

A= < A O3><(me) > 7
Om-3)x3 T(m-3)x(m-3)
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where the 3 x 3 matrix A is defined in (6.7). Applying the e-ADMM (1.3) with 5 > 0 to (6.11), we obtain
—/:11T,uk + /:1;(/:113;71”‘1 + /:12:E§ R Amvxﬁl) =0,

AT+ AT (Araf 4 g g Agak) =0,

—AJpF + A (Ayaf ™+ Agab ™ 4 Aak) =0,

—AT R+ AT (At + gkt o+ Apalkit) + 2makit =,

pFtt = gk — (At 4 Agah T Agahtt 4 Agah ).

Note that we have

i=1,2,3andj > 3,
Al A; =0, when { i,j>3andi# j,
j=1,2,3andi > 3.
Consequently, it implies that
CAT k4 AT (Ayah 4 Apah 4 Agah) — 0,
—AJpF 4+ A7 (AT + Apab T + Agak) =0,
—AJ kA (AT 4 Agah T 4 Agahth) =0,
ot = ATk /(14 %), 1=4,...,m,
pktt =k — (AlzvlfH + A2x§“ + A3$§+1 4o Attt
Moreover, setting /i := pu.3) and recall the definition of A in (6.7), we get
—A] pF + AT (A1zi T + Agalk + Asak) =0,

—AJ i* + AJ (AT Agah T 4 Agah) =0,
—AJ ik + AF (AT + Aot + Agas ™) =0,

=k /D) i= 4, m, (6.12)
ﬂk+1 — nk _ (A1$If+1 +A2xl2€+l +A3{E§+1),
uﬁ.rl: ’“Z.]—:Efﬂizél,...,m.
Let us denote y ' := (z9 ,24 , /2" ). Then, the iterative scheme (6.9) can be written as
v y"*
+
g My
:k X S 035 (m—3) 035 (m—3) :
il | = | Om-3x3 Im-3)x(m-3) —Lim-3)x(m-3) ue | (6.13)
it Om-3)x3 Dim-3)x(m-3) O@m—3)x(m-3) zk
xhtl xk
where
. 1
Dim—3)x(m-3) = diag(— =Ty )-

It can be easily shown that the absolution value of the maximal eigenvalue of

( Im-sx(m=3) —L(m-3)x(m-3) ) (6.14)
Dim-3)x(m-3)  O(m—3)x(m—3)

is less than 1. Thus, for the coefficient matrix in (6.13), denoted by S, we have
p(S(B)) > p(S) =1.0278 > 1, V3 > 0.

The proof is complete. O
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6.3 The divergence of (1.3) with (m—2) strongly convex functions and without
restriction on [ for m > 3

Then, we show that the e-ADMM (1.3) may be divergent even if there are (m — 2) strongly convex
functions in the objective of (1.1) while there is no restriction on 8 for the case of m > 3. We consider
the model

: 1 2
min  5agr;y

6.15
s.t. Alxl + A2$2 + Agil?g = O, ( )

where A; € R% (i = 1,2,3) are all column vectors, the matrix A := [Aj, Ag, A3] is assumed to be
nonsingular, and the scalar ag is positive. It is easy to see that each iteration of (1.3) applied to (6.15)
can be characterized by a matrix iteration (6.3) with the iterative matrix S defined as:

S=1L"'R, (6.16)
where the matrix R is defined in (6.5) with m = 3, and L is defined below:
A;AQ 0 O1><3
L= A;Ag A;—Ag +a3/ﬁ 01x3 . (617)
Ao As JENE

Specifically, let us take
1 11
A= [Al,AQ, Ag] = 1 1 2 and asz = 0.05. (618)
1 2 2

With simple calculations, if we take 8 = 1, then we have p(S5)=1.0259 for the matrix S given in (6.16).
On the other hand, for this example, we have m = 3, f3(z3) = 0.02523 and uz = 0.05. According to
Theorem 3.1, the e-ADMM (1.3) is guaranteed to be convergent when 3 € (0, 22), i.e., p(M) = 0.9586
when 8 = 0.0066 € (0, 07055) Now, we extend the conclusion to the general case of m > 3. This theorem

also shows that it is necessary to appropriately restrict the penalty parameter S when discussing the
convergence of the e-ADMM (1.3)

Theorem 6.3. For model (1.1) with m > 3, the e-ADMM (1.3) is not necessarily convergent for all
B > 0 when there are (m — 2) strongly convex functions in its objective.

Proof. In the following, we show that for any 8 > 0, there exist examples such that the e-ADMM (1.3)
is divergent. First, it follows from Theorem 6.1 that there exists a specific matrix A™ € R™*™ with
m > 3 such that the e-ADMM (1.3) is divergent when it is applied to the equation (6.1) with A := A(™),
It implies that the corresponding matrix S given in (6.3) has p(S™)) > 1. Recall the matrices L and
R composing S by S(™) = L='R (see (6.4) and (6.5)). Then, with this specific choice of A™ we
consider the following problem:

min 3 Z;n3 Ty

6.19
st > 1A(m) =0, (6.19)

where A = [A™ . A0M] o > 0 and there are (m — 2) strongly convex functions in its objective.
One can show that each iteration of (1.3) applied to (6 19) can be characterized by a matrix iteration
(6.3) with the iterative matrix S(™) defined as S(™) = L='R with R define in (6.5) and L defined by

A;AQ 0 s 0 0 01><m
A;AQ A;,rAg‘i‘O'/ﬂ 0 0 01><m
i— : : : : :
AT A, - o Al Am_1+0/B 0 01 5m
A;TFLAQ A;lAg e A;;Am,l A;TrLAm + O'/ﬁ 01><m
A2 AB e Amfl Am Imxm
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Set =1 in the eeADMM (1.3). Then, let E := L — L = diag(0, 0, - -+ ,0, 0 xm), We have

II=T+L7'E) =) (D) T BR <> 1L B
k=1 k=1
|IL'E| -1 -1
=— @ < ||EIIL =cl||L . 6.20
LB < e =l (6.20)

Next, define Ag := S(m) — §(m) Then, we have
[Asl| =l = (I =T+ L' E)" LRI < I = (I + L7 E)"ILT'R| < o|LYILTR]. (6.21)

Thus, there exist a positive constant & such that ||Ag|| < 1 when o € (0,5]. Then, Invoking Lemma 2.2
with setting A := S(™ and A := Ag, there exists a positive scalar £ dependent on S = L~'R such
that

p(5"™) = p(S"™)| < Kl|As| < o[ LML RI, (6.22)

where the last inequality is due to (6.21). Then, the right-hand side of the above inequality only depends
on o since k||L7|||[L1R| is a constant. Therefore, there exists a sufficient small & (6 < &) such that
p(8™)) — 6k|L7Y|||L7'R|| > 1 whenever p(SU™) > 1. As a consequent, we have p(S(™) > 1 due to
(6.22). This implies that the e-ADMM (1.3) with 8 = 1 is divergent when solving (6.19) with setting
o := 6. Indeed, for any 5 > 0, we can construct a specific problem defined in (6.19), i.e., finding a
appropriate o, such that the e-ADMM (1.3) with this § is divergent. Note (6.19) is a special case of (1.1)
with (m — 2) strongly convex functions in its objective. O

7 Conclusions

In this paper, we conduct convergence analysis for the direct extension of ADMM (“e-ADMM?”) for solving
a separable convex minimization model whose objective function is the sum of m function without coupled
variables. We extend the existing result for the special case of m = 3 to the general case of m > 3, and
prove the convergence of e-ADMM when (m — 2) functions are assumed to be strongly convex and the
penalty parameter is appropriately restricted. For the special case of m = 3, our result is still better
than some existing ones that are analyzed specifically for this special case of m = 3 in the sense that the
penalty parameter is less restricted. The worst-case convergence rate measured by iteration complexity
and asymptotically linear convergence are also derived under some additional assumptions.
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