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Abstract

We give an alternative presentation of braided monoidal categories. Instead of
the usual associativity and braiding we have just one constraint (the b-structure).
In the unital case, the coherence conditions for a b-structure are shown to be equiv-
alent to the usual associativity, unit and braiding axioms. We also discuss the next
dimensional version, that is, b-structures on bicategories. As an application, we
show how special b-categories result in the Yang-Baxter equation, and how special
b-bicategories produce Zamolodchikov’s tetrahedron equation. Finally, we define
a cohomology theory (the b-cohomology) which plays a role analogous to the one
abelian group cohomology has for braided monoidal categories.
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1 Introduction

Consider a not necessarily unital or associative algebra A with multiplication A⊗A →
A, (a, b) 7→ ab such that

a(bc) = b(ac) , ∀a, b, c ∈ A . (1)

We call such algebras b-algebras. In general, a b-algebra is not even power-associative. If,
however, a b-algebra is commutative then it is associative:

a(bc) = a(cb) = c(ab) = (ab)c .

This situation occurs for example as a (very) special case of vertex algebras, see [4, § 1.3.3].
Next, observe that if a b-algebra is right unital, a1 = a, then it is commutative:

ab = a(b1) = b(a1) = ba .

Thus right unital b-algebras are nothing but commutative associative unital algebras. In
this paper we categorify this observation to arrive at an alternative description of braided
monoidal categories.

Categorical analogues of associative unital algebras are monoidal categories. On the
categorical level, commutativity is given by a coherent collection of isomorphisms, called
braiding [6]. Braided monoidal categories have applications in representation theory, low
dimensional topology and mathematical physics. In this paper we categorify b-algebras,
and we call the resulting structure a b-category. As for b-algebras, we find that a right
unital b-category is the same as braided monoidal category (Theorem 2.4). Without unit,
the b-category structure is much weaker than that of being a braided monoidal category.
Yet, even for non-unital b-categories one can define braid group actions (an important
feature of braided monoidal categories).

The existence of braid group actions is one of our reason to choose the name “b-
category”. Another (related) reason lies in the application to two-dimensional conformal
field theory, and specifically in the paper [8]. There, so-called B-matrices are used to
express the monodromy of conformal four-point blocks. Similarly, the singular behaviour
of four-point blocks as insertion points approach each other is expressed through so-called
F -matrices. F -matrices describe the associator in the category of representations of the
corresponding vertex algebra. Our initial motivation was that the monodromy behaviour
may be easier to control than the singularities, and so we wanted to understand what
categorical structure the B-matrices would produce. (However, the results in this paper
are purely categorical and no further mention of conformal field theory will be made.)

We proceed to categorify once more and obtain b-structures on bicategories. This
additional step allows us to make two nice observations in examples we study:

Yang-Baxter and Zamolodchikov equations: Equip the category of vector spaces
with the tensor product functor (V,W ) 7→ V ⊗M ⊗W for a fixed vector space M . If
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one analyses b-structures in this case, one finds that they correspond to solutions to the
Yang-Baxter equation (Proposition 3.3).

If one carries out a similar construction in a one-object b-bicategory, one is lead to
Zamolodchikov’s tetrahedron equation [9] (Theorem 4.3). The interpretations of Zamolod-
chikov’s tetrahedron equation as a structure of (a version of) a one-object braided monoidal
bicategory was one of the motivations for the study of braided monoidal bicategories [7].
We conjecture that a braided monoidal bicategory (in the sense of [1]) should naturally be
a b-bicategory and that this should relate the construction of Zamolodchikov operators on
both sides.

Finally, we show that b-functors between such one-object b-bicategories are controlled
by an “RLLL-relation” (Proposition 4.4) which is also found in three-dimensional inte-
grable lattice models, see e.g. [2].

b-cohomology: Let us denote a set S with a binary operation satisfying (1) as b-magma.
One can turn a b-magma S into a category by taking its only morphisms to be endomor-
phisms and defining S(s, s) to be a fixed abelian group B for all s ∈ S. If this category
is endowed with the structure of a b-category we call it a categorical b-magma. One can
carry out an analogous construction to obtain a b-bicategory with objects S, only identity
1-morphisms, and a fixed abelian group B for all 2-morphism spaces.

In this way one is lead to introduce a cohomology theory – which we call b-cohomology –
whose cochains are maps S×n → B. One verifies that categorical b-magmas are controlled
by H3

b (S,B) (Proposition 5.3) and that the special class of b-bicategories described above
is controlled by H4

b (S,B) (Section 5.2).
The relation between categorical b-magmas and H3

b (S,B) is completely analogous to
the one between pointed braided monoidal categories (or categorical groups) and abelian
(or Eilenberg-Mac Lane) cohomology H∗

ab(A,B) for abelian groups [6]. Since every braided
monoidal category is a b-category one ends up with a comparison homomorphismsH∗

ab(A,B)
→ H∗

b (A,B) in degree 2 and 3. We conjecture that this homomorphism extends to all de-
grees.

This paper is organised as follows: In Section 2 we define b-categories and show that
unital b-categories are the same as braided monoidal categories. In Section 3 we give
several examples of b-structures. In Section 4 we study the categorified version, that is,
b-bicategories. In Section 5 we introduce b-cohomology and show how it relates to pointed
b-categories and b-bicategories. We conclude in Section 6 by listing some questions left
open by the treatment in this paper.

Acknowledgments
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categories. AD thanks the Department of Mathematics of Hamburg University for hospi-
tality during the visits in 2011-2013 which were supported by the Graduiertenkolleg 1670
of the Deutsche Forschungsgemeinschaft.
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Conventions

We take the definitions of (braided) monoidal categories and functors from [6] as standard
with a slight modification - the associativity isomorphism α of a monoidal category and
the monoidal structure constraints of a functor, the isomorphisms φ0 : I → F (I) and
φ2 : F (X)⊗F (Y )→ F (X⊗Y ) from [6], are replaced by their inverses.

2 b-categories

2.1 Definition

A category C with a tensor product functor

⊗ : C × C → C, (X, Y ) 7→ X⊗Y

is called b-category if it comes equipped with a natural in X, Y, Z ∈ C collection of isomor-
phisms

βX,Y,Z : X⊗(Y⊗Z)→ Y⊗(X⊗Z) ,

such that the diagram

Y⊗(X⊗(Z⊗W ))
1⊗βX,Z,W // Y⊗(Z⊗(X⊗W ))

βY,Z,X⊗W

))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

X⊗(Y⊗(Z⊗W ))

βX,Y,Z⊗W

55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

1⊗βY,Z,W ))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

Z⊗(Y⊗(X⊗W ))

X⊗(Z⊗(Y⊗W ))
βX,Z,Y⊗W // Z⊗(X⊗(Y⊗W ))

1⊗βX,Y,W

55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

(2)
commutes for all X, Y, Z,W ∈ C.

A b-category C is symmetric if βX,Y,ZβY,X,Z = 1 for all X, Y, Z ∈ C.

A functor F : C → D between b-categories is a b-functor if it comes equipped with a
natural in X, Y ∈ C collection of isomorphisms

FX,Y : F (X⊗Y )→ F (X)⊗F (Y ) ,

such that the diagram

F (X⊗(Y⊗Z))
FX,Y ⊗Z //

F (βX,Y,Z)

��

F (X)⊗F (Y⊗Z)
1⊗FY,Z // F (X)⊗(F (Y )⊗F (Z))

βF (X),F (Y ),F (Z)

��
F (Y⊗(X⊗Z))

FY,X⊗Z // F (Y )⊗F (X⊗Z)
1⊗FX,Z // F (Y )⊗(F (X)⊗F (Z))

(3)
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commutes for all X, Y, Z ∈ C.

A natural transformation a : F → G between b-functors F,G : C → D is b-transformation
if the diagram

F (X⊗Y )
FX,Y //

aX⊗Y

��

F (X)⊗F (Y )

aX⊗aY
��

G(X⊗Y )
GX,Y // G(X)⊗G(Y )

(4)

commutes for all X, Y ∈ C.

Composition of b-functors C G // D F // E is a b-functor with respect to the isomor-
phisms (F ◦G)X,Y : (F ◦G)(X⊗Y )→ (F ◦G)(X)⊗(F ◦G)(Y ) defined as the composition

F (G(X⊗Y ))
F (GX,Y )

// F (G(X)⊗G(Y ))
FG(X),G(Y )// F (G(X))⊗F (G(Y )) . (5)

2.2 Braid group action

Let X, Y ∈ C be objects of a b-category. Denote X⊗n⊗Y = X⊗(X⊗(X⊗(...(X⊗Y )...).
Consider the following automorphisms of X⊗n⊗Y :

b1 = βX,X,X⊗n−2⊗Y , b2 = 1⊗βX,X,X⊗n−3⊗Y , ... bn−1 = 1⊗...⊗1⊗βX,X,Y . (6)

Proposition 2.1. Let C be a b-category and X, Y ∈ C. Sending the Coxeter generators of
the braid group Bn to bi defines a group homomorphism

Bn → AutC(X
⊗n⊗Y ) .

If C is symmetric, this homomorphism factors through the symmetric group Sn.

Proof. The Coxeter relations bibi+1bi = bi+1bibi+1 follow from the axiom (2). The commu-
tativity relations bibj = bjbi for |i− j| > 1 follow from the naturality of β. Clearly, b2i = 1
for symmetric C.

Similarly one defines the pure braid group action Pn → AutC(X1⊗...⊗Xn⊗Y ), where
Xi, Y ∈ C and X1⊗...⊗Xn⊗Y = X1⊗(X2⊗(X3⊗(...(Xn⊗Y )...).

2.3 Unital b-categories

A b-category C is unital if there is an object I ∈ C (the unit object) together with a natural
in X ∈ C collection of isomorphisms

ρX : X⊗I → X ,

subject to conditions (8) and (9) below. To formulate the conditions succinctly, define the
collection of isomorphisms cX,Y : X⊗Y → Y⊗X as

cX,Y =
(
X⊗Y

1⊗ρ−1
Y // X⊗(Y⊗I)

βX,Y,I // Y⊗(X⊗I)
1⊗ρX // Y⊗X

)
. (7)
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The data I, ρ have to make the two diagrams

(XY )(ZW )
cXY,ZW //

βXY,Z,W

vv♥♥♥
♥♥♥

♥♥♥
♥♥♥

(ZW )(XY )
βZW,X,Y

((PP
PPP

PPP
PPP

P

Z((XY )W )

1cXY,W

��

X((ZW )Y )

1cZW,Y

��
Z(W (XY ))

1βW,X,Y ((PP
PPP

PPP
PPP

P
X(Y (ZW ))

Z(X(WY ))

βZ,X,WY ((PP
PPP

PPP
PPP

P
X(Z(YW ))

1βZ,Y,W

66♥♥♥♥♥♥♥♥♥♥♥♥

X(Z(WY ))

11cW,Y

66♥♥♥♥♥♥♥♥♥♥♥♥

(8)

X(IY )
βX,I,Y // I(XY )

X(Y I)

1cY,I

OO

1ρY

$$■■
■■■

■■■
■

(XY )I

cXY,I

OO

ρXY

zz✉✉✉
✉✉✉

✉✉✉

XY

(9)

commutative for all X, Y, Z,W ∈ C.

Lemma 2.2. The natural collection (7) in a unital b-category fits into the following com-
mutative diagrams:

Y⊗(X⊗Z)
1⊗cX,Z // Y⊗(Z⊗X)

βY,Z,X

''PP
PPP

PPP
PPP

X⊗(Y⊗Z)

βX,Y,Z

77♥♥♥♥♥♥♥♥♥♥♥

1⊗cY,Z ''PP
PPP

PPP
PPP

Z⊗(Y⊗X)

X⊗(Z⊗Y )
βX,Z,Y // Z⊗(X⊗Y )

1⊗cX,Y

77♥♥♥♥♥♥♥♥♥♥♥

(10)

X⊗(Y⊗Z)
cX,Y⊗Z //

βX,Y,Z

��

(Y⊗Z)⊗X
cY ⊗Z,X // X⊗(Y⊗Z)

Y⊗(X⊗Z)
1⊗cX,Z // Y⊗(Z⊗X)

1⊗cZ,X // Y⊗(X⊗Z)

βY,X,Z

OO
(11)
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Proof. Commutativity of (10) is implied by commutativity of the following diagram:

Y⊗(X⊗Z)
1⊗cX,Z // Y⊗(Z⊗X)

βY,Z,X

��

Y⊗(X⊗(Z⊗I))
1⊗βX,Z,I //

1(1ρZ )
hh◗◗◗◗◗◗◗◗◗◗◗◗◗

Y⊗(Z⊗(X⊗I))

1(1ρX )
66♠♠♠♠♠♠♠♠♠♠♠♠♠

βY,Z,X⊗I

��
X⊗(Y⊗Z)

βX,Y,Z

OO

1⊗cY,Z

��

X⊗(Y⊗(Z⊗I))
1(1ρZ )oo

1⊗βY,Z,I

��

βX,Y,Z⊗I

OO

Z⊗(Y⊗(X⊗I))
1(1ρX )// Z⊗(Y⊗X)

X⊗(Z⊗(Y⊗I))
βX,Z,Y⊗I

//

1(1ρY )

vv♠♠♠
♠♠♠

♠♠♠
♠♠♠

♠
Z⊗(X⊗(Y⊗I))

1⊗βX,Y,I

OO

1(1ρY )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

X⊗(Z⊗Y )
βX,Z,Y

// Z⊗(X⊗Y )

1⊗cX,Y

OO

Commutativity of (11) is implied by the following pasting of the coherence (8) forX, I, Y, Z:

(XI)(Y Z)
cXI,Y Z //

βXI,Y,Z

ww♦♦♦
♦♦♦

♦♦♦
♦♦ ρX11

''❖❖
❖❖❖

❖❖❖
❖❖❖

(Y Z)(XI)
βY Z,X,I

''❖❖
❖❖❖

❖❖❖
❖❖❖

11ρX
��

Y ((XI)Z)

1cXI,Z

��

1ρX1 // Y (XZ)

1cX,Z

��

X(Y Z)
cX,Y Z //

βX,Y,Zoo (Y Z)X

cY Z,X

��

X((Y Z)I)

1cY Z,I

��

1ρY Z

ww♦♦♦
♦♦♦

♦♦♦
♦♦

Y (Z(XI))

1βZ,X,I ''❖❖
❖❖❖

❖❖❖
❖❖❖

11ρX // Y (ZX)
1cZ,X

''❖❖
❖❖❖

❖❖❖
❖❖❖

X(Y Z) X(I(Y Z))

Y (X(ZI))

βY,X,ZI ''❖❖
❖❖❖

❖❖❖
❖❖❖

11ρZ // Y (XZ)

βY,X,Z

77♦♦♦♦♦♦♦♦♦♦♦
X(Y (IZ))

1βY,I,Z

77♦♦♦♦♦♦♦♦♦♦♦

X(Y (ZI))

11cZ,I

77♦♦♦♦♦♦♦♦♦♦♦

11ρZ

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

Here we use the definition of c and the coherence (9).

A b-functor F : C → D between unital b-categories is unital if it comes equipped with
an isomorphism φ : F (I)→ I such that for every X ∈ C the following diagram

F (X⊗I)
FX,I //

F (ρX)
��

F (X)⊗F (I)

1⊗φ
��

F (X) F (X)⊗I
ρF (X)oo

(12)

commutes.
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Lemma 2.3. Let F : C → D be a unital b-functor between unital b-categories. Then the
following diagram commutes for all X, Y ∈ C:

F (X⊗Y )
FX,Y //

F (cX,Y )

��

F (X)⊗F (Y )

cF (X),F (Y )

��
F (Y⊗X)

FY,X // F (Y )⊗F (X)

(13)

Proof. This follows from commutativity of the diagram

F (X(Y I))
FX,Y I //

F (βX,Y,I)

��

F (1ρY )

&&▼▼
▼▼▼

▼▼▼
▼▼

F (X)F (Y I)
1FY,I //

1F (ρY )
��

F (X)(F (Y )F (I))

βF (X),F (Y ),F (I)

��

11φ

uu❦❦❦❦
❦❦❦❦

❦❦❦❦
❦❦

F (XY )
FX,Y //

F (cX,Y )

��

F (X)F (Y )

cF (X),F (Y )

��

F (X)(F (Y )I)
1ρF (Y )oo

βF (X),F (Y ),I

��
F (XY )

FX,Y // F (X)F (Y ) F (X)(F (Y )I)
1ρF (X)

oo

F (Y (XI))
FY,XI //

F (1ρX)

88qqqqqqqqqq
F (Y )F (XI)

1FX,I //

1F (ρX)

OO

F (Y )(F (X)F (I))

11φ

ii❙❙❙❙❙❙❙❙❙❙❙❙❙❙

Here is the first main result of the paper:

Theorem 2.4. (i) The structure of unital b-category is equivalent to the structure of braided
monoidal category.
(ii) The structure of symmetric unital b-category is equivalent to the structure of symmetric

monoidal category.
(iii) The structure of a unital b-functor between unital b-categories is equivalent to the

structure of braided monoidal functor.

We prove it in the next three sections.

Remark 2.5. Using Theorem 2.4, it is easy to see, for example, that β−1
X,I,Y = βI,X,Y (since

c−1
X,I = cI,X , see [6, Prop. 2.1]). This is more cumbersome to check when starting directly
from diagrams (2), (8) and (9).

Remark 2.6. The constructions of Sections 2.4 and 2.6 below give a functor

BMCat → BCat

from the 2-category of braided monoidal categories and braided monoidal functors to the
2-category of b-categories and b-functors. The constructions of Sections 2.5 and 2.6 below
promote this functor to an equivalence

BMCat → UBCat

with target the 2-category of unital b-categories and unital b-functors.
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2.4 From braided monoidal categories to unital b-categories

Let C be a braided monoidal category with associativity αX,Y,Z : X⊗(Y⊗Z)→ (X⊗Y )⊗Z,
braiding cX,Y : X⊗Y → Y⊗X , and unit isomorphisms ρX : X ⊗ I → X and λX :
I ⊗ X → X . Define the collection of isomorphisms βX,Y,Z : X⊗(Y⊗Z) → Y⊗(X⊗Z) as
the composition

βX,Y,Z =
(
X⊗(Y⊗Z)

αX,Y,Z // (X⊗Y )⊗Z
cX,Y ⊗1

// (Y⊗X)⊗Z
α−1
Y,X,Z // Y⊗(X⊗Z)

)
.

Due to one of the hexagon axioms, βX,Y,Z coincides with the composition

βX,Y,Z =
(
X⊗(Y⊗Z)

cX,Y Z // (Y⊗Z)⊗X
α−1
Y,Z,X // Y⊗(Z⊗X)

1⊗cZ,X // Y⊗(X⊗Z)
)
.

The coherence (2) for β follows from commutativity of the diagram

Y (X(ZW ))
1α

//

1β

,,

α

��

Y ((XZ)W )
1(c1)

//

α

��

Y ((ZX)W )

α

��

Y (Z(XW ))
1α

oo

α

��
β

��

(Y (XZ))W
(1c)1

//

α1
��

(Y (ZX))W

α1
��

(Y X)(ZW )
α //

c1
��

((Y X)Z)W

(c1)1
��

((Y Z)X)W

(c1)1
��

(Y Z)(XW )
αoo

c1
��

(XY )(ZW ) α
// ((XY )Z)W ((ZY )X)W (ZY )(XW )α

oo

X(Y (ZW ))

α

OO

β

AA

1β

��

1α
��

Z(Y (XW ))

α

OO

1α
��

X((Y Z)W )
α //

1(c1)
��

(X(Y Z))W

α1

OO

(1c)1
��

c1

@@✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁
(Z(Y X))W

α1

OO

Z((Y X)W )
αoo

X((ZY )W ) α
// (X(ZY ))W

c1

@@✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁

α1
��

(Z(XY ))W

(1c)1

OO

α1
��

Z((XY )W )

1(c1)

OO

α
oo

((XZ)Y )W
(c1)1 // ((ZX)Y )W

X(Z(YW ))
α //

1α

OO

β

22(XZ)(YW )
c1 //

α

OO

(ZX)(YW )

α

OO

Z(X(YW ))
αoo

1α

OO
1β

]]

10



The b-structure we get is unital: we take the data I, ρ for a unital b-category as in the
braided category C. The original braiding of C coincides with the natural collection defined
by (7):

(X⊗Y )⊗I

cX,Y ⊗1

��

ρX⊗Y

**
X⊗(Y⊗I)αX,Y,I

oo

βX,Y,I

��

1⊗ρY
// X⊗Y

cX,Y

��
(Y⊗X)⊗I

ρY ⊗X

44Y⊗(X⊗I)
αY,X,Ioo 1⊗ρX // Y⊗X

The coherence (9) for the unit isomorphism ρ follows from commutative diagram

Y (ZI)

Y (IZ)

1cZ,I

OO
I(Y Z)

βY,I,Z

**
(IY )Z αI,Y,Z

oo(Y I)ZαY,I,Z

//
cY,I1

//

(Y Z)I
αY,Z,I //

cY Z,I

OO

Y Z
ρY Zss❢❢❢❢❢❢

❢❢❢❢❢
❢❢❢❢❢

1ρZ ++❳❳❳❳❳
❳❳❳❳❳

❳❳❳❳❳
❳

Finally, commutativity of the coherence (8) for the unital b-structure on C follows from

11



the diagram:

(XY )(ZW ) (ZW )(XY )
cXY,ZW //

X((ZW )Y )

βZW,X,Y

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

X(Y (ZW ))

1cZW,Y

��

(X(ZW ))Y

αX,ZW,Y

ww♦♦♦
♦♦

((XZ)W )Y

αX,Z,W 1

��✍✍
✍✍
✍✍
✍✍
✍✍
✍

((ZW )X)Y

αZW,X,Y

��✎✎
✎✎
✎✎
✎✎
✎

cZW,X1

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

Z((XY )W )

βXY,Z,W

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

Z(W (XY ))

1cXY,W

��

αZ,W,XY

44

Z((WX)Y )

1αW,X,Y

77♣♣♣♣♣♣♣

(Z(WX))Y

αZ,WX,Y

77♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣

αZ,W,X1 77♣♣♣♣♣♣♣

(Z(XW ))Y

1cW,X1

��✎✎
✎✎
✎✎
✎✎
✎

((ZX)W )Y

αZ,X,W 1

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄

cZ,X11 88qqqqqqZ((XW )Y )

1cW,X1

��❄
❄❄

❄❄
❄❄

❄❄

αZ,XW,Y

@@✂✂✂✂✂✂✂✂✂✂✂

Z(X(WY ))

1βW,X,Y

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

1αX,W,Y

LL✘✘✘✘✘✘✘✘✘✘✘✘✘✘
(ZX)(WY )αZ,X,WY33❣❣❣

αZX,W,Y

;;✇✇✇✇✇✇✇✇✇✇✇

(XZ)(WY )

cX,Z1

��❄
❄❄

❄❄
❄❄

❄❄

αXZ,W,Y

FF✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌✌

X(Z(WY ))

βZ,X,WY

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

αX,Z,WY

HH✑✑✑✑✑✑✑✑✑✑✑

1αZ,W,Y

GG

X(Z(YW ))

11cW,Y

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

1βZ,Y,W

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

If C is a symmetric monoidal category, the diagram

X⊗(Y⊗Z)
βX,Y,Z

//

1

++

αX,Y,Z

��

Y⊗(X⊗Z)
βY,X,Z

//

αY,X,Z

��

X⊗(Y⊗Z)

αX,Y,Z

��
(X⊗Y )⊗Z

cX,Y 1
//

1

33
(Y⊗X)⊗Z

cY,X1
// (X⊗Y )⊗Z

shows that it is symmetric as a b-category.
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2.5 From unital b-categories to braided monoidal categories

Let now C be a unital b-category. Define the collection of isomorphisms cX,Y : X⊗Y →
Y⊗X as in (7) and αX,Y,Z : X⊗(Y⊗Z)→ (X⊗Y )⊗Z as

αX,Y,Z =
(
X⊗(Y⊗Z)

1⊗c−1
Z,Y // X⊗(Z⊗Y )

β−1
Z,X,Y // Z⊗(X⊗Y )

cZ,X⊗Y // (X⊗Y )⊗Z
)
.

Note that the diagram (11) implies that αX,Y,Z coincides with the composition

αX,Y,Z =
(
X⊗(Y⊗Z)

1⊗cY,Z // X⊗(Z⊗Y )
βX,Z,Y // Z⊗(X⊗Y )

c−1
X⊗Y,Z // (X⊗Y )⊗Z

)
.

The hexagon axioms follow from the commutative diagrams

(X⊗Y )⊗Z
cX⊗Y,Z // Z⊗(X⊗Y )

αZ,X,Y

  ❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅

X⊗(Z⊗Y )

βX,Z,Y

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Z⊗(Y⊗X)

1⊗cY,X

OO

X⊗(Y⊗Z)

αX,Y,Z

>>⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦ 1⊗cY,Z

77♥♥♥♥♥♥♥♥♥♥♥

1⊗cY,Z

  ❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅
(Z⊗X)⊗Y

Y⊗(X⊗Z)

βY,X,Z

ggPPPPPPPPPPP
1⊗cX,Z //

cY,X⊗Z

))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

Y⊗(Z⊗X)

βY,Z,X

OO

cY,Z⊗X

77♥♥♥♥♥♥♥♥♥♥♥

X⊗(Z⊗Y ) αX,Z,Y

// (X⊗Z)⊗Y

cX,Z⊗1

>>⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

and

X⊗(Y⊗Z)
cX,Y⊗Z //

αX,Y,Z

~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦

1⊗cY,Z

��

βX,Y,Z

))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

(Y⊗Z)⊗X

X⊗(Z⊗Y )

βX,Z,Y

��

Y⊗(X⊗Z)

1⊗cX,Z ''PP
PPP

PPP
PPP

(X⊗Y )⊗Z

cX,Y ⊗1

  ❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅
❅❅

❅
cX⊗Y,Z

''PP
PPP

PPP
PPP

Y⊗(Z⊗X)
βY,Z,X

ww♥♥♥
♥♥♥

♥♥♥
♥♥

αY,Z,X

``❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅

Z⊗(X⊗Y )
1⊗cX,Y // Z⊗(Y⊗X)

(Y⊗X)⊗Z

cY⊗X,Z

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Y⊗(X⊗Z)

1⊗cX,Z

>>⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

αY,X,Z

oo

In both cases the middle hexagon commutes by Lemma 2.2.
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The pentagon axiom follows from the commutative diagram

(ZW )(XY )

(XY )(ZW )
cZW,XY

99ttttttttttt
(XY )(WZ)

1cZ,W %%❏❏
❏❏❏

❏❏❏
❏❏❏

W ((XY )Z)

βXY,W,Z %%❏❏
❏❏❏

❏❏❏
❏❏❏

W (Z(XY ))

1cXY,Z



✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕

Z((XY )W )

βXY,Z,W

��✦
✦✦
✦✦
✦✦
✦✦
✦✦

Z(W (XY ))

1cXY,W

��✦
✦✦
✦✦
✦✦
✦✦
✦✦

βZ,W,XY

))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚

((XY )Z)W

αXY,Z,W

��
c(XY )Z,W

ee❏❏❏❏❏❏❏❏❏❏❏

(Z(XY ))W

cXY,Z1



✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕

cZ(XY ),W

ee❏❏❏❏❏❏❏❏❏❏❏

X((ZW )Y )

βZW,X,Y

yyttt
ttt

ttt
tt

X(Y (ZW ))

1cZW,Yyyttt
ttt

ttt
tt

αX,Y,ZW

33

X((Y Z)W )

1αY,Z,W

��
(X(Y Z))W

αX,Y Z,W

55

αX,Y,Z1

QQ

W (X(Y Z))
cX(Y Z),Woo

W (X(ZY ))

11cY,Z

JJ✕✕✕✕✕✕✕✕✕✕✕✕✕✕

1βX,Z,Y

II✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔
(X(ZY ))W

1cY,Z1

JJ✕✕✕✕✕✕✕✕✕✕✕✕✕✕

βX,Z,Y 1

JJ✕✕✕✕✕✕✕✕✕✕✕✕✕✕cX(ZY ),WooX(W (Y Z))

1cY Z,W

TT✮✮✮✮✮✮✮✮✮✮✮✮✮✮

βX,W,Y Z

))❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘
X(W (ZY ))

11cY,Z

//
βX,W,ZY

//

X(Y (WZ))

11cZ,W

��✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮

1βY,W,Z

��✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮

X(Z(YW ))

1βY,Z,W

!!❉
❉❉

❉❉
❉❉

❉❉
❉

X(Z(WY ))

11cY,W

!!❉
❉❉

❉❉
❉❉

❉❉
❉

Z(X(WY ))

βX,Z,WY

==③③③③③③③③③③

1βX,W,Y

@@✂✂✂✂✂✂✂✂✂

1βZ,W,Y

��✰
✰✰
✰✰
✰✰
✰✰
✰✰

Z(X(YW ))

βX,Z,YW

==③③③③③③③③③③

11cY,W

!!❉
❉❉

❉❉
❉❉

❉❉
❉

Define the collection of isomorphisms λX : I⊗X → X natural in X ∈ C as the compo-
sitions

I⊗X
cI,X // X⊗I

ρX // X
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The axiom for the monoidal unit object follows from the commutative diagram

X⊗(I⊗Y )
αX,I,Y //

1⊗cI,Y

))❙❙❙
❙❙❙❙

❙❙❙❙
❙❙❙

1⊗λY

((

(X⊗I)⊗Y
cX⊗I,Y

uu❦❦❦❦
❦❦❦❦

❦❦❦❦
❦❦

ρX⊗1
jj

X⊗(Y⊗I)
βX,Y,I //

1⊗ρY
��

Y⊗(X⊗I)

1⊗ρX
��

X⊗Y
cX,Y // Y⊗X

Finally if C is a symmetric b-category the diagram

X⊗Y cX,Y

//

1

**
Y⊗X cY,X

// X⊗Y

X⊗(Y⊗I)
βX,Y,I //

1

33

1ρY

OO

Y⊗(X⊗I)
βY,X,I //

1ρX

OO

X⊗(Y⊗I)

1ρY

OO

shows that it is symmetric as a monoidal category.

2.6 Unital b-functors vs braided monoidal functors

Here we prove the last part of the Theorem 2.4. Namely for a braided monoidal functor
we define its unital b-structure and visa versa. In both cases the structural isomorphisms
FX,Y : F (X⊗Y ) → F (X)⊗F (Y ) and φ : F (I) → I are the same. We simply prove that
one set of coherence conditions is equivalent to the other.

Let F : C → D be a braided monoidal functor with monoidal isomorphism FX,Y :
F (X⊗Y ) → F (X)⊗F (Y ). The following diagram shows that this isomorphism is a b-
functor structure, i.e. the diagram (3) commutes for FX,Y .

F (X(Y Z))
FX,Y Z //

F (βX,Y,Z)

��

F (αX,Y,Z)

''❖❖
❖❖❖

❖❖❖
❖❖❖

❖
F (X)F (Y Z)

1FY,Z // F (X)(F (Y )F (Z))

βF (X),F (Y ),F (Z)

��

αF (X),F (Y ),F (Z)

tt❥❥❥❥
❥❥❥❥

❥❥❥❥
❥❥❥

F ((XY )Z)
FXY,Z//

F (cX,Y 1)

��

F (XY )F (Z)
FX,Y 1

//

F (cX,Y )1

��

(F (X)F (Y ))F (Z)

cF (X),F (Y )1

��
F ((YX)Z)

FY X,Z// F (Y X)F (Z)
FY,X1

// (F (Y )F (X))F (Z)

F (Y (XZ))
FY,XZ

//
F (αY,X,Z)

77♦♦♦♦♦♦♦♦♦♦♦♦
F (Y )F (XZ)

1FX,Z

// F (Y )(F (X)F (Z))

αF (Y ),F (X),F (Z)

jj❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

Unitality of F is automatic.
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Now let F : C → D be a unital b-functor. The braiding axiom for F follows from
Lemma 2.3. The monoidal coherence for F comes from commutativity of the diagram:

F (X(Y Z))
FX,Y Z //

F (αX,Y,Z)

��

F (1cY,Z)

''❖❖
❖❖❖

❖❖❖
❖❖❖

❖
F (X)F (Y Z)

1FY,Z //

1F (cY,Z)

��

F (X)(F (Y )F (Z))

αF (X),F (Y ),F (Z)

��

1cF (Y ),F (Z)

tt❥❥❥❥
❥❥❥❥

❥❥❥❥
❥❥❥

F (X(ZY ))
FX,ZY//

F (βX,Z,Y )

��

F (X)F (ZY )
1FZ,Y// F (X)(F (Z)F (Y ))

βF (X),F (Z),F (Y )

��
F (Z(XY ))

FZ,XY// F (Z)F (XY )
1FX,Y// F (Z)(F (X)F (Y ))

F ((XY )Z)
FXY,Z //

cXY,Z

77♦♦♦♦♦♦♦♦♦♦♦♦
F (XY )F (Z)

FX,Y 1
//

cF (XY ),F (Z)

OO

(F (X)F (Y ))F (Z)

cF (X)F (Y ),F (Z)

jj❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

The coherence (12) gives one of the unit preservation axioms (the right one). The left unit
preservation axiom follows from

F (I⊗X)
FI,X //

F (cI,X)

&&▼▼
▼▼▼

▼▼▼
▼▼

F (λX)

��

F (I)⊗F (X)
cF (I),F (X)

vv♠♠♠
♠♠♠

♠♠♠
♠♠♠

φ1

��

F (X⊗I)
FX,I//

F (ρX)

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄

F (X)⊗F (I)

1φ
��

F (X)⊗I

ρF (X)

ss❤❤❤❤❤
❤❤❤❤❤

❤❤❤❤❤
❤❤❤❤❤

❤❤❤❤

F (X) I⊗F (X)
λF (X)

oo

cI,F (X)
hh◗◗◗◗◗◗◗◗◗◗◗◗

Thus the proof of Theorem 2.4 is complete.

2.7 Pre-unital b-categories

Here we define unital b-categories without the unit. This modification will be useful for
treating some of the examples.

We call a b-category C pre-unital if it comes equipped with a natural (in X, Y ∈ C)
collection cX,Y : X⊗Y → Y⊗X of isomorphisms satisfying the coherence axioms (8), (10),
(11).

Proposition 2.7. A pre-unital b-category can be fully embedded into a unital b-category.

Proof. Let I be the one object one morphism category. Consider the disjoint union C̃ =
C∪I. Extend the tensor product from C to C̃ by X⊗I = X = I⊗X . Extend the b-structure
from C to C̃ by

β̃I,Y,Z = 1Y⊗Z , β̃X,I,Z = 1X⊗Z , β̃X,Y,I = cX,Y .
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To see that C̃ is a b-category we need to verify the b-axiom for the extended b-structure,
i.e. when some of the objects X, Y, Z,W in the diagram (2) are I. Of all the cases the only
non-trivial is when W = I. In this case the diagram (2) is just (10).

Finally define ρX to be the identity 1X . It is then straightforward (and tedious) to
check that C̃ is a unital b-category.

A b-functor F : C → D between pre-unital b-categories is pre-unital if it satisfies the
coherence (13). It is straightforward to see that a pre-unital b-functor F : C → D between
pre-unital b-categories extends to a unital b-functor F̃ : C̃ → D̃ between unital b-categories
via F̃ (I) = I, F̃I,X = F̃X,I = 1F (X) and φ = 1I .

3 Examples of b-categories

Let k be a field. Here we look at (pre-unital) b-structures on the category Vectk of (finite
dimensional) vector spaces over k. Denote by ⊗ = ⊗k the standard tensor product of
vector spaces. Note that any k-linear tensor product on Vectk necessarily has the form

⊗M : Vectk × Vectk → Vectk, (U, V ) 7→ U⊗MV = U⊗M⊗V

for some M ∈ Vectk. Indeed, a k-linear tensor product on Vectk is determined by its value
(in this case M) on the pair (k, k) of one-dimensional vector spaces.

Below, we first recall from [3] the description of semi-groupal (monoidal without the
unit object) structures on Vectk,⊗M , and then turn to the description of b-structures.

Notation: For an operator P on M⊗2, the operator Pij on M
⊗n is P acting on the i-th

and j-th components.

3.1 Semi-groupal structures on the category of vector spaces

A category C with a tensor product ⊗ : C × C → C is semi-groupal if it is equipped with
a natural in X, Y, Z ∈ C collection of isomorphisms αX,Y,Z : X⊗(Y⊗Z)→ (X⊗Y )⊗Z (an
associativity constraint) satisfying the pentagon axiom.

Proposition 3.1 ([3, Prop. 7.1]). An associativity constraint for Vectk,⊗M corresponds to
a solution Φ ∈ Autk(M

⊗2) of the pentagon equation:

Φ12Φ13Φ23 = Φ23Φ12.

Remark 3.2. Explicitly the associativity for Vectk,⊗M gives an automorphism Φ ∈ Autk(M
⊗2):

M⊗M = k⊗M(k⊗Mk)
αk,k,k // (k⊗Mk)⊗Mk =M⊗M

and has the following general form:

U1⊗M(U2⊗MU3)
αU1,U2,U3 // (U1⊗MU2)⊗MU3

U1⊗M⊗U2⊗M⊗U3
Φ24 // U1⊗M⊗U2⊗M⊗U3
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3.2 b-structures on vector spaces and the Yang-Baxter equation

Proposition 3.3. A b-structure on Vectk,⊗M corresponds to a solution B ∈ Autk(M
⊗2)

of the hexagon equation:
B12B23B12 = B23B12B23 .

Proof. By naturality a b-structure β for Vectk,⊗M is given by an automorphism B ∈
Autk(M

⊗2):

M⊗M = k⊗M(k⊗Mk)
βk,k,k // (k⊗Mk)⊗Mk =M⊗M

and has the following general form

U1⊗M(U2⊗MU3)
βU1,U2,U3 // U2⊗M(U1⊗MU3)

U1⊗M⊗U2⊗M⊗U3
B24t13 // U2⊗M⊗U1⊗M⊗U3

Here t : U1⊗U2 → U2⊗U1 is the ordinary interchange of tensor factors. In particular,

βk,k,k⊗Mk = βk,k,M = B12 ∈ Autk(M
⊗3).

Combining this with
1k⊗Mβk,k,k = B23 ∈ Autk(M

⊗3) ,

we see that the coherence (2) for β is equivalent to the hexagon equation for B. Indeed,
by naturality the general coherence is equivalent to the specialisation of the coherence
diagram (2) to X, Y, Z,W = k, which in the equational form is

βk,k,M ◦ (1⊗βk,k,k) ◦ βk,k,M = (1⊗βk,k,k) ◦ βk,k,M ◦ (1⊗βk,k,k) .

A k-linear autoequivalence of Vectk has to be the identity. A b-functor structure on
Id : Vectk → Vectk amounts to an automorphism g :M →M such that

(g⊗g)B = B(g⊗g) .

Composition of b-functors corresponds to composition of automorphisms M →M .

3.3 Pre-unital b-structures on the category of vector spaces

Proposition 3.4. A structure of a pre-unital b-category on Vectk,⊗M corresponds to a
solution B ∈ Autk(M

⊗2) of the hexagon equation together with a solution C ∈ Autk(M) of

B(1⊗C)B = (1⊗C)B(1⊗C), B(1⊗C2)B = (C2⊗1) (14)

and
B23C3B12B23C2B32 = C1C2B32t23 . (15)
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Proof. Let (β, c) be a structure of pre-unital b-category on Vectk,⊗M . By naturality, the
collection c is given by an automorphism C ∈ Autk(M):

C =
(
M = k⊗Mk

ck,k // k⊗Mk =M
)
,

and has the following general form

U1⊗MU2

cU1,U2 // U2⊗MU1

U1⊗M⊗U2
(1⊗C⊗1)t13 // U2⊗M⊗U1

In particular,

ck,k⊗Mk = ck,M = (1⊗C)t, ck⊗Mk,k = cM,k = (C⊗1)t ∈ Autk(M
⊗2).

Combining it with
1k⊗Mck,k = (1⊗C) ∈ Autk(M

⊗2)

we see that the coherences (10) and (11) for β and c are equivalent to the equations (14).
Indeed, by naturality the general coherences are equivalent to the specialisations of the
coherence diagrams (10), (11) to X, Y, Z,W = k, which in the equational form are

βk,k,k ◦ (1⊗ck,k) ◦ βk,k,k = (1⊗ck,k) ◦ βk,k,k ◦ (1⊗ck,k),

βk,k,k ◦ (1⊗ck,k)
2 ◦ βk,k,k = cM,k ◦ ck,M .

Finally the coherence (8) is equivalent to the equation

(1⊗cM,k) ◦ βM,k,k ◦ cM,M = (1⊗βk,k,k) ◦ (1⊗1⊗ck,k) ◦ βk,k,M ◦ (1⊗βk,k,k) ◦ (1⊗cM,k) ◦ βM,k,k.

Using that cM,M = C2t13, βM,k,k = B23t12 ∈ Autk(M
⊗3) we get the condition (15).

3.4 Categorical b-magmas

Let us call a b-category C categorical b-magma if C is a groupoid and the tensor product
maps on automorphisms

C(X,X)→ C(X⊗Y,X⊗Y )← C(Y, Y )

are isomorphisms for all X, Y ∈ C. The last condition implies that the automorphism
groups C(X,X) are isomorphic for all X ∈ C and must be abelian (by the Eckmann-Hilton
argument). Clearly, the set π0(C) of isomorphisms classes of objects of a categorical b-
magma C is a b-magma with the binary operation [X ][Y ] = [X⊗Y ]. Denote by π1(C) the
automorphism group C(X,X) of an object X ∈ C.

Choose representatives s : π0(C) → C of the isomorphism classes of objects, as well
as isomorphisms tx,y : s(x)⊗s(y) → s(xy) for each pair x, y ∈ π0(C). The coherence

19



isomorphisms of a b-category evaluated on objects give rise to non-zero scalars r(x, y, z) ∈
π1(C) via

r(x, y, z) 1s(x(yz)) =
(
s(x(yz))

t−1
x,yz

−−→ s(x)s(yz)
1 t−1

y,z

−−−→ s(x)(s(y)s(z))

βs(x),s(y),s(z)
−−−−−−−→ s(y)(s(x)s(z))

1 tx,z
−−−→ s(y)(s(xz))

ty,xz
−−→ s(y(xz)) = s(x(yz))

)
.

The coherence axiom for the isomorphisms evaluated on objects amounts to the equation

r(y, z, xw)r(x, z, w)r(x, y, zw) = r(x, y, w)r(x, z, yw)r(y, z, w)

for all x, y, z, w ∈ π0(C).
A different choice of section s′ : π0(C)→ C and isomorphisms t′x,y : s

′(x)⊗s′(y)→ s′(xy)
produces in general a different set of values r′x,y,z. To relate r′ to b, pick isomorphisms
ux : s(x)→ s′(x). These determine constants qx,y ∈ π1(C) (x, y ∈ π0(C)) via qx,y ·uxy◦tx,y =
t′x,y ◦ (ux⊗uy). One computes that, independent of the choice of u’s, for all x, y, z ∈ π0(C),

r′(x, y, z) = qx,z q
−1
x,yz qy,xz q

−1
y,z r(x, y, z) .

A b-functor F : C → C′ between categorical b-magmas gives rise to a morphism f :
π0(C)→ π0(C

′) of b-magmas. Assume we have chosen sections s, s′ and isomorphisms t, t′

for C and C′, and that in addition we have fixed isomorphisms hx : s′(f(x)) → F (s(x)).
The coherence isomorphisms of F : C → C′ evaluated on objects determine a collection of
constants q(x, y) ∈ π1(C

′) (x, y ∈ π0(C)) via

q(x, y) 1s′(f(xy)) =
(
s′(f(xy))

hxy
−−→ F (s(xy))

F (t−1
x,y)

−−−−→ F (s(x)⊗ s(y))
Fs(x),s(y)
−−−−−→ F (s(x))⊗ F (s(y))

h−1
x ⊗h−1

y

−−−−−→ s′(f(x))⊗ s′(f(y))
t′f(x),f(y)
−−−−−→ s′(f(x)f(y)) = s′(f(xy))

)
.

The coherence axiom (3) for a b-functor evaluated on objects now amounts to the equation

r′(f(x), f(y), f(z)) q(y, z) q(x, yz) = q(x, z) q(y, xz) r(x, y, z)

for all x, y, z ∈ π0(C).
Let F̃ : C → C′ be another b-functor as above and let a : F ⇒ F̃ be a b-transformation.

Since a is invertible F̃ induces the same map f : π0(C)→ π0(C
′) as F . The b-transformation

a gives rise to constants p(x) for all x ∈ π0(C) via

p(x) =
(
s′(f(x))

hx−→ F (s(x))
as(x)
−−→ F̃ (s(x))

h̃−1
x−−→ s′(f(x))

)
.

The coherence condition (4) for a b-transformation becomes q(x, y)p(x)p(y) = p(x, y)q̃(x, y).
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4 b-bicategories

Here we define a bicategorical analogue of b-category. By a tensor product on a bicategory
C we will mean a functor

C×C→ C, (X, Y ) 7→ X⊗Y .

In particular for any 1-morphisms f : X → Y, g : Z →W we a have an invertible 2-cell

X⊗Z X⊗W
1⊗g //

Y⊗W

f⊗1

��
Y⊗Z

f⊗1

��

1⊗g
//

⇓sf,g

(16)

with bi-multiplicativity property for the collection s.

4.1 Definition

A bicategory C is a b-bicategory if it is equipped with a tensor product together with a
pseudo-natural in X, Y, Z ∈ C collection of 1-equivalences

βX,Y,Z : X⊗(Y⊗Z)→ Y⊗(X⊗Z) ,

and natural in X, Y, Z,W ∈ C collection of 2-isomorphisms

Y⊗(X⊗(Z⊗W ))
1⊗βX,Z,W // Y⊗(Z⊗(X⊗W ))

βY,Z,X⊗W

))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

X⊗(Y⊗(Z⊗W ))

βX,Y,Z⊗W

55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

1⊗βY,Z,W ))❚❚❚
❚❚❚❚

❚❚❚❚
❚❚❚❚

⇓γX,Y,Z,W Z⊗(Y⊗(X⊗W ))

X⊗(Z⊗(Y⊗W ))
βX,Z,Y⊗W // Z⊗(X⊗(Y⊗W ))

1⊗βX,Y,W

55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

.

(17)
Pseudo-naturality of β means that for all 1-morphisms f : X → Y, g : Z → W, h : U → V

we have an invertible 2-cell

X⊗(Z⊗U) Z⊗(X⊗U)
βX,Z,U //

W⊗(Y⊗V )

f⊗g⊗h

��
Y⊗(W⊗V )

f⊗g⊗h

��

βY,W,V

//

⇓bf,g,h

(18)
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with tri-multiplicativity property for the collection b. The 2-isomorphisms (17) and (18)
must be such that the following two pastings of 2-cells agree (the squares in the pasting
schemes below are filled with the 2-cells b1,1,β):

X(Y (Z(UV )))

Y (X(Z(UV )))

βX,Y,Z(UV )
rr❡❡❡❡❡

Y (Z(X(UV )))

1βX,Z,UV

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄

Y (Z(U(XV )))

1βX,U,V



✕✕
✕✕
✕✕
✕✕
✕✕
✕✕

Z(Y (U(XV )))

βY,Z,U(XV )

��✭
✭✭
✭✭
✭✭
✭✭
✭✭
✭✭
✭

Z(U(Y (XV )))

1βY,U,XV

��❀
❀❀

❀❀
❀❀

❀❀
❀❀

❀

U(Z(Y (XV )))
βZ,U,Y (XV )

++❱❱❱❱
❱❱❱❱

Y (U(Z(XV ))

1βZ,U,XV

**❱❱❱❱
❱❱❱

U(Y (Z(XV ))

βY,U,Z(XV )

��❂
❂❂

❂❂
❂❂

❂❂
❂❂

❂

1βY,Z,XV

��✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰

γY,Z,U,XV

⇒

Y (X(U(ZV )))

1βZ,U,V
))❚❚❚

❚❚❚

Y (U(X(ZV )))

1βX,U,ZV



✜✜
✜✜
✜✜
✜✜
✜✜
✜✜

1βX,Z,V

��✁✁
✁✁
✁✁
✁✁
✁✁
✁✁

U(Y (X(ZV )))

βY,U,X(ZV )

��❁
❁❁

❁❁
❁❁

❁❁
❁❁

❁

1βX,Z,V

��✁✁
✁✁
✁✁
✁✁
✁✁
✁

1γX,Z,U,V

⇒

X(Y (U(ZV )))

1βZ,U,V

++❳❳❳❳
❳❳❳❳

βX,Y,U(ZV )

qq❝❝❝❝❝❝❝❝❝
❝❝❝

X(U(Y (ZV )))

1βY,U,ZV

��✾
✾✾

✾✾
✾✾

✾✾
✾✾

U(X(Y (ZV )))

βX,U,Y (ZV )

��✑✑
✑✑
✑✑
✑✑
✑✑
✑✑
✑✑

1βX,Y,ZV
qq❝❝❝❝❝

U(X(Z(Y V )))

1βY,Z,V

��✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲

U(Z(X(Y V )))

1βX,Z,Y V

��✠✠
✠✠
✠✠
✠✠
✠✠
✠

1βX,Y,V
rr❡❡❡❡❡❡❡

❡

1γX,Y,Z,V

⇒

X(U(Z(Y V )))

1βY,Z,V

��✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲

βX,U,Z(Y V )

��✑✑
✑✑
✑✑
✑✑
✑✑
✑✑
✑✑

γX,Y,U,ZV

⇒
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and

X(Y (Z(UV )))

γX,Y,Z,UV

⇒ 1γY,Z,U,V

⇒

Y (X(Z(UV )))

βX,Y,Z(UV )
rr❡❡❡❡❡

Y (Z(X(UV )))

1βX,Z,UV

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄

Y (Z(U(XV )))

1βX,U,V



✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕

Z(Y (U(XV )))

βY,Z,U(XV )

��✰
✰✰
✰✰
✰✰
✰✰
✰

Z(U(Y (XV )))

1βY,U,XV

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

U(Z(Y (XV )))
βZ,U,Y (XV )

++❱❱❱❱
❱❱❱❱

Z(Y (X(UV )))

βY,Z,X(UV )

��✰
✰✰
✰✰
✰✰
✰✰
✰

1βX,U,V



✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕

X(Z(Y (UV )))

1βY,Z,UV

��✬
✬✬
✬✬
✬✬
✬✬
✬

1γX,Y,U,V

⇒

Z(X(Y (UV )))

βX,Z,Y (UV )

��✄✄
✄✄
✄✄
✄✄
✄✄

Z(X(U(Y V )))

1βY,U,V

��❀
❀❀

❀❀
❀❀

❀❀
❀❀

Z(U(X(Y V )))

1βX,U,Y V

��✘✘
✘✘
✘✘
✘✘
✘✘
✘✘
✘

1βX,Y,V
ss❢❢❢❢❢

U(Z(X(Y V )))

βZ,U,X(Y V )

++❱❱❱❱
❱❱❱❱

1βX,Y,V

ss❢❢❢❢❢

1βX,Y,UV

ss❤❤❤❤❤
❤❤❤

X(Z(U(Y V )))

1βY,U,V

��❀
❀❀

❀❀
❀❀

❀❀
❀❀

γX,Z,U,Y V

⇒

βX,Z,U(Y V )

��✄✄
✄✄
✄✄
✄✄
✄✄

X(U(Z(Y V )))

1βZ,U,Y V

++❲❲❲❲
❲❲❲❲

U(X(Z(Y V )))

βX,U,Z(Y V )

��✘✘
✘✘
✘✘
✘✘
✘✘
✘

1βX,Z,Y V

��☎☎
☎☎
☎☎
☎☎
☎☎
☎☎
☎

X(Y (U(ZV )))

1βZ,U,V

++❳❳❳❳
❳❳❳❳

X(U(Y (ZV )))

1βY,U,ZV

��✾
✾✾

✾✾
✾✾

✾✾
✾✾

1βY,Z,V

��✩
✩✩
✩✩
✩✩
✩✩

Remark 4.1. Note that 1-, 2-, and 3-dimensional coherences (1-morphisms β, 2-cells γ and
the above coherence for them) naturally take the shapes of the 1-, 2-, and 3-dimensional
permutohedra [10].

A functor F : C → D between b-bicategories is a b-functor if it comes equipped with
a pseudo-natural in X, Y ∈ C collection of equivalences

FX,Y : F (X⊗Y )→ F (X)⊗F (Y ) , (19)

and a natural in X, Y, Z ∈ C collection of 2-isomorphisms

F (X⊗(Y⊗Z))
FX,Y⊗Z //

F (βX,Y,Z)

��

F (X)⊗F (Y⊗Z)
1⊗FY,Z // F (X)⊗(F (Y )⊗F (Z))

βF (X),F (Y ),F (Z)

��

⇑ φX,Y,Z

F (Y⊗(X⊗Z))
FY,X⊗Z // F (Y )⊗F (X⊗Z)

1⊗FX,Z // F (Y )⊗(F (X)⊗F (Z))
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such that the pasting of 2-cells

F (X(Y (ZW )))

F (Y (X(ZW )))
F (βX,Y,ZW )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

F (Y (Z(XW )))
F (1βX,Z,W )

//

F (Z(Y (XW )))

F (βY,Z,XW )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (Z)F (Y (XW ))

FZ,Y (XW )

��

F (Z)(F (Y )F (XW ))

1FY,XW

��

F (Z)(F (Y )(F (X)F (W )))

11FX,W

��

F (X(Z(YW )))

F (1βY,Z,W )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (Z(X(YW )))
F (βX,Z,YW )

//

F (1βX,Y,W )
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

F (Z)F (X(YW ))

FZ,X(YW )

��

1F (βX,Y,W )
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

F (Z)(F (X)F (YW ))

1FX,Y W

��

F (Z)(F (X)(F (Y )F (W )))

11FY,W

��
1βF (X),F (Y ),F (W )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

⇐
1φX,Y,W

F (X)F (Z(YW ))

FX,Z(YW )

��

F (X)(F (Z)F (YW ))

1FZ,Y W

��

βF (X),F (Z),F (YW )

//

⇐
φX,Z,YW

F (X)(F (Z)(F (Y )F (W )))

11FY,W

��

βF (X),F (Z),F (Y )F (W )

//

F (X)F (Y (ZW ))

FX,Y (ZW )

��

1F (βY,Z,W )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (X)(F (Y )F (ZW ))

1FY,ZW

��

F (X)(F (Y )(F (Z)F (W )))

11FZ,W

��

1βF (Y ),F (Z),F (W ) ((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

⇐
1φY,Z,W

⇓F (γX,Y,Z,W )
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coincides with the pasting

F (X(Y (ZW )))

F (Y (X(ZW )))
F (βX,Y,ZW )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

F (Y (Z(XW )))
F (1βX,Z,W )

//

F (Z(Y (XW )))

F (βY,Z,XW )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (Z)F (Y (XW ))

FZ,Y (XW )

��

F (Z)(F (Y )F (XW ))

1FY,XW

��

F (Z)(F (Y )(F (X)F (W )))

11FX,W

��

F (Y )F (Z(XW ))

FY,Z(XW )

��

F (Y )(F (Z)F (XW ))

1FZ,XW

��

βF (Y ),F (Z),F (XW )

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

⇐
φY,Z,XW

F (Y )(F (Z)(F (X)FW )))

11FX,W

��

βF (Y ),F (Z),F (X)F (W ) ((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (Y )F (X(ZW ))

FY,X(ZW )

�� 1F (βX,Z,W )
//

F (Y )F (X)F (ZW ))

1FX,ZW

��

F (Y )(F (X)(F (Z)F (W )))

11FZ,W

��

1βF (X),F (Z),F (W )

//

⇐
1φX,Z,W

F (X)F (Y (ZW ))

FX,Y (ZW )

��

F (X)(F (Y )F (ZW ))

1FY,ZW

��

F (X)(F (Y )(F (Z)F (W )))

11FZ,W

��

F (X)(F (Z)(F (Y )F (W )))

1βF (Y ),F (Z),F (W ) ((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗

F (X)(F (Z)(F (Y )F (W )))
βF (X),F (Z),F (Y )F (W )

//

1βF (X),F (Y ),F (W )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

⇓γF (X),F (Y ),F (Z),F (W )

βF (X),F (Y ),F (Z)F (W )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

βF (X),F (Y ),F (ZW )

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠

⇐
φX,Y,ZW

The composition of b-functors C
F // D

G // E is again a b-functor with isomor-
phisms (G ◦ F )X,Y : (G ◦ F )(X⊗Y ) → (G ◦ F )(X)⊗(G ◦ F )(Y ) defined as in (5). The
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natural 2-cells for the composition G ◦ F are defined by the pasting

(GF )(X(Y Z)) GF (X)GF (Y Z)
(GF )X,Y Z // GF (X)(GF (Y )GF (Z))

1(GF )Y,Z //

GF (Y )(GF (X)GF (Z))

βGF (X),GF (Y ),GF (Z)

��

(GF )(X)G(F (Y )F (Z))

1G(FY,Z )

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

1GF (Y ),F (Z)

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈
G(F (X)F (Y Z))

G(FX,Y Z)

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

GF (X),F (Y Z)

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈

G(F (X)(F (Y )F (Z)))

G(1FY,Z )

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

GF (X),F (Y )F (Z)

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈

G(F (Y )(F (X)F (Z)))

G(βF (X),F (Y ),F (Z))

��

(GF )(Y )G(F (X)F (Z))

GF (Y ),F (X)F (Z)

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

1GF (X),F (Z)

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

⇑ψF (X),F (Y ),F (Z)

(GF )(Y (XZ))

(GF )(βX,Y,Z)

��

⇑G(φX,Y,Z)

(GF )(Y )(GF )(XZ)
(GF )Y,XZ

//
1(GF )X,Z

//

1G(FX,Z)

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈

G(F (Y )F (XZ))

G(FY,XZ )

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈

GF (Y ),F (XZ)

##❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍
❍❍

❍❍

G(1FX,Z )

;;✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈✈

(20)
Here φ is the structure 2-cell of F and ψ is the structure 2-cell of G. It is straightforward
to verify that this 2-isomorphism satisfies the coherence axiom.

A pseudo-natural transformation a : F → G of two b-functors F,G : C → D between
b-bicategories is b-transformation if it comes equipped with a collection of 2-isomorphisms

F (X⊗Y )

G(X⊗Y )

aX⊗Y

��
G(X)⊗G(Y )

GX,Y

//

F (X)⊗F (Y )
FX,Y //

aX⊗aY

��

⇓αX,Y
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natural in X, Y ∈ C such that the pasting

F (X(Y Z))

F (Y (XZ))

F (βX,Y,Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

G(Y (XZ))

aY (XZ)

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

G(Y )G(XZ)
GY,XZ

// G(Y )(G(X)G(Z))
1GX,Z

//

F (Y )F (XZ)
FY,XZ //

aY aXZ

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

F (Y )(F (X)F (Z))
1FX,Z //

aY aXaZ

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

⇓1αX,Z⇓αY,XZ

F (X)F (Y Z)
FX,Y Z // F (X)(F (Y )F (Z))

1FY,Z //

βF (X),F (Y ),F (Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

G(X)(G(Y )G(Z))

aXaY aZ

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

βG(X),G(Y ),G(Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

⇑φX,Y,Z

(21)
coincides with

F (X(Y Z))

F (Y (XZ))

F (βX,Y,Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

G(Y (XZ))

aY (XZ)

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

G(Y )G(XZ)
GY,XZ

// G(Y )(G(X)G(Z))
1GX,Z

//

G(X(Y Z))

aX(Y Z)

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

G(βX,Y,Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

G(X)G(Y Z)
GX,Y Z // G(X)(G(Y )G(Z))

1GY,Z //

βG(X),G(Y ),G(Z)

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

⇑ψX,Y,Z

F (X)F (Y Z)
FX,Y Z //

aXaY Z

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

F (X)(F (Y )F (Z))
1FY,Z //

aXaY aZ

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

⇓1αY,Z⇓αX,Y Z

(22)
for any X, Y, Z ∈ C.

A modification

F (X)

aX

&&

a′X

88
⇓mX G(X)

between pseudo-natural b-transformations is a b-modification if the pasting

F (X⊗Y )

G(X⊗Y )

aX⊗Y

��
G(X)⊗G(Y )

GX,Y

//

F (X)⊗F (Y )
FX,Y //

aX⊗aY

��

⇐
αX,Y

a′X⊗Y

��

⇐
mX⊗Y
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coincides with

F (X⊗Y )

G(X⊗Y )

a′X⊗Y

��
G(X)⊗G(Y )

GX,Y

//

F (X)⊗F (Y )
FX,Y //

aX⊗aY

��

a′
X
⊗a′

Y

��

⇐
mX⊗mY

⇐
α′
X,Y

for any X, Y ∈ C.

Remark 4.2. It is straightforward to see that pseudo-natural b-transformations and b-
modifications are composable and are compatible with the composition of b-functors. In
other words b-bicategories, b-functors, pseudo-natural b-transformations and b-modifications
form a tri-category [5]. In particular the 2-category of b-endofunctors, pseudo-natural b-
transformations and b-modifications for a fixed b-bicategory is a monoidal 2-category.

4.2 One object b-bicategories and Zamolodchikov’s tetrahedron

equation

Let B be an object of a monoidal category E equipped with a half braiding tB,X : B⊗X →
X⊗B (i.e. B is in the monoidal centre of E), such that t is symmetric in the sense that
(tB,B)

2 = 1. We say that an endomorphism Z : B⊗3 → B⊗3 satisfies the Zamolodchikov
tetrahedron equation (see e.g. [7, section 1.7] or [2]) if the following holds in E(B⊗6, B⊗6):

Z124Z135Z236Z456 = Z456Z236Z135Z124 .

Here Z124 = t−1
3 (Z⊗1)t3, etc.

By a weak b-bicategory we will mean a b-bicategory with β being not necessarily equiv-
alences but just 1-morphisms.

Here we look at a weak b-bicategory C with only one object I. By E = C(I, I)
we denote the category of endomorphisms, i.e. the category with objects being morphisms
I → I in C and with morphisms being 2-cells in C. Composition of morphisms in C makes

E a monoidal category. We express the composition of 1-morphisms I
A
−→ I

B
−→ I

C
−→ I in

C(I, I) as tensor product A⊗B⊗C in E (rather than in the opposite order). This will be
important when translating pasting diagrams into compositions of morphisms in E . Since
I⊗(I⊗I) = I the 1-morphism βI,I,I is an object B ∈ E . Pseudo-naturality 2-cells (18) for β
(with only one of the 1-morphisms f, g, h being non-identical) correspond to a half-braiding
tB,X : B⊗X → X⊗B, which in the following we will assume to be symmetric in the above
sense.

Theorem 4.3. The data of a weak b-bicategory C with only one object I and with category
of endomorphisms E = C(I, I) such that t2B,B = 1 is equivalent to a pair (B,Z) consisting
of an object B ∈ E and a solution Z ∈ E(B⊗3, B⊗3) of the Zamolodchikov tetrahedron
equation.
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Proof. Upon the identification I⊗(I⊗(I⊗I)) = I both 1⊗βI,I,I and βI,I,I⊗I coincide with
B. Thus the source and the target of γI,I,I,I are B⊗3 and γI,I,I,I is an isomorphism S :
B⊗3 → B⊗3 in the category E .
Each of the pasting diagrams of the coherence condition for γ gives a composition of tensor
products of the identity with S (possibly conjugated with braiding). Since all the paths
(the sequences of successive 1-morphisms) of each pasting diagram have length six each
factor in the products is an automorphism of B⊗6. Note that squares of the form

I⊗6 I⊗6
β
I,I,I⊗3

//

I⊗6

1⊗βI,I,I

��
I⊗6

1⊗βI,I,I

��

β
I,I,I⊗3

//

⇓b1,1,βI,I,I

correspond to the half-braiding tB,B : B⊗B → B⊗B. Thus the equational form of two
pasting diagrams (specialised at X = Y = Z = U = V = I) is as follows

t3S456S234(t1t4)S234S456 = S123S345(t2t5)S345S123t3 . (23)

Substituting S = t1t2t1Z we get (by pulling all t’s to the right and changing the indices of
the Z’s accordingly)

t3t4t5t4t2t3t2t1t4t2t3t2t4t5t4 Z124Z135Z236Z456

= t1t2t1t3t4t3t2t5t3t4t3t1t2t1t3 Z456Z236Z135Z124 .

Finally since the words in t’s on the two sides are equal in the symmetric group S6, we get
the Zamolodchikov tetrahedron equation.

By a weak b-functor we will mean a b-functor F : C→ D between (weak) b-bicategories
with FX,Y being not necessarily equivalences but just 1-morphisms.

Now we look at weak b-endofunctors of a weak b-bicategory C with only one object I.
The 1-morphism FI,I in (19) with F = Id is an object C ∈ E . Pseudo-naturality 2-cells for
FI,I gives a half-braiding tC,X : C⊗X → X⊗C. In what follows we assume that the half-
braiding for B, tB,C : B⊗C → C⊗B, and the half-braiding for C, tC,B : C⊗B → B⊗C,
are inverse to each other.

Proposition 4.4. Let C, I, E , as well as B and Z be as in Theorem 4.3. The structure
of weak b-functor on the identity functor Id : C→ C such that the half-braidings tB,C and
tC,B are each other’s inverses amounts to a pair (C,L) consisting of an object C ∈ E and
an automorphism L : C⊗2⊗B → C⊗2⊗B such that

L124L135L236Z456 = Z456L236L135L124 (24)

in E(C⊗3⊗B⊗3, C⊗3⊗B⊗3).
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Proof. All vertices in the diagram for φI,I,I are equal to I and both 1⊗FI,I and FI,I⊗I
coincide with C. Replacing also βI,I,I = B ∈ E , we see that the source of φI,I,I is B⊗C

⊗2

while the target is C⊗2⊗B. The 2-cell φI,I,I is an isomorphism M : B⊗C⊗2 → C⊗2⊗B in
the category E .

In the pasting diagrams of the coherence condition for φI,I,I the cells F (γI,I,I,I) and
γF (I),F (I),F (I),F (I) are given by the morphism S : B⊗3 → B⊗3 from the proof of Theorem
4.3. Cells labelled by φ (and their tensor products with the identity) correspond to instances
of the isomorphism M : B⊗C⊗2 → C⊗2⊗B. Squares with opposite sides labelled by β and
F correspond to one of the half-braidings tB,C : B⊗C → C⊗B or tC,B : C⊗B → B⊗C.
The coherence for φI,I,I can be reformulated as the commutativity of the diagram

B⊗3C⊗3 S123 //

M345

��

B⊗3C⊗3 t3 // BBCBCC
M456 // BBC⊗3B

M234 // BCCBCB

t1t4
��

BBCCBC

t2t5
��

CBCCBB

M234
��

BCBCCB
M345 // BC⊗3BB

M123 // CCBCBB
t3 // C⊗3B⊗3 S456 // C⊗3B⊗3

or, in equational form,

M234(t1t4)M234M456t3S123 = S456t3M123M345(t2t5)M345 .

Define L = t1t2t1M
−1. Rewriting the above equation as

t3M
−1
456M

−1
234(t1t4)M

−1
234S456 = S123M

−1
345(t2t5)M

−1
345M

−1
123t3

one sees that this has the same index structure as (23) in the proof of Theorem 4.3, so that
by the same argument as used there, one arrives at (24).

Remark 4.5. Equation (24) appears in integrable three-dimensional lattice models of sta-
tistical mechanics [2]. Our interpretation allows one to see a 2-categorical structure on
solutions of the equation (24). Indeed, b-functors from Proposition 4.4 are composable
and form a monoidal 2-category (the sub-2-category from Remark 4.2). The correspond-
ing structure of a monoidal bicategory can be described in terms of pairs (C,L):

- A morphism (C,L) → (C ′, L′) is an object D ∈ E together with an isomorphism
d : C⊗D⊗2 → D⊗C ′ satisfying coherence conditions coming from (21) and (22).

- A 2-morphism (D, d)→ (D′, d′) (between two morphisms (C,L) → (C ′, L′)) is a mor-
phism f : D → D′ in E such that the following diagram commutes:

C⊗D⊗2 d //

1⊗f⊗2

��

D⊗C ′

f⊗1
��

C⊗D′⊗2 d′ // D′⊗C ′
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- The composition of b-functors corresponds to the tensor product (C,L)⊗(C ′, L′) defined
as (C⊗C ′, L|L′), where L|L′ is the composition t2L125L

′
345t2. In particular, L|L′ is a

solution of the equation (24), which is not obvious.

5 b-cohomology

The coherence conditions of b-functors, b-categories and their bicategorical versions moti-
vate the definition of a certain cochain complex, whose cohomology we call b-cohomology.

5.1 Definition

Let A be a b-magma and B be an abelian group (with multiplicatively and additively
written operations respectfully). Let Cn(A,B) =Maps(A×n, B) be the (additive) abelian
group of maps A×n → B. For n ≥ 2 define the map

d : Cn(A,B)→ Cn+1(A,B)

by

d(c)(x1, ..., xn, x) =

n∑

i=1

(−1)iδi(c)(x1, ..., xn, x) ,

where δi(c)(x1, ..., xn, x) = c(x1, ..., x̂i, ..., xn, xix)− c(x1, ..., x̂i, ..., xn, x) and ˆ above a vari-
able means its omission.

For example, for q ∈ C2(A,B), r ∈ C3(A,B) and s ∈ C4(A,B),

d(q)(x, y, z) = −q(y, xz) + q(y, z) + q(x, yz)− q(x, z) ,

d(r)(x, y, z, w) = −r(y, z, xw) + r(y, z, w) + r(x, z, yw)− r(x, z, w)

− r(x, y, zw) + r(x, y, w) ,

d(s)(x, y, z, u, v) = −s(y, z, w, xv) + s(y, z, u, v) + s(x, z, u, yv)− s(x, z, u, v)

− s(x, y, u, zv) + s(x, y, u, v) + s(x, y, z, uv)− s(x, y, z, v) .

Lemma 5.1. The map d : Cn(A,B)→ Cn+1(A,B) is a differential, i.e. d2 = 0.

Proof. First we need to show that δi ◦ δj = δj+1 ◦ δi for i ≤ j. Indeed,

δi(δj(c))(x1, ..., xn+1, x)

= δj(c)(x1, ..., x̂i, ..., xn+1, xix) − δj(c)(x1, ..., x̂i, ..., xn+1, x)

= c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xj+1(xix)) − c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xix)

− c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xj+1x) + c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, x)
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and

δj+1(δi(c))(x1, ..., xn+1, x)

= δi(c)(x1, ..., x̂j+1, ..., xn+1, xj+1x) − δi(c)(x1, ..., x̂j+1, ..., xn+1, x)

= c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xi(xj+1x)) − c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xj+1x)

− c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, xix) + c(x1, ..., x̂i, ..., x̂j+1, ..., xn+1, x) .

The two sides coincide because of the identity xj+1(xix) = xi(xj+1x). Now

d2 =
n+1∑

i=1

n∑

j=1

(−1)i+jδi ◦ δj =
∑

1≤i≤j≤n

(−1)i+jδi ◦ δj +
∑

1≤j<i≤n+1

(−1)i+jδi ◦ δj

=
∑

1≤i≤j≤n

(−1)i+jδj+1 ◦ δi +
∑

1≤j<i≤n+1

(−1)i+jδi ◦ δj

= −
∑

1≤j<i≤n+1

(−1)i+jδi ◦ δj +
∑

1≤j<i≤n+1

(−1)i+jδi ◦ δj = 0 .

We call the cohomology H∗
b (A,B) of the complex C∗

b (A,B) = (C∗(A,B), d) the b-
cohomology of A with coefficients in B.

Remark 5.2. The formula defining the differential d on Cn makes sense for n = 1 as
well (and would read d(a)(x, y) = −a(xy) + a(y)), but the resulting degree 2 cohomology
does not match the examples of b-magma algebras or b-functors discussed below. These
examples instead suggest to extend the cochain complex C∗

b (A,B) to the first degree by
defining d : C1(A,B)→ C2(A,B) as

d(p)(x, y) = p(x)− p(xy) + p(y) (25)

for all p ∈ C1(A,B). One verifies that indeed d2 = 0. One can define H1(A,B) = Z1(A,B).

5.2 Realisations of low dimensional b-cohomology

Let A be a b-magma. By a b-magma algebra over a field k we mean the vector space kA
equipped with the bilinear multiplication defined on basis elements as (x, y) 7→ xy. By
construction, a b-magma algebra is a b-algebra.

Similarly to the relation between twistings of the multiplication of group algebras and
the second group cohomology there is a relation between twistings of the multiplication
of b-magma algebras and the second b-cohomology. Namely, one can try to twist the
multiplication by a 2-cochain q ∈ C2(A, k×) and ask if (x, y) 7→ q(x, y)xy is again a
b-algebra. One finds the condition q(y, z)q(x, yz) = q(x, z)q(y, xz), which amounts to
d(q) = 0.

Isomorphisms which preserve the A-grading act by rescaling the basis elements. Thus,
the b-magma algebras obtained from kA by twisting with q and q′ are A-grading preserving
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isomorphic iff q′(x, y)p(xy)−1 = q(x, y)p(x)p(y) for some p ∈ C1(A, k×). This amounts to
q′ = qdp.

Thus H2
b (A, k

×) describes twisted b-magma algebras up to grading-preserving isomor-
phisms.

Similarly one can twist the identity homomorphism of b-magma algebra kA by a 1-
cochain p ∈ C1(A, k×) and ask if x 7→ p(x)x is again a homomorphism. One finds the
condition p(xy) = p(x)p(y), which amounts to d(p) = 0.

Thus H1
b (A, k

×) describes grading-preserving automorphisms of the b-magma algebra
kA.

One categorical level up, in analogy to the relation between braided categorical groups
(certain braided monoidal groupoids) and abelian group cohomology [6] there is a relation
between the categorical b-magmas discussed in Section 3.4 and b-cohomology. Indeed, the
calculations in Section 3.4 can be summarised as follows.

Proposition 5.3. Let S be a b-magma.
(i) Equivalence classes of categorical b-magmas with the set π0(C) = S of isomorphisms
classes of objects and typical automorphism group π1(C) correspond to orbits of the auto-
morphism group of S on the b-cohomology group H3

b (π0(C), π1(C)).
(ii) The isomorphism class of a b-functor F : C → D between two categorical b-magmas
corresponds to a homomorphism of b-magmas π0(F ) : π0(C) → π0(D) together with an
element of the b-cohomology group H2

b (π0(C), π1(D)).

Remark 5.4. The relation between b-categories and braided monoidal categories provides
examples of homomorphisms from abelian group cohomology to b-cohomology. Namely,
for abelian groups A and B the assignments

C1
ab(A,B)→ C1(A,B) , f 7→ f , C2

ab(A,B)→ C2(A,B) , g 7→ g ,

C3
ab(A,B)→ C3(A,B) , (a, c) 7→ b ,

where b(x, y, z) = a(x, y, z) + c(x, y)− a(y, x, z), define homomorphisms between cohomol-
ogy groups:

H1
ab(A,B)→ H1

b (A,B), H2
ab(A,B)→ H2

b (A,B), H3
ab(A,B)→ H3

b (A,B) .

Finally, on the b-bicategorical level, consider the following instance of a bicategorical
b-magma: the set of objects is a b-magma S, the set of 1-morphisms x → y (x, y ∈ S)
is empty unless x = y. For x = y there is a unique 1-morphism 1x and the 2-morphisms
1x ⇒ 1x are given by a fixed abelian group B. Since the endomorphism categories are
one-object braided monoidal categories, the braiding is necessarily trivial, i.e. the structure
morphisms in (16) are all identities.

We necessarily have βx,y,z = 1xyz, which implies that the corresponding 2-cells (18)
are identities as well. The structure maps γw,x,y,z are given by a cochain s(w, x, y, z) from

33



C4(S,B). The coherence condition for γ becomes, for x, y, z, u, v ∈ S,

s(x, y, z, v)s(x, y, u, zv)s(y, z, u, xv)s(x, z, u, v)

= s(y, z, u, v)s(x, z, u, yv)s(x, y, u, v)s(x, y, z, uv) ,

in other words, ds = 0. Let us denote this b-bicategory by B(S,B, s).
We can now ask if B(S,B, s) and B(S,B, s′) are equivalent via a b-functor whose

underlying functor of bicategories is the identity functor. To equip the identity functor
with a b-structure we need to choose Fx,y and φx,y,z. For Fx,y the only choice available is
1xy, while the φ’s are given by a 3-cochain r subject to the coherence condition

r(y, z, w)r(x, z, yw)r(x, y, w)s(x, y, z, w) = s′(x, y, z, w)r(x, y, zw)r(x, z, w)r(y, z, xw) ,

that is, s′ = s dr.
Altogether we see that H4

b (S,B) describes b-bicategories of the form B(S,B, s) up to
equivalences induced by b-functors whose underlying functor of bicategories is the identity.

6 Concluding remarks

Here we briefly list some questions which are left open in this paper and to which we would
like to return in the future:

• The relation between b-categories and braided monoidal categories should have a
bicategorical version. It should be reasonably straightforward (if tedious) to extend
the arguments of Section 2.4 to bicategories, i.e. to show that a braided monoidal
bicategory has a b-bicategory structure. To extend the constructions of Section 2.5
one first needs to define unital b-bicategory.

• It seems plausible that there should exist higher analogues of b-categories and b-
bicategories, whose coherences are governed by higher dimensional permutohedra. If
this is the case, their one object versions should correspond to higher dimensional
versions of Zamolodchikov’s tetrahedron equation.

• It is quite reasonable to expect that the comparison homomorphisms between abelian
group cohomology and b-cohomology from Remark 5.4 should extend to all degrees.
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