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A CATEGORY OF MULTIPLIER BIMONOIDS
GABRIELLA BOHM AND STEPHEN LACK

ABSTRACT. The central object studied in this paper is a multiplier bimonoid in a
braided monoidal category C, introduced and studied in [4]. Adapting the philosophy
in [6], and making some mild assumptions on the category C, we consider a category
M whose objects are certain semigroups in C and whose morphisms A — B can
be regarded as suitable multiplicative morphisms from A to the multiplier monoid
of B. We equip this category M with a monoidal structure and describe multiplier
bimonoids in C (whose structure morphisms belong to a distinguished class of regular
epimorphisms) as certain comonoids in M. This provides us with one possible notion
of morphism between such multiplier bimonoids.

1. INTRODUCTION

A bialgebra over a field or, more generally, a bimonoid in a braided monoidal
category, is an object carrying a monoid and a comonoid structure subject to com-
patibility conditions that can be interpreted as saying that a bimonoid is a monoid in
the category of comonoids; equivalently, it is a comonoid in the category of monoids.

A multiplier bialgebra over a field [3] or, more generally, a multiplier bimonoid in
a braided monoidal category [4], is a generalization which is no longer a monoid or a
comonoid in the base category. However, Janssen and Vercruysse constructed in [6]
a monoidal category, whose objects are certain non-unital algebras (say over a field),
and in which the comonoids include the multiplier Hopf algebras of Van Daele [7].

Our aim in this paper is to generalize and strengthen this result. Namely, un-
der mild assumptions (involving a class Q of regular epimorphisms) we construct a
category M of certain semigroups in a braided monoidal category C. We describe
multiplier bimonoids in C (whose structure morphisms lie in Q) as certain comonoids
in M. Defining the morphisms betweeen such multiplier bimonoids as the morphisms
between the corresponding comonoids in M, we obtain a category of multiplier bi-
monoids in C.
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search Council Discovery Grant (DP130101969), as well as an ARC Future Fellowship
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2. MULTIPLIER MONOIDS AND THEIR MORPHISMS

We begin by describing what is meant by multiplier monoids in closed braided
monoidal categories and we characterize multiplicative morphisms with codomain a

multiplier monoid.
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2.1. Assumptions on the base category. Throughout, we work in a braided
monoidal category C. The composition of morphisms f: A — B and g: B — C
will be denoted by g.f: A — C. The monoidal product of A and B will be denoted
by AB, the monoidal unit by I and the braiding by c. For n copies of the same object
A, we also use the power notation AA... A= A",

We fix a class Q of regular epimorphisms in C which is closed under composition
and monoidal product, contains the isomorphisms, and is right-cancellative in the
sense that if s: A — B and t.s: A — C are in Q, then so is t: B — (. Since each
q € Q is a regular epimorphism, it is the coequalizer of some pair of maps. Finally we
suppose that this pair may be chosen in such a way that the coequalizer is preserved
by taking the monoidal product with any object.

These assumptions are always satisfied when Q consists of the split epimorphisms.
In the other main case Q consists of the regular epimorphisms. In this case, we need
to suppose that the regular epimorphisms are closed under composition, as is the
case in any regular category; we also need to suppose that (enough) coequalizers are
preserved by taking the monoidal product with a fixed object, as will be true if the
monoidal category is closed (see Paragraph 2.3 below). In particular, we may take Q
to be all the regular epimorphisms if C is the symmetric monoidal category of modules
over a commutative ring.

2.2. Semigroups with non-degenerate multiplication. By a semigroup in the
braided monoidal category C we mean a pair (A, m) consisting of an object A of C
and a morphism m : A2 — A — called the multiplication — which obeys the associativity
condition m.m1 = m.1m. If the semigroup has a unit — that is, a morphism u: I — A
such that m.ul =1 = m.lu — then we say that A is a monoid.

The multiplication — or, alternatively, the semigroup A —is said to be non-degenerate
if for any objects X,Y of C, both maps

f1

C(X,YA) = C(XA YA, f= XA YA2 "y A and

C(X, AY) — C(AX, AY), g AX 0o A2y ML gy

are injective. The multiplication of a monoid is always non-degenerate. (Requiring
injectivity of these maps for any object Y is quite strong and can often be avoided.
For a careful analysis of the class of objects Y with this property consult [2].)

2.3. Closed monoidal categories. The braided monoidal category C is said to be
closed if for each object X the functor X (—): C — C possesses a right adjoint (equiv-
alently, if each (—)X possesses a right adjoint). We write [X, —] for the right adjoint;
then the components of the unit and the counit have the form

Y = [X, XY], X[X,Y]—=Y.
The right adjoint [X,—] is functorial in the variable X, so that in fact we have a
functor [—, —]: C°? x C — C and now the adjointness

C(XY, Z) =C(Y,[X, Z])

is natural in all three variables.
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Lemma 2.4. For a semigroup A in a closed braided monoidal category C, the following
assertions are equivalent.

(i) The multiplication m: A* — A is non-degenerate.

(ii) For any object Y, both morphisms
[A,m1]

ry = AY = [A A%Y] S (A AY] and

[A,c1] [A,1¢] [A,1m]

ly = YA—To[A AYVA] 50 (A VAY 22 (A, Y A2 22 (A, Y A]

are monomorphisms.

Proof. Since ry and ml: A*Y — AY are mates under the adjunction A(—) - [A, —],
the equality ry.f = ry.g holds for any morphisms f and g: X — AY if and only if
ml.1f = ml.1g. Symmetrically, since ly and 1m.caya: AY A — Y A are mates, the
equality ly.f = ly.g holds for any f,g: X — Y A if and only if 1m.f1 =1m.gl. O

2.5. M-morphisms. For a monoid B = (B, m,u) and an object A, to give a mor-
phism f: A — B in C is equivalently to give a morphism f;: AB — B compatible
with the right actions of B, in the sense that the first diagram in (2.1) below commutes

AB? ™. AB B2A "> BA (2.1)
flll ‘/fl 1f2l lf2
B2 T>B B2T>B

Under this bijection f; is given by m.f1, and f given by f;.1u. Dually, it is equivalent
to giving a morphism fo: BA — B compatible with the left actions, in the sense
that the second diagram in (2.1) commutes. Furthermore, the resulting f; and f, are
related by commutativity of the diagram

BAB —2> B? (2.2)

| lm

B2 T>B

If now A is a semigroup, then f: A — B will be a semigroup morphism if and only
if the diagrams

1f1 fol

A2p 0 4B BAz L BA (2.3)
mll lﬁ 1ml l/fz
AB —— B BA T) B

commute.
This motivates the following notion of morphism when B is just a non-degenerate
semigroup.

Definition 2.6. If A is an object and B is a non-degenerate semigroup in C, an M-
morphism f from A to B is a pair (f1, fo) of morphisms in C making the diagram (2.2)
commute. We call f; and f5 the components of f, and we represent the M-morphism
as f: A -» B. If Ais also a semigroup, we say that the M-morphism f is multiplicative
if the diagrams (2.3) commute.
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Remark 2.7. By non-degeneracy, for M-morphisms f and g to be equal, it suffices
that either f; = g or fo = go; the other equality then follows. Similarly, for an M-
morphism to be multiplicative it suffices that either of the diagrams in (2.3) commutes;
commutativity of the other then follows.

Lemma 2.8. If B is a non-degenerate semigroup, and f: A - B is an M-morphism,
then the diagrams in (2.1) commute.

Proof. Commutativity of the first diagram in the claim follows by commutativity of
both diagrams

pAB: Ml gy tm _ po BAB? M pAR L p2
fall l (2.2) m1 l (associativity) lm fol1 l f21 l (2.2) lm
B3 B2 B B3 B2 B

ml m im m

and the associativity and non-degeneracy of m. A symmetric reasoning applies to the
second diagram. O

2.9. Multiplier monoids. Suppose that X is an object of C and A is a non-degenerate
semigroup. If C is closed, then there is a bijection between morphisms f;: XA — A
and morphisms f;: X — [A, A, and similarly there is a bijection between morphisms
fo: AX — A and morphisms fo: X — [A, A]. Moreover, the morphisms f; and f,
make the diagram (2.2) commute, and so determine an M-morphism, just when fi
and fg make the first diagram in

X—Doa g MA) -4, A] (2.4)
fgl lso ézl lso
A A)—=[4%4] (A A]— (4% 4]

commute, where ¢ and 9 correspond under the adjunction isomorphism C(A?[A, A], A)

>~ C([A, A], [A?, A]) to the morphisms
A2[A, A] 5 A2 s 4, A2[A, A] 5 AJA, AJA -2 A2 T A,

If the pullback of ¢ and 1 exists, as in the second diagram of (2.4), then there is a
bijection between M-morphisms X - A, and morphisms X — M(A) in C.

Under this bijection, the identity morphism M(A) — M(A) will correspond to an
M-morphism e: M(A) - A with components e;: M(A)A — A and eo: AM(A) — A.
The components of a morphism f: X — M(A) have the form f; = e;.f1 and fo =
€2.1f.

Proposition 2.10. Consider a non-degenerate semigroup A in a closed braided monoidal
category C.
(i) If the pullback M(A) in (2.4) exists, then it carries the structure of a unital
monoid in C.
(i1) For another semigroup B, a morphism f : B — M(A) in C is multiplicative if
and only if the the corresponding M-morphism B - A is so.
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Proof. (i) Using (2.2) for e and functoriality of the monoidal product, we see that
er.le; : M(A)?2A — A and ey.epl : AM(A)?2 — A can be regarded as the components
of a morphism m : M(A4)? — M(A) rendering commutative

M(A)2A —2 M(A)A 2= A <2 AM(A) <21 AM(A)? (2.5)
D NN 1

Applying (2.5) and functoriality of the monoidal product, the components of m.1m
and of m.m1 turn out to be equal to the same morphisms e;.1e;.11e; and eg.e51.e511.
This proves the associativity of m.

The identity morphism 1 : A — A can be regarded as the first and the second
components of a morphism u : I — M(A) rendering commutative

/H\

A—>A<—AI\\/JI

(2.6)

By (2.5), (2.6) and functoriality of the monoidal product, the components of both
m.1lu and of m.ul are equal to e; and e,. This proves that u is the unit of m.

(i) By (2.5), the components of m.ff : B> — M(A) are fi.1f; and f5.f>1; while
the components of f.m : B> — M(A) are fi.m1 and f5.1m. O

3. A CATEGORY OF SEMIGROUPS

In the previous section we introduced a notion of M-morphism for non-degenerate
semigroups; we now turn to composition of M-morphisms. This does not seem to be
possible in general, but we give sufficient conditions under which it is. Once again,
we motivate the definition using the unital case. If g: B — C'is a monoid morphism,
and f: A — B an arbitrary morphism, then the following diagram commutes
1g1

ABC 2 AC? ™. AC
f11 f1
B2C . Be? . Bo

\Lgll gl

ml Cg i) CQ
lml m
BC C? C
g1 m

which can in turn be read as the equality (gf)1.191 = ¢1.f11 using the notation of
Paragraph 2.5.

Now suppose that f: A - B and g: B - C are M-morphisms with ¢ multiplica-
tive. We would like to define a composite M-morphism g e f of g and f in such a way
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that the diagrams

ABC 2 AC CA<Z2 0BA (3.1)
fllJ/ l(QOf)l (g'f)zl llfz

commute.

For a general M-morphism g, there might be many g e f making these diagrams
commute, but if the maps 1g; and gs1 are epimorphisms, there can be at most one.
As far as the existence of g e f, this will clearly become easier to analyzie if 1g; and
g1 are regular epimorphisms. In fact it will turn out that there is a g ® f provided
that g; and ¢, lie in Q, in which case we say that the M-morphism ¢ is dense. The
key step is the following result.

Lemma 3.1. Let f: A-» B and g: B - C be Ml-morphisms with g dense and mul-
tiplicative; in particular, this includes non-degeneracy of C'. Then for any morphism
s: X — BC, the composite

fil g1

ABC BC C
depends on s only through g,.s. Dually, for any morphism s : X — CB, the composite

1s

AX —=

XA cBA—l.cp-2.C
depends on s only through gs.s.
Proof. The equal paths around
BAX BABC —1 . p¢ o BC
(2.2) mll, (2.3)
fel f211

/(23 \
BX —— —

clearly depend only on ¢;.s. Thus the common composite

111s 11f11 11g1

CBAX —% CBABC —— CB*C —— CBC —(C?
9211L 921l (2.2) lm
CAX —— CABC —— CBC C? C

11s 1f11 191 m

depends only on g;.s. Since go belongs to Q so does go11, and thus the bottom
row of this last diagram depends only on g¢;.s. Finally by non-degeneracy of the
multiplication of C' we conclude the first claim. The other claim follows symmetrically.

U

Proposition 3.2. If f: A -» B is an M-morphism and g: B - C' is a dense multi-
plicative Ml-morphism then there is a unique M-morphism g e f: A - C making the
diagrams (3.1) commute. Furthermore, g ® f is dense or multiplicative if f is so.
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Proof. First, since g is dense, g, : BC — C'is the coequalizer of maps s,s": X — BC,
and this coequalizer is preserved by A(—), so that also 1g;: ABC — AC is the
coequalizer of 1s and 1s’. By Lemma 3.1, the composites g;.f11.1s and ¢;.f;1.1s" are
equal, and so there is a unique map (g ® f); making the diagram in (3.1) commute;
similarly there is a unique induced (g ® f)s.

Next we show that (ge f); and (g e f)s are the components of an M-morphism. To
do so, observe that in the commutative diagrams

g2111 1191 111g1 g211

CBABC CABC — CAC CBABC — CBAC — CAC
1f211l wl 1f11l (3.1) ll(gof)l 1f211l 1f21l (3.1) l(gof)gl
CB2C (22) CB2C 2> CBC ~2 (2 CB*C —2 - CBC -2 2
lmll T (2.3) gzll (2.2) lm 1m1l/ (2.3) 1o l (2.2) lm
CBC . C? —C CBC ™ C? — C

the bottom rows are equal by (2.2), and so the top-right paths are equal. But go1g; in
the top rows is an epimorphism since ¢ is dense, so that the right verticals are equal
as required.

If f is dense, then fi1, g1, and 1g; are all in Q, hence so too is (g ® f);; similarly
(g f)oisin Q and so g e f is dense.

Finally we show that g e f is multiplicative if f is so. In the commutative diagrams

1191 1191

A?2BC —— 2po e 420
e 7
mil (31 mll ml
ABC (@23) ABC — ABCLAC
A1 lfll (3.1) l(yof)l fil (3) N1
BC ——C BC——=¢C

the map 11g; is an epimorphism since g is dense, and so (ge f);.1(ge f); = (ge f)1.m1
as required. O

Next we turn to associativity of this composition.

Proposition 3.3. Let f: A+ B, g: B-» C, and h: C -+ D be Ml-morphisms, and
suppose that g and h are dense and multiplicative. Then (heg)e f=he(ge f).

Proof. Since 11h;: ABCD — ABD and 1(h e g);: ABD — AD are epimorphisms,
this follows immediately from the commutativity of the following diagrams

11h1 11hl

ABCD ™ ABD ABCD ™ ABD
e e
fill fil hi1
911 m ((heg)ef)1 ol l(gof)ll l(h.(g.f))l

h1
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in which the top left square in the left diagram commutes by functoriality of the
monoidal product, and all remaining regions commute by instances of (3.1). O

As for the identity morphisms, the unital case suggests that the identity M-morphism
7 on a non-degenerate semigroup A should have components i; and i, equal to m. This
does indeed define a multiplicative M-morphism by associativity of m; it will be dense
just when m lies in Q. It follows from the non-degeneracy of A that i: A — M(A) is
a monomorphism in C preserved by the functor X (—) for any object X.

Proposition 3.4. Let f: A - B be an M-morphism.

(i) if f is dense and multiplicative, then f ei = f;
(i1) if i is dense, then i e f = f.

Proof. Part (i) follows by commutativity of the diagrams in (2.3) and part (ii) follows
by Lemma 2.8. U

In particular, we now have a category.

Proposition 3.5. There is a category M, whose objects are the non-degenerate semi-
groups with multiplication in Q, and whose morphisms are the dense multiplicative
M-morphisms. The composite g ® f of composable morphisms g and f has compo-
nents as in (3.1), and the identity on an object A is the M-morphism i: A - A with
components equal to the multiplication m. The monoidal unit I equipped with the
trivial multiplication is initial in the category M.

Proof. The only thing that remains to be proven is that I is initial. For each object A,
there is an M-morphism u: I - A with components equal to the identity morphism
of A. This is clearly multiplicative and dense. A general M-morphism v: [ - A will
have components given by endomorphisms v, vy: A — A satisfying m.1lv; = m.vsl.
This will be multiplicative if and only if v; and vy are idempotent, and it will be
dense if and only if v; and v, are in Q; but the only epimorphic idempotents are the
identities. U

Remark 3.6. The proof shows that, in fact, Proposition 3.5 holds also for not neces-
sarily braided monoidal categories C.

The category studied by Janssen and Vercruysse in [6] is the case where C consists of
all modules over a commutative ring, but where we only consider projective modules
in defining M. The construction of M is reminiscent of the Kleisli construction, but
does not seem literally to be an example; the obstruction is the need to restrict to
dense morphisms.

Lemma 3.7. For a semigroup A with non-degenerate multiplication m, the following
diagram commutes.

M(A)A —> M(A)? <2~ AM(A)

|k
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Proof. We only prove commutativity of the square on the left, symmetric reasoning
applies to the other one. In view of Remark 2.7, it is enough to compare the first
components of the morphisms around the square.

e1l

M(A)A? 2 M(A)2A 25> M(A)A M(A)A2 2 A2 Lo M(A)A

k \qu (2.5) lm 1ml (2.1) \ lel
€1

M(A)A A M(A)A A

€1

The triangular regions commute since the first component of i: A — M(A) is the
multiplication m. O

Proposition 3.8. Consider a closed braided monoidal category C and semigroups A, B
in C. Assume that the multiplication of B is non-degenerate and that the pullbacks
M(A) and M(B) in (2.4) exist. Then for any dense and multiplicative morphism
g: A — M(B) there is a unique monoid morphism g: M(A) — M(B) obeying g.i = g.

Proof. Recall from Paragraph 2.9 the multiplicative M-morphism e: M(A) - A, and
regard g as a dense multiplicative M-morphism A - B. The composite gee: M(A) -
B can in turn be regarded as a multiplicative moprhism §: M(A) — M(B).

Explicitly, the components of g are determined by commutativity of the following
diagrams.

M(A)AB —%~ M(A)B BAM(A) 2% BM(A) (3.2)
elll : g1 162l : g2
Y Y
AB B BA B.
91 g2
Since 1g; is an epimorphism, commutativity of
A’B A’B
S
191 1
AB M(A)AB —“~ AB (23 AB
“i 0 (32 R Lgl
M(A)B B.

g1
implies that (g.7); = g1.i1 is equal to g;. Hence it follows by Remark 2.7 that g.i = g.

Conversely, suppose that h: M(A) — M(B) is a multiplicative morphism satisfying
h.i = g; equivalently, hy.i1 = ¢g;. Then

1g

M(A)AB —— M(A)2B —= M(A)B

171 1hq

o e

AB —2 - M(A)B —2
U

g1
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commutes by Lemma 3.7 and Proposition 2.10 (ii). By the uniqueness of g; rendering
commutative the first diagram in (3.2) we conclude that h; = g; and thus by Remark
2.7 also h = g.

It remains to see that ¢ is unital, or equivalently that g @ v = w; but this follows
from the fact that [ is initial in M. O

Remark 3.9. We motivated the definition of M-morphisms f: A - B by the fact that
any monoid morphism f: A — B induces such an M-morphism with components

AB- . prm.p pa-t.prm. p (3.3)

which render commutative the diagrams in (2.2) and in (2.3). But if A and B are
merely semigroups and f: A — B multiplicative, then the same definitions still give
a multiplicative M-morphism A - B, which we call f#; it is just that in this non-
unital case the two notions are no longer equivalent. If g: B - C' is a morphism
in M and f: A — B a morphism in C, then the composite g ® f# has components
(gof#), = g1.f1and (ge f#)y = go.1f. On the other hand, if the multiplication of B is
non-degenerate and it belongs to Q, and f: A — B is a multiplicative isomorphism in
C and g: Z - A an arbitrary M-morphism then (f# eg); = f.g;.1f ! and (f# eg), =
f.gg.fil]_.

We record various facts about the passage from f to f# in the following proposition.

Proposition 3.10. There is a non-full subcategory D of the category of semigroups in
C whose objects are those semigroups which are non-degenerate and have multiplication
in Q, and whose morphisms f: A — B are those semigroup morphisms for which the
induced f* have components lying in Q. There is a faithful functor D — M which
is the identity on objects and sends f to f7; furthermore, this functor is full on
1somorphisms.

Proof. The existence of D and the faithful functor is evident from the previous discus-
sion. We shall therefore only verify the fact that the functor is full on isomorphisms.

Suppose then that f: A -» B is an isomorphism in M, say with inverse g. The
components g; and go of g lie in @, thus in particular g; is the coequalizer of a pair
w,v: X — BA of morphisms in C. In the diagram

B? (3.4)

1f

XB—>BAB

“\/

the lower region on the right commutes since f @ g = 4. Since w1l and v1 agree when
composed with the lower path, they agree when composed with the upper path. By
non-degeneracy of the multiplication, it follows that fo.w = fs.v, and so there is a
unique f°: A — B satisfying f°.g; = fs.

Using (2.2) together with the associativity and the non-degeneracy of the multi-
plication, commutativity of the lower triangle of (3.4) is seen to be equivalent to the
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commutativity of the region marked by (x) in

1191

(BA)? BA?
AT
B2A 2 (2.3) BALA
/ " \ / lfb
_ B.

Since g1g1: (BA)? — A? is epi, commutativity of this proves that f° is multiplicative.
Using that ¢g;1: BAB — AB is epi, it follows by the commutativity of the square in
(3.4) that m.f°1 = f; so that (f*)* = f.

O

4. MONOIDALITY

In any braided monoidal category, the monoidal product of semigroups A and B is
again a semigroup with multiplication

(AB)? 1 422 ™™ AR, (4.1)

Our aim is to extend this construction to a monoidal structure on the category M of
Proposition 3.5. While the category M is also available for not necessarily braided
monoidal categories C (see Remark 3.6), its monoidal structure makes essential use of
the braiding of C.

Proposition 4.1. If the semigroups A and B are non-degenerate, then so is their
monoidal product AB.

Proof. We check that the map sending a morphism s: X — AB to the morphism
®(s): ABX — AB given by

ABX % (AB)? 19 A2B2 M. 4B

is injective; the other half holds dually. By non-degeneracy of A, if we know ®(s)
then we know the upper, and also the lower, composite in the diagram

BX —. BAB BAB -t~ AB?2 ™. AB

B%A

BA

but now by non-degeneracy of B we know ¢~ !.s and so in turn we know s as required.
O

For semigroup morphims f: A — B and f': A’ — B’, also the monoidal product
ff'+ AA — BB’ is compatible with the multiplication (4.1). The components of

(ff)* are

Aapp L (ppye 19 prpe g’ prpe 14 (ppne T

BB'AA",

motivating the following construction for more general M-morphisms.
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Proposition 4.2. If f: A-» B and f': A -+ B’ are M-morphisms, then the pair

AA/BB/gABAIB/%BB/ BB,AA, lcl BAB,A, fafs BB/

defines an Ml-morphism AA" - BB’, which is multiplicative or dense if f and f' are
s0.

Proof. The stated morphisms render commutative the diagram of (2.2) by commuta-
tivity of

BBAABE 1 ppapap M

1c111l lch/,AB 11 llcl

BAB'A'BB' BABBA'B — . prpe

fzfélll llefél (2.2) lmm’
(BB')? B2B” BB'.

(BB')?

1ch’A’,Bl

mm

When it comes to multiplicativity, in view of Remark 2.7, it is enough to check the
commutativity of one of the diagrams in (2.3). In the case of the first one, for example,
it follows by the commutativity of

(AAPBB U4 qnapas M aapp
MHl lch’,ABll llcl
A2ARBR Bl qapanp MY g

mm’lll lmlm’l (2.3) lflf{
AA'BB' ABA'B' ——— BB

Finally if f and f’ are dense, then f; and f{ are in Q, and so their monoidal product
fifi isin Q, as is its compsite (ff'); with 1cl. O

Proposition 4.3. The category M is monoidal with respect to the usual monoidal
product of semigroups, and with monoidal product of morphisms given as in Proposi-
tion 4.2.

Proof. The associativity and unit isomorphisms are inherited from C as in Remark 3.9.
The naturality of these isomorphisms follows from their naturality in C, using the
description in Remark 3.9 of composition in M with ¢g# for an isomorphism g. It
remains only to check that the monoidal product is functorial.
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Given morphisms f: A -» B, g: B+~ C, f': A -» B, and ¢': B - C’ in M, the
right vertical in the diagram

111el 11919}

AABB'CcC e axpop o = AN CC!
1clll lclll
ABA'B'CC' 1 ABA'CB'C el
11cll
fn ABCA'B'C' M Acarcy
filf1 (gof)i(g'ef N
BB'CC' G BCB'C —— cc’

is the first component of (ge f)(g'e f'), but commutativity of the diagram means that
it satisfies the defining property of the first component of gg’e f f’. Thus the monoidal
product preserves composition; preservation of identities is straightforward. O

5. MULTIPLIER BIMONOIDS AS COMONOIDS

One of several equivalent ways of describing bimonoids in a braided monoidal cat-
egory is to say that they are comonoids in the monoidal category of monoids. Our
aim is to give an analogous description of (certain) multiplier bimonoids in [4] as
comonoids in the monoidal category M. This allows us to define morphisms of these
multiplier bimonoids as comonoid morphisms.

Theorem 5.1. Let C be a braided monoidal category satisfying the standing assump-
tions of Section 2.1, and let M be the induced monoidal category as in Propositions
3.5 and 4.3. For an object A of M, and for morphisms t,,ty: A2 — A% ande: A — I
in C, the following assertions are equivalent.

(i) There is a comonoid in M with counit (e : A — I <= A : e) and comultiplication

t11 1t

(dy: AP 43 M g3 de g3 ml 2 Im g3 el a3 12 43 0 43 g,y

(ii) There is a multiplier bimonoid (A, t1,ts,e) in C such that
e the resulting multiplication el.t; = le.ty is equal to the given one m: A? — A,
e the counit e, and the morphisms dy and dy in part (i) lie in Q.

Proof. Let us spell out what is being asserted in (i). An M-morphism A - [ is just
a morphism e : A — [ in C; it will be multiplicative as an M-morphism if and only if
it is multiplicative as a C-morphism, in the sense that

e.m = ee (5.1)

and it will be dense if and only if it lies in Q. Using the associativity and the non-
degeneracy of the multiplication, we see that the pair (d;,ds) renders commutative
(2.2) if and only if

ml.1t; = Im.ts1, (5.2)

and it renders commutative the first diagram in (2.3), meaning
dl.ldl = dl.mll, (53)
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if and only if the ‘short fusion equation’

ml.c 1.1ty .cl.1t; = t;.ml (5.4)
holds.
From (5.2) it follows that
A4 11m A3 1t1 A3
Y1 lm
111 A ™ A3 (5.9
(52) llml ml
A4 m_ll) A3 (associativity) 1m
11m
1m
A3 A?
ml
commutes; hence by the non-degeneracy of m,
or equivalently

The M-morphism e : A - I is a left counit for the comultiplication d : A —» A? if
and only if either (and hence by Remark 2.7 both) of the diagrams

A4 Lem 2 A4 L q4 eml g2
ldll ml lldQ ml
A A A A A

commutes. Using (5.1), the associativity and the non-degeneracy of m, and the fact
that lel is an epimorphism, they are seen to be equivalent to

el.ty =m (5.7)
and

el.ty = el, (5.8)
respectively. Symmetrically, e: A - [ is a right counit if and only if

le.ty =m, (5.9)
equivalently,

le.ty = le. (5.10)

Finally, d: A - A? is coassociative if and only if the uniquely determined right
verticals of the the diagrams

11cll 111cl 1dim 11cll 1mdy
AS =5 A6 2 A6 A AS 29 A8 T A4 (5.11)
[ [
ldllll [ ldllll [
4 4

A5 A5 A5 A3 A5 A5 . A3
lcll 11cl dim lcll mdy
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are equal to each other. (Clearly there is an equivalent equation involving ds.)
In the following string calculation, the first equality holds by (5.5) and the second

by (5.3)
./ \ \ /
4 DY )
g -\ Y -
@

and the result is that the unique morphism rendering commutative the first diagram
in (5.11) is

At e pr 0L pe e g0 DL s (5.12)
Therefore d: A - A? is coassociative if and only if the second diagram in (5.11)

commutes, with the morphism (5.12) in the right vertical.
By naturality, coherence, and by the associativity of m, it follows that

A4 11c A4 1ml A3

| |

AP —— A3 — A
lc ml

commutes. Applying this together with (5.5) and using the non-degeneracy of m,
we see that commutativity of the second diagram in (5.11), with (5.12) in the right
vertical, is equivalent to the ‘fusion equation’

ti1.1ct;1.1e L1t = 1t 1. (5.13)

Summarizing, we proved so far that assertion (i) is equivalent to the validity of
(5.1), (5.2), (5.4), (5.7), (5.9), and (5.13).

On the other hand, it was shown in [4, Proposition 3.7] that assertion (ii) is equiv-
alent to the validity of (5.1), (5.7), (5.9), (5.13), and the compatibility condition

Thus it remains to show that, in the presense of (5.1), (5.7), (5.9), and (5.13), the
condition (5.14) is equivalent to the conjunction of (5.2) and (5.4).

For the forward implication, condition (5.2) holds by (3.2) in [4], and (5.4) holds
by [4, Remark 3.6]. For the converse, first observe that, by (5.5) and non-degeneracy,
the fusion equation (5.13) is equivalent to

(] (

)@ @y
@

(5.15)
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and now

(dy) (dy) () ) t2 ()
(5.:2) (5.15) (52) [ (5.3) \)
BOE el ~ dy = d) dy)
(t2) @

and cancelling d; from the left and right hand composite and using non-degeneracy
now gives the desired result. O

The result [6, Proposition 3.1] can be seen as the special case where C is the category
of modules over a commutative ring, and where the object A is projective over that
ring: it then states that if A is a multiplier Hopf algebra in the sense of Van Daele
[7] then it can be seen as a comooid in the corresponding category M. Theorem 5.1
shows that the restriction to projective modules can be avoided, as well as generalizing
to other braided monoidal categories.

Let us stress that in Theorem 5.1 we only described certain multiplier bimonoids
as comonoids in M (those whose multiplication is non-degenerate, and for which
the multiplication as well as morphisms d;,ds and e belong to Q). Also, not every
comonoid in M corresponds to a multiplier bimonoid (only those whose morphisms
dy, dy have a particular form). Results stronger in both aspects can be achieved by
taking a different point of view. Recall that comonoids in a monoidal category M
can be regarded as simplicial maps from the Catalan simplicial set C to the nerve
of M (meaning the category with the reverse composition) [5]. In [1] we construct
a simplicial set which is not necessarily the nerve of any monoidal category, but for
which the simplicial maps from C to it can be identified with multiplier bimonoids.

6. MORPHISMS

We have seen how to identify (certain) multiplier bimonoids in the braided monoidal
category C with comonoids in the monoidal category M. We shall now investigate
morphisms of comonoids.

6.1. Morphisms between comonoids in M. Suppose that (C,d,e) and (C’,d’, €’)
are comonoids in M. We claim that a morphism of comonoids is then a morphism
f:C -» C"in M whose components render commutative the following diagrams.

CC, L C, 0/030/2 &) 0/020/2 g C/(cc/)2 if; 0/3 (61)
le/ 111C1L dy
T C/C<CC/>2 0/3 C«/Q

fefihf dy
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There is also of course an equivalent, symmetric set of diagrams with the roles of the
components interchanged:

c'C f2 C’ loklos ot 11d,1 oro2or 4L (0/0)20/ fafol o3
le’ lcllll ldé

12 ! 3 2

[ (Copcc — 8 —— .

Moreover, using the non-degeneracy of C", the second diagram of (6.1) is seen to be
equivalent also to either of the symmetric diagrams

crer 0 cner 1 ooy odon M 2o L ooy
11f211 lfog 11f111l lflfl
0/302 0/202 (C/C) - C/2 020/3 020/2 (CC’) - 0/2.

d’ll faf2 11d’ fifi

We now explain why (6.1) is equivalent to preservation of the comonoid structure.
Counitality of f is clearly equivalent to commutativity of the first diagram of (6.1);
and f is comultiplicative if and only if the uniquely determined right verticals of the

diagrams

con M con o3 ML ooy I oen (6.2)
| |
fill [ di11 [
Y Y
0/3 0/2 02 012 (Ccl ) 2 0/2
dj lel fif

are equal to each other. Let us denote this common morphism by g: CC"? — C". Us-
ing the non-degeneracy of the multiplication of C"? and the fact that d,1111: C3CC" —
C”?C(C" is an epimorphism, commutativity of the first diagram is equivalent to com-
mutativity of

dh1111 111d} 11g

0/3 C C«/S C«/Q C 0/3 C«/Q C C«/Q C/4 C 14

d’21111l lm,m,

C/Q C 013 0/5 014 C/4 C«/Q

11f111 11d; Lel m'm/

and by (2.2) and the non-degeneracy of C'? again, this is further equivalent to com-
mutaivity of

ledeleL 11dy C'C 0" lg C’3

1f111l ld'l

14 13 2
(M OB - O,
1 1
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By commutativity of the diagram

1f111 1d}

C«/ C 0/3 C/4 0/3

Kn (2.2) lmlll

"1
11d, Cr s 0B (23) |4

l 1dy (2.3)\51

C/ 00/2 0/3 0/2.

f211 d

and the fact that 11d] is an epimorphism, commutativity of the first diagram in (6.2)
is further equivalent to commutativity of

croen 4 o (6.3)

ml ld;

013 0/2.
4y
We conclude that f is comultiplicative if and only if the second diagram in (6.2)
commutes, having in the right vertical the unique morphism ¢ rendering commutative
(6.3).
By similar steps to those used to analyze the first diagram, commutativity of the
second diagram in (6.2) is seen to be equivalent to commutativity of

crerer ML orocory A2 croen 2 o

1d111i ld’l

1,2 2 / 2 3 2
C'0°C? = C(CCP —n O — o

or, writing the top right path in an equal form via (6.3), to commutativity of the
second diagram in (6.1).

6.2. Morphisms between multiplier bimonoids. We may define morphisms be-
tween the multiplier bimonoids in part (ii) of Theorem 5.1 as comonoid morphisms
between the corresponding comonoids in part (i) of Theorem 5.1. This leads to the
following explicit description:

Let (A, ty,tq,€) and (A, ], t), €) be bimonoids in C obeying the conditions in The-
orem 5.1 (ii). We claim that a morphism of multiplier bimonoids from (A, t1, t5, €) to
(A’ ), t),€') is a morphism f : A - A’ in the category M of Proposition 3.5 whose
components render commutative the following diagrams.

WAL A2A2 L g B pny (6.4)
N g
I APA? o (WAP — A7
lcl faf2
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Once again, there is an equivalent, symmetric set of diagrams with the roles of the
components interchanged:

1]

AA i) A’ A2A2 LAl AA”? AA?
PR o
[ AQAIQ (AA/)Q A/Z

lcl

Moreover, using the non-degeneracy of A", the second diagram of (6.4) is seen to be
equivalent also to either of the symmetric diagrams

AAzA 2L gz U gan ATAZA 2L a2 pr P pa
icl ilc

A A/2 A/2 A

i 1t] lté 1

faf1 A A/2 fof1 A/2 A

c 11 1!

A’ilA’ A’ilA’
} 21 Jr

A/Q A/Z AIQ A,Q.

“ 1

We only need to show that for the particular components d; and dy in Theorem
5.1 (i), commutativity of the second diagram in (6.1) becomes equivalent to commu-
tativity of the second diagram in (6.4). In terms of strings, this says that the first and
last composites below are equal; but since the first three are always equal by (2.3)
and (2.2) for f, this is equivalent to the last two composites being equal.

i)
] _ %
w0 -\
| | |
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Since f; belongs to Q and the multiplication is non-degenerate, this is in turn equiv-
alent to the equality of the following composites.

& @
@
7

@)
D
\ &

In the left diagram, use (2.1) for f, (5.2), and (2.2) for f; in the right, use (5.2) and
(2.2) for f. The equality of the resulting composites is equivalent, by non-degeneracy,
to commutativity of the second diagram in (6.4).

Example 6.3. Let A and A’ be multiplier bimonoids satisfying the conditions in
Theorem 5.1 (ii) and let g: A — A’ be a morphism in the category D of Proposition
3.10. Then g% is a morphism of multiplier bimonads if and only if ¢’.¢ = e and
t1-99 = g99-tr.
Indeed, the top right path of the first diagram of (6.4) takes the form in any of the
equal paths in
1g

A'A A’
e/ll l le/
A A I —1.

g e’

Since €'l : A’A — A is an epimorphism, this is equal to €’e (in the left bottom path
of the first diagram of (6.4)) if and only if ¢’.g = e.

The top right path of the second diagram of (6.4) takes the form of any of the equal
paths in

1191 1m’1
A2A2 9 ABA A2A 22 A2A
11 111g 11g
12 A2 4 1m'1 5 t2l 13
AA A A A
11gg 11t
A A (5.4) 1t) (5.2)
117!
/
11¢, A4 11 A 11lc A im’1 A3 1!
Bl (5.2) m/11
4 1let o 1Im/l / m'1
A A A m'11 (associativity)
lc
lel \
A/4 A/B A/2

11m/ m'1
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Using the form of d;, together with the non-degeneracy and the associativity of m/,
this is equal to the composite m'm’.1c1.11gg.tht; (occurring in the left bottom path
of the first diagram of (6.4)) if and only if

m'm’ 1c1.11¢].11gg.dy11 = m'm’ 1c1.11gg.11¢,.d,11.

Since d,11 is an epimorphism and C"? is non-degenerate, this is equivalent to t}.gg =
99.ti.
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