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Abstract Dempster-Shafer evidence theory is an efficient
tool in knowledge reasoning and decision-making under
uncertain environments. Conflict management is an open
issue in Dempster-Shafer evidence theory. In past decades,
a large amount of research has been conducted on this
issue. In this paper, we propose a new theory called gener-
alized evidence theory (GET). In comparison with classical
evidence theory, GET addresses conflict management in
an open world, where the frame of discernment is incom-
plete because of uncertainty and incomplete knowledge.
Within the presented GET, we define a novel concept called
generalized basic probability assignment (GBPA) to model
uncertain information, and provide a generalized combina-
tion rule (GCR) for the combination of GBPAs, and build
a generalized conflict model to measure conflict among
evidences. Conflicting evidence can be effectively handled
using the GET framework. We present many numerical
examples that demonstrate that the proposed GET can
explain and deal with conflicting evidence more reasonably
than existing methods.
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1 Introduction

Methods for handling uncertainty have been extensively
studied for many real world applications such as approxi-
mate reasoning and decision making. The first and key step
is to reasonably describe and model the uncertain informa-
tion. One of the most common theories is Dempster-Shafer
evidence theory, which is also called Dempster-Shafer the-
ory or evidence theory. Since it was first proposed by
Dempster [6] and then developed by Shafer [46], it has con-
tinually attracted an increasing amount of interest [2—4, 7,
8, 13, 15, 16, 19-21, 23, 27, 29-31, 34, 36-39, 41, 50, 52,
53, 55-58, 60, 63].

One open issue in evidence theory is conflict man-
agement when evidence is highly conflicting. A famous
example was illustrated by Zadeh [62]. Since then, hundreds
of methods have been proposed to address this issue [14, 17,
25, 32, 33, 35, 40, 42, 44, 45, 59, 61]. The Dempster com-
bination rule is important to Dempster-Shafer theory, but,
in its classical form, it is incapable of dealing with highly
conflicting evidence.

Many researchers have investigated the Dempster combi-
nation rule and conflict management. Yager [54] pointed out
that the normalization step in Dempster combination rule is
questionable, and that it should be deleted so as to assign the
conflict to the whole set under the closed-world assumption
where the frame of discernment is exhaustive. The transfer-
able belief model (TBM) [47, 48] was proposed to represent
quantified beliefs based on belief functions. TBM was con-
structed using two levels: the credal level, where beliefs are
entertained and quantified by belief functions; and the pig-
nistic level, where beliefs can be used to make decisions
and are quantified by probability functions. Compared with
Yager’s rule of combination that concerns the assignment
of the conflicting mass, Dubois and Prade [22] proposed a
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new combination rule that is more adaptable and specific.
Lefevre et al. [33] reviewed existing work and proposed a
unified model for handling conflicting evidence. They noted
that the main idea behind previous methods was to deter-
mine which hypothesis the conflict will be assigned to, and
how it will be assigned.

Essentially, the idea of assigning the conflict to differ-
ent hypotheses has changed Dempster combination rule,
which was questioned by Haenni [24]. When a model X
with method Y leads to a counter-intuitive result Z, Haenni
argued that is not appropriate to modify method Y, because
a counter-intuitive result may be caused by model X. Some
methods coincide with Haenni’s opinion. For example,
Murphy [40] averaged the conflict evidence and then com-
bined the averaged evidence itself several times. A weighted
average method was proposed by Deng et al. [14], which
had a better convergence rate. In the weighted average
method, the evidence distance function presented in [28]
(instead of the commonly used conflict coefficient in evi-
dence theory) was used to model the conflict degree. More-
over, Liu [35] noted that the commonly used conflict coeffi-
cient in evidence theory is not appropriate for representing
the degree of conflict between two pieces of evidence.
To address this issue, we propose a two dimensional con-
flict measure, which is combined with the classical conflict
coefficient and the pignistic betting distance. We also inves-
tigated the applicability of Dempster combination rule, and
the present three cases according to the two-dimensional
conflict measure.

Although various methods have been proposed by either
introducing new combination operators or modifying the
data models, there is lack of systemic and comprehen-
sive analyses and explanations on the origin of conflict in
conflict management. Conflict management can only be
effectively conducted if it is based on reasonable explana-
tions on the cause of conflict. Based on this, we propose
a novel theory called generalized evidence theory (GET).
GET concludes that there are two main causes for evidence
conflicts. One is questionable sensor reliability caused by
disturbances or the condition of equipment. The other is
that the system is in open world where our knowledge
is not complete. In contrast with a closed world, open
world means that the frame of discernment in traditional
Dempster-Shafer theory is incomplete. GET provides the
generalized basic probability assignment (GBPA) concept
for data expression and modeling. It also provides a gen-
eralized combination rule (GCR) for combining conflicting
or inconsistent evidence, and a new conflict model. Based
on this new concept, rule, and model, GET actually gener-
alizes traditional Dempster-Shafer theory. In other words,
Dempster-Shafer theory becomes a special case of GET.
We have used many numerical examples to demonstrate the
effectiveness and appropriateness of the proposed GET.

The remainder of this paper is organized as follows. In
Section 2, we briefly introduce some background knowl-
edge, including Dempster-Shafer theory [6, 46], the pig-
nistic probability transformation [49], Jousselme’s evidence
distance [28], and Liu’s evidence conflict model [35]. In
Section 3, we present GET, the generalized evidence dis-
tance, the GCR, and their applications. We discuss the ¢
generalized conflict model and its application in Section 4.
Finally, our conclusions are given in Section 5.

2 Preliminaries
2.1 Dempster-Shafer theory

For completeness, we introduce the following basic con-
cepts of Dempster-Shafer theory [6, 46].

For a finite nonempty set Q@ = {Hj, Ha, --- , Hy}, Q is
called a frame of discernment when it satisfies

HNH; =0, Vij={l,---,N}. @))]
Let 22 be the set of all subsets of 2, namely
2°={A | AC Q). )

2% is called the power set of Q. For FOD £, a mass function
is a mapping m from 2% to [0, 1], formally defined as

m: 2% -10,1], 3)
which satisfies the condition
Z m(A) = 1 )
A2
m(?) = 0. 5)

In Dempster-Shafer theory, a mass function is also called
a basic probability assignment (BPA). Given a BPA, the
belief function Bel : 25 — [0, 1] is defined as

Bel(A) = > m(B). (6)

BCA

The plausibility function PI : 2% — [0, 1] is defined as

PI(A)=1—Bel(A)= Y m(B), (7)

BNA#Y

where A = Q — A. The functions Bel and Pl express
the lower and upper bounds of the support of subset A,
respectively.

Dempster combination rule (denoted by m = m| @ my)
is used to combine two independent BPAs (m and m»). It
is defined as
x X miBm(C), A#,

A=BNC (8

m(A) = {
0, A=0.
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where

K= ) mi(B) -mC). ©)
BNC=Y

Note that Dempster combination rule is only applicable to
two BPAs that satisfy K < 1.

2.2 Pignistic probability transformation

In the transferable belief model (TBM) [47], pignistic prob-
abilities are typically used to make decisions.

Let m be a BPA on the frame of discernment 2. Its asso-
ciated pignistic probability transformation (PPT), Bet Py, :
Q — [0, 1], is defined as

1 m(A)
Z |Al 1 —m(@)’

ACP(Q),weA

Bet Py (w) = m@) # 1, (10)

where |A| is the cardinality of subset A. The PPT process
transforms basic probability assignments to probability dis-
tributions. Therefore, the pignistic betting distance [49] can
be easily obtained using the PPT.

Let m; and my be two BPAs on the frame of dis-
cernment 2. Then, the pignistic probability transforma-
tions are Bet Py, and Bet P,,. The pignistic betting dis-
tance, dy”BetP:,"ﬁ (difBet P for short), between Bet P, and
Bet Py, is

difBet P = zncaédethl (A) — Bet Py, (A))) (11)

\Bet Py, (A) — Bet Py, (A)| indicates the support degree of
the BPAs.

2.3 Jousselme’s evidence distance

Jousselme et al. [28] proposed a new distance measure for
the conflict between two bodies of evidence, which is also
called the evidence distance.

Let m; and m, be two BPAs defined on the same frame
of discernment, €2, which contain N mutually exclusive
and exhaustive hypotheses. Let dpp 4 (m1, m2) represent the
distance between two bodies of evidence, defined as

1
dppa(mi, m2) =\/§ (my —m2)" D (my —my), 12)

where m; and m» are two BPAs. D is a 2V x 2V matrix

whose elements are D(A, B) = }ﬁgg} ,where A, B € P(R2)

are derived from m and m, respectively.

2.4 Liu’s evidence conflict model

In traditional Dempster-Shafer evidence theory, the conflict
coefficient K represents the degree of conflict between two
bodies of evidence. Liu [35] noted that K cannot effectively
measure the disagreement between two bodies of evidence.

@ Springer

In the conflict model proposed by Liu [35], the pignistic
betting distance and coefficient K are united to represent
the degree of conflict.

Let m; and m, be two BPAs on the same frame of
discernment, 2. Then, the conflict model proposed by
Liu is
cf(my,my) = (K, difBet P) , 13)

where K is the classical conflict coefficient of Dempster
combination rule in (9), and difBet P is the pignistic betting
distance in (11). When K > ¢ and difBetP > ¢, m; and
my are regarded as being in conflict, where ¢ € [0, 1] is
the threshold of the conflict tolerance. Because there does
not exist an “absolutely meaningful threshold” of conflict
tolerance that satisfies all pairs of BPAs [1], the value of ¢
is subjective and not fixed. Generally speaking, the closer ¢
is to 1, the greater the conflict tolerance.

3 The generalized theory

Dempster-Shafer theory has many merits in information
fusion. It is similar to Bayesian theory, but has some large
improvements. However, it still has some shortcomings.
The computational complexity increases with the num-
ber of elements in the frame of discernment, which limits
its real-world applications. Additionally, highly conflicting
evidence causes counter-intuitive results. In the frame of
discernment, the following two points may be the causes of
the highly conflicting results. One is the incompleteness of
the frame of discernment. For example, in military appli-
cations, suppose there are three targets (a, b, and c) on the
frame of discernment. Then, the sensors can only recognize
the different unions of these three targets. However, if there
exists a new unknown target (d), the sensors cannot distin-
guish whether it is one of the previous three targets. In this
situation, the recognition results will be multifarious, after
combination, and there will be incorrect results. Another
factor is the reliability of the sensors. Condition, distur-
bances, and other aspects of the sensor will influence the
judgment results. There are some alternatives that overcome
these shortcomings. Preprocessing the information or using
approximation algorithms [26, 51] can reduce the computa-
tional complexity. Researchers have made significant efforts
to solve the highly conflicting problem in recent years. Two
typical solutions are the transferable belief model (TBM)
[48] and Dezert-Smarandache theory (DSmT) [18]. One
characteristic of the TBM model is related to the concepts of
closed and open worlds. However, to the best of our knowl-
edge, the TBM has only been applied to closed worlds.
DSmT provides a new solution to the highly conflicting
problem, but it is computationally complex. In summary, we
still need a more reasonable model for solving for the highly
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conflicting problem. The new model should be able to han-
dle incomplete frames of discernment, and should be no
more computationally complex than traditional Dempster-
Shafer theory. Taking this into consideration, we propose
the new GET in this paper.

Note that traditional Dempster-Shafer theory is based on
the frame of discernment, and has a constraint that the BPA
m () must be equal to 0. This is why classic Dempster-
Shafer theory can only function in a closed world. In this
paper, closed world means that the elements in the frame of
discernment are exhaustive and complete. There are many
cases of this in real-life. For example, a dice roll only has
six possibilities (1, 2, 3, 4, 5 and 6). However, some appli-
cations lack complete knowledge, so we can only obtain
a partial frame of discernment. As previously mentioned,
the known enemy targets may be “a”, “b” and “c”, but
there may exist a secret undeclared target, “d”. Then, the
sensors cannot effectively recognize target “d”. In this sit-
uation, the frame of discernment {a, b, c} is incomplete.
This is an open world situation. Along with enriched knowl-
edge, an open world is absolute and a closed world is
relative. Another example is SARS (severe acute respira-
tory syndrome). Before the appearance of SARS, the frame
of discernment of pneumonia was not complete. Obviously,
traditional Dempster-Shafer theory can only represent and
process uncertain information in a closed world, which lim-
its its applications. In this paper, we propose generalized
evidence theory, which can be applied in an open world.

3.1 Basic concepts of generalized evidence theory

Definition 1 Suppose that U is a frame of discernment in
an open world. Its power set, Zg, is composed of 2V propo-
sitions, YA C U. A mass function is a mapping mg : 22 —
[0, 1] that satisfies

Z mg(A) = 1. (14)

Ae2l

Then, m is the GBPA of the frame of discernment, U. The
difference between GBPA and traditional BPA is the restric-
tion of @, as shown in (5). Note that mg(¥J) = 0 is not
necessary in GBPA. In other words, the empty set can also
be a focal element. If mg () = 0, the GBPA reduces to a
traditional BPA.

The @ is used to model an open world in GET. We should
emphasize that the ¢ in GET is not a common empty set, it
also can be a focal element or represents the union of focal
elements that are out of the given frame of discernment.
The mg : 2% — [0, 1] in Definition 1 indicates that the
@ is the focal element outside of the frame of discernment,
not the empty set in traditional BPA. Likewise, m¢ in (14)

means that GBPA assigns some probability to the proposi-
tions beyond the frame of discernment. For simplicity, in the
remainder of this paper, we have abbreviated GBPA to BPA,
the mass function m g to m, and ZZ to 2U.

Similar to Dempster-Shafer theory, the generalized belief
function (GBF) and generalized plausible function (GPL) in
GET are defined as follows.

Definition 2 Given a GBPA m, the GBF is GBel: 2V —
[0, 1], and satisfies

GBel(A) = Z m(B), (15)
BCA
GBel (%)) = m®). (16)

Definition 3 Given a GBPA m, the GPF is GPI: 2V —
[0, 1], and satisfies

GPI(A) = Z m(B), (17)
BNA#(
GPI(¥) = m(). (18)

Note that in Definitions 2 and 3, GBel(¥) and G PIl(¥)
are both equal to m(¥), which is logical. Because ¥ is
a proposition beyond the frame of discernment, it cannot
be supported by these propositions within the frame of
discernment. Additionally, we do not know whether these
propositions agree beyond the frame of discernment. GBF
and GPF can be regarded as generalized lower and upper
bounds of the support of subset A, respectively. It is obvious
that

GBel(A) < GPI(A). (19)

In the following, we give two examples of calculating
the GBF and GPF, which show that the new GBF and GPF
are generalizations of the traditional belief and plausibility
functions, respectively.

Example 1 Suppose that there is a frame of discernment of
{a, b, c}, and a GBPA is given as

m(a) = 0.6; m(c) =0.2; m(b,c) =0.2.

The GBPA m assigns 0 to the empty set, i.e., m(%)=0. In this
case, the GBPA m degenerates into a traditional BPA. The
GBF and GPF can be obtained using

GBel(a) = 0.6; GBel(b) = 0; GBel(c)
—0.2; GBel(b, ¢) = 0.4,
—0.6; GPI(b) = 0.2; GPI(c)
=0.4: GPI(b, c) = 0.4.

GPl(a)

These results show that the values of the GBF and GPL in
GBPA are the same as Bel and PI in traditional BPA, where
m (9)=0.
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Example 2 Suppose that there is a frame of discernment of
{a, b, c}, and a GBPA is given as

m(a) = 0.6; m(b) =0.1; m(b, c) = 0.2; m(@) = 0.1.

In this case, the GBPA assign some value to the focal
element ). The GBF and GPL are

GBel(a) =0.6; GBel(b) = 0.1; GBel(c)

=0; GBel(b,c) =0.3; GBel(#) = 0.1,
=0.6; GPI(b) =0.3; GPI(c)

=0.2; GPl(b,c) =0.3; GPI(¥) = 0.1.

GPl(a)

3.2 Generalized combination rule (GCR)

The classic Dempster combination rule can be used to com-
bine two BPAs (m and m») to yield a new BPA (m). Based
on the classic Dempster combination rule, the generalized
combination rule (GCR) is defined as follows.

Definition 4 In generalized evidence theory, ¥ NP, = @
means that the intersection between two empty sets is still an
empty set. Given two GBPAs (m and m»), the generalized
combination rule (GCR) is defined as follows.

A=m@®) ¥ mi(B) m(C)
_ BNC=
m(A) = e , (20)
K= ) m(B) m), @h
BNC=y
m@) = mi(¥) - mo (), (22)
m@) =1 if and only if K =1. (23)

The characteristics of the GCR in (20-23) can be sum-
marized as follows.

(1) When m (@) = 0, the GCR degenerates to the classic
Dempster combination rule.

(2) Two empty sets can be combined by multiplying their
GBPA values.

(3) The factor 1/(1 — K) in (20) is a normalized pro-
cess that reassigns the GBPA values after deducting the
m({) obtained from (22). In other words, we multiply
the GBPAs with non-empty intersections to accumu-
late them, and then amplify the results 1/(1 — K)
times.

(4) Because ¥ N ¥ = 0, the GBPA value of conflict
coefficient K is obtained after superposing (9) and
(22).

Three properties of generalized evidence theory (GET) are
as follows.

Property 1 When m() = 0, GBPA degenerates to tradi-
tional BPA. More generally, if GBPA just assigns single
elements, GBPA degenerates to probability theory.

@ Springer

Property 2 For the GCR of GET, if m(#) = 0, then
GCR degenerates to the classic Dempster combination rule.
More generally, when GBPAs just assign single elements,
the results of GCR are the same as those of Bayesian
probability.

Property 3 Similar to Dempster combination rule, GCR is
commutative and associative. This means that the combina-
tion results using the GCR are unrelated to the order of the
combination.

3.3 Generalized evidence distance

The generalized evidence distance (GED) in GET is defined
as follows.

Definition 5 Let m; and m, be two GBPAs on the frame of
discernment U. The generalized evidence distance between
m1 and m is defined as

1 —
dGBPA(ml,m2)=\/E(m—@)TD(Vm—HTE), (24)

where D is a 2V x 2V matrix with elements
_|ANB|

D(A, B) = AUB[

A,BePU). 25)

It is calculated using

1
donratn.m) = [+ (12 + 3] = 27 7).

where || m ”2 = (71), 71)), (ﬁ), 7%) is the inner product of the
two vectors, i.e.,

2N N

(M1, ma) = 3 3 mi(Adma(A ) RGR:
i=1j=1

Aij,Bj e P(U)

3.4 Numerical examples of GCR

In this subsection, we use numerical examples to demon-
strate the GCR combination process.

Example 3 Assume a frame of discernment U = {a, b, c},
and that two GBPAs are given as

mi(a) =0.5;mi(a,b) =0.5
my(a) = 0.5; my(b) = 0.3; my(U) = 0.2.

We combine m; and m» such that
m@) =m@) -my@=0x0=0
and

K =mi(a)-ma() =0.5x03=0.15.
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Then,
1 —m(9)
m(a) = ——x % (m1(a) x (ma(a) +ma(U))
+my(a) x mi(a, b)).
_ (1-0)x(0.5x (0.5+0.2) +0.5 x 0.5)
N 1-0.15
= 0.706.
m(b) = 11__—"11((@ x my(a, b) x ma(b)
_ (1-0)x0.5x%x0.3 — 0.176.
1-0.15
m(a,b) = 11__—’711((@) x mi(a,b) x my(U)
~ (1-0)x0.5x0.2 0118
- 1—-0.15 S
m(U) = 0.

This example shows that the GCR is the same as the classic
Dempster combination rule when m (@) = 0.

Example 4 Suppose that the frame of discernment is U =
{a, b, c} and two GBPAs are given as

mi(a) = 0.2; m(b) = 0.2; m(¥) = 0.6,
my(a) = 0.2; ma(b, ¢) = 0.1; ma (@) = 0.7.

In this example, we used an intersection table to calculate
K in the GCR. Using Table 1, we can easily obtain K (the
conflicting coefficient in GET). That is,

K = my(a) -ma(b, c) +my(a) - my(@) + mi(b) - my(a)
+my(b) - ma(¥) +my (D) - ma(a) +my () - ma(b, c)
+m(¥) - m2(9),
02x0.1402x07+02x02+0.2x0.7

+0.6 x0.24+0.6 x0.14+0.6 x 0.7,

= 0.02+0.14 4+ 0.04 + 0.14 4+ 0.12 + 0.06 + 0.42,

= 0.94.

Then,
m(@) = m1 (W) x my(?) = 0.6 x 0.7 =0.42,

SO

1- m(@) - 042)><0 2x02 _ =0.387,

m(a) =g x my(a)ymy(a) =
m(b)= 1720 ’”“”)xml(b)mz(b ¢) = 10390201 0‘1‘2>g§42X°1_0 193,
m(c) = 0

Table 1 Intersection table for combining m and m, in Example 4
using GCR

mi @ mp ma(a) =0.2 ma(b,c) =0.1 mo () = 0.7
mi(a) =0.2 {a}(0.04) #(0.02) #(0.14)
mi(b) =0.2 #(0.04) {b}(0.02) #(0.14)
mp(¥) = 0.6 #(0.12) #(0.06) (0.42)

The final results are
m(a) = 0.347; m(b) = 0.193; m(c) = 0; m(9) = 0.42.

It is obvious that the traditional Dempster combination
rule is not suitable in this situation, because m (@) # O.
Clearly, after we determine the value of m (), GCR redis-
tributes the remaining probability to the other nonempty
sets. In this example, the probability of m(c) is 0, because
the single set {c} is not supported by either of the two BPAs
in the frame of discernment. That is to say, we increase the
probability of the single sets {a} and {b} because they are
both more or less supported by the two GBPAs.

Example 5 Suppose that the frame of discernment is U =

{a, D, c}, and two GBPAs are given as

mi(a) =0.2;m(¥) = 0.8,

ma(b) = 0.5; ma(¥) = 0.5.

The conflicting coefficient K in GET is

K =mi(a)(m2(D) + ma(¥)) + mi () (m2(b) + m2(9)),
=02x(05+4+05)4+08 x (0.5+0.5)
=1.

Thus,

m(@) = 1.

From the GCR view, we can first obtain that m () =
m1(¥) x my(¥) = 0.4. However, because the other two
propositions are not supported by each other, the remain-
ing probability cannot be assigned to either of them, and is
reassigned to m (). Therefore, m({) is assigned twice the
amount, and m () = 0.4 + 0.6 = 1. We believe that this is
reasonable. When the two GBPAs are highly conflicting and
do not support each other, we should consider that the frame
of discernment is incomplete.

Example 6 (Comparison with the belief revision method
[5]) As discussed in [5], the belief revision method is also
associated with knowledge representation and incorporat-
ing new information. In this example, we compared the
proposed GCR with the belief revision method [5].

As in [5], we initially assume that

P({a,b,c}) =0.15; P({a, b, &})=0.15; P({a, b, c}) =0.1;
P{{a,b,¢}) = 0.1;
P{{a,b,c}) =0.15;P({a, b, c})=0.15;P({a, b, ¢})=0.1;
P{a,b,c}) = 0.1.

If we obtain an observation of a with reliability 0.8, the
belief revision method derives a revised belief of

P(a,0.8)({a, b, c}) = 0.24; P(a,0.8)({a, b, ¢}) = 0.24;
P(a,0.8)({a, b, ¢}) = 0.16; P(a, 0.8)({a, b, ¢}) = 0.16;
P(a,0.8)({a, b, c}) = 0.06; P(a,0.8)({a, b, ¢}) = 0.06;
P(a,0.8)({a, b, c}) = 0.04; P(a,0.8)({a, b, ¢}) = 0.04.
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Now, let us consider this case in the GBT framework. The
initial belief can be considered a GBPA, that is,

mi1({a, b, c}) = 0.15;m;({a, b, c}) = 0.15; m({a, b, c})
= 0.1: m;({a, b, ¢}) = 0.1;

mi({a, b, c}) = 0.15;m;({a, b, ¢}) = 0.15; my({a, b, c})
= 0.1;m;({a, b,é}) =0.1.

Because this example is in a closed world, m (@) = 0.
In GET, an observation of a with reliability 0.8 means that
a occurs with a probability 0.8 despite b and ¢, and a does
not occur with a probability 0.2 regardless of b and c. So in
GET, the observation can be expressed by

ma({a, b, c}, {a, b, ¢}, {a, b, c}, {a, b, c}) =0.8;

ma({a, b, ¢}, {a, b, ¢}, {a, b, c}, {a, b, ¢}) = 0.2.

Based on the GCR, we can combine m (the initial
knowledge) and m> (new observation). The calculation pro-
cess is as follows. The intersection table for combining m
and m> is shown in Table 2. Using this,

K =) #=0.12+0.12+0.08+0.08 +0.03 +0.03
+0.0240.02 =05,

and m(¥) = m;(@)ymr(P) =0 x 0=0.

Now,
m{a. b, c}) = 11__—’"1({”) % (m1({a. b, c})
xmy({a, b, c}, {a, b, ¢}, {a, b, ¢}, {a, b, &)
_ (1—-0)x0.15x0.8 _ 0.4,
1-05
ma, b, = "D o (e, b, 3

1—K
xma({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, ¢}))
_(1-0)x0.15x08 _
- 1-0.5 -

0.24,

Table 2 Intersection table for combining m and m, in Example 6

1 — m(®)
1—K
xmay({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, }))

(1-0)x0.1x0.8
= =0.16,

1-0.5
1 —m(9)

1-K

xma({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, &)
_(1-0)x01x08 _ 0.16

1-0.5 ’

1 —m(9)
1-K
xmay({a, b, c}, {a, b, ¢}, {a, b, ¢}, {a, b, ¢}))

_ (1-0)x0.15x0.2 — 0.06,
1-0.5
1 — m(®)
1-K
xmay({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, ¢}))
(1—-0)x0.15x0.2

= = 0.06,
1-0.5

11_—"11((@ x (m1({@, b, c})
xmy({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, ¢}))
(1-0)x0.1x0.2
- =0.04,
1-0.5

1 —m(9)

1-K
xmy({a, b, c}, {a, b, ¢, {a, b, ¢}, {a, b, ¢}))
(1-0)x0.1x0.2

1-0.5

m({a, b, c}) = x (m1({a, b, c})

m({a, b, ¢}) = x (m1({a, b, ¢})

m({a, b, c}) = x (mi1({a, b, c})

m({a, b, c}) = x (mi({a, b, c})

m({a, b, c}) =

m({a, b, ¢}) = x (mi({a, b, c})

Moreover, if we iterate the process and again observe a
with the same reliability, the revised belief P(a, 0.8)(a, 0.8)
can also be obtained using the belief revision method. Cor-
respondingly, the results derived from the GCR are denoted
GCR(m1, my, m3), where m3 represents the same observa-
tion of a with reliability 0.8.

The above results are displayed in Table 3. The
GCR(m1, mp) results are the same as the revised belief

my({a, b, ¢}, {a, b, ¢}, {a, b, ¢}, {a, b, ch =0.8

my({a, b, ¢}, {a, b, &}, {a, b, ¢}, {a, b, ¢}) = 0.2

mi({a, b, c}) = 0.15 {a, b, c}(0.12)
mi({a, b, }) = 0.15 {a, b, c}(0.12)
mi({a, b, ¢}) = 0.1 {a, b, c}(0.08)
mi({a, b, &}) = 0.1 {a, b, }(0.08)
mi({a, b, c}) = 0.15 $(0.12)
mi({a, b, ) = 0.15 %(0.12)
mi({a, b, c¢}) = 0.1 %(0.08)
mi({a, b, ¢}) = 0.1 %(0.08)

$(0.03)
$(0.03)
$(0.02)
$(0.02)
(@, b, ¢}(0.03)
(@, b, }(0.03)
,¢}(0.02)
, £1(0.02)

_— =~
QR
S S
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Table 3 Comparison of the GCR and belief revision methods

P/my P(a,0.8) GCR(my, mp) P(a,0.8)(a,0.8) GCR(mp, mp, m3)
{a, b, c} 0.1500 0.2400 0.2400 0.2824 0.2824
{a, b, c} 0.1500 0.2400 0.2400 0.2824 0.2824
{a, b, c} 0.1000 0.1600 0.1600 0.1882 0.1882
{a, b, ¢} 0.1000 0.1600 0.1600 0.1882 0.1882
{a,b,c} 0.1500 0.0600 0.0600 0.0176 0.0176
{a,b,c} 0.1500 0.0600 0.0600 0.0176 0.0176
{a, b, c} 0.1000 0.0400 0.0400 0.0118 0.0118
{a, b, ¢} 0.1000 0.0400 0.0400 0.0118 0.0118

P(a,0.8), GCR(m1, my, m3), and P(a, 0.8)(a, 0.8). There-
fore, the GCR is consistent with the belief revision method.
Meanwhile, note that the belief revision method is only
suitable in a closed world, and that the GCR is inher-
ently more useful because it can be applied in an open
world.

4 Application and discussion
4.1 The m (@) in Dempster-Shafer evidence and GET

In classic Dempster-Shafer theory, m (@) = 0 is indispens-
able. From this point of view, # is a proposition without
any support from other propositions. There is no physi-
cal meaning to ¥ in Dempster-Shafer theory. @ was first
noted and assigned to m(¥) in the TBM proposed by
Smets [48]. In TBM, if there is a lot of conflict between
two bodies of evidence, the conflict is assigned to m(¥).
The basic belief assignment (BBA) in TBM is used to
distinguish the method from traditional BPA in Dempster-
Shafer theory. However, BBA and BPA are both essentially
assigned to these nonempty sets. In other words, the restric-
tion condition of m(¥) = O is still necessary. The logic
behind this approach is questionable. If the problem is
in an open world, we should assign the value to m(%)
when we generate the BBAs in TBM. Additionally, it is
a weak approach to dealing with conflict. Yager [54] pro-
posed a method where the conflicting values are assigned
to the whole set 2 when the evidence is highly contra-
dictory. Yager’s method is contentious. In GET, while the
GBPAs are generated, m () # 0 is permissible, which is
easy to understand. That is, there may exist some hypothe-
ses or propositions beyond the fixed frame of discernment.
The value of m(¥) indicates the open world degree of the
frame of discernment. The GET proposed in this paper is
an extension of classic Dempster-Shafer theory, and can
express and deal with more uncertain information in the
open world than Dempster-Shafer theory in the closed
world.

4.2 Modified Liu’s conflict model

As mentioned in Section 2.4, Liu analyzed the drawbacks of
the classic conflict coefficient, K, and proposed a conflict
model. The main idea is to construct two tuples using the
pignistic betting distance difBet P from TBM [49] and the
classic conflict coefficient K from Dempster-Shafer theory
[6, 46]. The union of these is used to represent degree of
conflict. If only difBet P is large, then the two pieces of evi-
dence cannot be regarded as conflicting. If only K is large,
then the two pieces of evidence can also not be viewed as
conflicting. The conflict is only ascertained by the union
of difBet P with K. This conflict model is very interest-
ing, because it provides a new way of thinking regarding
methods for expressing the conflict between two bodies of
evidence. The following is a numerical example of Liu’s
conflict model.

Example 7 Let a frame of discernment be 2 = {a, b, c},
and consider two BPAs m and m, defined as

W —

mi(a) = 5:mi(b) = §:mi(c)

my(a,b,c) =1.

Because K = 0 and difBetP = 0, c f12(K, difBet P) =
(0, 0), so the two BPAs are regarded as not being in conflict.
However, this is obviously irrational, because the two BPAs
provide different information. m is definite, and m is total
ignorance. So Liu’s conflict model is still not suitable for
reasonably expressing the conflict between evidence.

This example demonstrates that “the same probability of
occurrence” is the same as “total ignorance of the system”
in Liu’s conflict model. However, the real situation is not so
simple. If we know nothing about the system (i.e., m(2) =
1), then m(a) = m(b) = 0.5; m(a) = 0.7, m(b) = 0.3;
m(a) = 1, m(b) = 0 and so forth are possible, and the prob-
ability of uncertainty for the system is maximized. Thus, the
pignistic betting distance cannot distinguish between situ-
ations with the same probabilities or total ignorance, and
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is not an appropriate conflict model. We propose a modi-
fied evidence conflict model that is based on Jousselme’s
evidence distance [28].

Definition 6 Suppose that there are two different BPAs on
the same frame of discernment €2, and that the modified
evidence conflict model is defined as

cf(my,my) = (K,dis), (26)

where K is the classic conflict coefficient in Dempster-
Shafer theory (see (9)), and dis is the evidence distance in
(12).

4.3 Conflict model of GET

In the previous subsection, we modified Liu’s conflict
model using (26) to make it more reasonable. However,
this conflict model is still in a closed world, and cannot be
applied to an open world where the frame of discernment
may be incomplete. With this in mind, we propose a new
conflict model for GET.

Definition 7 Assume that there are two GBPAs, m; and
my, on the frame of discernment U, and that the generalized
conflict model is

cfe(my, my) = (K, dis), 27)

where K is the generalized conflict coefficient in (21), and
dis is the generalized evidence distance in (24).

Compared with existing methods, this new proposed
generalized conflict model can handle information on the
incomplete frame of discernment. When the frame of dis-
cernment is complete, the generalized conflict coefficient

Fig. 1 Generalized conflict
coefficient between two GBPAs

061
04—

0.2

1
m2(a)=0 0.8

m2(d)=1

@ Springer

and generalized evidence distance reduce to the classical
coefficient and classical evidence distance. Additionally,
(27) degenerates to (26).

The following examples demonstrate how to apply the
generalized conflict coefficient and generalized conflict
model.

Example 8 Consider two GBPAs, m and m>, on the frame
of discernment. The first group of GBPAs varies. They start
at mi(a) = 1 and m{(¥) = 0, and then m(a) progres-
sively decreases by 0.1 and m({) progressively increases
by 0.1 at each time step. The second group of GBPAs also
varies. They start at ma(a) = 1 and my(¥) = 0, and
then m(a) progressively decreases by 0.1 and m(¥) pro-
gressively increases by 0.1 at each time step. Then, the
generalized conflict coefficient between the two GBPAS is
shown in Fig. 1.

Figure 1 indicates that, when m(a) = 1, m (@) = O,
my(a) = 1, and my(¥) = 0, the generalized conflict coef-
ficient is minimized, the proposition {a} is absolutely sup-
ported by the system, and the frame of discernment is com-
plete. While m(a) progressively decreases by 0.1 at each
time step, m1 () progressively increases by 0.1 and the gen-
eralized conflict coefficient also gradually increases. This
situation indicates that the frame of discernment is becom-
ing more incomplete. According to GCR, when m({) = 1
appears in any of these GBPAs, the generalized conflict
coefficient achieves its maximum of 1.

Example 9 Suppose that there are two GBPAs on the frame
of discernment. The first group of GBPAs varies. It starts
with mi(a) = 0 and m;(¥) = 1. my(a) progressively
increases by 0.1 and m () progressively decreases by 0.1 at
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each time step. The second group of GBPAs also varies. It
starts with my(a) = 0 and m» () = 1. my(a) progressively
increases by 0.1 and my(#) progressively decreases by 0.1
at each time step. Then, the generalized evidence distance
between the two GBPAs is as shown in Fig. 2. Figure 2
shows that the generalized evidence distance on the diagonal
is 0, because the two GBPs are the same.

Example 10 Consider two GBPAs on the same frame of
discernment, and two given GBPAs,

my1(b) = 0.1, my (9) = 0.9,
mya2(b) = 0.1; my (@) = 0.9.

The GET conflict model is
cfc(my,my) =(0.81,0),

and is illustrated in Fig. 3.

Figure 3 indicates that there is just one class b on the
frame of discernment. The two dotted triangles represent the
classes a and c, both of which do not appear on this frame
of discernment. In fact, sensors x1 and x2 belong to classes
a and c, respectively. If we only consider the generalized
evidence distance, we will obtain an incorrect result. This
example points out that generalized conflict coefficient is a
better measure than the generalized evidence distance on an
incomplete frame of discernment.

The following two examples are applied to the complete
frame of discernment with m () = 0.

Example 11 Consider a frame of discernment Q2 = {a, b}.
The first fixed BPA is such that m(a, b)) = 1. The second
varying BPA begins with my(a) = 0; ma(b) = 1. ma(a)

Fig. 2 Generalized evidence
distance between two GBPAs

\J

Fig.3 Two samples with different classes

progressively increases by 0.1 and m,(b) decreases by 0.1
at each time step. Then, the evidence distance and pignistic
betting distance between m| and my are as shown in Fig. 4.
Figure 4 shows that when m,(a) = 0.5 and m,(b) = 0.5,
the pignistic betting distance between two BPAs is 0, which
indicates that there is no conflict between BPAs. However,
at this time step, the evidence distance is 0.5, which indi-
cates that there is conflict between the BPAs. It is obvious
that we should use evidence distance and not pignistic bet-
ting distance as a measure of the conflict for a complete
frame of discernment.

Example 12 Suppose that we have a frame of discernment
of @ ={1,2,3-.-20}, and two BPAs are defined as

m1(7) =0.6;m;(A) =04,
ma(1,2,3) =1,

m1(a)=1
m1(P)=0
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0.8
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0.7 dip |4
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0 01 02 03 04 05 06 07 08 09 1
m(a)

Fig. 4 Comparisons of evidence distance and pignistic betting
distance

where A is a varying subset of 2. A increments one more
element each time, starting at A={1}, and ending with Case
20, when A = {1,2,3---20}. The evidence distance and
classic conflict coefficient K between two BPAs are shown
in Table 4 and Fig. 5.

Table 4 and Fig. 5 show that, regardless of the subset
A, the classic conflict coefficient K is always 0.6. This is

Table 4 Comparison of the new proposed conflict coefficient with the
classic conflict coefficient

Cases dppa K

A={1} 0.7916 0.6
A={1,2} 0.7024 0.6
A={1,2,3} 0.6 0.6
A=({1,...,.4} 0.6782 0.6
A={1,...,5} 0.7211 0.6
A={1,...,6} 0.7483 0.6
A={1,...,7} 0.7982 0.6
A=({1,...,8} 0.8 0.6
A=({1,...,9} 0.8083 0.6
A=({1,...,10} 0.8149 0.6
A={1,..,11} 0.8202 0.6
A={1,...,12} 0.8246 0.6
A=({1,...,13} 0.8283 0.6
A=({1,...,14} 0.8315 0.6
A={1,..,15} 0.8343 0.6
A=({1,...,16} 0.8367 0.6
A={1,..,17} 0.8388 0.6
A=({1,...,18} 0.8406 0.6
A=({1,...,19} 0.8423 0.6
A=({1,...,20} 0.8438 0.6
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Fig. 5 Comparison of the new proposed conflict coefficient with the
classic conflict coefficient

irrational. The generalized evidence distance depends on A,
and can effectively measure the conflict. That means the
generalized evidence distance for measuring the conflict is
better than the generalized conflict coefficient, in the case
of a complete frame of discernment.

These numerical examples show how to apply this new
conflict model. When the frame of discernment is incom-
plete and m(¥J) # 0, the two-tuples of the conflict model
should mainly depend on the generalized conflict coeffi-
cient. However, when the frame of discernment is complete
and m () = 0, the two-tuples of the conflict model should
mainly depend on the generalized evidence distance.

5 Conclusions

In this paper, we proposed a novel theory called GET. Some
key points are given in the following.

First, evidence theory is an efficient tool for fusing infor-
mation in an uncertain environment. If we definitely know
that we are in a closed world, Dempster combination rule
is enough to combine evidence from different sources. If
the evidence is conflicting, the conflicting evidence can be
combined by considering its reliability.

Second, GET is an extension of Dempster-Shafer theory,
in which the strict restriction condition of m () = 0 is aban-
doned. In GET, # is regarded as an element with the same
properties as the other elements. It represents unknown, but
not a common empty.

This is why GET can better fuse uncertain information in
an open world, when compared with Dempster-Shafer the-
ory. GET inbherits all the benefits of Dempster-Shafer theory,
but expands its scope to an open world. When the frame of
discernment is complete and m(J) = 0, GET degenerates
to Dempster-Shafer theory. Additionally, the GCR in GET
is distinct from the Dempster combination rule.
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Third, we proposed the generalized conflict model based
on GET. We have demonstrated how to apply the general-
ized conflict model under different conditions. When the
frame of discernment is incomplete, the measure of the gen-
eralized conflict should mainly be based on the generalized
conflict coefficient. When the frame of discernment is com-
plete, the measure of the generalized conflict should mainly
be based on the evidence distance.

An increasing amount of research is focusing on model-
ing epistemic uncertainty [43]. We believe that the proposed
evidence theory with the non-zero empty set will provide a
promising way to model epistemic uncertainty in the future.
Additionally, note that, besides conflict management in an
open world, we should also pay attention to the exclusive
condition in Dempster-Shafer evidence theory. An ongo-
ing area of investigation involves D numbers theory, which
focuses on mutual exclusion in evidence theory. In clas-
sical evidence theory, we assume that each hypothesis is
exclusive. However, this is not reasonable in the real world.
Various linguistic variables and fuzzy numbers cannot be
exclusive for each element. For example, given two linguis-
tic values “Good (G)” and “Very Good (VG)”, m(G, VG) =
0.8 is not accepted under Dempster-Shafer evidence the-
ory because the two linguistic values are not exclusive. To
address this limitation, a novel theory called D numbers the-
ory [12] was proposed. D numbers and the GET proposed in
this paper are generalizations of evidence theory, providing
a more flexible and reasonable way to handle uncertainty in
the real world [9-11, 34].
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