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ABSTRACT. The construction of reduced-order models for parametrized partial
differential systems using proper orthogonal decomposition (POD) is based on
the information of the so-called snapshots. These provide the spatial distribu-
tion of the nonlinear system at discrete parameter and/or time instances. In
this work a strategy is used, where the POD reduced-order model is improved
by choosing additional snapshot locations in an optimal way; see Kunisch and
Volkwein (ESAIM: M2AN, 44:509-529, 2010). These optimal snapshot loca-
tions influences the POD basis functions and therefore the POD reduced-order
model. This strategy is used to build up a POD basis on a parameter set in
an adaptive way. The approach is illustrated by the construction of the POD
reduced-order model for the complex-valued Helmholtz equation.

1. Introduction. Proper orthogonal decomposition (POD) is one of the most pop-
ular techniques for model reduction of nonlinear system. It was first used for signal
analysis and pattern recognition, consequently in the context of dynamical systems
and parametrized partial differential equations, and more recently, also for optimal
control and inverse problems; see, e.g., [8, 13, 16, 20].

Let us consider the parametrized system

Fy(p);p) =0,  p € Maa, (1.1)

in a Banach space B, where y(u) denotes the state associated with the parameter
w and M,y stands for the set of admissible parameters. The parameter p can be
a coefficient (function) vector (in the case of elliptic systems) or the time variable
(in the case of dynamical systems). The snapshot version of POD assumes the
availability of the states y; = y(u;) € H, 1 < j < n, solving 1.1 for u = p1;, where
JH denotes a separable Hilbert space. Then the POD basis {v; le of rank ¢ > 1 is
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given by the solution to the minimization problem

n L
min oy ._§ : s
wl,...7zp£€}(; J Hyj — <ij,ll)l>g.c

1=

(1.2)
subject to (s.t.) (Y4, 1)), = 045 for 1 <, 5 < ¢,

where the o;’s denote non-negative weights and d;; stands for the Kronecker symbol,
ie., 0;5 =0 for i # j and §;; = 1. Then, the solution y(u) to 1.1 is approximated
by a Galerkin ansatz of the form

l
fu) = ny-(u)m

with the p-dependent coefficients y¢(u), which have to be determined. After a
Galerkin projection model 1.1 is replaced by a reduced-order model of the form

Fiy (w);p) =0, p € Mag. (1.3)
From 1.2 it does not follow directly that the error
s ly(s) — o' () 1.4
> a ly(g) = y* (1)l (1.4)
j=1

decays if the number ¢ of POD functions is increased. For that reason an a-priori
analysis has to be carried out; see [14, 12] for certain parabolic or elliptic problems.
In this paper we continue the results in [15]. We do not want to increase ¢, but we
determine additional parameters {fi; }9:1, the optimal snapshot locations in such a
way that the new POD basis {1@ ¢_, solving

n 4
_ min Z%’Hyj Z@j,% (7
f ;

Y1, €305 T
s.t. <7/~)i71/~)j>}c =0;; for 1 <id,5 <,

leads to a reduced-order solution y‘(i), so that 1.4 is as small as possible. This
approach is called optimal snapshot location strategy. In 1.5 the &;’s are again
appropriate non-negative weights and y; = y(fi;) are the snapshots associated with
the new snapshot locations.

Let us briefly mention some related issues of interest. In [4, 6] the situation
of missing snapshot data is investigated and gappy POD is introduced for their
reconstruction. An important alternative to POD model reduction is given by
reduced-basis approximations; we refer to [19] and references given there. In [7]
a reduced model is constructed for a parameter dependent family of large scale
problems by an iterative procedure that adds new basis variables on the basis of
a greedy algorithm. Utilizing the structure in which the parameters enter into
the system this can be achieved in a computationally efficient manner. From an a-
posteriori analysis it follows that the error 1.4 can be bounded by a chosen tolerance
on a discrete subset of M,4. In our approach, no a-priori discretization of the set
Mg is necessary. In the thesis [3] a model reduction is sought of a class for a family
of models corresponding to different operating stages.

In this paper we continue our work [15], where the approach of choosing optimal
snapshot location is introduced and illustrated for an linear parabolic problem. In
contrast to [15] we consider a nonlinear elliptic system. More, precisely, we study

2

llae (1.5

+ZO‘J HyJ : yjﬂ/’ﬁ
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the Helmholtz equation on a frequency band, where the frequency matches the
parameter p in the parametrized system 1.1. Let us refer to our work [9, 22, 24],
where we consider impedance identification problems for the Helmholtz equation
on a frequency band. In [22, 24] these identification problems are solved by a
POD reduced-order approach. Here, we utilize the optimal snapshots locations to
build up a POD basis in a successive way. Suppose that the parameter set M4 is
decomposed as follows:

Mag = (M), MY #£0fori=1,...,m and M) M) =0 for i # .

i=1

Suppose that we have computed a POD basis {wg” fg of rank ¢V > 1 utilizing

n
j=1

accurate reduced-order model 1.3 for parameters p € Mfd) we modify our POD
basis as follows:

o Sct fy = £ + AL with AL > 0;
e Compute a new POD basis {¢£2)}e(2>

i=1

solutions {y(ug»l)) to 1.1 with parameters ,u%l), cop e Mflld). To derive a

by optimal snapshot location, i.e.,

we add n > 1 snapshots {y(uf))};:l associated with optimal parameters

Mgz), . ,,ur(,Q) € Mgi), which are determined by the optimal snapshot location

strategy;
e Derive the reduced-order model 1.3 utilizing the POD basis {7,[152)}52:1.

Then, we proceed in an iterative way and generate a reduced-order model 1.3, which
is reliable on the whole parameter set M,4. Let us mention that this adaptive strat-
egy can also be used for dynamical systems, in particular for parabolic equations
with a strong convection term. Here we refer the reader to the recent work [1],
where the POD basis is changed for advection-diffusion problems.

The paper is organized in the following manner: In Section 2 we review the
Helmholtz equation on a frequency band and introduce the finite-element model.
The POD reduced-order model is derived in Section 3, where we also present an
a-priori error estimate for the difference between the finite element and the POD
reduced-order solution. In Section 4 we discuss the minimization problem to deter-
mine the optimal snapshot locations, which are in our application optimal frequency
locations in the frequency band. Numerical experiments are carried out in Section 5.
Some of the proofs are given in the Appendix.

Notation. Throughout the paper we write Re(z) and Sm(z) for the real and imag-
inary part, respectively, for z € C. Moreover, Z stands for the complex conjugate
of z.

2. The Helmholtz equation as the large-scale model. To illustrate the pro-
posed adaptive POD basis computation we study the complex-valued Helmholtz
equation as a specific application. In an analogous manner we can proceed for
other parametrized elliptic or for dynamical systems.

2.1. The Helmholtz equation. Let Q C R4, d € {2,3}, be an open and bounded
domain with Lipschitz-continuous boundary I' = 9Q2. The domain (2 represents the
interior of the car vehicle. We write © = (21,...,24) for an element in . Recall
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that the Lebesgue space H = L?(Q;C) is defined as
H = {<p Q—=C ‘ ¢ is measurable and / lo(x)]? de < oo}.
Q
It is well-known that H is a Hilbert space endowed with the inner product

(go,d_J)H = /ng(m)md:c for p,p € H

and the induced norm ||¢|lg = <(,D,¢7>11L{2 for ¢ € H. Note that we use standard
inner product in L?(2) = L?(Q;R) and we explicitly denote conjugates for clarity.
The Hilbert space V = H'(Q;C) is supplied with the inner product

. . L Jop 0
oty =t b+ 3 (52 5

> for p,p € V
i=1 H

and its induced norm |||y = (@, @}%,/2 for ¢ € V. Recall that

<¢7@>V = <1E7§0>V = <@7¢>V fOI‘ a‘H L/)a§0 € ‘/7
(a(+¢), @)y = Oz(<1/1,<;_7>v + (¢, @V) for all ¥, p, 0o € V and a € C

which implies that

(W, a(d+9))y = @(<w,¢>v + ((b,@v) for all ¢, ¢, p € V and a € C.

For more details on Lebesgue and Sobolev spaces we refer the reader, e.g., to [5].
Next we introduce the Helmholtz equation on the frequency band

F=[fa, il c{fER|f>0}=R".

For given frequency f € F the complex-valued sound pressure p = p(f) solves the
Helmholtz equation

—Ap(f) —kip(f)=s(f)  inQ

] 9Op
P f— C =
oosy 9 )=0 on 'y CT =09, (2.6)
0
s o ()= A7) on T =T\ T,

where s = s(f) : © — C stands for the f-dependent source term modelling the

excitation at the point xz, € € at the frequency f, the parameter Ay € C denotes

the f-dependent admittance. Notice that Zy = 1/A; stands for the f-dependent

impedance. Furthermore, j is the imaginary unit, n denotes the outward normal
vector and the constants in 2.6 are

m 2 f kg

=343.799 —, ky = —, 0, = 1.19985 —, =2 f = cky, 2.7

¢ o ks o 0 3y Wi =2m f=cky (2.7)

i.e., both the wave number ky and the angular frequency wy depend on f. In

Figure 2.1 we plot the impedance and admittance values for the damping material

Melamin 50mm in the frequency range from 200 to 500H z. Integration by parts
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FIGURE 2.1. Impedance Z; = 1/A; (in ) and admittance Ay

(in ”},{l *) values for Melamin 50mm in the frequency range from

200 to 500H z.

and using the boundary condition on I'g yield

0
<—AP,¢>H=/ —Ap@d:c:—/ —p@ds—l—/Vp-V@dm
Q I'r on Q

1
—7/ gowafngvds—l—/VpV@da:
J Jrg Q

= / Vp-Veodx -I-JQOWfAf/ ppds
Q I'r
for every ¢ € V', where we have assumed that —Ap € H. This motivates the next
definition.

Definition 2.1. For given f > 0 the function p(f) is called a weak solution to 2.6
provided p(f) € V holds and p satisfies

Blypgif) = [ slfpde forallpe V. (25)
Q
where the f-dependent bilinear form B(-,-; f): V x V — C is defined as
B(p,o; f) = /QVpVﬁ— kfvp<ﬁdw+390wfz4f/ ppds (2.9)
I'r

for p,p € V.

The existence of a weak solution to 2.6 follows from the Fredholm alternative;
see, e.g., [, pp. 640-644]. For more details we refer to [22, Theorem 2.2].

Theorem 2.2. One of the following statements hold: either
for each s(f) € H there exists a unique weak solution p(f) to
—Ap—kip =s(f) nQ,

2.1
Qo]wf g% =0 on I'n, (2.10)
gojwf g—z =Asp onlg
or else
there exists a weak solution ¥ # 0 to ( )
) 2.11
wa:k]%w in €, ﬁ%zO on 'y, L)O]Tf%:/lfq/) on I'r.
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Remark 2.3. From the theory of compact operators and the Fredholm alternative
it follows that case 2.11 appears only for a countable set of wave numbers ky. This
f-dependent set of countable wave numbers is denoted by ¥y. Then, for all o € 3§
the problem

)0 J 0y

— =0onTIy, —— =AsponTg

“AY = 0% in O
Y=oyind, Oowy ON Oowyp On

has a weak solution v # 0.
From [22, Corollaries 3.4 and 2.5] we infer the following result.

Corollary 2.4. Suppose that ky & Xy holds for any f € F. Then, 2.10 has a
unique solution p(f) € V.NC(Q;C) for every source term s(f) € H satisfying

IOy + lp(Hlle@e) < Ky

where the constant Ky > 0 depends on f. In particular, Ky blows up if ky ap-
proaches an element in 3.

Let us define the f-dependent bounded linear operator Ay : V' — V' by
Arp=DB(p,-; f) forpeV. (2.12)
By Corollary 2.4 the operator Ay is continuously invertible for any f € F. Moreover,
let the frequency dependent functional Sy € V'’ be introduced by
(Sr.@hvry = (5(f), @)y forpeV.
Then we can write 2.6 as the following operator equation
Ap(f) =8(f) in V' for almost all f € . (2.13)
Notice that the dual operator A} : V' — V' of Ay satisfying

(50, 0)y, = (A, @)y g forall eV
is given by

< ;¢’¢>V’,V = <Afw7@>vl7v

o, _ _ (2.14)
:/ V@-Vz/J—k;fgowdw—JQowaf/ Y ds
Q I'r

for ¢,1 € V. Next we consider the mapping F 3> f — p(f) € V. For that purpose
we make use of the following assumption.

Assumption 1. For given A € C(F;C) and s € C(F;H) there exists a § =
6(A,s) > 0 such that inf jeginf,ex, |ky — o > 0 holds.

Remark 2.5. Let A € C(F;C) and s € C(F; H). As before we write Ay € C for
the function f +— Ay. With Assumption 1 holding 2.6 is uniquely solvable for any
f € F and the constant K in Corollary 2.4 can be chosen to be independent of f.
Hence, there exists a constant K > 0 satisfying

max (I(Dlly + Pl cmie)) < K.

where K is independent of f.
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To determine optimal snapshot location we have to linearize the Helmholtz equa-
tion with respect to the frequency. For this purpose we suppose that s € H'(F; H)
and A € HY(F; C). Then, s € C(F;H) and A € C(F;C) holds. Notice that
Af : V= V" and & € V' are given by

Asp = goo(wiAs + @7 As) (0, a(rpcy — 2kpky (0, ) g €V,
(S5, Phvry = () Py
for ¢ € V. Clearly, A; and S; are bounded and linear operators for all f € F.

We differentiate 2.13 with respect to f. By p(f) we denote the derivative of p with
respect to f. It follows for almost all f € F

Arp(f) =Sy — App(f) in V' for almost all f € 7. (2.15)
The proof of the next result is discussed in [22, Corollary 2.8].

Corollary 2.6. Let Assumption 1 be satisfied. Suppose that A € H'(F;C) and
q € HY(F;H). Then, p € HY(F;C(Q;C)NV). In particular, there exists a constant
K > 0 (independent of f) such that

max (16Dl + ) loge)) < K.

2.2. The finite element model. Suppose that o1,...,on € H'(Q;R) denote
linearly independent finite element functions. We set

N
VN = {zN:Zzﬁvgoi eV
i=1

zfve(Cforizl,...,N}CV.

A finite element solution to 2.8 is given as follows: p? € V' satisfies

B(pN,gpN;f) = <Sf,<pN>V,’V for all o~ e V. (2.16)

Inserting the expression p?V = Z;\f:l pjp; into 2.16 and choosing N = ; for
1 <3< N we arrive at

N
ZB(%,%;f)pj =(Sy, @i}y foralll<i<N.
j=1
Thus, 2.16 can be represented by the linear system
Bip=s;€C", (2.17)

where we set the matrix B as

By = ((B(Spj’spi;f))hgi,jgzv - ((<Af90j’90i>V/,V))1gi,j§N

and the two vectors p, sy by

p= (pi)1gigN’ Sf = (<va@i>v',v)1gigN = (<S(f)7‘Pi>H)1gigN'

Introducing the f-independent matrices

S= ((/ Vw-V%dw)) , M= ((/ %%dw» )
Q 1<i,j<N Q 1<i,j<N
Q= ((JQo/ @j@ids»
Iy 1<i,j<N
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the matrix By has the form By =S — k]%M +wyArQ. If Assumption 1 holds true,
the matrix By is regular for any f € J by Remark 2.5. Thus, 2.17 is uniquely
solvable. Consequently, 2.16 has a unique finite element solution p™ for any f € 7.

3. POD Galerkin scheme for the Helmholtz equation. In this section we re-
call briefly the POD method and explain the reduced-order model for the Helmholtz
equation.

3.1. The POD method. Let F = [f,, f] C R be a given frequency band satisfy-
ing Assumption 1. Then, there exists a unique finite element solution p™¥(f) € V¥
to 2.16 and p(f) = (pi(f))1<i<n to 2.17. Suppose that

fa§f1<f2<~'~<fn§fb

is a frequency grid in F. We set p% = p"(f;) and py; = p(f;) for 1 < j <n. Let us
define the subspace V = span {py,,...,ps, } C RY with d¥ = dimV < min(n, N).
We define the following weighted inner product in CV:

N N
(0, V) = u Wy = ZzuiWijVj7 u = (U)1<i<n, V= (Vi)lgiSN ec”

i=1 j=1

with W = S + M € RV*N_ Throughout, the symbol “T” stands for transpose of a
vector or matrix. Moreover, we set |ulw = (u, u)i,(, . Notice that W' = W holds

and W = ({7, i) )1igen-

Remark 3.1. For vV = Zfil Wi, 0N = Zj\;l vip; € VN we have

N N
<uN N ZZ“ Vi QDUQOJ Zzuz jiVy = ZZuiWiﬁj = <u, \7>W

=1 j=1 =1 j=1 =1 j=1

for vectors u = (0;)1<;<n and v = (v;)1<i<n in CN. Moreover, |[uV|v = |ulw
is satisfied. Thus, the V-topology in the finite element space corresponds to the
W-topology in the coefficient space CV. For W = M the H-topology in V¥ is
equivalent to the W-topology in CV.

For an arbitrary £ € {1,...,d"} we consider the minimization problem
n 4 2
min W) s U
min > aslps, - > s vy -

st (U, )y = 045 for 1 <id, 5 <4,

where {a;}7_; are nonnegative weights, d;; stands for the Kronecker symbol, i.e.,
d;i = 1 and 6;; = 0 for j # 4. A solution to P’ is called a POD basis of rank £.

The solution to P’ is given by singular value decomposition. Let us define the
linear and bounded operator R : CN — CV by

n
Ru:Zaj (u,py;) wbPf = Zaj Dt Wy P for u e CV.
j=1
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Moreover, R is symmetric and non-negative. In fact, we obtain

(Ru, V) Zaa W, By )y Py ¥ < Z% Pf;» Vv Pfj>
W

(3.1)
< Zaj v,Dy;) pfj> = (0, Rv)y, forallu,ve cN

and
ﬁW:Zaj<u,f)fj> upr ZO‘J u,py;) ’ >0 forallueCV.

Is is proved in [10, 23], for instance, that the solution to (P?) is given by the
symmetric eigenvalue problem

Ru;, = \u; fori=1,...,¢,

where A1 > X > ... > Ay > 0 denote the largest eigenvalues of the operator R.

3.2. The reduced-order model for the Helmholtz equation. Suppose that
we have computed a POD basis {u;}{_, of rank ¢. Then, we define the matrix

U= (... u) € CV*¢

which has rank ¢. We can associate with each columns of W a finite element function
as follows:

P; Q= C, oz Z\p”% for 1<j<d.

We conclude from (u;, @;)w = J;; that

Thus, the functions {1;}{_, are linearly independent in V. We introduce the /-

dimensional subspace V* = span {11, ...,4,} of VY and consider — instead of 2.16
— the following POD Galerkin scheme for 2.6: p* € V! solves
B(p',v; f) = / s(f)Yda for all o € V. (3.2)
Q

From p* € V¢ we infer the representation p¢ = Z§=1 n;9;. Thus, 3.2 is equivalent
to the linear equation system

14

> By, i [)nj = (Sps iy for 1<i <t (3.3)

J=1

Defining the matrix

B} = ((B(%‘aqﬁi?f)))gi,jge = ((<Af¢j’1;i>vgv))1gi,jgf

and the two vectors

n= (ni)lgigé’ Sf = ((Sf. z/’z>v/ )195@ = (<S(f)v¢i>H)1<ige

we can write 3.3 in the form
Bin =s} e C". (3.4)



10 O. LASS AND S. VOLKWEIN

If ¢ < N holds, 3.4 is a reduced-order or low-dimensional model for 2.17. Notice
that pr and sfp can be computed from the finite element representation by utilizing
the above defined matrix ¥ as a projection matrix:

Bl =U'BU =07 (S—kiM+wrA;Q)W, sf=1U's.
If Assumption 1 is satisfied, the matrix By is regular for all f € F. Then, B‘} is
also regular for all f € F. Thus, 3.4 possesses a unique solution p‘ = (pf)lgigg.
Moreover, p¢ = Zle pf?,/}i is the unique solution to 3.2.

The error between a solutions to 2.16 and to 3.2 can be bounded by an a-priori
estimates. For that reason we need the next assumption.

Assumption 2. For f € F let Z? denote the set of singular values o so that
Bffu = o?Mu

has a solution u € CN \ {0}. Then there exists a § > 0 independent of { and N
such that inf inf |k; —o| > § hold.
feF oexh

The following results follows from [22, Proposition 4.1].

Proposition 3.2. With Assumption 2 holding there is a constant C > 0 indepen-
dent of £ and N satisfying

n aN
> i N () Ul <€D A
j=1

i=0+1

4. Optimal snapshot location. Suppose that Assumption 1 holds. The POD
basis {u;}{_, of rank ¢ is determined from knowledge of the solution {py,}7_, at
discrete frequencies f; € J. We distinguish here between a predefined set chosen
on a uniform distributed frequency band and additional frequencies which will be
determined in an optimal way [15].

4.1. The optimal control problem. Let n be the number of fixed chosen fre-
quencies { f; }7_; with associated solutions py, = p(f;) € CN t0 2.17. The snapshots
at new frequencies f, € F, 1 < k < n, are denoted as ps, = p(fr). We set

V= span{pfl, co s Do Py ,pfn} C (CN
with @V = dimV < min(n + n, N). Let £ € {1,...,d"} be the number of chosen
POD basis functions. Throughout we denote by f the vector (fy,...,f,) € R" - for
simplicity — and define the bounded linear symmetric operator

R(f)u= Z (u, pfj>w pf; + Z (u, r)fk>W pr, forue c.
j=1 k=1

As described in Section 3.1, the POD basis of rank £ is given by the solution to the
eigenvalue problem

R(f)ul = /\iui, 1 S ) S E’ (41)
where the eigenvalues are ordered and for the simplicity of the presentation are
supposed to be simple:

A1 > A >0 > N\ > 0.

Thus it follows that (u;,T;)w = 0 for 1 <i < ¢ with ¢ # j and we assume that

[uilyy =1 for 1 <i</. (4.2)
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Next we formulate the optimization problem. For that purpose we define the
Hilbert spaces

X = HY(F;C) xR" x (CN)" xR, yY="L*F;C)x (CV)" xR’
endowed with their natural product topology and with

((CN)K:(CN x...xCN.
—_—————
{-times

Throughout we denote by =z = (1,f,u,A) an element in X, where n = (7;)1<i<¢,
f= (fi)lgign, u = (ui)lgigg and A = (/\i)lgigg hold. Furthermore, £ = (q,u, @)
stands for an element in Y with q = (q;)1<i<e, p# = (i)1<i<e and ¢ = (¢i)1<i<s-

To quantify the difference between the solution p™V(f) = Zle pi(f)p: to 2.16
and the solution p(f) = Zle n: ()i to 3.2 we introduce the cost functional
J: X — R by

oy / 1Y) — B (DI df (4.3)

for p(f) = (pi(f))1<i<nv and x = (n,f, 9, \) € X, where 5 > 0 is a scaling parameter.
It follows from the a-priori estimate of Proposition 3.2 that the cost J decreases
provided we increase the number ¢ of POD basis functions in the Galerkin scheme.
For the optimal snapshot location we fix the number ¢ and add additional snapshots
pf., 1 <k <n, in an optimal way so that the cost J is minimized. From

N 4
Z ‘I'”(Pz = Z ( ) Pi and pe(f) = Zm(f)% (ZE)
we infer that
N ¢
V() =) (@) = Z <p(f) — Zm(f)%) i)
N " N
=> () = In(f),eix) =>_ (0(f) = p'(f), pi(=),

where (u;); denotes the i-th component of the vector u; and we set p*(f) = Un(f).

Thus,
5/ I ( ||vdf—ﬁ/ Ip(f) — ()2, df

holds. We write the equality constraints as an operator equation. Therefore, we
define the nonlinear mapping e = (e1, ea,e3) : X — Y by
(R(f) = An)w
e1(x) = B?pé(f) - s? € HY(F;CY), eox) = € ((CN)Z,
(R(f) = Ae)ug
1wy
es(z) = € R¢

1— [ugfy
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for x = (n,f,¥, X) € X. To write the inequality constraints f, <f; < fi, 1 <j <n,
in a compact form, let g = (g1, g2) : X — R?" be defined as

fo—T1 fi —fo
gi(z) = eR" and ¢o(x) = e R"
Ja —fn fo = fo
Now we can express the minimization problem as
minJ(x) st. x € Xya, (P)

where the feasible set for P is given by
Xoad = {x eXl|e(x) =0in Y and g(x) <0 in RQ”}.

Summarizing, in addition to given frequencies { [i}j—1 we determine further n snap-
shot locations {fy}}_, in an optimal manner by solvmg P so that the resulting
reduced-order model is improved.

Theorem 4.1. Let Assumption 1 hold. Then, P has at least one (global) optimal
solution x* € Xyq.

Proof. The proof follows by similar arguments as in the proof of Proposition 2.2
n [15]. In particular, we can utilize that the linear and bounded operator R(f) is
defined on the finite dimensional space C". O

4.2. First-order necessary optimality conditions. In this section we present
the first-order necessary optimality conditions for P. For the proof we refer the
reader to the appendix.

Theorem 4.2. Suppose that Assumption 1 holds. Let x* = (77* f*out, A*) € Xyq be
a local solution to P. We assume that the eigenvalues {\:}i_, of R(f*) are simple.
Then there exists an associated Lagrange multiplier £* = (q ws, o*) €'Y satisfying
together with x* the following system of adjoint equations:

(p(f) = p‘“*(f%l’l’f)w
BYqr(f) = : : feq, (4.42)
(p(f) —p" ( ), >w
(R(F) - *) (G — (G, W) ul) espan {ui} T 1<i<e,  (4.4D)
Re((uf, 17 )w WL w) = 0 1<i<l  (44c)

( fiy)
where p*(f) = zﬁzl m(Oug, () = S ai(Huy, BYY = BT, Gr =

Wlgs 1 <i</(and

g = L a; (F)(Bp®*(f) = s7) +n; (f) (B,“cqfﬂf) - §W(p<f> - pf’*<f>) af

with B? = B}r. Moreover, the following variational inequality holds for k=1,...,n

4
(| 32 ({60,500 D (i) (=5 ) 20 (1)

i=1

forall feT.

The proof of the first-order optimality condition for P is based on the Wirtinger
calculus approach; see, e.g., [2, 21].
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Remark 4.3. 1) By assumption, all eigenvalues {\!}{_, of R(f*) are simple.
Thus, (u;,0;)w = d;; holds for 1 < 4,5 < ¢. Fori e {1,...,{} we decompose
u; as follows:

Wi = piq + pio € span {uz‘}J' @ span {Uf}

with uf = pf — (uf, 0)wuf and pf 5 = (uf, 07 )w uj. From
(RAF) = N = (RAF) = Al
and 4.4b we infer that p7 5 = 0 holds. Thus,
(U, 0@y =0 fori=1,....10

2) Note that 4.4D is a problem of the size N. Therefore, we make use of part 1) to
compute an approximation ,uf’* for py, 1 < i < /¢, by the following projection:
Lmax
* * ko —k * * ok £,%
My = My — <Mz‘aui>wui ~ Z Vi Wy =y
J=1,#i

where {u}}im< are the eigenvectors of R(f*) associated with the eigenvalues
AP > > A >0 with fyax € {£41,...,dV}. To determine the 7;’s we

insert ,uf’* into 4.4b and project 4.4b onto span {uj}jg{ly.“’gmx}\{i}, i.e.
W (R(F) =A™ = =0 (G — (GF, 1))y u) € Chms,

where we have set
U= (ui | ui g [y |-, ) € CN*Umax=D) =y — 1 . 4.

4.3. Reduced control problem. Let Assumption 1 be fulfilled. Suppose that
f = (fi,...,f,) with f € F for 1 < k < n. Due to Assumption 1 there exists
unique finite element solutions pé\j = pN(fy) for f, € F, 1 < k < n. Thus, we
can determine a POD basis {¢;(f)}{_, of rank ¢ and corresponding eigenvalues
{\i(F)}_, by solving the eigenvalue problem 4.1. We set 1(f) = (¢:(f))1<i<e €
(CM)fand A(f) = (\i(f))1<i<s € RE. Utilizing the POD basis we derive the reduced-
order model 3.4 for the Helmholtz equation. By Assumption 1 there exists a unique
7 solving 3.4 for every f € F. Since the 1;’s depend on f, the POD coefficient vector
71 depends on f as well and we write n(f). Summarizing, the variables 7(f), ¥ (f)
and A(f) are uniquely determined for a given vector f of frequencies. Thus, we can
introduce the so-called reduced cost functional by

J(F) = J(n(), f,(F), A(F))  for f = (fr),_, ., with f, € F. (4.5)

Then, we consider the reduced problem

min J(f) s.t. (f&),<pc, With fy € F (P)
which is equivalent to the original problem. It follows from 4.4d that the gradient
of J is given by

52 (608 B, D (B ) (08 0, D (B 1))

VJ(f) = 2Re : . (4.6)

5 (07 B0 )y (B i g = (057 PE ) (B 111y )

i=1
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4.4. Adaptive POD basis computation. In this section we introduce the adap-
tive POD basis computation strategy. To start we have a look at the decay of the
normalized singular values. In order to have an efficient reduced order model it is
required that the singular values decrease fast and hence the number of needed POD
basis functions is small. When looking at Figure 4.1 we can see that the normal-
ized singular values do not decrease fast in the beginning. This implies that many

Decay of the Singular VValues (Normalized)

10°

0 (Singular Value)

#

FIGURE 4.1. Decay of the singular values for the frequency range
from 200 to 500H z.

POD basis functions will be needed to approximate the frequency range from 200
to 500H z. Here one would need approximately 30 POD basis functions. Since the
variables are complex this means 30 real and 30 imaginary basis functions. Hence
we want to develop a strategy to compute the best possible POD basis with the
fewest snapshots required.

Let us now introduce an adaptive strategy. For this we use the obtained results
from the optimal snapshot locations. The idea is to start with a small frequency
range and extend it iteratively. This can be done a-priori or when it is required by
the application. When extending the frequency range we have to solve either the
optimization problem P or P to add the best possible snapshots.

Algorithm 1 (Adaptive POD basis strategy)

Require: Snapshot frequencies {f;},, ¢, extension intervals {I;}1";
1: for : =1 to m do
2: Set initial fO € I; (e.g., center of extension interval);
3 f*= (f;)lSan + solution to P with fj el
4:  Add f* to the frequencies { f;}_,
5. Set £ =/(+ AY;
6: end for
7. return Extended snapshot frequencies {f;}/4/"" and ¢;

5. Numerical experiments. In this section we will present some numerical re-
sults for the adaptive POD approach described in Section 4.4. Let us start with
the problem settings. The acoustic domain  C R? and the impedance boundary
I'r = {x = (21,0)]0.5 < 2 < 1.8} are illustrated in Figure 5.1. We apply a stan-
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Domain and Boundary

(o] 0.5 1 1.5 2 2.5 3

FIGURE 5.1. Left plot: computational domain Q C R? together
with the boundary I'y (black line) and I'g (dashed line); Right
plot: experimental design at the Competence Center The Virtuale
Vehicle in Graz (see http://www.vif.tugraz.at).

dard piecewise linear finite element (FE) discretization with 695 degrees of freedom.
Next let us introduce the missing parameters. The right hand side is given as

1 . gm(f — 200)
Zexp I 2
5P 50
where &, = (0.28,1.21). The parameters ¢, ky and wy are already given in 2.7.
Lastly the f-dependent admittance Ay are plotted in the right plot of Figure 2.1.

The weights «; in the optimization P are set to one. Further the scaling parameter
[ is set to

sp(x) = ) exp(—50|x — x,]?) for z € Q and f € [200, 500],

M
8= a; oV (£l df
j=1
with f; = fo + (7 — DAf, Af = (f» — fa)/M and trapezoidal weights {a;}7_;. All
computations are carried out with complex variables, i.e. the real and imaginary
parts are not separated. The integral over J is computed by using a trapezoidal
rule, where J is discretized equidistant with stepsize one.

The optimization problem is solved by using a quasi-Newton method, since the
second derivative is rather involved. For the convergence analysis of these methods
we refer the reader, e.g., to [18]. The code is written in MATLAB utilizing the
PARTIAL DIFFERENTIAL TOOLBOX and the OPTIMIZATION TOOLBOX. Hence, for
convenience the routine fmincon is used to carry out the optimization. The options
are chosen as follows
optimset(’Diagnostics’,’on’,’Display’,’iter’,’LargeScale’,’off’,

’GradObj’,’on’,’TolFun’,1le-7,’TolX’,le-4, MaxIter’,100);
Note that we supply the routine with the analytical gradient 4.6. In the following
we will present numerical results for different scenarios using the adaptive POD
strategy.

Run 1 (One optimal snapshot location for a fixed interval). We consider the fre-
quency range from 300 to 330H z. Given the snapshots to the frequencies f; = 300+
for i = 0,...,15. In this test we want to find one additional frequency f to mini-
mize the cost given by 4.3, i.e., we have n = 1. We take £ = 4 POD basis functions.
In the left plot of Figure 5.2 (left) the behaviour of the cost function is presented
for three different scenarios. The dash-dotted line represents the case when no
additional snapshot is added, i.e. the snapshots corresponding to the frequencies
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Cost function Gradient

x10~°

== NO Snapshots added NumGrad
—o— 1 Snapshot added 1.5H —e—Grad
0.025= = == = = =i=imimmmmm = === = = = ALL Snapshots added

0.02-

Cost

0.015F

Gradient

0.01r

0.005F

gls 318 320 322 324 326 328 330 7316 318 320
Frequency (f)

22 324 326 328 330
requency (f)

FIGURE 5.2. Run 1: behaviour of the cost function for three dif-
ferent scenarios (left plot) and the corresponding gradient (V.J(f))
(right plot).

fi =300+14,7=0,...,15, are used to compute the POD basis of rank ¢. The
dashed line represents the case that the POD basis of rank ¢ is computed using
snapshots corresponding to f; = 300 + 4, i« = 0,...,30, i.e. all the frequencies.
The line with stars represents the addition of a single snapshot corresponding to
frequency f € [315,330]. It can be seen that by adding a single snapshot nearly
the same value for the cost function can be reached compared to adding snapshots
for all the frequencies. In the right plot of Figure 5.2 a comparison of the numer-
ical (NumGrad) and the analytical (Grad) gradient are plotted. In Table 5.2 we
compare the obtained optimal f when using the analytical and numerical gradient
and the performance of the optimization algorithm. It can be seen that for both

Method f* J(f*)  CPU time iterations
Grad 327.44 0.001804 0.95 6
NumGrad 327.53 0.001802 0.62 6

TABLE 5.2. Run 1: results for adding one additional snapshot by
optimization using the analytical gradient (Grad) and the numeri-
cal approximation of the gradient (NumGrad).

cases similar results are obtained. The optimal frequency f* is around 327.5H z and
the cost function has the approximate value 0.0018. For both types of gradients
the optimization method needs the same number of iterations. The optimization
utilizing both analytical and numerical gradient are comparable. For comparison,
the value of the cost function using the frequencies f; = 300+ ¢ for 1 =0,...,30 is
0.0014, which is a very small difference.

Run 2 (Two optimal snapshot locations for a fixed interval). In this experiment
we consider the same settings as in Run 1. The main difference is that we now want
to add not only one new snapshot but two. Hence we will be looking for a tuple f =
(f1,f2) € [316,330] x [316, 330] to minimize the cost function 4.3. First we again look
at the evaluation of the cost function for all the different combinations for f = (f, ).
Figure 5.3 shows the evaluation of the cost function as 3D plot and as contour plot.
It can be seen that the cost function is symmetric, i.e. J(fi,fy) = J(fy, ;). Further
in Figure 5.4 a comparison of the analytical and numerical gradient fields is shown.
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Cost function Contour Plot of Cost Function
330 T T r -
[ INO Snapshots added — %
2 Snapshots added A %
[ JALL Snapshots added 328
0.03
326k
~ g
5 8
> 3241 N
o
c
()
3
g 3221
* o
=)
320 %, \ g
0015, - \ ~
330 318 o § ’
> . 2
na 87
2% o\ B
B\ % |
316 ‘ : : : ] s
316 318 320 322 324 326 328 330
330 Frequency (fz)

Frequency (fl)

Frequency (fl)

FIGURE 5.3. Run 2: cost function when adding two additional
snapshots (f1,f1) in 3D (left plot) and as contour plot (right plot).

Next we look at the optimal f* obtained by the optimization, see Table 5.4. Again

Gradient Numerical Gradient
sl VYV YV Y v s sl VYV XYY s
| I N e R e R A A A | I R R S T T R R 4
LI T S N T ST T T T it LI T T T T T T N - -
LN T T T T Y Y B -7 LN T T T T Y S -
R T A A (= N O O O O N A
9 A A A BEEN RS T
g RS fllsezm27 "7
[T ////’-—“:‘ - - L l///’—-o—:— - —
320t ///’——-‘—‘— - - = 3201 ////t-‘—’— - - =
///’t-<—0—-- - - — ///’t—‘—~~°- - - —
///‘/n—<—-—:~—-—- - — /// ::-—— - —
///‘,-.—4—-—"— - - - — /// - - - —
//”_4—-—-'—&@-.—._ - - — // —— - - - —
315 - - 315 - -
315 320 330 315 330

325 20 325
Frequency (fl) Frequency (fl)
FIGURE 5.4. Run 2: analytical (left plot) and numerical (right

plot) gradient VJ(f) when adding two additional snapshots f =
(f1,f1).

we observe that using the analytical and numerical gradient deliver very similar
results. The obtained result for the frequencies is around f* = (319.85,328.10) and
the corresponding value of the cost function is at 0.0016. Recall that the value of
the cost function using the whole frequency range is 0.0014 and for adding only
one additional frequency is 0.0018. So there is a small improvement when adding
two frequencies. Comparing the CPU-time needed for the optimization there is no
large difference. As with adding one frequency the optimization utilizing different
gradients are again comparable.
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Method fy f5 J(f*)  CPU time Iterations
Grad 319.86 328.07 0.001610 0.66 5
NumGrad 319.84 328.15 0.001608 0.74 6

TABLE 5.4. Run 2: results for adding two additional snapshots by
optimization using the analytical gradient (Grad) and the numeri-
cal approximation of the gradient (NumGrad).

Run 3 (Adaptive POD basis computation). In this experiment we focus on the suc-
cessive adding of additional frequencies. For this we consider the following settings.
We use an initial frequency range f; = 199 + ¢ € [200,210] for ¢ = 1,...,11. And
we initially set £ = 3. Now we want to construct a POD basis for the frequency
range [200,300] using the strategy described by Algorithm 1. For this we intro-
duce the extension intervals I; = [200 + 104,200 + 10(¢ + 1)] for ¢ = 1,...,m with
m = 9. In each interval we will compute an optimal f; and add it to the frequency
set {fi,..., fi1, 7., f;,_ }. The number of POD basis functions is increased
alternately, i.e. in the intervals with even index we increase £ by A¢ = 1 and the
intervals with odd index we do not increase ¢. Thus, we will utilize £ = 8 POD basis
functions for the computation of f; in the last interval Iy. This is realized by the
MATLAB command ell=ell+mod(i,2), where i is the index for the intervals. As
the initial guess f?i for f7, in each interval we choose the corresponding midpoints.
In Table 5.4 the initial and added snapshot for each interval I; is shown. Again

Method Grad NumGrad
Interval I; f7 fr initial 7
I, =[210,220] 218.1510 218.1684 215
I, = [220, 230] 224.9994  223.9296 225
I3 = [230,240] 238.2373  238.1699 235
I, = [240,250] 246.8142  247.0282 245
I = [250,260] 255.8309 255.5789 255
Is = [260,270] 265.8839 265.9337 265
I; = [270,280] 270.0000 280.0000 275
Is = [280,290] 285.0000 290.0000 285
Iy =[290,300] 293.7210 293.9376 295

TABLE 5.4. Run 3: initial and optimal frequency for each interval
obtained by the optimization using the analytical gradient (Grad)
and numerical gradient (NumGrad).

we compare the results when using an analytical gradient to the results obtained
when using a numerical approximation of the gradient. One can observe that the
obtained f in each interval are very similar. In the intervals I; and Ig a larger
difference can be observed. This is due to different optimization strategies used by
MATLAB and an almost constant cost function. To compare the performance of
the adaptive strategy we look at the value of the cost function 4.3 as well as the
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approximation error

300 300 300
2 2
Er= > oY) -2 Dlly = > o) =" (Dlw= . [p(f) — n(f)ly-
£=200 £=200 £=200
It is desired that Err is sufficiently small. We define the sets
gn:{fla"'7fll}7 ’S*:{f;(lv"'f;cg]W
Tan = Tn U{211,212,...,300}, Finie = {f,, ...}

Additionally to adding the optimal snapshots we compare the following scenarios:

1) use snapshots at the frequencies §,, to get a POD basis of rank three,

2) utilize snapshots at the frequencies §,, UFinit to compute a POD basis of rank
eight,

3) use snapshots at the frequencies F,;; to determine a POD basis of rank four,

4) utilize snapshots at the frequencies Fa1; to compute a POD basis of rank eight.

These scenarios are interesting since from the results it can be seen whether the
adaptive POD strategy is effective. The question is if it is necessary to add addi-
tional snapshots or if adding the center of an extension interval is also sufficient. In
Table 5.4 the results are summarized. It can be seen that the adaptive strategy pro-

Method ‘ Grad NumGrad ‘ Grad NumGrad
Frequencies /¢ | J(f*) | Err
3n 3 5.2952 0.1662
Sall 4 2.3517 0.0738
FnUBinie 8 0.2717 0.0085
FUg* 810.0234  0.0230 |0.0007  0.0007
Sall 8 | 0.0550 | 0.0017

TABLE 5.4. Run 3: comparison of the results of different scenarios
for the computation of the POD basis. The choice §, U F* in
the forth row correspond to the adaptive POD basis approach of
Algorithm 1 using the analytical gradient (Grad) and the numerical
approximation of the gradient (NumGrad).

vides the lowest value in the cost function and the lowest approximation error. Even
the approximation error obtained by using §.;; is larger. This can be explained by
the fact that by the optimization the optimal snapshots are added. Hence snapshots
are obtained which are not in the set §F4;;. Not adding any additional snapshot (F,,)
or just adding the centers of the extension intervals (§, U Fini¢) lead to significant
larger values for the cost function as well as the approximation error. Further we can
see that using the analytical gradient or the numerical gradient deliver almost the
same values for the cost function and approximation error although some differences
in the optimal frequencies could be observed in Table 5.4. To conclude this numer-
ical experiment we look at the performance of the two approaches in the means
of computational time. When using the analytical gradient the adaptive strategy
needs 33.9 seconds to terminate. Compared to the numerical gradient which needs
12.2 seconds this is longer but the algorithm can not be compared directly since the
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MATLAB routine internally use slightly different methods. What can be said is that
the strategy is applicable since the computational efforts are not too large and the
obtained optimal frequencies lead to better snapshots and hence to a better POD
basis. Further this strategy can directly be incorporated with the application. The
extension of the interval can be performed when required and with the strategy it
is guaranteed that the extension is performed in an optimal way.

Appendix.

Proof of Theorem 4.2. The existence of a unique Lagrange multiplier £* =
(q*, u*, ¢*) € Y follows from a standard constraint qualification; see, e.g., [17]. The
application for the present application is analogous to the proof of Proposition 2.4 in
[15]. Here, we use that, by Assumption 1, both 2.13 and 2.15 are uniquely solvable
for any f € JF; see Remark 2.5 and Corollary 2.6.

To derive the first-order optimality condition for P we apply the Wirtinger
calculus approach [2, 21]. For this we introduce the Lagrange functional L :
XxXxYxY — Cis defined as:

:§/§<p<f>—im< fuisp i” >

; / B 5) o) + (B5nr) ) s

W

+ Z (R =X, i)y + ((RAE) = s i)y + (1= Juiliy) o)

for ¢ = (272,575)7 Z = ("77{:711’)‘) € X and § = (qaﬂa¢)> £ = (Q7ﬂu¢) €Y. We
will show that the Lagrange multiplier £* associated with the optimal solution z*
satisfies £* = £*. Since 1 — lu;|%, € R holds, we use a standard Lagrange multiplier
for this constraint.

First we compute the derivative of the Lagrangian with respect to 7 in an arbi-
trary direction 75 = (9s1,...,m50) € HY(F; C*). We derive that

EU(C)n6:L<(Bfn5( ))Tél(f)_gin&i(f) <uu an > )df

Setting B?’T = (ch)T we have

(BSns(£)) "a(f) = ns(f)BY Znéz BY (),

for f € F. Thus, it follows that

w= [ ) ((B57a0), - § (weptr) - i:ﬁj(f)ﬁj>w> af

for all n; € H'(F;C*). Therefore, the ﬁrst—ogder necessary optimality condition
L,(¢*)ns =0 in HY(F;CY) at ¢* = (2%, 2%, £, £%) implies that
(ui, p(f) = p"*(f)w

By (f) = g : for f € F, (A1)
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J
Next we turn to the derivative of the Lagrangian with respect to 77 and derive

where we have set p“*(f) = Z§:1 5 (f)u;.

14 L
£a(O = | (By() a(h) = 5 X nih) (o) = L mp(Dws) df
. 2

for all 7is = (751, - - -,7s.0) € H'(F;CY). Notice that

T

l
(BSis(£) alf) = s () B Talf) = as(H) "B a(f) =D s (£) (B a(f)),
=1

for f € F. Consequently,

£3(C)is = | S (85 atr), = 5 (o) - fnj<f>uj,m>w) af

for all fj5 € H'(F;C*). Thus, the first-order necessary optimality condition £;(¢*) =
0 in H(F;C*)’ implies that

BYMq(f) = g : for f e F (A.2)

(D(F) = D (1) Wy ) =0 (e
=By q(f) =B"q(f) for feT.

It follows from Assumption 1 and Remark 2.5 that the matrix B§ is invertible for
all f € F. Thus we derive that

qd"=q" in L*(F;C") (A.3)
holds, i.e., A.1 and A.2 are equivalent. In the sequel we will replace G* by q*.
Now we consider the derivative of the Lagrangian with respect to f = (f1,...,f,).

For 1 < k < n it follows that

IR - _ .
(f)u = <u7 pfk)W pf, T+ <u7 pfk>W Pfy for u e (Cev
of
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where py, solves 2.15 for f = f. Therefore, we have

»ka (C)
= Z << uza Pfk w Pfi + <ui7 [_)fk>w pfk?/'l’i>

W + <<ui7 Efk>W pfk + <u’i7 E)fk>w bf}caﬁi>w)

¢
= Z <<<ui7 pfk>w E)fk + <ﬁz7 Pfk>w 6fk7/1"£> + <<uia Efk>w Pk + <ui7 E)fk>w pfky,ai>w>
i=1

W

~

= 3 (0 P+ (5 B )

+ Z ( U, pfk pfka,uz> + <ui7 F_)fk>w<bfk7ﬂi>w) for 1 < k <n.

From the first-order necessary optimality condition L¢, (¢*)(f —f}) > Oforall f € F
and for 1 < k < n we conclude that

S (05 55y (B )y (00 P D Bf 1y)

i=1
+Z( 0By (PR, 1 Dy 00 BF,Dy (Bf Dy ) (F = ) = 0

forall fe Fand 1 <k <n.
Next we compute the derivative of the Lagrangian with respect to A; for 1 < i < £.
Since \; € R holds, we find

L, (Q) = =W, pi)w — (W, fli)yy  for 1 <i <L
Utilizing £(¢*) = 0 we derive
(G )y + (0 Dy =0 for 1< <. (4.5)

Now we investigate the derivative of the Lagrangian with respect to u € (CV)~.
First we note that

(A4)

N N
sz] <Afwj,¢z ViV ZZ Af3017<Pk>v/
k=11=1
N N
:ZZ quBfkl—u Bfuj
k=11=1

and
N
= (St hidyy = D 0S5 @)y y =185
k=1

for 1 <i,5 </{¢and f € F. Thus, we find that

=)o) = 3 (B 7 Jats

i=1

J4 14 B
= (Z (ujBfﬁjﬁj(f)) - u;'rsf>qi(f)
i=1

j=1
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and
T ?
Y4 Y2 ~
(Bn(f) —s5)Ta(f) = Z(

for f € F. Thus, we have

L
+/§Z(Z(%1Bfuﬂ7j(f>) u&ﬁf)%(f)df
+ /? D2 W Brusgn;(Nai(f)df

30 (R = Mg fshye = (55, 00) 1)

for an arbitrary direction us = (us1,...,use) € (CN)*. For f € F we set p‘(f) =
Z?:l n;(f)u; € CN and '(f) = Zle di(f)i; € CN. Then, we have

0 4
> (Z(uaT,iBfujﬁj(f u(ssz) Zqz Jus; (Bypf(f) —s)
j=1

and
¢
> Byus n; (£)a(f) = n () (f) Brus,; = n;(f)ug ;B a(f).
i=1

Hence, we derive

+ Z ( Us,is fi)y — (Us,is ¢iﬁi>w)

for all us € (CV). Utilizing the first-order necessary optimality condition £,(*) =
0,9y e Rfor 1 <i<Y{, BH = BT and A.3 we obtain

0—21152/ q; prév*(f)—Sf)df

+Zum / i (B?qe’*(f)—§W(p(f)—pfv*(f))>df

+Z( AUs.is 5 )y (u[s,i,¢fﬁf>w)
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for all us € (CN)¥, where we have set q“*(f) = Zle qf(f)ur. Analogous to 3.1 we

deduce that

(R(F)u, ¥) = (0, R(F)v)y for all u, v.e CV.

We define the vectors gf € CN,1<i<y, by

o = / o (F) Bt (f) —sp) df
F

+ [ (Bpate ) - W o) af

and set Gf = W1gr € CV for 1 <i < /¢. Using g = WG} we deduce

T % T ok A~k
Us 8 = ué,iWGi = <U5,i,Gi>w~

Thus, ¢; € R and A.6 imply for all i € {1,...,¢} that

0 = <L15’i, G:>W +
= <u5,i7 C1':<>V\/' +

= (5,1, GT + (R(F) = At — 67 )y )

for all us,; € CN. Thus, we obtain

(R(FY) = XD = =G + ¢fuf in CN for 1 <i < /.

Combining A.6, A.8 and using R(f*)uf = Afu} we find that

o = o7 [} [y = (#7uf, Wy = (R(F) = ADAT + GF, )y

= ((R(f) = X)), 07 )y + (G, 0 )y

= (i, (R(F*) = X))y + (GF, 1))y = (G}, 17

for 1 <14 < /. Hence, A.8 can be expressed as

(R(F) — ADir = —(GF — (G}, )y ul) € span {w - for 1 <i < L.

((R(FY) = AD)usis 17 vy — (6.6, 9507 )y
(a5, (R(F) = A )y — (s, 6715

(A.6)

(A.9)

(A.10)

Finally, we compute the derivative of the Lagrangian with respect to u. We

obtain
ERS ‘
cal@is = [ 53 (o) = (i) s
7= j=1 w
T )
+ [ 303 uT Byt (el df
Fi=1 j=1

.
Il
_
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for any direction fis = (fi5 1, .,1s5¢) € (CV):. Again we set p(f) = Z§:1 n; (f)u,
and q‘(f) = Zle qi(f)u;. Then, it follows that

4 4 T
ZujBfﬁa,jﬁj(f)qz‘(f) = (ZQi(f)uz) Bis ;77 (f) = o“(f) " Byiis;n;(f)

= (/) (BT (f)) "y = i (f) (B () s,

Y4

Zﬁ(—sr,iBfujnj(f)(Nli(f) =1, ,By ( Z Uj(f)%)fli(f) =1 . Byp"(f)ai(f)
Jj=1 j=1
= (Byp'(/)) " sd(f)
for f € F. Recall that W' = W holds. Thus, we find
L
£ul@is =, [ wn(Ba) - S W0in - p0) ) s
i=1

for any direction @is € (CV)*. Using A.3, A.6 and A.7 the first-order necessary
optimality condition £;(¢*) = 0 implies that

i
M~

(7 + ((ROF) = N il oy — (i, 6700 )y )
1

.
I

Il
M~

(8, WG + (5., (RAF) = X))tk = 605y )
1

.
Il

(U6, (R(F7) = A + GF = 6705y

s
Il
-

|
.MN

for any direction fi; € (CV)¢, where we have used gf = WG}. From A.9 we conclude
(R(F*) = A)pi = —(Gf + (G}, @)y i) €span{uj}- for1<i</{ (All)
From A.10 and A.11 we obtain that
(R(F*) = A)pi = (R(F*) = X)) € span {uj} .

Since the linear equation (R(f*) — A\J)u; = r; is uniquely solvable for every right-
hand side r; € span {u}}* we conclude that

ar=pr for1 <i<U/. (A.12)
From A.5 and A.12 we infer that

0 = (0}, 1 vy + (0F, i )y = (07, 1 ) + (05, 1 )y = 2Re (07, 1 )wy)
for 1 <4 < ¢, which implies
Re (), 1))w) = Re((u], i} )y) =0 for 1 <i <L
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see 4.4c. Furthermore, A.12 implies that

14

£6,(¢7) =37 (40 80w (BF 1) + (07 P (B 4y )

i=1

4
3 (0 Bidw (P D+ (s P (B ) w )
1=1

= 23‘36(

2%Re

-

s
Il
-

(0 Bt + 0 ) )

I
-

Il
—

(405 B w (P )y + <u:,p;;>w<p;;,ﬂf>w)) for 1< k<n,

3

which implies 4.4d.

Remark A.1. Let us mention that the first-order necessary optimality conditions
can also be derived by considering the following Lagrange functional £ : X xY — R
defined as:

B 6 4 . o - 14 N -
0=5 [ (s~ nthmept) Z_:lm(f)uy>wdf

come( [ B df+z RO~ At ) + 3 (1= hufi)o

for 0 = (2,€), z=(n,f,u,\) € X and £ = (q, 1, ) € Y
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