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Decomposable Norm Minimization with Proximal-Gradient Homotopy
Algorithm

Reza Eghbali - Maryam Fazel

Abstract We study the convergence rate of the proximal-gradient homotopy algorithm applied to norm-
regularized linear least squares problems, for a general class of norms. The homotopy algorithm reduces the
regularization parameter in a series of steps, and uses a proximal-gradient algorithm to solve the problem at
each step. Proximal-gradient algorithm has a linear rate of convergence given that the objective function is
strongly convex, and the gradient of the smooth component of the objective function is Lipschitz continuous.
In many applications, the objective function in this type of problem is not strongly convex, especially when the
problem is high-dimensional and regularizers are chosen that induce sparsity or low-dimensionality. We show
that if the linear sampling matrix satisfies certain assumptions and the regularizing norm is decomposable,
proximal-gradient homotopy algorithm converges with a linear rate even though the objective function is
not strongly convex. Our result generalizes results on the linear convergence of homotopy algorithm for
l1-regularized least squares problems. Numerical experiments are presented that support the theoretical
convergence rate analysis.

Keywords Proximal-Gradient - Homotopy - Decomposable norm

1 Introduction

In signal processing and statistical regression, problems arise in which the goal is to recover a structured
model from a few, often noisy, linear measurements. Well studied examples include recovery of sparse vectors
and low rank matrices. These problems can be formulated as non-convex optimization programs, which are
computationally intractable in general. One can relax these non-convex problems using appropriate convex
penalty functions, for example ¢;, ¢1 2 and nuclear norms in sparse vector, group sparse and low rank matrix
recovery problems. These relaxations perform very well in many practical applications. Following [I0L6],
there has been a flurry of publications that formalize the condition for recovery of sparse vectors, e.g., [2]
[42], low rank matrices, e.g., [34[4l[12] from linear measurements by solving the appropriate relaxed convex
optimization problems. Alongside results for sparse vector and low rank matrix recovery several authors have
proposed more general frameworks for structured model recovery problems with linear measurements [510]
[27]. In many problems of interest, to recover the model from linear noisy measurements, one can formulate
the following optimization program:

minimize ||z|| (1)

subject to || Az — b5 < €2,
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where b € R™ is the measurements vector, A € R™*" is the linear measurement matrix, €2 is the noise
energy and ||-|| is a norm on R™ that promotes the desired structure in the solution. The regularized version
of problem () has the following form:

1
minimize §||Ax—b||§+/\||117”a (2)

where A > 0 is the regularization parameter.

There has been extensive work on algorithms for solving problem () and (2] in special cases of ¢; and
nuclear norms. First order methods have been the method of choice for large scale problems, since each
iteration is computationally cheap. Of particular interest is the proximal-gradient method for minimization
of composite functions, which are functions that can be written as sum of a differentiable convex function
and a closed convex function. Proximal-gradient method can be utilized for solving the regularized problem

When the smooth component of the objective function has a Lipschitz continuous gradient, proximal-
gradient algorithm has a convergence rate of O(1/t), where ¢ is the iteration number. For the accelerated
version of proximal-gradient algorithm, the convergence rate improves to O(1/t?). When the objective func-
tion is strongly convex as well, proximal-gradient has linear convergence, i.e. O(x') with £ € (0,1) [29].
However, in instances of problem () that are of interest, the number of samples is less than the dimension
of the space, hence the matrix A has a non-zero null space which results in an objective function that is
not strongly convex. Several algorithms that combine homotopy continuation over A with proximal-gradient
steps have been proposed in the literature for problem (2] in the special cases of ¢; and nuclear norms [13]
44431[221[4T]. Xiao and Zhang [45] have studied an algorithm with homotopy with respect to A for solv-
ing /1 regularized least squares problem. Formulating their algorithm based on Nesterov’s proximal-gradient
method, they have demonstrated that this algorithm has an overall linear rate of convergence whenever A
satisfies the restricted isometry property (RIP) and the final value of the regularizer parameter A is greater
than a problem-dependent lower bound.

1.1 Our result

We generalize the linear convergence rate analysis of the homotopy algorithm studied in [45] to problem
@) when the regularizing norm is decomposable, where decomposability is a condition introduced in [5].
In particular, ¢;, ¢; 2 and nuclear norms satisfy this condition. We derive properties for this class of norms
that are used directly in the convergence analysis. These properties can independently be of interest. Among
these properties is the sublinearity of the the function K : R™ — {0,1,...,n}, where K is generalization of
the notion of cardinality for decomposable norms.

The linear convergence result holds under an assumption on the RIP constants of A, which in turn holds
with high probability for several classes of random matrices when the number of measurements m is large
enough (orderwise the same as that required for recovery of the structured model).

1.2 Algorithms for structured model recovery

There has been extensive work on algorithms for solving problems (Il) and (2]) in the special cases of ¢; and
nuclear norms. For a detailed review of first order methods we refer the reader to [30] and references therein.
In [45], authors have reviewed sparse recovery and ¢; norm minimization algorithms that are related to the
homotopy algorithm for ¢; norm. We discuss related algorithms mostly focusing on algorithms for other
norms including nuclear norm here.

Proximal-gradient method for ¢; /nuclear norm minimization has a local linear convergence in a neighbor-
hood of the optimal value [14\46.21]. The proximal operator for nuclear norm is soft-thresholding operator
on singular values. Several authors have proposed algorithms for low rank matrix recovery and matrix com-
pletion problem based on soft- or hard-thresholding operators; see, e.g., [15BL2322]. The singular value
projection algorithm proposed by Jain et al. has a linear rate; however, to apply the hard-thresholding oper-
ator, one should know the rank of xy. While the authors have introduced a heuristic for estimating the rank
when it is not known a priori, their convergence results rely upon a known rank [15]. SVP is the generalization
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of iterative hard thresholding algorithm (IHT) for sparse vector recovery. SVP and THT belong to the family
of greedy algorithms which do not solve a convex relaxation problem. Other greedy algorithms proposed
for sparse recovery such as Compressive Sampling Matching Pursuit (CoSaMP) [26] and Fully Corrective
Forward Greedy Selection (FCFGS) [39] have also been generalized for recovery of general structured models
including low-rank matrices and extended to more general loss functions [321[38].

For huge-scale problems with separable regularizing norm such as ¢; and ¢; 2, coordinate descent meth-
ods can reduce the computational cost of each iteration significantly. The convergence rate of randomized
proximal coordinate descent method in expectation is orderwise the same as full proximal gradient descent;
however, it can yield an improvement in terms of the dependence of convergence rate on n [28/[35L20]. To the
best of our knowledge, linear convergence rate for any coordinate descent method applied to problem () or
@) has not been shown in the literature.

Continuation over A for solving the regularized problem has been utilized in fixed point continuation
algorithm (FPC) proposed by Ma et al. [22] and accelerated proximal-gradient algorithm with line search
(APGL) by Toh et al. [41]. FPC and APGL both solve a series of regularized problems where in each
outer-iteration A is reduced by a factor less than one, the former uses soft-thresholding and the latter uses
accelerated proximal-gradient for solving each regularized problem.

Agarwal et al. [I] have proposed algorithms for solving problems (Il) and (2) with an extra constraint
in the form of ||z|| < p. They have introduced the assumption of decomposability of the norm and given
convergence analysis for norms that satisfy that assumption. They establish linear rate of convergence for
their algorithms up to a neighborhood of the optimal solutions. However, their algorithm uses the bound
p which should be selected based on the norm of the true solution. In many problems this quantity is not
known beforehand. Jin et al. [16] have proposed an algorithm for ¢; regularized least squares that receives
p as a parameter and has linear rate of convergence. Their algorithm utilizes proximal gradient method but
unlike homotopy algorithm reduces A at each step.

By using SDP formulation of nuclear norm, interior point methods can be utilized to solve problems ()
and (2). Interior point methods do not scale as well as first order methods for large scale problems (For
example, for a general SDP solver when the dimension exceeds a few hundreds). However, Specialized SDP

solvers for nuclear norm minimization can bring down the computational complexity of each iteration to
O(n?) [18].

2 Preliminaries

Let A € R™*", We equip R™ by an inner product which is given by (x,y) = 27 By for some positive
definite matrix B. We equip R™ with ordinary dot product (v,u) = vTu. We denote the adjoint of A with
A* = B~ AT Note that for all z € R and u € R™

(Az,u) = (x, A™u). (3)
We use ||-||, to denote the norms induced by the inner product in R™ and R™, that is:
Ve eR": |z|,=VaTBz,
Yo e R™: vy = VoTw.
We use ||-]| and ||-||" to denote a regularizing norm and its dual on R™. The latter is defined as:
lylI" = sup {(y, z) | ||=|| < 1}.

Given a convex function f : R™ — R, df (z) denotes the set of subgradients of f at x, i.e., the set of all
z € R™ such that

VyeR": f(y) = f(z)+(zy— )
When f is differentiable, 0f (x) = {V f(z)}. Note that £ € J]|z|| if and only if

(&) = =], (4)
1€l" < 1. (5)
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We say f is strongly convex with strong convexity parameter u; when f(z) — “TfoHg is convex. For a
differentiable function this implies that for all z,y € R™:

)2 F @)+ (Y @)y — @) + Elle — g5 (6)

We call the gradient of a differentiable function Lipschitz continuous with Lipschitz constant L, when
for all z,y € R™

IVf (@) = VI Wlly < Llly — |, (7)

For a convex function f, gradient Lipschitz continuity is equivalent to the following inequality [see [31]
Lemma 1.2.3. and Theorem 2.1.5]:

F ) < £ @)+ (Y @)y — )+ Lo =yl Q

for all z,y € R™.

3 Properties of the regularizing norm and A

In this section we introduce our assumptions on the regularizing norm |||, and derive the properties of the
norm based on these assumptions. The homotopy algorithm of [45] for the ¢;-regularized problem is designed
so that the iterates maintain low cardinality throughout the algorithm, therefore one can use the restricted
eigenvalue property of A, when A acts on these iterates. Said another way, the squared loss term behaves
like a strongly convex function over the algorithm iterates, which is why the algorithm can achieve a fast
convergence rate. In the proof, [45] uses the the structure of the subdifferential of the ¢; norm,

d||z||; = {sgn(x) + v | v; = 0 when z; # 0, ||v|| <1},
as well as the following properties that hold for the cardinality function,

2 2
]|y < card(@) |l

card(z + y) < card(z) + card(y) (sublinearity).

We first give our assumption on the structure of the subdifferential of a class norms (which inlcudes ¢ and
nuclear norms but is much more general), and then derive the rest of the properties needed for generalizing
the results of [45].

Before stating our assumptions, we add some more definitions to our tool box. Let S" 1 = {x €
R™|||lz|l, = 1}, and let G be the set of extreme points of the norm ball By := {z | [|zf| < 1}. We
impose two conditions on the regularizing norm.

Condition 1 For any x € G, ||z|l, = 1, i.e., all the extreme points of the norm ball have unit ||-||,-norm.

The second condition on the norm is the decomposability condition introduced in [5], which was inspired
by the assumption introduced in [27].

Condition 2 (Decomposability) For all © € R"™, there exists a subspace T, and a vector e, € T, such
that

Ollz]| = {ex +v | v e T3, |lv]" < 1}, 9)
Note that z € T}, for all 2 € R" because if = ¢ T}, then x = y + z with y € T, and 2z € T — {0}. Let
2 =z/||z||". Since e, + 2’ € A||z||, ||z|| = (ex + 2",y + 2) = ||z|| + Hz||§/||z||*, which is a contradiction.

The decomposability condition has been used in both [5] and [27] to give a simpler and unified proof for
recovery of several structures such as sparse vectors and low-rank matrices.

When attempting to extend this algorithm to general norms, several challenges arise. First, what is the
appropriate generalization of cardinality for other structures and their corresponding norms? Essentially, we
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would need to count the number of nonzero coeflicients in an appropriate representation and ensure there is
a small number of nonzero coefficients in our iterates, to be able to apply a similar proof idea as in [45].

The next theorem captures one of our main results for any decomposable norm. This theorem provides
a new set of conditions that is based on the geometry of the norm ball, and we show are equivalent to
decomposability on R™. As a result, one can find a decomposition for any vector in R™ in terms of an
orthogonal subset of G ..

Theorem 1 (Orthogonal representation) Suppose Gy C S™~', then |||| is decomposable if and only if
for any x € R™ — {0} and a1 € argmax,cg, | (a,x) there exist ag,...,ax € G|.| such that {ay,az,...,ax} is
an orthogonal set that satisfies the following conditions:

I There exists {; > 0li=1,...,k} such that:
k
T = Z/yia/iu
i=1

k
2l = ¥ (10)
=1

II For any set {n;||n:| <1,i=1,...,k}:

*

<1 (11)

k
E i a;
i=1

k

Moreover, if {a1,az,...,ax} C Gy satisfy I and II, then e, = D, a;.
The proof of Theorem [l is presented in Appendix B.

We will see in section Bl that we need an orthogonal representation for all vectors to be able to bound the
number of nonzero coefficients throughout the algorithm. First, we define a quantity K (x) that bounds the
ratio of the norm | - || to the Euclidean norm, and plays the same role in our analysis as cardinality played
in [45]. Then we show that K (z) is a sublinear function, that is, K(z + y) < K(z) + K(y) for all z,y. This
is a key property that is needed in the convergence analysis. Define K : R™ — {0,1,2,...,n}

2
K (z) = |lex|l3-
Note that for every x € R™,
2 2 112 2
]| = (ez, 2)* < Nleallsllzll; = K ()25 (12)

Here, the first equality follows from (), and the inequality follows from the Cauchy-Schwarz inequality.
In the analysis of homotopy algorithm we utilize (I2]) alongside the structure of the subgradient given by
@). 41, £1,2, and nuclear norms are three important examples that satisfy conditions[Iland 2l Here we briefly
discuss each one of these norms.
— Nuclear norm on R%*9 is defined as

min {d1 ,dg}
IXI.= Y e
i=1

Where o; (X) is the it" largest singular value of X given by the singular value decomposition X =

S {didz} o (X)) u;vT. With the trace inner product (X,Y) = trace (XTY), nuclear norm satisfies

conditionsMland 2 In this case, K(X) = rank(X), v; = 0; (X) and a; = w;v] fori € {1,2,...,rank(X)}.

The subspace T'x is given by:

rank(X)
Tx = uizl + 20! |z e R®2, 2/, e R, for alli p,
i=1

. k(X
while ex = ZZinl X) uvl.
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— Weighted /1 norm on R” is defined as:

n
lzlly, =D wilail
i=1

where w is a vector of positive weights. With (z,y) = >°"" | w?x;y;, {1 norm satisfies conditions [ and
For ¢; norm, K (z) = |{i|z; # 0}, {m,v2,---» 7} = {wilz:| | |z:] > 0,i =1,...,n}. T, is the support of
x, which is defined as:

while the it element of e, is sign(x;)w;.
— {1, norm on R%*%: For a given inner product (-,-) : R% x R® ~ R and its induced norm |-, on
R%, We define:

da
X010 =D 1Xilly,
=1

where X; denotes the ' column of X. With inner product (X,Y) = Zfil (X:,Y:), £1 2 norm satisfies
conditions [l and 2 For this norm, K (X) = |[{i|X; # 0}| and {y1,72,..., v} = {[|Xilly | | Xilly > 0,7 =
1,...,d2}. Tx is the column support of X, which is defined as:

Tx ={[V1,Ys,..., Y] € R | ¥; = 0if X; =0},
while the i column of ey is equal to 0 if X; = 0 and is equal to X;/||X;||, otherwise.

Our second result on properties of decomposable norms is captured in the next theorem which establishes
sublinearity of K for decomposable norms.

Theorem 2 For all z,y € R”
K(z+y) <K(x)+K(y). (13)

Theorem [2 for ¢4, £1 > and nuclear norm is equivalent to sublinearity of cardinality of vectors, number of
non-zero columns and rank of matrices. The proof of this theorem is included in Appendix B.

3.1 Properties of A

Restricted Isometry Property was first discussed in [6] for sparse vectors. Generalization of that concept
to low rank matrices was introduced in [34]. Note that if K (z) < k, then ||z|| < V|||, Based on this
observation we define restricted isometry constants of A € R™*™ as:

Definition 1 The upper (lower) restricted isometry constant p4 (A, k) (p— (4, k)) of a matrix A € R™*" is
the smallest (largest) positive constant that satisfies this inequality:

p (A k) [l2]3 < | Az|3 < pr (A k) |23,
whenever ||z]|* < k||x||§

Proposition 1 Let A € R™*" and f (z) = 1| Az — bll. Suppose that py (A, k) and p_ (A, k) are restricted

isometry constants corresponding to A, then:

F)2 £ @)+ (V5 @)y -2+ 5o (AR 2yl (14)
F) < £ @)+ (V5 @)y — )+ o1 (AB) |2~y (15)

Jor all z,y € R™ such that ||z —y|* < k|z — yHg

Proposition () follows from the definition of restricted isometry constants and the following equality:

S =92 =7 )~ @)~ (V] () y— ).
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4 Proximal-gradient method and homotopy algorithm

We state the proximal-gradient method and the homotopy algorithm for the following optimization problem:
minimize ¢, (z) = f (z) + Az,

where f(z) = 3| Az — b||§ While, for simplicity, we analyze the homotopy algorithm for the least squares
loss function, the analysis can be extended to every function of form f(x) = g(Az) when g is a differentiable
strongly convex function with Lipschitz continuous gradient.. The key element in the proximal-gradient
method is the proximal operator which was developed by Moreau [25] and later extended to maximal mono-
tone operators by Rockafellar [36]. Nesterov has proposed several variants of the proximal-gradient methods
[29]. In this section, we discuss the gradient method with adaptive line search. For any z,y € R™ and positive
L, we define:

M () = £ () + (Y 0) 2 ) + 2l — ol + Nl

Proxy 1, (y) = argminmy 1, (v, x)
xeR™

wx (r) = Eg(__,l,hn” X+ VS ()]

Xiao and Zhang [45] have considered the proximal-gradient homotopy algorithm for ¢; norm. Here we
state it for general norms. Algorithm (), introduces the homotopy algorithm and contains the proximal-
gradient method as a subroutine. The stopping criteria in the proximal-gradient method is based on the
quantity

)

| M0 = 2) 4+ VD) - 0|

which is an upper bound on wy (). This follows from the fact that since z(*) = argming cpn M M, (=1

there exists £ € 0||z®)|| such that Vf(z*=D) + A& + My (2® — 2= = 0. Therefore,

7‘T)7

wa(z®) H)\§+Vf( (®) H —H)\§+Vf(:v(t D) + Vf@E®) - Vf(x“—l))H*
< MY = 2) + V5 E0) - vt (16)

The homotopy algorithm reduces the value of A in a series of steps and in each step applies the proximal-
gradient method. At step t, Ay = Aon® and ¢; = 6’ \; with € (0,1) and 6’ € (0,1). In the proximal-gradient
method and the backtracking subroutine, the parameters ygec > 1 and ;5 > 1 should be initialized. Since
the function f satisfies the inequality (8]), it is clear that Ly, should be chosen less than Ly.

Theorem 5 in [29] states that the proximal-gradient method has a linear rate of convergence when f
satisfies (6) and (). In proposition [2] we restate that theorem with minimal assumptions which is f satisfies
() and (8) on a restricted set. The proof of this proposition is given in appendix B.

Proposition 2 Let * € argmin ¢y. If for every t:

. 2
7 (50) 2 1 @)+ (97 @) ,20 2%+ Hla® -7 (17)
f (x(t+1)) > f (x(t)) (VS (I(t)) D g0y 4 A H ) _ (t+1)H27 (18)
2
f (x<t+1>) < f (x@)) (VS (I@)) (D) g0y fH ® _ <t+1>H27 (19)

then

Ox (:zr(t)) — () < <1 B uizifm)t (@ (x(o)) — b (I*)) ' (20)

va (x(t)> —vf (x(tﬂ))H* <

In addition, if

20 _ g (t+1) H (21)
2
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Algorithm 1 Homotopy

Input: Atgt >0,€e>0
Parameters: n € (0,1), 6" € (0,1), Lymin >0
y(© 0, 20 < [|A*B*, M < Linin, N 4 [log (35) /10g (n)]
fort=0,1,...,N —1do
>\t+1 <— 77)\,5
€t 6/)\t
[y(tJrl)v M] + PrOXGrad—d)AtJrl (y(t) s M, Linin, Et)
end for
[yv M] A PrOXGfad#’Atgt (y(N) » M, Linin, 5)

Subroutine 1 [z, M] = ProxGrad_¢, (m(o),Lo,Lmin,e’)

Parameter: vge. > 1,

t<+0

repeat
[, Myy1] + Backtrack g, (z(*), Ly)
Lt <= max{ Lmin, Mt+1/%dec}
t—t+1

until HMt(x(t—l) _ m(t)) +Vf (x(t)) —-Vf (x(tfl)) ”* <é
z—a® M M

Subroutine 2 [y, M] = Backtrack_¢, (x, L)

Parameter: v, > 1
while ¢ (Proxy 1, (z)) > m 1 (2, Proxy 1, (z)) do
L+ 'YincL
end while
Yy« Proxy (), M+ L

and

2@ = 20" < 6o — 2041 (22)
2

for some constants 6 and L',, then

*

o () 40— 5 a0) - s

<0 (1452 ) Vormels (00 (20) = o 0). (23)

5 Convergence result

First note that since the objective function is not strongly convex if one applies the sublinear convergence
rate of proximal gradient method, the iteration complexity of the homotopy algorithm is O(% + Zivzl ﬁ)
which can be simplified to O(% + m) As it was stated in the introduction, we use the structure
of this problem to provide a linear rate of convergence when assumptions similar to those needed to derive
recovery bounds hold.

Suppose b = Axg + z, for some 2y € R™ and z € R™. Here, z is the noise vector that is added to linear

measurements from an structured model xg. Also, we define ko := K (x¢) and the constant c:

2
]l

w€Tug—{0} ko ]|5

Note that ¢ = 1 for ¢; and ¢; 2 norms, and ¢ < 2 for nuclear norm. This follows from the fact that
K(z) = ko when xz € Ty, for {1, {12 norms, while K (z) < 2k, when z € T,, in case of nuclear norm.
Through out this section, we assume the regularizing norm satisfies conditions [0l and Pl introduced in Section
Bl Before we state the convergence theorem, we introduce an assumption:
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Assumption 1 Ay is such that |A*z||" < ’\f. Furthermore, there exist constants r > 1 and § € (0, %]
such that:
p— (A, cko (1 + 7)2) c o
> —
oy (A, 2rcko(L 7)) 7 2
p— (A, 72rcko(1 + 7)Yinc) > 0 (25)
where:

L e (40 ¢ A
Mgt (1—0) — [ A%z

(26)

We define k = 36rcko(1 4+ ¥)Vine. In appendix A, we provide an upper bound on the number of mea-
surement needed for (24)) to be satisfied with high probability whenever rows of A are sub-Gaussian random
vectors.

The next theorem establishes the linear convergence of the proximal gradient method when wy (x(o)) =
mingean(o) I IV f (z) + X¢||™ is sufficiently small, while Theorem [l establishes the overall linear rate of con-

vergence of homotopy algorithm.

Theorem 3 Let ") denote the t' iterate of ProzGrad_¢y (QC(O),Lo,Lmin,E/), and let ©* € argmin ¢y ().
Suppose Assumption [ holds true for some r and §, Lmin < Yinept (A, 2/5), and A > At If z(© satisfies:

K (x(o)) < l;:, wx (x(o)) < 0N,

then:
K (a) <k, (27)
o () e (115 ) (0 () -on) »
and
(A1) py (A, 2k
wr (2@) < |1+ \/M " (Ap;k() ) \/2vimp+ (4.2R) (62 (2-0) = 62 (7)), (29)
where k = ij E?’Zg

Theorem 4 Let y*) denote the t* iterate of Homotopy algorithm, and let y* € argmin Oreee (y). Suppose
Assumption[d holds true for some r and §, Lmin < Yinep+ (A, 2]5) , and Ao > Aige. Furthermore, suppose that
0" and n in the algorithm satisfy:

’
1446 <

1+0 =" (30)

Whent =0,1,...,N — 1, the number of prozimal-gradient iterations for computing y) is bounded by
log (C/4?)

e (31)
log (1 — —Mi“K)
The number of proximal-gradient iterations for computing y is bounded by
log (CA 2
g( tgt/ € ) (32)

1>
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2 -
- A2k
where C' := 6yinckdcko (1 + ) ( p— (A, 2k) +/p+ (A1) :‘<L> /p_ (A,c(l +7)? ko) and K = %.
The objective gap of the output y is bounded by
QCko)\tgt (1 =+ ’}/) €
P— (A7 c (1 + 7)2 kO)

¢)\tgt (y) - ¢)\tgt (y*) <

while the total number of iterations for computing y is bounded by:
log (Chuge /%) + (log (522) /10g (1)) log (C/5°)

-1
1Og (1 N 4Vi1ncfi)

5.1 Parameters selection satisfying the assumptions

Four parameters of Lin, Atgt, ¢’ and 1 should be set in the homotopy algorithm. The assumption on L,
is only for convenience. If Lpyin > Yinep+ (A, 2]2:), one can replace Yipep+ (A, 2]2:) with Ly, in the analysis.

Assumption [l requires Aot > 4]|A*z||*. This assumption on the regularization parameter is a standard
assumption that is used in the literature to provide optimal bounds for recovery error [4l[7[27]. The lower
bound on Ay, ensures y < gf—ig. If we choose ¢ and 7, we can set 8 = (1+ ) — 1 to ensure that it satisfies
(B0). The parameter ¢ is directly related to satisfiability of (24 in Assumption [l For example, if § = 1/12,

then v < 2 and Assumption [ is satisfied with r = 2c if:
P— (Aa QCkO) l
p+ (A, 432¢%koine) ~ 27
p— (A, 432c2k0%m) > 0.

Theoretically, the optimal choice of § maximizes k subject to existence of r > 1 that satisfies (24]) and
@3). In appendix A, we provide an upper bound on the number of measurement needed for (24]) and (25
to be satisfied with high probability for given 6 and r > 1 whenever rows of A are sub-Gaussian random
vectors. The parameter n should be chosen to be greater than % for [B0) to be satisfied.

5.2 Convergence proof

The main part of the proof of Theorems Bl and M is establishing the fact that K (x(t)) < k. Given that

K (x(t)) < k for all ¢, Proposition [l ensures that hypothesis of Proposition [ i.e., strong convexity and
gradient Lipschitz continuity over a restricted set, are satisfied. We adapt the same strategy as in [45] and
prove that K (a:(t)) < k in a series of three lemmas. We have written the statement of the lemmas here,
while their proofs are given in Appendix B. Lemma [I] states that if wy(x) does not exceed a small fraction
of \, then z is close to zg.

Lemma 1 If wy(z) < dX and p_ (A,c(l +7)? ko) > 0, then:

cko (147) (1+6) A+ [|A*2|")
p- (Ac(1+9) ko)

max {[lz — 2o, 55 (9 (2) — 62 (20))} < . (3)

Note that if A > 4[|A*z||" and § < 1, we can simplify the conclusion of Lemma [l as

3cko (14 7)
2
2p_ (A, c(l+7) ko)

max {||z — zo|[, % (o (z) = @ (w0))} <
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While the hypotheses of this lemma is true in the first step of every outer iteration of homotopy algorithm,
w A(:v(t)) may not be decreasing in proximal-gradient algorithm. However, the objective decreases after every
iteration of the proximal-gradient algorithm. Thus to conclude that z(® is close to z( in all the inner
proximal-gradient steps we can use the following lemma:

Lemma 2 Suppose Assumptiondl holds true, and A > A If

3CI€05)\2 (1 + ")/)
2p_ (A, c(1+7)° ko)

o () — ¢ (w0) <

then
9ckoA (1 +7)

2p_ (A, c(147)° k0> '

1
max {7514 (z = o)l |l — zol|} <

The proofs of Lemma [[] and Lemma [2] generalize the proofs of the corresponding lemmas in [45] given
for ¢; norm to norms that satisfy Condition 2] using the structure of 9||xo|| given by ([@). The last lemma
provides an upper bound on K (z1), where 27 is produced via a proximal-gradient step on x, as long as z
satisfies the conclusion of Lemma 2] and Assumption [l holds. The proof of Lemma [3] uses a slightly different
approach than the one given in [45] resulting in a simpler requirement on k in Assumption [

Lemma 3 Let 2t = Proxy,, (x) and suppose Assumptiond holds true, and X > Mgt If L < Yinep+ (A, 2]%)

and
9ckoA (1 +7)

2p_ (A, c(147)? k0> 7

1
max { |4 (z = z0)l3, |l — wol} <

5.3 Proof of Theorem [3]

First we show that L; < Yincp+ (A, 2]%) and K (x(t)) < k for all t+ > 0. The inequalities hold true for t = 0
by the hypothesis. Suppose L; < Vincpt (A, 15) and K (x(t)) < k for some ¢ > 0. Since ¢y (x(t)) < (3:(0)),
by Lemma 2 we have:

gcko)\ (1 + ")/)
2p_ (A, c(147)? ko)

1 2
mase 5[4 (= =0) |, [+ = <
2

By Lemma 2] Lemma [Bl and Theorem Pl for any L < ~incp+ (A, 2]5)

K (ProxA)L (:C(t)>> < ]~€,

K (Prox)\ﬁL (ar(t)) — x(t)) < 2k.

Vinc Pt (A, 2]%) In addition, by Lemma [3 K (:C(H‘l)) = K (Proxa ., (x(t)

Now we can use Proposition [1l to conclude that Miy1 < ~incp+ (A, 2]5)
Since Proxy 1 (z*) = 2* for any L > 0, by Lemmas [ B and B K (z*) < k

K (3:(“'1) - x(t)) <2k, K (x(t) - 3:*> < 2k,
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which yields

HA* ( (t+1) _ (t)) H* - max (a, A" A ($(t+1) _ ;v(t))>

= max (4a, A ( (t+1) $(t))> < \/p+ (A1) py (A, 2]%) Hx(Hl) - x(t)H2. (34)

aEg”.H

Now Proposition [I] and (B4) ensure that all the hypotheses of Proposition [2 are satisfied with py =

_ (A, 2k) Ly = py (A 2k) \/p+ (A, 1) py (A Qk) and 0 = 1. Thus the conclusion follows from
Proposition 2

5.4 Proof of Theorem [

Let y; € argmin ¢y, (y) . For the ease of notation let Axi1 = A¢gt. First we show that wy,,, ( ) oA t+1
and K (y) < kfort=0,1,...,N. When t = 0, we have y(®) = 0 and A\ = ||A*b||*. Therefore, K (y(©) =
and

wmy“)))— min | A%+

€90
. =A%
Since EBHOH
)\1
< ||A*b — = A%D
B H Ao

= (1 - 77)/\0 S 5)\1,
where in the last inequality we used ([B0). Suppose wy, (y(t_l)) < 6\ and K (y(t_l)) < k. By Theorem [3
we have: ~

K (y(t)) <k.

By (I6)), the stopping condition in the proximal gradient algorithm ensures wy, (y(t)) < ¢’ \¢. Therefore,
there exists £ € 8||y(t)H such that ||A* (Ay(t) —b) + )\t§||* < ¢’ A\¢. Now using hypothesis (B0), we get:

wnn (1) < [[4* (4y® — )
<[] (4y® =) + x|+ 1 - 20 €0

<wn (59) + O = de2)  (C14 0+ 1) /) Mg < hes.

By Lemma [ and the comment that follows it, for all t = 0,..., N, we have

Hy(t) - yﬂlH < Hy(t) - xOH + ||yies — ol|
cho (147) ((2 4+ 6) Ay + 2/ A%2])
_ (A,c(l +7)2k0)
3cko (14 7) At
_ (A,c(l +7)? ko)'

Hence

¢>\t+1 (y(t)) - ¢>\t+l (y:+1) < <w)\t+1 (y(t))ay(t) - y:+1>

v ()2 ]

3ocko (14 7) /\t+1
_ (A,c(l —l—”y) ko)

IN
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Fig. 1: Comparison of homotopy, proximal-gradient and accelerated proximal-gradient algorithms for problem
1

Now the upper bounds in (31]) and ([B2]) on the number of inner iterations follow from the second conclusion
in Theorem [3

By (©0), we have

. . 9ckoAees (1 +
Iy — "1l < lly — oll + llgo — 7| < —rodee(1+7)
p- (Ac(+9) ko)

By convexity of ¢y,,,, we get:

¢)\tgt (y) - ¢)\tgt (y*) S <w)\tgt (y)7y - y*>
9ckoAigt (1 +7) €
P (A7 c(1+7)? ko)

IN

6 Numerical Experiments

We consider two problems. The details of each problem are summarized in the following table:

Problem 1 Problem 2
Objective %HAvec(X)—l—bﬂé—l—)\HXH* %HAV(&C(X)—i—b||;—l-/\||X||L2
dimension of X 300 x 300 50 x 1000
K(Xo) rank(Xy) = 10 # of non-zero columns of Xy = 50
#of samples m = 20000 m = 18000
b Avec(Xo) + 2 Avec(Xo) + 2
A, ; sampled from N(0,1/y/m) {-1/v/m,1/y/m} uniformly at rand.
z; sampled from U(—0.005,0.005) U(—0.005,0.005)

In the homotopy algorithm, Ay = HATb * and Atgt = 4HATZ * while in the proximal-gradient algorithm
A = Agt. The default values of n and ¢’ in the homotopy algorithm are n = 0.6, ¢’ = 0.2.

Problem 1. Figure[lldemonstrates the overall linear rate of convergence of proximal-gradient homotopy
algorithm (homotopy) applied to this problem and compares it with proximal-gradient algorithm (PG) and
its accelerated version (APG). As rank vs. iteration plot demonstrates, the proximal-gradient algorithm
speeds up to a linear rate when the rank drops to a certain level, while the homotopy algorithm keeps the
rank at a level that ensures a linear rate of convergence.

We examine the performance of homotopy algorithm with three different values of  and ¢’ in Figure 2
For 7 to satisfy the condition of Theorem H] it is necessary that n > 0.5. However, as Figure [2 demonstrates,

13
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Fig. 2: (a), (b): Performance of homotopy algorithm with ¢’ = 0.2 and three different values of 7,
(¢), (d): Performance of homotopy algorithm with n = 0.6 and three different values of ¢’

one can choose 17 < 0.5 and still get an overall linear rate of convergence. For example, when n = 0.2, at the
beginning of the last stage where A = Ay, X (%) is not low-rank and the algorithm has a sublinear rate of
convergence, but nevertheless the algorithm converges faster with 7 = 0.2 than n = 0.7. Homotopy algorithm
appears to be even less sensitive to §’. As & gets closer to 1, the rank of X *) jumps higher, which can cause
a slowdown in convergence specially at the beginning of each stage.

In Figure Bal we have compared recovery error of the following algorithms: SVP, FPC, APGL, homotopy,
proximal-gradient and its accelerated version. In SVP we provide the algorithm with the rank of Xy, while in
SVP2 we use the same heuristic that is proposed in [15] to estimate the rank (other algorithms do not receive
the rank of Xj).We have implemented the FPC algorithm with the backtracking procedure which improves
the performance of the algorithm. Both APGL and APGL2 have been implemented with continuation over
A with the latter utilizing an extra truncation heuristic proposed in [41]. The method of continuation for
APGL is the same as the one proposed in [41I]; we reduce A by a factor of 0.7 after three iterations or
whenever the stopping criterion is met whichever comes first. In FPC and APGL similar to the homotopy
algorithms, Ay = HAT(b) T and g = 4HAT(Z)H* We have used the default values of the parameters in
all the algorithms. Note that APGL2 has an extra truncation procedure which improves the recovery error.
Finally, Figure BH shows the objective gap for the algorithms for which the quantity is meaningful.

Problem 2. Figure [ demonstrates the linear convergence of homotopy algorithm for this problem and
compares the performance with that of proximal-gradient algorithm and its accelerated version. Similar to

problem 1, homotopy algorithm keeps the number of non-zero columns below a certain level. In homotopy
algorithm ¢’ = 0.2 and 7 = 0.6.
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Appendix A

In this section we give a lower bound on the number of measurements m that suffice for the existence of » > 1 in Assumption []
with high probability when A is sampled from a certain class of distributions. To simplify the notation we assume that B = I;
therefore, (x,y) = 2Ty. Given a random variable z the sub-Gaussian norm of z is defined as:

. z
Il = nt(s > 0]2va () <,
where 2(z) = ¢*® — 1. For an n dimensional random vector w ~ P the sub-Gaussian norm is defined as

lwlly, = sup [[(w,uw)lly,-
uesSn—1

P is called isotropic if £ [(w,u)z] =1 for all w € S®~!. Two important examples of sub-Gaussian random variables are
Gaussian and bounded random variables. Suppose A : R™ — R™ is given by:

1
Az); = —(Aj,x) Vie{l,2,...,m}, 35
(An)i = = (40,) Vie{ } (35)
where A;, 1 < ¢ < m are iid samples from an isotropic sub-Gaussian distribution P on R™. Two important examples are

standard Gaussian vector A; ~ N (0, I,,) and random vector of independent Rademacher variables [I. We want to bound the
following probabilities for 6 € (0,1):

P(p_(Ak) <1—0) (36)
P(py (A k) > 1+0). (37)

When A; ~ N(0,I,) for all 7, one can use the generalization of Slepian’s lemma by Gordon [II] alongside concentration
inequalities for Lipschitz function of Gaussian random variable to derive (see, for example, [I7), chapter 15]):

mo?
—0)<e s,

P(/p_(A, K
(Wp-(A k) < o

m 2
P(Vpr (A R) >1+0)<e ™5,

whenever,
2G(k
—

~

0>

Here, G is defined as:
G(k):=E sup {u, g)1,
uE\/EBH,H nsn—1
where g ~ N(0, I,). For sub-Gaussian case, we use a result by Mendelson et al.[24] Theorem 2.3]. Using Talgrand’s generic
chaining theorem [40, Theorem 2.1.1], the authors have given a result, which similar to the Gaussian case depends on G(k).
Their result in our notation states:

Proposition 3 Suppose A is given by @B8). If P is an isotropic distribution and ”A1”¢2 < a, then there exist constants ci
and co such that

b (A/Nm k) > 16, (38)
p+(A/vV/m, k) <146, (39)
with probability exceeding 1 — exp (—c262m/a*) whenever
2
g > o G(k)
> 7\/5
Suppose Agt = 4||A*z||", which sets v = %. We can state the following proposition based on Proposition 3] :

Proposition 4 Let r > 1, k = 36rcko(1 + 7)Yine and k = cko(1 +~)2. If m > (flial;lz (G(2k)? 4 r2G(k)?), then r satisfies

Assumption O with probability exceeding 1 — exp(ca(r — 1)?m/r2a?).

The proof is a simple adaptation of proof of Theorem 1.4 in [24] which we omit here. To compare this with the number of
measurements sufficient for successful recovery within a given accuracy, by combining (59) in the proof Lemmallland Proposition
Bl we get:

_ 42
Proposition 5 Let r > 1, k = cko(1 +v)? and z* € argmin ¢ (z). If m > ?if1;2 G(k)?, then ||z* — molly < carAv/cko with

probability exceeding 1 — exp(ca(r — 1)2m/r2a?).

Note that this bound on m in case of I1, l1,2 and nuclear norms orderwise matches the lower bounds given by minimax
rates in [33], [I9] and [37].

1 For general psd B, the example are A; = BiéA; with A} ~ N(0, I,) or A] J Rademacher for all j.
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Appendix B

B.1 Proof of Theorem [I]

Sufficiency. First consider the case where k =1 and z = y1a1 with v1 > 0. Note that a1 € 9||z|| = 9||a1|| because ||a1]|* =
for all a1 € G| and (a1,z) = 71 = [|z[|. Define:

C = {¢—ai1l¢ € O]lar]]}.

Note that C is a convex set that contains the origin. Moreover, C' is orthogonal to ai;. We claim that ([@) is satisfied with
TaL1 = span C'. To establish the claim, we first prove that C' is symmetric and is contained in the dual norm ball. Let v € C' and
§=a1+v€darll By @, (a1,£) = [|€]|" = 1. Therefore,

a1 € argmax(a, §)
a€g.

and we can apply the hypothesis of the theorem (in particular statement I) to obtain an orthonormal representation for ¢:

!
E=a1+ Y mibi.
i=1

Now by statement II in the hypothesis we get:
[[ofI* = maxn; < [|€]]" <1
Let & = a1 — >'_, m:bi. By the hypothesis, [|€/||* = max{1, max; n;} = 1. Also, (¢/,a1) = 1 hence ¢ € 8|ja1|| and —v € C.

Let v € spanC with ||v||* < 1. Since C is a symmetric convex set, there exists A € (0,1] such that v € C (i.e., C is
absorbing in span C). Define z = a1 4+ Av which is in 8l|a1]|. Since (a1, z) = ||z]|* = 1, we can write z as

k/
z=a1+ Z ViCi,
i=1
where {c;|i = 1,...,k'} C g and {vi > 0t = 1,...,k'} satisfy the hypothesis of the theorem. In particular, since

v=1/A Zf;l vici, we have max; v;/A < 1. Hence ||a1 + v||* = max{1,v1/)\,...vy/A} =1 and a1 + v € 9||a1||. Therefore,

dlla1|| = {a1 + v|v € spanC, ||v||* < 1}.
Now suppose that z = Y% | ~,a; with k& > 1. Note that S°F_ a; € 8||z|| since HZ”” 1G5
i:l v; = ||z||. Let £ € 9|z|| and define v = £ — Zi:l a;. We can write:

=1 and (ZZ L a;,T) =

k k
lall = S = (€,2) = 3 elé aa)
i=1 i=1
=Vie{l,2,...,k}: ({,a;)=1=Vie{l,2,...,k}: £ €D|a;]- (40)
Also, since 3%, a; € 9|a;||, @Q) results in:
Vie{l,2,....k}: veT,. (41)

*
Since £ = Zf:l a; +v € d]la1]|, we have HZf:2 a; + v” =1 hence Zf:2 a; + v € 9||az||. By induction, we conclude that
ay + v € 8||ag||. This implies [[v||* <1
Let v/ € Micq1,2,... .k} Ta; with [[o'||" < 1 and define ¢ = le a; +v'. We will prove that [|¢/||* <1 and hence ¢’ € 9||z]| .
To prove this we use induction. Define

k
2 = Z a; +v' vie{1,2,...,k}.
i=k—l+1

Note that [|z1]|* < 1 since z1 = aj + v’ € 9||ag||. Suppose ||z ||* < 1 for some I’ < k. We prove that ||z;/41]" < 1. We have

ZZ k141 € T , because ZZ oy @i = Gy +ZZ k141 @i € O||ak—_y||- Combining this with the fact that v’ € TaLk o
we get 2ps € Takil,. Thorcfore7 Zyg1 =ag_p +2p € 8Hak,l/ || hence ||zl/+1|| < 1. Thus [|¢']|* = ||z&|l* < 1. We conclude that:

k k
Ollell = {D_ai +vlv e () Ta, ol < 13 (42)
i=1 i=1
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Necessity. For any a € G|, we have:

(a,a) =1,
YVoeg: (bya) < [bllzllally = 1.

That implies [la||* = 1 and a € 9||al|. Since a € T,, we conclude that:

Ollall = {a +vlv € T, ||v]|* < 1}. (43)
Take v1 = {(a1,z) = ||z||" and let Ay = z — y1a1. If Ay = 0, then take k = 1 and z = 7y1a1. Suppose A; # 0. Since
*
’ %:c” =1 and (a1, %x) = |la1]| = 1, we can conclude that %x € O||a1|]. Furthermore, we have
1
Pr 1(@)=cz—mPr, (—z)=z—ya1 =24 (44)
a1 71
= A; € T;‘l.

Now we introduce a lemma that will be used in the rest of the proof.

Lemma 4 Suppose a € G| and y € T —{0}. Ifz € By is such that |ly||" = (y,2), then z € T

Proof Without loss of generality assume that ||y||* = 1. It suffices to show that if b € G). and (y,b) =1, then b € T;-. Consider
such b € G- By @), [la + y[|" = 1. That results in:

12> (a+y,b) =(a,b)+1=02(a,b).

By considering —y and —b we get that (a,b) = 0. Since (a +y,b) = ||b]| = 1, we can conclude that a + y € 9]|b||. Since
(y,b) =1 and |ly||* = 1, y € 9]|b||. Combining these two conclusions, we get:

yeolblatyeolbl=acTy Z2 latb|* <1l=a+bedla]=be Tt
O

Suppose that there exist [ € {1,2,...,k}, an orthogonal set {a; € G).||¢=1,2,...,1}, and a set of coefficients {; > 0|7 =
1,2,...,1} such that z = 22:1 Yia; + Ay, A € ﬂéleali, and:

0

1
>_ai
i=1

l l
={D ai+vlve (T, llolI* <1} (45)
i=1 =1

By Lemma [ there exists aj11 € G| such that a;y; € ﬂi.:lT(f; and (a1, 4;) = ||A]]". Take vi41 = {ar41,4:) = [|A*
*
and let Ajpqy = A} — yp1ai41. We have Ajq € ﬂi‘:l TaLi because {A;,a;41} C ﬂi.:l TaLi. Since HTLAIH = 1 and

(@141, TLAL) = |lai+1|| = 1, we can conclude that TLAI € 9||aj4+1]|- Using the same reasoning as in (@), we have A;41 €
I+1
szﬂ hence A1 € N1} T
By decomposability assumption there exists e € R™ and a subspace T such that:
I+1
9> ai| = {e+vlv e T, ol < 1. (46)
i=1
We claim that
I+1
e= Z a; (47)
i=1
I+1
T+ =T (48)
i=1

*
. Note that HZii% a;|| < 1 since Zii% a; =

To prove the first claim, it is enough to show that Zii% a; € 8HZ£;% a;

22:1 a; +aj41 € 8“22:1 a;

which is given by ([@5). Now we can write:

*

+1 +1

I+1= (Zai,Zai) <
=1

i=1

+1

>_ai
i=1

+1

>_ai
i=1

+1

< Zai
i=1
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On the other hand, by triangle inequality,

I+1 l
> ai D ai| + llagall =141,
=1 =1
thus
+1 I+1 41
2 il = O aind i)
i=1 i=1

Therefore, Zii} a; € 8“2&21 ai

. Since Zii} a; € Tgup1 =T, we conclude that:

zi:l
+1 I+1
O ai|| =D ai+vlv e T, |vl|* <1}
=1 =1

To prove (@8], we first show that ﬂHl T € TH. Let & = etvwithv € N 7L Note that [lag41 + v]|* < 1since aj11+v €

i=1"a;
O|la;+1||- Furthermore, a;41 +v € ﬂl.zl -, which in turn implies Z 1“1 +v € 8”2171 ai|| hence ”Zl+1al +UH < 1.

Additionally, we have:

141 141 141
(Zai—l—v,Zai): Zai =1+1.
i=1 i=1 i=1
Hence € € QHZ?L} a;|| and v € T+.
Now, let ¢’ = ZHl a; +v' € HZ?} a;||. Note that:
I+1 l l l
(€3 ai) =D a)+ (€ ag) =1+1= (> ai) =1, ap1) =1=¢ €0|> ail| N 0llaj]l
1=1 =1 1=1 i=1

1 1 1
= € ﬂT;;7Za,-+U'6 mTJ‘

moreover, Zézl a; € Tal+1 since Z 1 a; € 0llaj4+1||. This implies v € nl+1 TJ- which completes the proof of ([8]).

Because a; ¢ T;; for all ¢ € {1,2,...,l + 1}, dim(N HITJ-) < n — 1 — 1. Hence there exists k < n, an orthogonal set
{a; €G)., 1 =1,2,...,k}, and a set of coefficients {y; > 0,i € {1,2,...,k}} such that z = Zle ~ia; and:

k
0 Zai
i=1

That proves ||z|| = <Zf:1 a;, T) = Zf:l Ys-
*
To prove statement II, we first prove that a; € Talj for all 4,5 € {1,2,...,k}. By (@9), HZf:l a;

k
Zfli—a]‘

=1

k k
=D aitvlve T4 vl* <1} (49)
i=1 i=1

< 1. We can write:
*

k k k
L
O aia;) =1= a; €dla;ll =D ai—a; €Ty, <1,
i=1 i=1 i=1
Now the claim follows from Lemma @]
Let | = [{mi|n; # 0}|. If I = 0, the statement is trivially true. Suppose the statement is true when ! = I’ — 1 for some

I € {1,...,n} and consider the case where | = I’. Suppose that |n;| = max; |n;|. By proper normalization we can assume that
nj =1. Let y = Zwﬁj nia;. We can deduce the following properties for y:

Vi;éj:aieTjjﬁyeij

* = < 1.
llyll T;JXW\ <

*

By the decomposability assumption Zle nia; = a; +y € d|a;|| hence HZf:l n;a; =1. [m]

< 1. Hence "Zle nia;

Remark 1 Let x = Zf{:(lz) via;. Since T = ﬂK(z) Tl7 a more general version of lemma @] holds:
Lemma 5 Suppose € R” and y € T~ — {0}. If z € By is such that |ly||* = (y, 2), then z € T
We state and prove a dual version of Lemma[5] which will be used in the proof of Lemma [ and Lemma

Lemma 6 Let x € R". Ify € T;-, then there exists z € T;- N By« such that ||ly|| = (y, 2).
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Proof If y =0, then the lemma is trivially true. If y # 0, then:

Y e T n{z||z| =1} = 3z € T} such that Y argmax {(a, z).

vl Il ~ aering,
Therefore, by Lemma[5 we get

=" = m z) < lzlI" = (

ax
1
a€Ty ﬂQ”.H

(a,2) < ( 2) = lzl* = (v, W> = Iyl

Y Y
llll llll

B.2 Proof of Theorem
First, we introduce a lemma.

Lemma 7 Let {a1,...,ar} be an orthogonal subset of G that satisfies II in Theorem[l Lety = Zle Biai, with B; € R for
all i, then

K(y) =i | B: # 0}/
Proof Let k' = |{i | B; # 0}|. Without loss of generality assume that 3; # 0 for ¢ < k’ and 8; = 0 for ¢ > k’. Let n; = sgn(8;)
and a) = sgn(B;)a; for all 4 < k. Since a1, . .., aj, satisfy condition II in the orthogonal representation theorem, so do a’, ... ,a;ﬁ,.

"
Now we show that y and af,...,a}, satisfy condition I. By (I, HZ?;I a’|| < 1. Therefore,

7

k' k' k' K k'
Iyl > O abw) =161 lwll= D Bkl < S 181 = lwl =D 18il-
i=1 i=1 i=1 i=1 i=1

Therefore, by the orthogonal representation theorem, e, = Zk, 1 a;. Thus K(y) = ||ey||g =K. O

i=

For any € R™ — {0} define

l
Wz) =min{l |z = abi, bi,...,b C G|, i € R}
i=1

Define 1(0) = 0. Now the proof is a simple consequence of the following lemma:
Lemma 8 For all z € R™, I(z) = K(z).
Proof K(xz) > l(x) by the definition of I(z). We prove that K(z) = l(x) by induction on K(z). When K(z) € {0,1}, the

statement is trivially true. Suppose the statement is true when K (z) € {0,1,2,...,k — 1}. Consider the case where K(z) = k.
By way of contradiction, suppose I(z) < K(x). Let

k
z = viai, (50)
=1

where v1,...,7¢ and a1, ..., ax are given by the orthogonal representation theorem. If I(z) = 1, then:

k
§ via; = a1by,
i=1

for some a1 # 0 and b1 € G).)|. Since |a1|= [larb1|| = |z]| = Zle v;, either by or —by can be written as convex combination
of a1,...,a; which contradicts the fact that b1 € G|
If I(x) =1 > 1, we can write z as:

!
T = Zaibh (51)
i=1

with {b1,...,b;} C G- By turning b; to —b; without loss of generality we assume that «; > 0 for all i. Let u = 2a1b1 and

v = 22%22 a;b; and note that £ = (u + v)/2. Let C = Cone{a1,as2,...,ar}. Let intC' and bdC denote the interior and the
boundary of C, respectively. Note that u ¢ intC because by Lemma[7] if u € intC, then K(u) = k; however, {(u) = 1. Now we
consider two cases for v.
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Case 1.

Case 2.

Fig. 5: Relative position of v’ and v' on the line segment between v and v.

If v € intC, then we can write v as a conic combination of a1, ag,...,ar with positive coefficients:

1 k
v =2 E a;b; = E cia;,
i=2 i=1

where ¢; > 0 for all 4.

Ifv ¢ intC. let L = {6u+ (1 —0)v |0 € [0,1]}. Since L intersects the interior of C' at z and {u, v} ¢ intC, there exists u’, v’
such that LNbdC = {u’,v’}. Suppose v’ is on the line segment between v and = (see Figure[)). Let L' = {fu+(1—0)v' | 0 €
[0,1]} and note that = € L’. Since v’ € bdC, it can be written as conic combination of at most k — 1 of a1, ..., a. Without

loss of generality assume that v/ = Zf:z Bia;. For some 6 € (0,1):

k
z=0u+ (1—0) =a)b —I—Z,Bgai,
i=2

where o = 20a1 and ] = (1 — 0)3;. Using the representation in (50), we get:

k

by = y1a1 + Z(’ﬁ - B))a;.
i—2

We have I(ayb1) = 1, and by Lemmal[7l K(afb1) =1+ |{ily; # B},4=2,...,k}|. Therefore, v; = B} for alli =2,...,k and

K3

b1 = a1. Combining the previous fact with (50) and (5I)), we get:

k

1
z—arar = (y1 —a1)ar + Z’Wai = Zaibi~ (52)
i=2 i=2

If v1 = a1, by the induction hypothesis k = [ , which is a contradiction. Now, suppose 71 — a1 # 0. In both cases we
produced a point y = v such that K(y) = k and I(y) <1 — 1. We can continues this procedure until we get a y such that
K(y) = k and l(y) = 1, which gives us the contradiction. |

B.3 Proof of Proposition

In iteration ¢t + 1 when the backtrack procedure stops, the following inequality holds true:

2
BAE D) < may, ., (@O, 2) = min (@ 0) + (V1) 20) + X o — 2O 4+ Al
x
- Mea) o
§mx1n¢)\(a:)+ 2 H:c x H2 (53)
On the other hand, by ([I9), we have

o@Dy <myp (20, 2(HD),

which ensures M¢41 < 7inely since mp, (a:(t),az(H'D) is non-decreasing in L. By (7)), we have:

2
or(@?) > gr(a") + EL[|o® o

2
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If we confine x to {az* + (1 — a)z® |0 < a < 1}, inequality (G3) combined with (54) results in

o) < min {6 (00" + (1= )a) + =

2
a Miq1 Hl‘(t) _
a€g|o, 2

2 2
< min {aoa @) + (1= a)ox @) + S5 o) — a7y

052 i
< min {aa(@") + (1 - a)ba(@®) + Cmeld (4 0y gy 20y,

a€0,1

The RHS of the above inequality is minimized for a* = min{1 —L} Therefore, we get

’ 29in

a*zpyinch t) %
@) —gr (@) < (1 —a” + ——=L)(ga(a?) — pa(™)) < (1 -

z® z*)).
e L))~ 0r()

To prove (23)), we note that the backtrack stopping criteria ensures
ox(@tD) < F(a®) 4 (V(®), 20+ — 50y 4 @wal) _ x(t)HZ n )\Hx(Hl)H
< @) = (Mg (@D = 20) 46,200 — o) 4 ML g4 20" 4 o0
< f@®)— %Hx(m) _ m(t)Hz 4 (6,2 gDy 4 AHx(tH)H
< or(e ) - Mot ey oo o

The hypothesis (I8) ensures M1 > py. Combining ([@6) and (B5) and using the lower and the upper bounds on My 1, we
get the desired result

wr (@) < [ Mepr (@®) = 20FD) £ V1 @) = 91 ()]

< O(Misq + L'f)Hx(tJrl) _ x(t)Hz

<001+ L—})\/thJrl(d)A(x(t)) — oa(a(ttD))
B My

L/
<001+ #—;‘Mmch(m(ﬂﬂ) — 4a(@")).

B.4 Proof of Lemma [I]

By the hypothesis there exists £ € 8||z|| such that ||A*(Az — b) + A¢||* < 8A. Therefore, we can write

oAz — @oll > [lz — zo || A" (Az — b) + AE|™ = ((z — @0), A" (Az — b) + AE)
= ((z — z0), A*(A(z — z0)) — A"2 + XE)
= | A(z — 20)|13 — (& — x0, A*2) + Mz — 20, £)
> | A(z = z0)l13 — llz — zoll|[A*2]" + Allz]l — l|zoll). (56)

Now we lower-bound ||z||:

lell = llz = @0 + @0l > || Pr,, (@ = 20) +0|| = || Prs,, (@ = 20)

By Lemmal@] there exists s € T;B such that (s, PTzoi (z —x0)) = HPTZOL (z — xo)H and ||s||* = 1. Note that ez, +s € 9|zo||
hence |lez, + s||* < 1. Therefore, we get:

HPTZOL(:E —z0) + on 2 (exq + 8, Pp, 1 (z—z0) +20) > HPTEOL(fB — mo)H + [lzoll,

lell = llzoll > || P, + (@ = 20)|| = ||Pr, (@ = 20)] (57)
Combining (57) and (B6), we get

8Xlle = zoll 2 M| P, , 1 (@ = w0) | = || Pry (@ = 20) ) = lle = wollllA™2]1" + A = z0)I13.



Decomposable Norm Minimization with Proximal-Gradient Homotopy Algorithm 23

By applying triangle inequality to || — zol|, we obtain

AL +0) +A%2[")

(@ —20)| =A@ - 8) — 4"

(@ = 20)|| + 4Gz — z0)II3- (58)
That yields

lz — @oll _ | Prey @ = 20| + [[Pry 2 (2 = 0]

llz —@olly — HPTZU (:c—:co)H

2

[Py 2 =20 =
< (14 7v)V/cko.

[Preo =2,

IN

O+

Using the definition of the lower restricted isometry constant, we derive

p—(A, e(1 +7)2ko)lle = wol3 < A - 20)13 <ED (1 + A+ | 4*2])||Pr., (& — w0)|
< Veko((1+ A+ (1421 | Pr, (2 = w0) |

cko((14 )X+ [|A™2]") ]|z — zoll,,

which yields the following bounds

- VeRo((+ O +]|A2]")

xr — xg|l, < s 59
” ”2 p,(A7 C(l +’y)2ko) ( )
cko(1 + 1+ 6N+ [|A*2]|*
o o < FOOED LI+ A )
p*(Avc(l +’Y) kO)
By convexity of ¢y,
ckodA(L +7)((1 + )X + || A*=z]|™)
A A*(Az —b),z — < .
42(x) = Gx(a0) < (X + A" (Az = 1), — ) < TONCLIEE I
B.5 Proof of Lemma 2]
_ 3ckoA(147) .
Let A = m. We can write
éa(x) < da(zo) +0XA
1 2 1 2
= SlAz = bl = SllAzo — bl < Alllzoll — [lzl) + 624
< A|zo — z|| + AA (61)

If ||z — zo|| < A, half of the conclusion is immediate. To get the second half, we can expand the left hand side of (GI) to
get:

1
5||A(x - x0)||§ < Az — zo|| + {(x — zo, A*2) + XA

< A+ 1IA%2[)llz — 2ol + 6AA

(4+5)AA<A%

Suppose ||z — zg|| > A, then from (EI) we get:

Sl = loll) < 5 I14z0 = b1 = 1|4z = b + A llz — o]
< — 14 = 20)I + (& — 20, 4°2) + 8X|lo — o]
< — 211G = w0)|3 + 1A% l2 = woll + 6z — woll.
By using (7)) and triangle inequality we get:

A +9) +[14%2[1")

|Pr, @ —20)|| = (A1 = ) = 4|

Pryy - @ = 20| + SllAG - 03

Using the same reasoning as in the proof of Lemmalll we get the desired results.
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B.6 Proof of Lemma Bl
By first order optimality condition there exists £ € 8||:L‘+H such that:

X = L(z —aT) — Vf(x)
=Lz —at)— A*(Az —b)
=Lz —aT) — A*(A(z — z0)) + A%z

Note that £ = e, + + v for some v € T:;. By Lemma [6] there exists v/ € T;;r N Bj.= such that (v',v) = |lv[|. Since
egt+ + v € 9|zt lleg+ + v'|I* < 1. Therefore, we can write:

€l = lleg+ +vll 2 (ept + 0,5t +0) = lleg || + vl = K(2™) = lleg+ 1 < IIE]-

Let € = Zézl vyia;, where a1,...,a; and v1,...,7; are given by the orthogonal representation theorem. Since v; < 1 for all
i, 1> ||€||. If ||€]| > K, we can define u = 3°F_| a;, then

EX < (u, X&) = (u, L(zt — ) — (Au, A(x — x0)) + (u, A*2)

< L|jat —a|| + /o4 (A, DI A — wo)ll, + k| A™=(|*

3k o
= 22 < Iflat — ol + o+ (A DRI — 20)]l (62)

Since ¢y (zT) < ¢ (x), by Lemma [ we have:
9ckoA(1 +7)
zt —z|| <|lat — ol + ||& — 20| < ———— L2 |
Jo* el < e+ — ol + e ol < AN
9ckoA2(1 + v
A — )2 < — X1 +0)
p*(Avc(l +’Y) ko)
Define
9cko(1 +7)
p— (A, c(1+7)2ko)’

2 ~ 9cko(1 + )
P =R T Ut )2y

& = YincP+ (A7 2];3)

We can rewrite (62)) as:

374'“—01—5\/2<0:>\/E<§(6+\/52+3a)gz\/a.

But this contradicts Assumption [ so ||| < k hence K (zT) < k.
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