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Abstract This paper concerns exact linesearch quasi-Newton methods for minimizing
a quadratic function whose Hessian is positive definite. We show that by interpret-
ing the method of conjugate gradients as a particular exact linesearch quasi-Newton
method, necessary and sufficient conditions can be given for an exact linesearch quasi-
Newton method to generate a search direction which is parallel to that of the method
of conjugate gradients. We also analyze update matrices and give a complete descrip-
tion of the rank-one update matrices that give search direction parallel to those of
the method of conjugate gradients. In particular, we characterize the family of such
symmetric rank-one update matrices that preserve positive definiteness of the quasi-
Newton matrix. This is in contrast to the classical symmetric-rank-one update where
there is no freedom in choosing the matrix, and positive definiteness cannot be pre-
served. The analysis is extended to search directions that are parallel to those of the
preconditioned method of conjugate gradients in a straightforward manner.
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1 Introduction

In this paper we study the behavior of quasi-Newton methods (QN) on an unconstrained
quadratic problem of the form

. l T T
minimize —x' Hx 4+ ¢ x, (QP)
xeRn? 2

where H = HT > 0. Solving (QP) is equivalent to solving a symmetric system of
linear equations Hx + ¢ = 0. In particular, our concern is to give conditions under
which a quasi-Newton method utilizing exact linesearch generates search directions
that are parallel to those of the method of conjugate gradients (CG). As exact linesearch
is considered, parallel search directions imply identical iterates. At iteration k, the
x-iterate and the gradient Hx + ¢ are denoted by x; and g respectively. In a quasi-
Newton method, the search direction py is computed from By py = —gi, where By is
nonsingular.

We give necessary and sufficient conditions on a QN-method for this equivalence
with CG on (QP). This is not the first time necessary and sufficient conditions are
given. In [12, Theorem 2.2], a necessary and sufficient condition is given, which is
based on projections from iterations 0, 1, ..., k — 1, allowing also the preconditioned
setting to be considered. In contrast, we interpret the method of conjugate gradients
as a particular quasi-Newton method and base the necessary and sufficient conditions
on this observation. The result we give is thus directly based on the projection given
by the method of conjugate gradients, i.e., based on quantities from iteration k — 1
and k involving one projection only.

If considering update matrices Uy defined by Uy = By — Bk_1, it is well-known
that, on (QP), QN using exact linesearch and an update scheme in the one-parameter
Broyden family generates identical iterates to those generated by CG, see, e.g., [3,11,
14]. The unique rank- 1 update matrix in the Broyden family is usually referred to as the
SR1 update matrix, and it is determined entirely by the so-called secant condition. As
a result of our equivalence result, we show that the symmetric rank-1 update matrices
that give parallel search directions to CG are given by the family of update matrices
on the form

1

— - (kg — 8- (g — g1, (1)
ke — D py_18k—1

Uy =

where yy is a free parameter. The free parameter can be seen as a relaxation of the
secant condition, as the SR1 update matrix is the only matrix in our parameterized
rank-1 family which satisfies this condition. We show how to choose the parameter so
that positive definiteness of the quasi-Newton matrix is preserved.

To simplify the exposition, we discuss equivalence to CG, which corresponds to the
initial Hessian approximation being the identity matrix in the quasi-Newton method
in our analysis. We then give the corresponding results in the preconditioned set-
ting, which corresponds to an arbitrary positive definite and symmetric initial Hessian
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approximation. For the rank-1 case, the family of symmetric update matrices take the
form (1) also in the preconditioned setting.

In Sect. 2, we make a brief introduction to CG and QN. In Sect. 3, we present
our results which include necessary and sufficient conditions on QN such that CG
and QN generate parallel search directions. These results are specialized to update
matrices in Sect. 4. In particular, in Sect. 4.1, we give the results on symmetric rank-1
update matrices. Section 5 contains a discussion on how the results would apply if
the inverse of the Hessian was updated instead of the Hessian itself. In Sect. 6, the
corresponding results in the preconditioned setting are stated. Finally, in Sect. 7 we
make some concluding remarks.

2 Background

For solving (QP), we consider linesearch methods on the following form. At iteration
k, a search direction py is computed. The x-iterate and the gradient are updated as

T
Xkt = Xk + 60k Pks 8k+1 = 8k + Ok Hpy, for O = —%-
Py Hpy
The choice of steplength ) corresponds to exact linesearch, i.e., given a search direc-
tion py the steplength gives the exact minimizer along py. This is a natural choice for
(QP), as it can be done explicitly. For a given initial point xo, the iteration process
is terminated at an iteration r if g, = 0, in which case x, is given as the optimal
solution to (QP) or equivalently as the unique solution to Hx + ¢ = 0. The method is
summarized in Algorithm 1.

Algorithm 1 An exact linesearch method for solving Hx + ¢ = 0.
k < 0; xj < initial point; gx < Hxy +c¢;
while [|g || # 0 do
Pk < search direction;
elpe
ka Hpi'
Xkl < Xk +Okprs 8k+1 < 8k + Ok Hpys
k<—k+1,;
end while

O < —

The particular linesearch method is defined by the way the search direction py is
obtained in each iteration k. Our model method is the method of conjugate gradients,
CG, by Hestenes and Stiefel [10]. There are different varieties of CG, which are
equivalent on (QP). The variety we describe is referred to as the Fletcher-Reeves
method of conjugate gradients, as stated in the following definition.

Definition 1 (The method of conjugate gradients (CG)) The method of conjugate
gradients, CG, is the linesearch method of the form given by Algorithm 1 in which
the search direction py is given by kaG, with
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cG —80 ifk = 0,

= T . CG
Py gk + PG if k> 1. (€6)
8k —18k—1

For CGitholds that, for allk,ngg,- =0,i =0,...,k—1,sothe method terminates with
gr = 0 for some r, r < n, and x, solves (QP). In addition, it holds that { kaG},’(;(l) are
mutually conjugate with respect to H. For an introduction to CG, see, e.g., [2,15,16].
In [5], CG is extended to general unconstrained problems. The reason for CG being
our model method is that it requires one matrix-vector product H pj per iteration, and
it terminates in r iterations, with r < n.

Next we define what we will refer to as a quasi-Newton method, QN.

Definition 2 (Quasi-Newton method (ON)) A quasi-Newton method, QN, is a line-
search method of the form given by Algorithm 1 in which the search direction py is
given by

Bipx = — gk (QN)

where the matrix By is assumed nonsingular.

Quasi-Newton methods were first suggested by Davidon, see [1], and later modified
and formalized by Fletcher and Powell, see [4]. For an introduction to QN-methods,
see, e.g., [7, Chapter 4].

Our interest is now to set up conditions on By such that p; and kaG are parallel
for all k, so that QN also terminates in r iterations. In [6], we derived such conditions
based on a sufficient condition to obtain mutually conjugate search directions. Here,
we give a direct necessary and sufficient condition based on p,fG only.

The results of the paper are derived with (CG) as the model method, which cor-
responds to Bg = I in (QN) giving py = pg G Tt is also of interest to consider the
case when a symmetric positive definite matrix M is given for which a preconditioned
method of conjugate gradients is defined. This corresponds to By = M in (QN) giving
the initial search directions identical. To simplify the exposition, we derive the results
for the unpreconditioned case given by (CG) and give the corresponding results for
the preconditioned setting in Sect. 6.

3 Necessary and sufficient conditions for QN

In this section we give precise conditions on By such that py is parallel to kaG. The
main benefit of the conditions compared to previous work is that our result is based
on the single iteration k. The dependence on the previous iterates is contained in the
search direction pi_1, and there is no need to check any condition for all the previous
iterates.

In the following proposition, we give a necessary and sufficient condition on By
at a particular iteration k to give a search direction pj such that py = i kaG for a
scalar 8;. We assume that each previous search direction p; has been parallel to the
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corresponding search direction of CG, piC G, so that QN and CG have generated the
same iterate xy.

Proposition 1 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 < k < r. Assume that p; = 8ipiCG with$; #0fori =0,...,k— 1, where
pl.c G i=0,...,k—1,are the search directions of the method of conjugate gradients,
as stated in Definition 1. Let Ay be defined as

1

Ap=1————pi1g]. )
8k—1Pk—1
Then,
-1 1 T
Ay =1+ ———pr-18 3)
8k—1Pk—1

and it holds that AkkaG = —gk. In addition, if py is given by By px = —gi with By
nonsingular, then, for any nonzero scalar 8, it holds that py = & kaG if and only if

_ 1
Bmﬁ&=§&, “)
or equivalently if and only if
T . 1 .
By = A Wi Ag, with Wigr = S—gk,for Wy nonsingular. 5)
k

Finally, it holds that By > 0 if and only if Wy > O.

Proof We have

CcG nggk CcG 1 cG T
Pk :_gk‘f‘T—Pk_l = - I+ka_1gk 8k- (6)
8 —18k—1 8k—1Pr-1
Therefore, since pr_1 = dx—1 pkc_Gl, with §x—1 # 0, (6) gives
CcG 1 T -1
pi =— |1+ —F—p-18 | & = — A, 8k )
8r—1Pk—1

with Ak_1 given by (3). Since ngpk_l = 0, multiplication of Ay of (2) by Ak_1 of (3)
gives AkAk_1 = I, so that the stated Ay is nonsingular with corresponding inverse
Ak_l. Therefore, (7) gives Ag kaG = —gk.

Since By is assumed nonsingular and 8; # 0, it holds that p; = ; kaG if and only
if Bk(—SkAk_lgk) = —gi, which is equivalent to (4). Since ng pr—1 = 0, we obtain
Ak_Tgk = g, so that (4) is equivalent to
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ATTB A o = !
k PkAy 8k = S_gk’
k

which in turn is equivalent to (5). The final result on positive definiteness follows from
the nonsingularity of A by Sylvester’s law of inertia, see, e.g., [8, Theorem 8.1.17].
O

The necessary and sufficient conditions of Proposition 1 give a straightforward way
to check if a matrix By is such that the corresponding QN-method and CG will gen-
erate parallel search directions. The scaling of kaG has a special role in our analysis
and we relate py to kaG by a scalar &;. The observation that kaG may be written
as kaG = —Ak_lgk for a nonsingular A; has been made in [12, Example 2], but the
equivalence result of [12] concerns p; without relating to the scaling of kaG explic-
itly. Therefore, the condition of [12] involves projections on all previous iterations
0,1,...,k — 1, not one single projection as we obtain. In addition, since there is
no relationship to a particular scaling, there is no parameter corresponding to our §.
Since such a parameter is vital for deriving later results in our paper, in particular when
characterizing symmetric rank-one updates, we cannot apply the equivalence result of
[12] directly. A difference in [12] is that they consider matrices Ny that approximate
H~! rather than matrices By that approximate H. This is not a major difference, we
discuss these issues in Sect. 5.

Note that it is not necessary to make By — [ increase in rank. In particular, By =
AZA;(, corresponding to Wy = [ in Proposition 1, is a positive-definite symmetric
matrix for which By py = —gx gives py = kaG.

We also note that the characterization of Bj does only depend on information
from iteration k and k — 1, since it directly inherits the properties of the method of
conjugate gradients. In addition, the characterization of Proposition 1 only depends
directly on quantities computed by the quasi-Newton method, the scaling of the method
of conjugate gradients is not needed.

4 Results on update matrices

In the previous section we gave results on By for a particular iteration k without
directly relating to any other B;, i # k. It is often the case that By is defined in terms
of the previous matrix By_; and an update matrix Uy such that By = By_1 + U, and
that conditions are put on Uy. We have in mind a setting where information from the
generated gradients is used, so that Bx_ may be expressed as By_1 = I + Vi, with
R(Vk) € span{go, - .., 8k—1}- As we have in mind such a setting where in addition
By is symmetric, we make the assumption Bx_1gx = gk-

Proposition 1 can then be applied in a straightforward manner to give conditions
on Uy such that py = & p,fG. Note that there is a one-to-one correspondence between
U and By given By_.

Proposition 2 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 < k < r. Assume that p; = SipiCG with 8; 2 O0fori =0,...,k — 1, where
pl.c G i=0,...,k—1,are the search directions of the method of conjugate gradients,
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as stated in Definition 1. Let Br_1 be a nonsingular matrix such that Bx_1pi—1 =
—gk—1 and By_18x = gk. Let Uy = By — Bx—1 and assume that By and py satisfy

Bipr = —gk, with By nonsingular. Then, for any nonzero scalar d, it holds that
pk = & pg © ifand only if
T T
8 8k 1 8i 8k
U | 8k + —2—pi1 | = (— - 1)8k+Tk—gk—1~ ®)
Pir—18k—1 Sk Pi—18k—1

Proof By assumption, By is nonsingular so for By = By_1 + Uy, Proposition 1 gives
Pk = (SkkaG if and only if

T T
8 8k 1 8 8k
Uk + —2—pk1 | = —g — Bior [ &+ 25— pi
Pi—18k—1 Sk Pik_18k—1

1 81 8k
= _8k_gk+—Tk 8k—1,
Sk Pi—18k—1
since pk—1 is computed from By_| px—1 = —gk—1 and itis assumed that Bx_1gx = gk,
so the statement of the proposition follows. O

Note that in the right-hand side of (8) in Proposition 2, the component along gx—1
is nonzero and independent of §;. The component along g is zero for §; = 1, i.e.,
when py = kaG.

4.1 Results on symmetric rank-one update matrices

Next we consider the case when Uy is a symmetric matrix of rank one. It is well
known that the secant condition gives a unique update referred to as SR1, see, e.g.,
[13, Chapter 9]. The secant condition and SR1 will be discussed later in this section.
Using Proposition 2 we can give a different result concerning the case when the update
matrix Uy is a symmetric matrix of rank one. In particular, we show that the family of
rank-1 update matrices can be parameterized by a free parameter and that the matrix
is unique for a fixed value of the parameter. This parametrization allows positive
definiteness of the quasi-Newton matrix to be preserved.

The situation can be considered in two ways. First, for any given value of the scalar
Yk, except for three distinct values, there is a symmetric rank-1 update matrix Uy of

the form .
Up = — 7 (vkgk — 8- (kg — ge-1)" ©)
Ve — D pj_18k—1

for which py = 8r(vk) kaG, where §x(-) is a real-valued function. Second, if py =
Sk kaG is required for any given value of the scalar §x, except for three distinct values,
and Uy is symmetric and of rank one, Uy must take the form (9), with yr = yx(Sk),
where yx(-) is the inverse function of &;(-). Consequently, except for three distinct
values, there is a one-to-one correspondence between §; such that p; = & kaG and
¥k of the symmetric rank-1 update matrix Uy of (9).
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232 A. Forsgren, T. Odland

The functions & (-) and yx(-) are defined in the following lemma.

Lemma 1 Consider iteration k of the exact linesearch method of Algorithm 1, where
1 <k < r. Assume that p; = 8ipiCG withé; #0 fori =0,...,k — 1, where piCG,
i =0,...,k— 1, are the search directions of the method of conjugate gradients, as
stated in Definition 1. Let 7, = ka_lgk_l/nggk. For 8 # 0 and y, # v, let the
functions yi(8y) and 8y (vi) be defined by

T
Pr_18k—1 1
mww=—l4——<

— - 1) . Oy =
gler \&

Then, the functions yy(-) and 5y (-) are inverses to each other.

We now characterize the symmetric rank-one update matrices that give search
directions which are parallel to those of the method of conjugate gradients. In addition,
we give conditions for preserving positive definiteness and a hereditary result.

Proposition 3 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 < k < r. Assume that p; = Sipl-CG with §; # 0 fori = 0,...,k — 1,
where piCG, i =0,...,k — 1, are the search directions of the method of conjugate
gradients, as stated in Definition 1. Let By and py satisfy By px = —gk, and let By_1
be a nonsingular matrix such that By—1 pr—1 = —gk—1 and Br_18r = gk. In addition,
let v (+), 8; () and Py be given by Lemma 1.

For any scalar vy, except v, = 0, yx = Pk and v = 1, let By be defined by

1

By = Bk—1 —
(e — Dpl g1

(Vegk — gk—1) (Vg — gk—1)" . (10)

Then, By is nonsingular and py = (SkkaG for 8k = 8 (yk)-

Conversely, for any scalar 8, except 8 = 0, 6 = 6, (1) and 8y = 1, assume that
Pk = Sk kaG and assume that By — By_1 is symmetric and of rank one. Then, By is a
nonsingular matrix given by (10) for yr = yi (8k).

If, in addition, B, = Bkal > 0, then By defined by (10) satisfies By > 0 if
and only if vy > 1 or yr < yx < 0, or equivalently if and only if yx = vi(8) for
0 < & < 8k(1) or b > 1.

Finally, if Bip;i = —gi, i =0, ..., k, with By = I and if, fori = 1,...,k, Bi_1 is
updated to B; according to (10) for y; such that y; # 0, y; # v; and y; # 1, then

Bipi = 2 Hp, i=0,.. k-1 (1)

Vi1 — 1

Proof Let Uy = By — By—1. If Uy is symmetric and of rank one, we may write
U = ﬂkukulz, where B is a scalar and uy, is a vector in R”, both to be determined. If
By is nonsingular and §; # 0, Proposition 2 shows that py = & kaG if and only if

@ Springer



On exact linesearch quasi-Newton methods for minimizing... 233

_ 1 81 8k 81 8k
Bruul Ay g = (— - 1) 8k + — g1 = ———— (k8K — 8k-1):
Sk Pr—18k—1 Pi—18k—1
(12)

with yx = yx(6k) given by Lemma 1. Throughout the proof, assume that §; ¢
{0, 8;(1), 1} and y ¢ {0, yx, 1}, which is assumed in the statement of the Propo-
sition. Then, Lemma 1 shows that there is a one-to-one correspondence between §y
and y;. Hence, (12) may be considered for either §; or yx. We choose y; for ease of
notation.

We first assume that By is nonsingular, and verify that this is the case later in the
proof. For By nonsingular, it follows from (12) that u; will be equal to the right-hand
side vector up to some arbitrary non-zero scaling. Let

Uk = Yk8k — 8k—1- (13)

The scaling of u; will be reflected in Sy by insertion into (12) as

T T
g gk g gk
Br(vegk — g—1)" gk‘i‘Tk—Pkfl = B — Dgl gk = —Tk—,
Pi—18k—1 Pi—18k-1
so that X
Bx = (14)

(v — Dpl_ k-1

Note that (14) is well defined as y, 7~ 1 is assumed. A combination of (12), (13) and
(14) gives By expressed as in (10).
It remains to show that By is nonsingular. It follows from (10) that

Bi = Br_i <I - (B 8k — B gk (vegr — 8k—1)T> :

(i — Dpl_ gk-1

so that
det(By) = det(Br—1)nk, (15)
with
~1 -1 T
(kB _18k — By 8k—1)" (Yk&k — 8k—1)
mw=1- 7
Wk — D pi_18k—1
. visige—piiig-r  —vlsl gk — pi_igk-)
(v — Dpl_ 8k—1 (e — D Pl 8k—1
_ Yk — z/k) 16)
vk — Dk

since By—18k = &k, Bx—1Pk—1 = —gk—1 and ngPkfl = 0, with 7 givenby Lemma 1.

Hence, since Bj_ is assumed nonsingular, a combination of (15) and (16) shows that
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nonsingularity of By is equivalent to n; # 0, i.e., yx # 0 and yx # P, which is
exactly what is assumed.

To prove the result on positive definiteness, assume that By_| = Bkal > 0. In
this case, since Bx_1 and By differ by a symmetric rank-1 matrix, By can have at
most one nonpositive eigenvalue, see, e.g., [8, Theorem 8.1.8]. Therefore, (15) shows
that positive definiteness of By is equivalent to 1 > 0. Note that Bx_; > 0 implies
pl g1 = —pl_ B! pk—1 < 0, whichin turn gives 7 < 0. We may now examine
(16) to see what values of y; that give nx > 0. The numerator of (16) is positive for
Yk < yx < 0 and negative for ¥ < 7 and yx > 0. The denominator of (16) is
positive for y; < 1 and negative for y, > 1. We conclude that n; > 0 if and only if
Yk < Yk < 0ory, > 1, which by Lemma 1 is equivalentto 0 < &; < 8¢(1) or 8 > 1.

To prove the final hereditary result, assume that B;p; = —g;, i = 0, ..., k, with
By = I and assume that B;_; is updated to B; according to (10) for y; such that
vi 20,y # y; and y; # 1. Then, for a given i, 0 < i < k, k may be replaced by
i + 1in (10), which gives

1
Biy1pi = Bipi — ——————ir18i+1 — &) Vit18it1 — &) pi
Yi+1 — Dp; g
1 Yi+1

=g+ ——Vi+18i+1 — &) = ————(gi+1 — &)

Vie1 — 1 Viel — 1
— MHP:', (17)

Vi1 — 1

where the identities B; p; = —gi, gl.T L pi = 0 and g;+1 — g = 6; Hp; have been used.
Finally, (10) gives Bjp; = Bjy1p;for j =i+2,..., k,since gjrpi =0forj>i+1.
Consequently, By p; = Bjt1pi, with B;1 p; given by (17), proving (11). O

Note that there are two ways in which positive definiteness of a symmetric B;_1 may
be preserved in a symmetric rank-one update. The first one, y; > 1, or equivalently
0 < 8 < 8k (1), is straightforward, since it corresponds to Uy > 0. The second one,
P < yr < 0, or equivalently & > 1, is less straightforward. The corresponding Uy is
negative semidefinite, but still the resulting By is positive definite.

Proposition 3 gives precise conditions for which rank-one matrices that give a
corresponding update matrix that preserves positive definiteness and gives search
directions parallel to the method of conjugate gradients. We have the freedom to
choose yy or & appropriately. This can be compared to SR1, the symmetric rank-one
update scheme uniquely defined by the secant condition

Bisk—1 = yr, for sp—1 = Ok—1Pk—1, Yk = 8k — 8k—1- (13)
By writing Uy = By — By_1, the secant condition gives a requirement on Uy as
UkSk—1 = Yk — Br—15k—1, (19)

which for Uy symmetric and of rank one gives the SR1 update matrix U, kS Rl on the
form
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USR! = (k — Biesk—1) Ok — Besk—1)7, (20)

sty Ok — Brsi—1)
see, e.g., [13, Chapter 9]. Since Br_1px—1 = —gk—1 holds by the definition of the
quasi-Newton method, we may use the definitions of sz_; and y; of (18) to rewrite
U,le of (20) as

SR1 _ 1
Uk = T
Ok—1Pj—1(8k — (1 = Ok—1)8k—1

(g — (1 = O—Dgr—1D gk — (1 — B—gr—1 T .

Since exact linesearch is performed in our case, it holds that ka_ 18k = 0,sothat U ,f Rl
takes the form

U]le — -1
Ok—1(1 — O—1) pl_ gk—1

—(1 = 6k—1) ( 1 ) ( 1 >T
= gk — &1 )| ———8&—8gk-1]) . 2n
9k71PkT_1gk71 1 — 6 1 —6r_q

where in the last step, a scaling of the rank-1 vector by a factor 1/(1 — 6x_1) has
been made. A comparison of (10) and (21) shows that the SR1 update is the particular
member of the family of symmetric rank-1 updates given by Proposition 3 for which
vk = 1/(1 — Or_1). In particular, for ;_; = 1, SRI is not well defined. In addition,
as there is no freedom in choosing the rank-one matrix for SR1, there is no way to
ensure By > Oevenif By_; = Bkal > 0. Note that the condition on By, of (18) giving
a condition on Uy of (19) and a unique symmetric rank-1 Uy of (20) is analogous
to our condition on By of Proposition 1 for a fixed §; giving a condition on Uy of
Proposition 2 and a unique rank-1 Uy of Proposition 3.

Example 1 illustrates the SR1 update and another rank-1 update of Proposition 3
which preserves positive definiteness. The H and ¢ of the example are parameterized
by a positive scalar ¢p. We obtain 6y = 2/(3¢), so by selecting ¢ = 2/3, it follows
that §p = 1 and the SR1 update becomes undefined. By selecting ¢ slightly smaller
than 2/3, for example 0.65, we obtain 6 slightly larger than one (6y = 40/39), so that
y1 = —39 and the corresponding 41 is negative (§; = —3/10). Consequently, BfR lis
indefinite and the corresponding p; is an ascent direction. For comparison, the rank-1
update of Proposition 3 is given for §; = 2, which preserves positive definiteness. As
can be seen from (10), the rank-1 update of Proposition 3 is independent of ¢.

(g — (1= G—Dgk—1)(gx — (1 — G gr—1)"

Example 1 For a positive parameter ¢, consider the example

S R S G

for which
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Then

2 SR1 sz L (435
$=3 = By undefined By’ 44\ 519

¢_65 _ BSRl_l —16 42 35122_1 43 5
~ 100 720\ 42 —20 7 aa\ 519

Note that the numerical values and the dimension of Example 1 are not important.
For a given quadratic problem, there will always exist a particular positive scaling
such that the resulting Bf R1 s undefined.

5 On the approximation of the Hessian

The results of the present manuscript have been written based on the search directions
of the method of conjugate gradients. The reason for doing so is that it allows a direct
treatment of By, and there is no need to focus on the update matrix By — By_1. This
is the choice of the authors, but other choices are of course possible.

The results are stated for a matrix By that approximates the Hessian H. We prefer
to think of the quasi-Newton method in this way, but there would be little difference
if one instead stated the results for a matrix Ny, that approximates H !, which is done
for example in [12]. The search direction p; would then be defined by py = — Ny g«
rather than by By px = —gx and conditions would be imposed on Nj rather than on
By.. Proposition 1 could be equivalently stated using N as the approximation of H~!.
Then, the counterparts of (4) and (5) would read

Nigr = 8k Ay 'g and AN AT gk = Sgi-

When considering update matrices, with V; = N — Nj_1, the counterpart of the
update formula (8) of Proposition 2 would read

T
_ 8k 8k
Vigk = 8k A; gk — Neoigk = (8 — Dgi + S————pr1. - (22)
8r—1Pk—1

For the rank-one case, the update matrix is unique for a given 8, and (22) gives

1

Ni = Ni_1 —
ve(vegl gk — pl_1gk-1)

vigk + pe—) gk + -’ (23)

with yx = yx(8r) of Lemma 1. The uniqueness of the update implies that if Ny_; =
B _11, then Ny = B, and (23) follows from (10) by the Sherman—Morrison formula.

As for the rank-one case, in light of the results of Sect. 4.1, one of the referees
has pointed out that the parametrization given by §; can be replaced by a different
parametrization. The secant condition 6;_1 By pxr—1 = gk — 8k—1 and its counterpart
on the inverse 6;_1 px—1 = Ni(gx — gk—1) may be relaxed by a parameter Ay so that
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MOk—1Bik pr—1 = 8k — gk—1 and AxOk—1 px—1 = Ni(gk — gk—1) respectively. For the
updates, we obtain

MO—1Urpr = gk — (1 — AgBr_1)gk—1 and (24a)
Vi(gk — gk—1) = —gk — (1 — AOk—1) pr—1, (24b)

since Bx—1pk—1 = —8k—1, Nk—18k = &k and Nx_18k—1 = —pk—1. If having read
the previous sections of this paper, we would see that py = i kaG, where we can
relate yx to Ay by v = 1/(1 — Axbr—1), by comparing the right-hand side vector of
(24a) to the rank-one vector of Proposition 3 or comparing the right-hand side vector
of (24b) to the rank-one vector of (23). The corresponding relationship to §x is given
by Lemma 1. An alternative to reading the previous sections of this paper, however,
would be to say that Ay = 1 corresponds to the SR1 update, and 1; = O corresponds
to the conjugate projection update [3, Eq. (4.1.10)]. They are considered in the update
of the inverse and are both known to give pj parallel to kaG if Ny = I. By replacing
vk by 1/(1 — Ar6k—1), one could show that a rank-1 matrix of the form (9) would give
Pk parallel to kaG using induction similar to what is done in [3, Theorem 3.4.1] and
give conditions on preserving positive definiteness on Ax. This would, however, not
show that there is no other family of rank-1 updates giving py parallel to p,fG. We
prefer to give a direct proof based on our result of Proposition 1, as we from there get
both necessary and sufficient conditions.

6 Preconditioning

Our results have been derived in the setting of CG, which corresponds to By = [ in
QN giving the initial search directions identical. In this section, we give the analogous
results in a preconditioned setting. In the preconditioned method of conjugate gradi-
ents, there is a positive definite symmetric matrix M, providing an estimate of H. For
the quasi-Newton method, this will correspond to By = M giving the initial search
directions identical.

The preconditioned method of conjugate gradient takes the following form. If the
Cholesky factor of M is denoted by L, so that M = LLT, then the method of conjugate
gradients is applied to

L7'"HL s+ L e =0, (25)

forX = LTx, see, e. g., [15, Chapter 9.2]. Letting “hat” be associated with quantities of
(25), we obtain p = LTp and g = L~'g. Since p is associated with a “usual” unpre-
conditioned system, we write 'ﬁCG, and since p is associated with a preconditioned
system, we write pP €Y, so that p€¢ = LTpPCC Tt is straightforward to use these
relations to derive the result analogous to those given in the the previous sections also
for the preconditioned system.

Definition 3 (The preconditioned method of conjugate gradients (PCG)) For a pos-
itive definite symmetric n X n matrix M, the preconditioned method of conjugate
gradients, PCG, is the linesearch method of the form given by Algorithm 1 in which
the search direction py is given by p,f CG  with
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o —M~ g ifk =0,
pk == -1 gZ‘Mflgk PCG (PCG)
-M e fk>1.
8k + ng,lM’lgkflpk*I He=

For PCG it holds that, for all k, g/ M~'g; = 0,i = 0,...,k — 1, so the method
terminates with g, = 0 for some r, r < n, and x, solves (QP). In addition, it holds
that { p,f cG }2;(1) are mutually conjugate with respect to H.

Proposition 4 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 <k < r. Assume that p; = (Sipl.PCG with 8; #Qfori =0, ...,k — 1, where
piP CG i =0,...,k — 1, are the search directions of the preconditioned method of

conjugate gradients, as stated in Definition 3. Let Ay be defined as

1

Ap=1—-———pi1g].
8k—1Pk—1
Then,
Al =1+ ;Pk 181{
Kk = — 5
ng_lPk—l

and it holds that MAkp,fCG = —gk. In addition, if py is given by By px = —gk with
By nonsingular, then, for any nonzero scalar 6, it holds that p; = Skp,fCG if and

only if
BA ' Mg = lgk
k 8/{ ’

or equivalently if and only if
T : - 1 .
By = A Wi Ay, with WM™ g, = S_gk’ for Wy nonsingular.
k

Finally, it holds that By > 0 if and only if Wy > 0.

In particular, By = AZM Ay, corresponding to Wy = M in Proposition 4, is a
positive-definite symmetric matrix for which By py = —gi gives px = p,f cG,
Proposition 5 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 < k < r. Assume that p; = (SipiPCG with8; #O0fori =0, ...,k — 1, where
piP CG i =0,...,k — 1, are the search directions of the preconditioned method of
conjugate gradients using a positive definite symmetric preconditioning matrix M, as
stated in Definition 3. Let B be a nonsingular matrix such that By—1 px—1 = —gk—1
and Bk,]M_lgk = gk. Let Uy = By — By—1 and assume that By and py satisfy
By px = —gk, with By nonsingular. Then, for any nonzero scalar 8, it holds that

pr = 8pf CC if and only if

T -1 T -1
_ 8 M~ gk 1 8 M~ gk
U | M lgk+kT—Pk—l =<__1)gk+kr—gk—1-
Pi—18k—1 Sk Pr—18k—1
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Lemma 2 Consider iteration k of the exact linesearch method of Algorithm 1, where
1 <k < r. Assume that p; = SipiPCG with §; # 0 fori = 0,...,k — 1, where
pl-P CG i =0,...,k — 1, are the search directions of the preconditioned method of
conjugate gradients using a positive definite symmetric preconditioning matrix M, as
stated in Definition 3. Let 7 = ka_lgk_l/ngM_lgk. For 8; # 0 and yi # Vi, let

the functions yi(8) and 8 (yi) be defined by

T
Pr_18k—1 1
Ye(8p) = — == <— - 1), S(y) =

i Mg \ 5k |y M e

k
Y PkT,lgk—l

Then, the functions yy (-) and 5y (-) are inverses to each other.

Proposition 6 Consider iteration k of the exact linesearch method of Algorithm 1,
where 1 <k < r. Assume that p; = SipiPCG with8; #Qfori =0, ...,k — 1, where
pl.P €6 i =0,...,k — 1, are the search directions of the preconditioned method of
conjugate gradients using a positive definite symmetric preconditioning matrix M, as
stated in Definition 3. Let By and py satisfy By px = — gk, and let Bx_1 be anonsingular
matrix such that By_1px—1 = —gk—1 and Bk_lM_lgk = gk. In addition, let yi (),
8 (+) and py be given by Lemma 2.
For any scalar yy, except v = 0, yx = Pk and v, = 1, let By be defined by

1

7 (vegk — gD (vige — &' (26)
Ve — Dpj_18k-1

By = By—1 —

Then, By is nonsingular and py = Skp,fCGfor Sk = Sk (Vi)-

Conversely, for any scalar 8, except §; = 0, 8 = 8x(1) and 8 = 1, assume that
Pk = SkplfCG and assume that By — By_1 is symmetric and of rank one. Then, By is
a nonsingular matrix given by (26) for vk = v (Sk).

If, in addition, Bx—1 = BkT_1 > 0, then By defined by (26) satisfies By > 0 if
and only if vy > 1 or pr < yx < 0, or equivalently if and only if yx = vi(8) for
0 <8 < 6c(1) oréy > 1.

Finally, if Bipi = —gi, i =0, ..., k, with By = M and if, fori = 1,...,k, Bi_
is updated to B; according to (26) for y; such that y; # 0, y; # y; and y; # 1, then

7 Conclusion

In this paper we have derived necessary and sufficient conditions on the matrix By in

a QN-method such that py, obtained by solving By pr = — g, satisfies px = i p,f cG

for some §; # 0, where p,f CG s the search direction of the preconditioned method
of conjugate gradients. These conditions are stated in Proposition 4. The results have
been derived for the case of CG and then extended to PCG for a symmetric positive

definite preconditioning matrix M.
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Further, we have characterized the symmetric rank-one update matrices for QN that
give parallel search directions to those of PCG. In Proposition 6, we show that the
rank-one matrix must be a linear combination of g and gr_1, and also that almost
any linear combination will do. In addition, we characterize the family of symmetric
rank-one updates that preserve symmetry and positive definiteness of By_j.

Our focus is on the mathematical properties of PCG and QN in exact arithmetic. We
want to stress that considering the numerical properties in finite precision is of utmost
importance, but such an analysis is beyond the scope of this paper. See, e.g., [9] for an
illustration of a case where PCG and QN generate identical iterates in exact arithmetic
but the difference between numerically computed iterates for the two methods is large.

The results of the paper are meant to be useful as such, for understanding the behav-
ior of exact linesearch quasi-Newton methods for minimizing a quadratic function. In
addition, we hope that they can lead to further research on methods for unconstrained
minimization. In particular, understanding the behavior of quasi-Newton methods on
near-quadratic functions would be a subject of future research.
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