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Abstract

We investigate the convergence of a recently popular class of first-order primal—dual
algorithms for saddle point problems under the presence of errors in the proximal
maps and gradients. We study several types of errors and show that, provided a suf-
ficient decay of these errors, the same convergence rates as for the error-free algo-
rithm can be established. More precisely, we prove the (optimal) O(1/N) conver-
gence to a saddle point in finite dimensions for the class of non-smooth problems
considered in this paper, and prove a O(1/N?) or even linear O(6") convergence
rate if either the primal or dual objective respectively both are strongly convex.
Moreover we show that also under a slower decay of errors we can establish rates,
however slower and directly depending on the decay of the errors. We demonstrate
the performance and practical use of the algorithms on the example of nested algo-
rithms and show how they can be used to split the global objective more efficiently.

Keywords First-order primal-dual algorithm - Inexact proximal operator - Nested
algorithms - Convex optimization

1 Introduction

The numerical solution of nonsmooth optimization problems and the acceleration
of their convergence has been regarded a fundamental issue in the past 10-20 years.
This is mainly due to the development of image reconstruction and processing,
data science and machine learning which require to solve large and highly nonlin-
ear minimization problems. Two of the most popular approaches are forward—back-
ward splittings [22, 23, 42], in particular the FISTA method [7, 8], and first-order
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primal—dual methods, first introduced in [32, 54] and further studied in [15, 17]. The
common thread of all these methods is that they split the global objective into many
elementary bricks which, individually, may be “easy” to optimize.

In their original version, all the above mentioned approaches require that the
mathematical operations necessary in every step of the respective algorithms can be
executed without errors. However, one might stumble over situations in which these
operations can only be performed up to a certain precision, e.g. due to an erroneous
computation of a gradient or due to the application of a proximal operator lacking a
closed-form solution. Examples where this problem arises are TV-type regularized
inverse problems [6, 7, 30, 33, 59] or low-rank minimization and matrix completion
[14, 44]. To address this issue, there has been a lot of work investigating the conver-
gence of proximal point methods [24, 36, 37, 39, 56, 58], where the latter two also
prove rates, and proximal forward—backward splittings [23] under the presence of
errors. The objectives of these publications reach from general convergence proofs
[21, 34, 43, 53, 64] and convergence up to some accuracy level [26, 27, 47] to con-
vergence rates in dependence of the errors [5, 60, 61] also for the accelerated ver-
sions including the FISTA method. The recent paper [9] follows a similar approach
to [61], however extending also to nonconvex problems using variable metric strate-
gies and linesearch.

For the recently popular class of first-order primal—dual algorithms mentioned
above the list remains short: to the best of our knowledge the only work which con-
siders inaccuracies in the proximal operators for this class of algorithms is the one
of Condat [25], who explicitly models errors and proves convergence under mild
assumptions on the decay of the errors. However, he does not show any convergence
rates. We must also mention Nemirovski’s approach in [48] which is an extension of
the extragradient method. This saddle-point optimization algorithm converges with
an optimal O(1/N) convergence rate as soon as a particular inequality is satisfied at
each iteration, possibly with a controlled error term (cf. Prop 2.2 in [48]).

The goal of this paper is twofold: Most importantly, we investigate the conver-
gence of the primal—dual algorithms presented in [15, 17] for problems of the form

minmax (Kx,y) +f(x) + g(x) — A*(y),

xeX ye)
for convex and lower semicontinuous g and % and convex and Lipschitz differenti-
able f, with errors occurring in the computation of Vf and the proximal operators
for g and h*. Following the line of the preceding works on forward—backward split-
tings, we consider the different notions of inexact proximal points used in [60] and
extended in [5, 58, 61] and, assuming an appropriate decay of the errors, establish
the convergence rates of [15, 17] also for perturbed algorithms. More precisely, we
prove the well-known O(1/N) rate for the basic version, a 0(1 /Nz) rate if either
f, g or h* are strongly convex, and a linear convergence rate in case both the primal
and dual objective are strongly convex. Moreover we show that also under a slower
decay of errors we can establish rates, however unsurprisingly slower depending on
the errors.

In the spirit of [61] for inexact forward—backward algorithms, the second goal
of this paper is to provide an interesting application for such inexact primal—dual
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algorithms. We put the focus on situations where one takes the path of inexact-
ness deliberately in order to split the global objective more efficiently. A particular
instance are problems of the form

min A(K,x) + g(K,x) = minmax (y, K;x) + g(K,x) — h*(y). )
x x y

A popular example is the TV-L! model with some imaging operator K,, where g
and h are chosen to be L'-norms and K, = V is a gradient. It has e.g been studied
analytically by Alliney [2—4] and subsequently by Chan and Esedoglu [19], Kark-
kiinen et al. [38] and Nikolova [50, 51]. However, due to the nonlinearity and non-
differentiability of the involved terms, solutions of the model are numerically hard
to compute. One can find a variety of approaches to solve the TV-L! model, reaching
from (smoothed) gradient descent [19] over interior point methods [35], primal—dual
methods using a semi-smooth Newton method [28] to augmented Lagrangian meth-
ods [31, 62]. Interestingly, the inexact framework we propose in this paper provides
a very simple and intuitive algorithmic approach to the solution of the TV-L! model.
More precisely, applying an inexact primal—-dual algorithm to formulation (1), we
obtain a nested algorithm in the spirit of [6, 7, 20, 30, 33, 59, 61],

Yy = prox_;,. (" + oK, (" + 0" — x))),
X = ProX ok, (X" — TKTy"H),

where prox,,. denotes the proximal map with respect to A* and step size o (cf.
Sect. 2). It requires to solve the inner subproblem of the proximal step with respect
to goK,, i.e. a TV-denoising problem, which does not have a closed-form solution
but has to be solved numerically (possibly with an initial guess which improves over
the iterates). It has been observed in [7] that, using this strategy on the primal TV-1?
deblurring problem can cause the FISTA algorithm to diverge if the inner step is not
executed with sufficient precision. As a remedy, the authors of [61] demonstrated
that the theoretical error bounds they established for inexact FISTA can also serve
as a criterion for the necessary precision of the inner proximal problem and hence
make the nested approach viable. We show that the bounds for inexact primal—dual
algorithms established in this paper can be used to make the nested approach viable
for entirely non-differentiable problems such as the TV-L!' model, while the results
of [61] for partly smooth objectives can also be obtained as a special case of the
accelerated versions.

In the context of inexact and nested algorithms it is worthwhile mentioning the
recent ‘Catalyst’ framework [40, 41], which uses nested inexact proximal point
methods to accelerate a large class of generic optimization problems in the context
of machine learning. The inexactness criterion applied there is the same as in [5,
60]. Our approach, however, is much closer to [5, 60, 61], stating convergence rates
for perturbed algorithms, while [40, 41] focus entirely on nested algorithms, which
we only consider as a particular instance of perturbed algorithms in the numerical
experiments.

The remainder of the paper is organized as follows: in the next section we intro-
duce the notions of inexact proxima that we will use throughout the paper. In the
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following Sect. 3 we formulate inexact versions of the primal—-dual algorithms pre-
sented in [15] and [17] and prove their convergence including rates depending on
the decay of the errors. In the numerical Sect. 4 we apply the above splitting idea
for nested algorithms to some well-known imaging problems and show how inexact
primal—dual algorithms can be used to improve their convergence behavior.

2 Inexact computations of the proximal point

In this section we introduce and discuss the idea of the proximal point and several
ways for its approximation. For a proper, convex and lower semicontinuous function
g . X = (—o0,+o0] mapping from a Hilbert space X" to the real line extended with
the value +oo0 and y € X the proximal point [45, 46, 55, 56] is given by

_ P O ST
proxfg(y)—arggg;g{zfllx Vi +g(x)}. )

Since g is proper we directly obtain prox,,(y) € domg. The 1/z-strongly convex
mapping prox,, : X — X is called proximity operator of zg. Letting

1
Ge: X = (o0, F00l, x> = yI? +2() ©))

be the proximity function, the first-order optimality condition for the proximum
gives different characterizations of the proximal point:
y—2z
Z=prox,(y) < 0€9G,(z) < — € dg(2). 4)
Based on these equivalences we introduce four different types of inexact computa-
tions of the proximal point, which are differently restrictive. Most have already been
considered in literature and we give reference next to the definitions. We like to rec-

ommend [58, 61] for some illustrations of the different notions in case of a projec-
tion. We start with the first expression in (4).

Definition 1 Let £ > 0. We say that z € X is a type-0 approximation of the proxi-
mal point prox . (y) with precision ¢ if

def
7 R Prox,,(y) < ||z — prox,(y)|l < V2rze.

This refers to choosing a proximal point from the \/2ze-ball around the true
proximum. It is important to notice that a type-0 approximation is not necessarily
feasible, i.e., it can occur that z € domg. This can easily be verified e.g. for g being
the indicator function of a convex set, and requires us to treat this approximation
slightly differently from the following ones in “Type-0 approximations” section of
“Appendix”. Observe that it is easy to check a posteriori the precision of a type-0
approximation provided dg is easy to evaluate. Indeed, if e € 7dg(z) + z — y, stand-
ard estimates show that ||z — prox,,(y)|| < [le||and z & prox () for e = llel|?/(27).
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In order to relax the second or third expression in (4), we need the notion of an &
-subdifferential of g : X > (—oc0,+o0]atz € X

0.8(z) :={p€X|gkx) =g+ (p,x—2z)—eVxe€ X}
As a direct consequence of the definition we obtain a notion of e-optimality
0€0,8(z) < g(z) <infg+e. )

Based on this and the second expression in (4), we define a second notion of an
inexact proximum. It has e.g. been considered in [5, 60] to prove the convergence of
inexact proximal gradient methods under the presence of errors.

Definition 2 Let ¢ > 0. We say that z € X is a type-1 approximation of the proxi-
mal point prox_,(y) with precision ¢ if

def
7 & prox,(y) < 0€9.G,(2).

Hence, by (5), a type-1 approximation minimizes the energy of the proximity func-
tion (3) up to an error of €. It turns out that a type-O approximation is weaker than a
type-1 approximation:

Lemma 1 Lerz =] prox,,(y). Then z € domg and

llz = prox, Il < V27,

that is z ~{ Prox ,(y).

The result is easy to verify and can be found e.g. in [36, 56, 58]. An even more
restrictive version of an inexact proximum can be obtained by relaxing the third expres-
sion in (4), which has been introduced in [39] and subsequently been used in [24, 58] in
the context of inexact proximal point methods.

Definition 3 Let ¢ > 0. We say that z € X is a type-2 approximation of the proxi-
mal point prox_,(y) with precision ¢ if

e def y—2z
R, proxfg(y) = i € 0,.8(2).

Letting ¢,(z) = |lz — y||>/(27), the following characterization from [58] of the &
-subdifferential of the proximity function G, = g + ¢, sheds light on the difference
between a type-1 and type-2 approximation:

0.6.0= |J 9.,80+9,6.

0<e,+e,<e
—v— 6)
z-y-—e (
= U .80+ {220 el < vore |
0<e,+e,<e T
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Equation (6) decomposes the error in the e-subdifferential of G, into two parts
related to g respectively ¢,. As a consequence, for a type-1 approximation it is not
clear how the error is distributed between g or ¢, while for a type-2 approximation
the error occurs solely in g. Hence a type-2 approximation can be seen as an extreme
case of a type-1 approximation with g, = 0.

In view of the decomposition (6), we define a fourth notion of an inexact proximum
as the extreme case €; = 0, which has been considered in e.g. [36, 56].

Definition 4 Let € > 0. We say that z € X is a type-3 approximation of the proxi-
mal point prox . (y) with precision ¢ if

def
LR Prox,(y) &= Fe € X, lell < V2re 1= prox; (y + ).

Definition 4 gives the notion of a “correct” output for an incorrect input of the proxi-
mal operator. Being the two extreme cases, type-2 and type-3 proxima are also proxima
of type 1. The decomposition (6) further leads to the following lemma from [60], which
allows to treat the type-1, -2 and -3 approximations in the same setting.

Lemma 2 [f z € X is a type-1_approximation of prox,,(y) with precision €, then
there exists r € X with||r|| < /2rte such that

v—z-nr/7€0.8).

Now note that letting » = 0 in Lemma 2 gives a type-2 approximation, replacing the
e-subdifferential by a normal one gives a type-3 approximation. We mention that there
exist further notions of approximations of the proximal point, e.g. used in [36], and
refer to [61, Section 2.2] for a compact discussion.

Even tough we prove our results for different types of approximations, the most use-
ful in practice seems to be the approximation of type 2. This is due to the following
insights obtained by Villa et al. [61]: Without loss of generality let g(x) = w(Bx), with
proper, convex and l.s.c. w : Z — (—o0,+o0] and linear B : X — Z. Then the calcu-
lation of the proximum requires to solve

. | 2
min GT(x)—Ig)I} 2T||)c y|I* + w(Bx). @

Now if there exists x, € X' such that g is continuous in Bx,, the Fenchel-Moreau-
Rockafellar duality formula [63, Corollary 2.8.5] states that

: — i Z * (12 _ sk *
min G (x) = mip 2IIB Zll* = (B*z,y) + w(2),

where we refer to the right hand side as the “dual” problem W _(z). Furthermore we
can always recover the primal solution X from the dual solution Z via the relation
X =y — B*Z. Most importantly, we obtain that % and Z solve the primal respectively
dual problem if and only if the duality gap G(x,z) := G,(x) + W_(z) vanishes, i.e.
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0= (x,z)rrélé{’lxz G.(0)+ W (2) = G, 2).
The following result in [61] states that the duality gap can also be used as a criterion
to assess admissible type-2 approximations of the proximal point:

Proposition 1 Letz € Z. Then
Gy—-B'z,7) <e>y—B'z zg proxfg(y).

Proposition 1 has an interesting implication: if one can construct a feasible dual
variable z during the solution of (7), it is easy to check the admissibility of the cor-
responding primal variable x to be a type-2 approximation by evaluating the duality
gap. We shall make use of that in the numerical experiments in Sect. 4.

Of course, since a type-2 approximation automatically is a type-1 and type-0
approximation, the above argumentation is also valid to find feasible approximations
in these cases. However, since type-1 and type-0 approximations are technically less
restrictive, one should need to characterize when an approximation is of such type
without already being an approximation of type 2. An example of a type-0 approx-
imation may be found in problems where the desired proximum is the projection
onto the intersection of convex sets. The (inexact) proximum may be computed in a
straightforward fashion using Dykstra’s algorithm [29], which has e.g. been done in
[11] or [1, 17, Ex. 7.7] for Mumford—Shah-type segmentation problems. Depending
on the involved sets, one may get an upper bound on the maximal distance of the
current iterate of Dykstra’s algorithm to these sets, obtaining a bound on how far the
current iterate is from the true proximum. These considerations, however, require to
be tested in the respective cases.

3 Inexact primal-dual algorithms

We can now prove the convergence of some primal—dual algorithms under the pres-
ence of the respective error. We start with the type-1, -2 and -3 approximations and
outline in “Type-0 approximations” section of “Appendix” how to get a grip also
on the type-0 approximation. The convergence analysis in this chapter is based on a
combination of techniques derived in previous works on the topic: similar results on
the convergence of exact primal-dual algorithms can be found e.g. in [15, 17, 18],
the techniques to obtain error bounds for the inexact proximum are mainly taken
from [5, 60]. We consider the saddle-point problem

minmax L(x,y) = (Kx,y) + f(x) + gx) — h*(y), (8)

xeX yey

where we make the following assumptions:

1. K : X — )Y is alinear and bounded operator between Hilbert spaces X and Y
with norm L = || K],
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2. f: X — (—o0,+00]is proper, convex, lower semicontinuous and differentiable
with L,-Lipschitz gradient,

V@) = VIO < Lllx = x'||  for all x,x” € domf,

3. g,h: X—> (—o0,+o0] are proper, lower semicontinuous and convex functions,
4. problem (8) admits at least one solution (x*,y*) € X'x ).

It is well-known that taking the supremum over y in L(x,y) leads to the corre-
sponding “primal” formulation of the saddle-point problem (8)

min £() + g + h(K),

which for a lot of variational problems might be the starting point. Analogously,
taking the infimum over x leads to the dual problem. Given an algorithm producing
iterates (x", yV) for the solution of (8), the goal of this section is to obtain estimates

< C(x,y,x°,y%)

AC(XN,)’) - L(X,)’N) = Na

)
for a > 0 and (x,y) € Xx Y. If (x,y) = (x*,y*) is a saddle point, the left hand side
vanishes if and only if the pair (x",y") is a saddle point itself, yielding a conver-
gence rate in terms of the primal—dual objective in O(1/N®*). Under mild additional
assumptions one can then derive estimates e.g. for the error in the primal objective.
If the supremum over y in £(x", y) is attained at some ¥, one easily sees that

FON) + g() + h(Kx™) = [f(r*) + g(x*) + h(Kx*)]
=sup LGV, y) - sup L*,y) < LN, 5) — L, YY)

yeY ye (10)
P CC 10,y
S

b}

giving a convergence estimate for the primal objective.

In the original versions of primal-dual algorithms (e.g. [15, 18]), the authors
require A* and g to have a simple structure such that their proximal operators (2)
can be sufficiently easily evaluated. A particular feature of most of these opera-
tors is that they have a closed-form solution and can hence be evaluated exactly.
We study the situation where the proximal operators for g or 4* can only be evalu-
ated up to a certain precision in the sense of Sect. 2, and as well the gradient of
f may contain errors. As opposed to the general iteration of an exact primal—dual
algorithm [18]

¥ = prox ;. (y + cK%),
& = prox, (& — 7(K*5 + VF(®), an

where (X, y) and (X, §) are the previous points, and (X, §) are the updated exact points,
we introduce the general iteration of an inexact primal-dual algorithm
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y zg prox, . (y + cKXx),
X & prox, (¥ — (K'Y + Vf(X) + e)). 12

Here the updated points (X, y) denote the inexact proximal point , which are only
computed up to precision e respectively &, in the sense of a type-2 approximation
from Sect. 2 for y and a type-i approximation for i € {1,2,3} for X. The vector
e € X denotes a possible error in the gradient of f. We use two different pairs of
input points (¥, y) and (%, y) in order to include intermediate overrelaxed input points.
It is clear, however, that we require X to depend on X respectively y on ¥ in order to
couple the primal and dual updates.

At first glance it seems counterintuitive that we allow errors of type 1, 2 and
3 in X, while only allowing for type-2 errors in y. The following general descent
rule for the iteration (12) sheds some more light on this fact and forms the basis
for all the following proofs. It can be derived using simple convexity results and
resembles the classical energy descent rules for forward—backward splittings. It
can then be used to obtain estimates on the decay of the objective of the form (9).
We prove the descent rule for a type-1 approximation of the primal proximum
since we always obtain the result for a type-2 or type-3 approximation as a special
case.

Lemma 3 Let 7,0 > 0 and (X,¥) be obtained from (X,y) and (X,y) and the updates
(12) fori = 1. Then for every (x,y) € XX Y we have

e =5 | Iy =51 fr-P 1ol
2t 20 2T 2T

ly =3I Iy -yl “ o~
- - +(K(x = X),5 =)
20 20

—(KGE—%),y - ) + <||e|| + \/2e/f>||x—5c|| te+o
(13)

Proof For the inexact type-2 proximum y we have by Definition 3 that
(3 + oKX —¥)/o € d;h*(P), so by the definition of the subdifferential we find

e * V+oKX—79y |
W) < h <y>+<%,y—y>+5

=h*(y>+<y_yy—y>+<Kfc,y—y>+6 (14)

5
(o2

LG y) = L(x,Y) < I

IW—ﬂV_Hy—ﬂV+H9—ﬂP

< W (y) —
SHO) 20 20 20

+ (KX, y—y)+34.

For the inexact type-1 primal proximum, from Definition 2 and Lemma 2 we have
that there exists a vector r with ||7|| < 1/27¢ such that

E—-tK'y+VfX)+e)—X—r)/7 € 9.8(X).

Hence we find that
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g(%)sg(x)+<x—r(1(y+Vf(x)+e)—x—r7)VC_x>+g
T
= w2 w2 -2
N G Lt G L GO
2t 2t 2t

= (V@)% = 3) + (Ilell + V2e/ ) llx = 5l +¢.

where we applied the Cauchy—Schwarz inequality to the error term. Further by the
Lipschitz property and convexity of f we have (cf. [49])

L
S <0+ (Vf@.E = x) + o I = 5P (16)

Now we add the Eqgs. (14), (15) and (16), insert
(K)vc’y> - (K)vc’y% (Kx,)v’> - (Kx’ y)? <K)VC’ y) - <K)VC’ y)?

and rearrange to arrive at the result. O

We point out that, as a special case, choosing a type-2 approximation for the primal
proximum in Lemma 3 corresponds to dropping the square root in the estimate (13),
choosing a type-3 approximation corresponds to dropping the additional € at the end.
Also note that the above descent rule is the same as the one in [15, 18] except for the
additional error terms in the last line of (13).

Lemma 3 has an immediate implication: in order to control the errors ||e|| and € in the
last line of Lemma 3 it is obvious that we need to find a useful bound on ||x — X||. We
shall obtain this bound using a linear extrapolation in the primal variable x [15]. How-
ever, if we allow e.g. a type-1 approximation also in y, we obtain an additional error
term in (13) involving ||y — ¥|| that we need to bound as well. Even though we shall be
able to obtain a bound in most cases, it will be arbitrarily weak due to the asymmetric
nature of the used primal—dual algorithms, or go along with severe restrictions on the
step sizes. This fact will become more obvious from the proofs in the following.

3.1 The convex case: no acceleration

We start with a proof for a basic version of algorithm (12) using a technical lemma
taken from [60] (see “Two technical lemmas” section in "Appendix"). The following
inexact primal—dual algorithm corresponds to the choice

&) =@y, @H) =Ly, @yH=Qt-x"Ly"h a7
in algorithm (12):

yn+1 NZH»I Prox,,- (yn + UK(ZX” _ xn—l))

2 18
xl’l+l zin+1 pI'OXTg(x" _ T(K*yn+l + Vf(xn) + €n+l)). ( )
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Theorem 1 Let L= |K| and choose small p>0 and 7,60 >0 such that
L, + o7L? + tfL < 1, and let the iterates (x",y") be defined by Algorithm (18) for

i € {1,2,3). Then for any N > 1 and XV := (Zn X )/N YVo= (25:1 y')/N
we have for a saddle point (x*,y*) € XX Y that

LN, y*) = LG+, YY)

1 (19)
SN [lx* =20l + IIy = +24y, + ZBN, :

where
N
Ay, = Z z|le"|| + y/27¢,,, By, = Z TE, + 76,
n=1 n=1
N N
Ayz =Y zlle"ll, By, =Y 76, +76,
n=1 n=1
N N
Ays =) zlle"ll + v/27e,, Bys= Y 5,
n=1 n=1

Remark 1 The purpose of the parameter f > 0 is only of technical nature and is
needed in order to show convergence of the iterates of algorithm (18). In practice,
however, we did not observe any issues setting it super small (respectively, to zero).
Its role will become obvious in the next Theorem.

Proof Using the choices (17) in Lemma 3 leads us to

[l —"I1> e =2

E(X’H—l,y) _ E(x’yn+1) <

21 2T
l ~ ||xn+1
2t
oy oy [ e i [ e |
20 20 20

+ (K =) = (" = x"h),y =y
+ <||e"+1 I+ \/(25,,“)/1) = X + €,y + 6,
(20)

The goal of the proof is, as usual, to manipulate this inequality such that we obtain a
recursion where most of the terms cancel when summing the inequality. The starting
point is an extension of the scalar product on the right hand side:
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392
(KO =) = (" =27y =y
— <K(xn+l _xn),y _yn+1> _ (K(x" _xn—l),y _yn>

+ <K(Xn _ xn—l)’yn+l _ yn>
< (K=o, y =y — (KO =2,y - ")
[l — x| oL |y —y"|?
+(zol? + 7fL +
(zo ©hL) 27 oL+ p 20

b}

where we used (for a > 0) that by Young’s inequality for every x,x’ € X and

vy €,
Lat Lo
(K(x=x),y=y) <LlIx=xNlly =Yl < =—llx =X 1>+ =—lly = ¥'II>,
2t 2ac
(21

and @ = oL + f. This gives
[l =217 e =2

2T

E(xn+l,y) _ L(x,yn+1) <
2t

1-7L,
f
- 2—|Ianrl - x"|)?
T
L2 L _ 2
tol” +1p ||x"—x"_1||2+ ”y y [
2T 20
n+1 _yn”2

Cy=ytE By
20

20 oL+ p
+ (K@ =2,y =y = (K@ = X",y =y")

+ (11 + Ve /7 Il =21+ 1 + 6,01
(22)

,N — 1to obtain

Now we let x° = x~! and sum (22) fromn =0, .
e =212y =% llx=aN)E lly =N

+ —_ -
27 20

N
n _ ny <
R

1-7L, Nl
TV — V=12 — Ly 2
7 [ Il Kn§:1 21-” X

n_yn—1“2 . N
+ (KO =Ny =)

b Iy
Z 20
N N
+ 2 (11 + V2e)7 ) I =211+ e, + ).
n=1 n=1

where k =1 - 7L, — t6L? — tfL. With Young’s inequality on the inner product
such that Lar =1 —7L; and (Lo)/a = (zoL?)/(1 —7L;) < 1 we

—L

with a =
obtain
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N

n 1 L2 —_ V)12
zﬁ(x",y)—ﬁ(x,y)+Z||x—xN||2+<l o >”y bl
n=1

B 1—TLf 20

T

N
< ol =20+ 5y =0 + X (1e"l+ Ve 7z =21

N N-1 1 ﬁ N 1
+ +5 _ L n_xn—12_— 2 n_ . n—1 2.
;:‘1(6,, ) K; 5ol I’ -7 21 sl =yl
(23)

Note that the introduction of the parameter § > 0 allowed us to keep an additional
term involving the difference of the dual iterates on the right hand side of the ine-
quality. This will allow to prove the convergence of the iterates later on in Theo-
rem 2. The above inequality can now be used to bound the sum on the left hand side
as well as ||x — x"|| by only the initialization (x°,y°) and the errors ", ¢, and §,. We
start with the latter and let (x, y) = (x*, y*) such that the sum on the left hand side is

nonnegative, hence with 4,(x,y) := ||x — x°[|?/(27) + |ly — y°||*/(20) we have
| N
Sl = 1P < 40 ) + X (1l + Ve, 7 e -
n=1
N
+ (&, +5,),
n=1

(note that the remaining terms on the RHS of (23) are negative). We multiply the
equation by 27 and continue with a technical result by Schmidt et al. [60, p.12].
Using Lemma 4 with uy = [lx* —xV|l, Sy = 274,(x*,y*) + 27 X (¢, +6,) and
A, = 2(z||e"|| + \/27¢,) we obtain a bound on |[x* — xV|}:

Y — x| < Ay + \/ZTAO(x*,y*) +2By +A2,

where we set Ay 1= qu\;l(r”e”ll +4/27¢,) and By := ZnNzl 7(g, + 6,). Since Ay
and By, are increasing we find for all n < N:

I —x* || < A, + \/ZTAO(x*,y*) +2B, + A2

SAN+ \/2TA0(X*,y*)+2BN +A12V (24)

T
<2y + I =+ \E I = *1l + V2By.
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This finally gives

N N
20 3+ Y ('l + V@) /7 ) I =21l + Ye, +5,)
n=1 n=1

1 1 o
< 40y + ;BN + ;AN <2AN + 10 = x| + \/;”yo =yl + VZBN>
1 T
= 5 (10 =12 + 2100 =y 12+ 2By + 443
T o

T
+2A,1x° = ¥ + 2AN\/;||y0 v + 2AN\/ZBN>

2
< 2L<IIX0 —x*|| + \/Elly0 —y*ll+24y + 2BN> ;
T (o2

and bounds the error terms. We now obtain from (23) that

(25)

N
E(xn’y*) - 'C(X*’yn)

n=1

2
1 T

< 2—<IIX0 — x|l + \/jlly0 =yl +24y + ZBN> .
T c

which gives the assertion using the convexity of g, f and h*, the definition of the
ergodic sequences XV and YV and Jensen’s inequality. It remains to note that for a
type-2 approximation the square root in A, can be dropped and for a type-3 approxi-
mation By = 0, which gives the different Ay ;, By ;. O

We can immediately deduce the following corollary.
Corollary 1 Ifi € {1,2,3},a > O and

: | o(=). if ie(13)
ww=0< 1) 6,=0(= ) e=1 "

et O(L), i i=2.

then
O(N7") if a>1/2,
LXN v = La*, YY) =3 O(In*N)/N)  if a=1/2,
O(N~2) if a«€3).

Proof Under the assumptions of the corollary, if @ > 1/2, the sequences {]||¢"]|},
{e,} and {6, } are summable and the error term on the right hand side of Eq. (19) is
bounded, hence we obtain a convergence rate of O(1/N). If « = 1/2, all errors behave
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like O(1/n) (note the square root on ¢, for i € {1,3}), hence Ay; = By; = O(In(N)),
which gives the second assertion. If 0 < @ < 1/2, then by Lemma 5 we obtain
A% = By,; = O(N'~2%), which gives the third assertion. O

Before we establish a convergence result from Theorem 1, respectively Corollary
1, let us comment on this result. In many useful situations it can be quite weak. Exact
versions of such primal—dual algorithms [15, 18] guarantee inequality (19) for all
(x,y) € Xx Y, rather than for just a saddle point (x*,y*). This allows (under some
additional assumptions) to both state a rate for the primal and/or dual energy as well
as the primal—dual gap and, for infinite dimensional X’ and ), that the cluster points
of the ergodic averages (XV, Y) are saddle points and hence a solution to our initial
problem. Theorem 1, however, due to the necessary bound on the error terms, estab-
lishes the desired inequality only for a saddle point (x*, y*). It only implies a rate in
a more degenerate distance, namely a Bregman distance [12, 52]. This is standard
and easily seen rewriting the left hand side of (19), adding (Kx*, y*) — (x*, K*y*),

LY, %) = L6, YY) = (KX, y*) +F XY + g(XY) = ()
— (K", YY) + £ () + (%) = h* (YY)
=fXY) + gxY) (26)

— (F*) + g(x*) = (K*y*, XV = x*))
+ IO = () + (K, YV = y*)).

Using

p=—K*y* €0g(x*) + Vf(x*), ¢=Kx* € oh*(y*),
we obtain that (26) is the sum of two Bregman distances,

LN, y*) = LO*, YY) = DY (XN x5 + DY, v,

between the (ergodic) iterates (XV, Y) and the saddle point (x*, y*). Hence, Corol-
lary 1 states the rate with respect to this distance.

As shown in, e.g., [13], a vanishing Bregman distance, e.g.,

D}, (. x*) + Dy (0,y) =0, (27)
for some (x,y) € XX Y, in general does not imply that x = x* or y = y*, neither
does it imply that the pair (x, y) is even a saddle point. As a matter of fact, without
any further assumptions on f, g and /%, the set of zeros of a Bregman distance can be
arbitrarily large and the left-hand side of the inequality in Corollary 1 could vanish
even though we have not found a solution to our problem.

On the other hand, it is easy to show that (27) yields that (x, y) is a saddle-
point whenever f + g and h* are strictly convex (that is, f + g strictly convex and
h C' in the interior of domh, with 0h empty elsewhere [57, Thm. 26.3]). In that
case obviously, (27) yields (x,y) = (x*,y*). Other situations might be tricky. One
of the worst cases is a simple matrix game (cf. [17]),
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min max (Ax,y),

XEA; yEA,
where A € R*! and 4,, 4, denote the unit simplices in R’ respectively R¥. Quite
obviously, here we have f =0,g=6 4, and h* =6 4 such that we have to compute
the Bregman distances with respect to a characteristic function, which can only be
zero or infinity. Hence, every feasible point causes the Bregman distance to vanish
such that a rate in this distance is of no use. However, there is a simple workaround
in such cases, whenever the primal (or even the dual) variable are restricted to some
bounded set D, such that f and/or g have bounded domain. Note that this is a stand-
ard assumption also arising in similar works on the topic (e.g. [48]). As can be seen
from the proof, one needs a bound on [|x" — x*|| in order to control the errors. In this
case one can estimate ||x” — x*|| < diam(D), and following the line of the proof [cf.
inequality (23)] we obtain for all (x,y) € XX ) that
R

2t 20

diam(D) 1
+ ——A,.+-By. ).
T N,i p N,z)

L&Y, y) - Lo, YY) < % (

Eventually, this again allows deducing a rate for the primal—dual gap (e.g., along the
lines in [17]).

Remark 2 Even in bad cases there might exist situations where a rate in a Bregman
distance is useful. For instance, the basis pursuit problem aims primarily at finding
the support of the solution, rather than its quantitative values (which are then recov-
ered easily). As shown in [13] a Bregman distance with respect to the 1-norm can
only vanish if the support of both given arguments agrees. Hence, given a vanishing
left-hand side in Corollary 1, we might not have found a saddle point, however, an
element with the same support such that our problem is solved.

As we have lined out, a rate in a Bregman distance can be difficult to interpret,
and it depends on the particular situation whether it is useful or not. However,
we can at least show the convergence of the iterates in case X and ) have finite
dimension.

Theorem 2 Let X and Y be finite dimensional and let the sequences (x",y") and
(XN, YN) be defined by Theoreml. If the partial sums Ay ; and By in Theorem 1
converge, there exists a saddle point (x*,y*) € X X ) such that x" — x* and y* — y*.

Proof Since by assumption Ay ; and By ; are summable, plugging (x*, y*) into ine-
quality (23) and using (25) establishes the boundedness of the sequence (x",y") for
all n € N. Hence there exists a subsequence (x", y™) (strongly) converging to a clus-
ter point (x*,y*). Using (x,y) = (x*,x*) in (23) and the boundedness of the error
terms established in (25) we also find that ||x"~! — x"|| = 0 and |[y"' —=y"|| = 0
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(note that this is precisely the reason for the introduction of § and the strict inequal-
ity in 7L; + toL? + 7L < 1). As a consequence we also have ||x"+~! — x| — 0 and

e g e L [ P S (R SN

i.e. also x~! — x* Let now T denote the primal update of the exact algorithm (11),
ie. ! = T(®"), and T, denote the primal update of the inexact Algorithm 12, i.e.
= Tgn(x"). Then, due to the continuity of 7, we obtain

lx* = T = klirn ||)c”k_1 — T(xnk_l)”

< Jim (I~ = T, DI+ 1T, () = T D))

< lim <||x"k—1 — ||+ /21%) = 0.

We apply the same argumentation to y”, which together implies that (x*, y*) is a fixed
point of the (exact) iteration 11 and hence a saddle point of our original problem (8).
We now use (x,y) = (x*,y*) in inequality (22) and sum from n = n, ... ,N — 1 (leav-
ing out negative terms on the right hand side) to obtain for N > n,

1, . 1 .
5ol —xN||2+2—||y -y
o

2t
< <K(XN _xN—l),y* _yN> _ (K(x”k _xnk—l)’y* _ynk>
TO'L2 + TﬂL n n,— 1 * n 1 * n,
% = TP =l =X =y -y
2T 2t 20
N N
+ Y (len+vee ) —vii+ Y, ,+3,).
n=n;+1 n=n,+1

It remains to notice that since |le,|| = 0,¢, = 0,6, — 0 and the above observations,
the right hand side tends to zero for k — co, which implies that also x¥ — x* and
YW — y*for N - oo. O

3.2 The convex case: a stronger version

If we restrict ourselves to type-2 approximations, we can state a stronger version for
the reduced problem with f = 0:

min ma))}( L(x,y) = (y, Kx) + g(x) = h*(y), (28)

xeX ye
again assuming it has at least one saddle point (x*, y*). We consider the algorithm

Yy zi"“ prox,,. ()" + cK(2x" — x*1y),

29
xn+1 z;n-H pI'OXTg()Cn _ TK*yn+1)), (29)

@ Springer



398 J. Rasch, A. Chambolle

which is the inexact analog of the basic exact primal-dual algorithm presented in
[15]. Simply speaking, the main difference to the previous section is that, choosing
a type-2 approximation and f = 0, there are no errors occurring in the input of the
proximal operators, such that we do not need a bound on ||x — x"||, which allows us
to obtain a rate for the objective for all (x,y) € XX ) instead of only for a saddle
point (x*, y*) (cf. Theorem 1). Following their line of proof, we can state the follow-
ing result:

Theorem 3 Let L = ||K|| and ©,0 > 0 such that t6L? < 1, and let the sequence
(x",y") be defined by algorithm (29). Then for XV := (ij:lx”>/N,
YN o= (Zi’vzl y”)/N and every (x,y) € XX Y we have
11 1 al
LXV,y) = Lo YY) < = —lx =217 + —1ly = °|I? 5 )
&V, = Lo YY) < N<2T||x 2+ Sty =5 +;<en+ ) ). Go)

Furthermore, ife, = O(n™%) and 6,, = O(n™%), then

O(N71), it a>1,
LXY,y) = L(x, YY) =2 OIn(N)/N), if a=1,
ON™), if ae(0,1).

Proof The proof can be done exactly along the lines of [15, Theorem 1] (or
along the proof of Theorem 1), so we just give the main steps. Letting f =0
and choosing a type-2 approximation gives L, =0 and lets us drop the term
(le" |l + 1/ (2e,1)/7)|lx — x**!|| in inequality (20). This is the essential difference,
since we do not have to establish a bound on ||x — x"*!||. Choosing @ = y/6 /7 in
Young’s inequality and proceeding as before the gives

N N2 _ 2
(LG y) = L0y + (1 — o2y ZE L Te= 2
—~ 20 2T
& Iy =y & I — 2
+(1—\/16L)2T+(1—\/10L)2T 31)
n=1 n=1

N
1 o2, 1 0)12
< —lly- + —|lx - + +4,).
< g5 Iy =P+ e =+ Do 6

The definition of the ergodic sequences and Jensen’s inequality yield the
assertion. O

As before we can state convergence of the iterates if the errors {¢,} and {5,}
decay fast enough. The proof is the same as for Theorem 2.

Theorem 4 Let the sequences (x",y") and (XN, YN) be defined by (29) respectively.
If the sequences {€,} and {6,} in Theorem 3 are summable, then every weak cluster
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point (x*,y*) of XN, YV) is a saddle point of problem (28). Moreover, if the dimen-
sion of X and Y is finite, there exists a saddle point (x*,y*) € XX Y such that
X' = x*and y' — y*.

Proof Since by assumption Ay, and By; are summable, plugging (x*,y*) into
Eq. (31) establishes the boundedness of the sequence x" for all N € N, which also
implies the boundedness of the ergodic average X". Note that by the same argumen-
tation as for xV, this also establish a global bound on yV and YV. Hence there exists
a subsequence (XM, YM) weakly converging to a cluster point (x*,y*). Then, since
/> g and h* are l.s.c. (thus also weakly l.s.c.), we deduce from Eq. (30) that, for every
fixed (x,y) € XX ),

L0, y) = L, y™) < lim inf LOX™, y) = Lx, YM)

N
<liminf —| —|jx — +—|ly- +§ +6
< limin Nk<2TIIx x|l 2Glly bl (€, +6,)

n=1

=0,

Taking the supremum over (x, y) then implies that (x*, y*) is a saddle point itself and
establishes the first assertion. The rest of the proof follows analogously to the proof
of Theorem 2. O

Remark 3 The main difference between Theorems 3 and 1 is that inequality (30)
bounds the left hand side for all x,y € X' x ) and not only for a saddle point (x*, y*).
Following [15, Remark 2] and if {¢,}, {6, } are summable we can state the same
O(1/N) convergence of the primal energy, dual energy or the global primal—dual gap
under the additional assumption that 4 has full domain, g* has full domain or both
have full domain. More precisely, if e.g. & has full domain, then it is classical that &*
is superlinear and that the supremum appearing in the conjugate is attained at some
# € oh(KX™), which is uniformly bounded in N due to (31) (if (x,y) = (x*,y*) then
(XV, YV)is globally bounded), such that

max LN,y = VKXV — G + g(XN) = h(KX") + g(XM).

Now evoking inequality (30) and proceeding exactly along (10) we can state that

hKXN) + g(XN) — [h(Kx*) + g(x™*)]

N
1( 1
< ]T](Z“x* -1 +C+ Z(é‘n + 6}1))5

n=1

with a constant C depending on x°, y°, & and ||K||. Analogously we can establish the
convergence rates for the dual problem and also the global gap.

@ Springer



400 J. Rasch, A. Chambolle

Remark 4 1f h* has bounded domain, e.g. if / is a norm, we can even state “mixed”
rates for the primal energy if the errors are not summable. Since in this case
Iy = y°|| < diam(domA*) we may take the supremum over all y € domh* and obtain

h(KXN) + g(XN) = [h(Kx*) + g(0™)]

x _ 02 . e X
< l( ™ — 27|17 | diam(dom/’)” e, + 5,,)) = O(NY),

- N 2T 20

n=1

for €,,6, € O(n~*). The above result in particular holds for the aforementioned

n’>=n

TV-L! model, which we shall consider in the numerical section.

3.3 The strongly convex case: primal acceleration

We now turn our focus on possible accelerations of the scheme and consider
again the full problem (8) with the additional assumption that g is y-strongly con-
vex, i.e. for any x € domdg

g() > g(x) + (p, ¥ —x) + gnx’ —x|’, Vpeagk), V¥ eX

As g is y-strongly convex, its conjugate g* has 1/y-Lipschitz gradient, so that accel-
eration is possible. We mention that we obtain the same result if f (or both g and f)
are strongly convex, since it is possible to transfer the strong convexity from fto g
and vice versa [18, Section 5]. Hence for simplicity we focus on the case where g is
strongly convex. Choosing

(£3) = "Ly, @) = @YD @) = @+ 6,0 =2y, (32)
in algorithm (12) we define an accelerated inexact primal—dual algorithm:
Yy zz”*‘ prox, ;- (" + o, K(x" + 6,(x" — F7h)
.Xn+] anﬂ prOXT”g(Xn _ Tn(K*yn+] + Vf(x") + en+l)) (33)
0n+1 = 1/ V 1+ VT Tnt1 = 9n+ITn’ Opy1 = O-n/en+l'

We prove the following theorem in “Proof of Theorem 5” of “Appendix”.

Theorem 5 Let L = ||K||and t,,0,,0, such that

n>“n>Yn
2
Tan + TnO'nL <1, 0n+lo-n+l = Oy (1 + J/Tn)Tn+]0n+l 2 Tn-

Let (x",y") € XX ) be defined by the above algorithm fori € {1,2,3}. Then for any
saddle point (x*,y*) € Xx Y of (8) and
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& O, 1 _ 1 e
TN:=Z;G(';—01, XN:=T—N;U”1x", YN:=—ZG”'y,

we have that

TN(‘C(XN’ y*) - E(-X*v YN))

2
1 Op _T
ST(\/—le*—x°||+||y*—y°||+ 2Brit 2y NAN”’)’
oy T On

and
c
o Lt
™~
1 o 7, 2
0 y.% 0 * 0 N
<= — - + — + /2By + 24/ —Ay: ),
2<‘/10”" O+ =)+ 28y, 420 [ N,,>
where

N 262 € N
—1%n
Avi= Yol +/ == By =2 0, (6,45,
n=1 n—1 n=1

N N
AN,Z = Z Opn—1 ||€n||, BN,Z =2 Z an—l('gn + 5}1)’
n=1

n=1

al . 267 €, N
AN,3 = z 'O-n—llle || + ) BN’3 =2 E Gn_15n.
n=1 T"—l n=1

As a direct consequence of Theorem 5 we can state convergence rates of the
accelerated algorithm (33) in dependence on the errors {||e"||}, {5, } and {¢,,}.

Corollary 2 Let v, = 1/(2Ly), o) = Lf/L2 and t,,0, and 0, be given by (33). Let
a>0,ie{1,2,3}and

||en||=0<i>’ 5 =0(L>’ . = Ogrﬂlq), ifi € {1,3}

n« n n2a n 0 n%a), ifiz2.
Then
O(N7?) it a>1,
LXNy*) = L&*, YY) =4 O(I*(N)/N?)  if a=1,
O(N=2) if ae(,1).
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Proof In [15] it has been shown that with this choice we have 7, ~ 2/(ny). Since the
product 7,0, = 7,6, = 1/(2L?) stays constant over the course of the iterations, this
implies that 6, ~ (ny)/(4L?), from which we directly deduce that Ty ~ (yN?)/(8L;),
hence Ty, = O(N?). Moreover we find that \/7y /oy ~ (\/8L)/(yN). Now let i = 1
and a € (0, 1), then we have

N 2 N
20,_¢ (n—1) 2r3((n - 1)’¢,)
n n—1-n Yioan 14 n
s = Bonllell+ || 22~ 3 ST+ T

—(142a)

Now by assumption [|e"|| = O(n™) and &, = O(n ) which implies that
Ay, = O(N*7*). By analogous reasoning we find By, = O(N*72%). Summing up
we obtain that

2
o _ O(N), and M _o(v)
oy Ty , ’

yielding the last row of the assertion. For @ = 1 we see that y/zy /oAy | is finite and

By, = O(log(N)), for @ > 1 also By is summable, implying the other two rates. It
remains to notice that the cases i € {2, 3} can be obtained as special cases. O

3.4 The strongly convex case: dual acceleration

This section is devoted to the comparison of inexact primal-dual algorithms and
inexact forward—backward splittings established in [5, 60, 61], considering the
problem

min 7(Kx) + g(x), (34

with & having a 1/y-Lipschitz gradient and proximable g. The above mentioned
works establish convergence rates for an inexact forward—backward splitting on this
problem, where both the computation of the proximal operator with respect to g and
the gradient of 4 might contain errors ([61] only considers errors in the proximum).
The corresponding primal—dual formulation of problem (34) reads

min max L(x,y) = (Kx,y) + g(x) — h*(y), (35)
where now h* is y-strongly convex. Hence we know that the algorithm can be accel-
erated “ala” [15, 18] or as in the previous section, and we shall be able to essentially

recover the results on inexact forward—backward splittings/inexact FISTA obtained
by [, 60, 61]. Choosing (note f = 0 and e = 0)

& 3) = Ly, @ 3) = Ly, @) = o + 0,0 =),y (36)

in algorithm (12) we define an accelerated inexact primal—dual algorithm:
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Yyl m;”*' prox, 4-(" + 0, K(x" + 6,(x" — ¥ 1)
n+1 rng(xn _ TnK*yn+l)

X zf”*' prox
0n+1 = 1/ V 1+ 27/6}1’ Opt1 = 0n+lo-n’ Tnt1 = Tn/0n+l‘

We prove the following theorem in “Proof of Theorem 6” of "Appendix".

Theorem 6 Let L = ||K||and t,, 0,0, such that

> Yn
272
TnanenL <1, 6n+1 n+l = Tp» (1 + yo—n)o-n+10n+l 2 On

Let (x",y") € XX Y be defined by the above algorithm fori € {1,2,3}. Then for a
saddle point (x*,y*) € Xx Y and

N
> =
To

n=1

N N
Tp—1 N n—1 1
Ty := —, XVi=—=) =X, ==
,;1 ) Ty ,; To Ty
we have that

Ty(LXY, y*) = LO*, YY)

2
1 7o
< 2—<IIX* -0+ \/—Ily* =7l + 4/2By; +2AN,i> ,
To 0}
T T 2
N 0
Cy—Iy* =Yl < (IIx* -0+ \/—Ily* -l + \/ 2By, + 2AN,i> ;
Oy %0

where Cy =1 — 0'1\,1'1\,6’12\,L2 and

N N
AN,I = 2 V 2Tn—16n’ BN,l =2 Z Tn—l(gn + 5n)’
n=1

n=1

and

N
Ays =0, By, =2\ 7,(5,+8,),

n=1
N N
AN,3 = Z \Y% 21'"_16,1, BN,3 =2 Z Tn—lén'
n=1 n=1

We can once more establish convergence rates depending on the decay of the
errors.
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Corollary 3 Let 7, 0 such that 1000L2 =1Leta>0,i€ {1,2,3}and

0<;) ifie(1,3)
5“=0<3), £, = 1 .
n 0<n—>, ifi =2.

Then
O(N7?) it a>1,
LY, y*) = L, YY) =1 O(In*(N)/N?)  if a=1,
O(N~2) if a€(0,1).

Proof We refer to [15] for a proof that using the step sizes in Theorem 6, it can
be shown that 6, ~ 1/(ny) and accordingly 7, ~ (ny)/L?. This directly implies that
Ty ~ (yN?)/(2L). Now fori = 1and « € (0, 1) we have that

al & [2rn=De, V27 <
Ani = Zl V27,18, ~ Zl 12 - = I 21 V(= 1De,.

Now by assumption €, = O(n~'=2%), which implies that 1/(n — De, = O(n™") and
we deduce Ay | = O(N 1“’) using Lemma 5. By an analogous argumentation

N N
2
By, =2 Z Tp1(€, +6,) ~ L_Z Z(n — D(e, +6,).
n=1 n=1

Now since 5, = O(n™>*) we deduce that n3, = O(n'~>*) and hence By, = O(N*72%).
Using Ty = O(N?), we find

2

_ —2a L’l= —2a
T =O(N™), and T O(N™),

BN,l

which gives the result for i = 1 and a € (0, 1). Choosing @ > 1 will yield conver-
gence for Ay, and By |, which implies the fastest overall convergence rate 0( 1 /NZ),
the case a = 1 gives Ay | = O(log(N)) and By | = O(log(N)). It remains to note that
the results for i = 2, 3 can be obtained as special cases. O

Corollary 3 essentially recovers the results given in [5, 60, 61], though the
comparison is not exactly straightforward. For an optimal O(N‘z) convergence in
objective with a type-1 approximation the authors of [60] require €, = O(l /n4+")
for any k > 0, for the error d,, in the gradient of hoK they need ||d, || = O(1/n*+*).
Since a type-2 approximation of the proximum is more demanding, the authors of
[61] obtain a weaker dependence of the convergence on the error and only require
£, = 0(n3+K). Note that they only consider the case d, = 0. The work in [5] essen-
tially refines both results under the same assumptions on the errors. Corollary 3 now
states that for an optimal O(N~2) convergence we require €, = O(n***) in case of a
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type-1 approximation and €, = 0(n2+K) in case of an error of type-2, which seems
to be one order less than the other results. We do not have a precise mathematical
explanation at this point. The main difference appears to be the changing step sizes
7,, 6, in the proximal operators for the inexact primal—dual algorithm in Theorem 6,
which behave like n respectively 1/n, while the step sizes remain fixed for inexact
forward—backward. The numerical section, however, indeed confirms the weaker
dependence of the inexact primal—dual algorithm on the errors.

Remark 5 We want to highlight that, in the spirit of Sect. 3.2 it is as well possible to
state a stronger version in case the approximations are of type-2 in both the primal
and dual proximal point, which then bounds the “gap” for all (x,y) € X' x ) instead
of for a saddle point (x*, y*) in Theorem 6 [cf. inequality (54)]:

LXN,y) = L(x, YY)
1 {1 1 Moz
<———02+——°2+§"—‘1 +6) ).
_TN<2‘L'0||X x|l 250”y ¥l Z (e, +9,)

Under some additional assumptions we can then again derive estimates on the pri-
mal energy for every fixed N € N. If again & has full domain, the supremum appear-
ing in the conjugate is attained at some #" and exactly along (10) we derive

h(KXY) + g(XN) + f(XY) = [h(Kx*) + g(*) + f(x™))
N
AL oy Loy o2 Tn-1
< TN<ZTO||x P+ I =)+ 3, (sn+6n>>.

In case the errors are summable we again obtain that also 7" is globally bounded (cf.
Remark 3) and we obtain convergence in 0(1 /N2). If the errors are not summable
there is no similar argument to obtain the global boundedness of the 7, however at
least on a heuristic level one can expect a convergence to y* at a similar rate as XV
This is indeed confirmed in the numerical section where we observe the O(N‘z"‘)
decay from Corollary 3 also for the primal objective for nonsummable errors.

3.5 The smooth case

We finally discuss an accelerated primal-dual algorithm if both g and A* are y-
respectively u-strongly convex. In this setting the primal objective is both smooth
and strongly convex, and first-order algorithms can be accelerated to linear conver-
gence. We consider the algorithm
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yrtl zi”*‘ ProxX, ;. (" + oK (" + 0(x" — X" 1))
Xt zf”*‘ prox ., (x" — 7(K*y"™! 4+ V(") + "), (37)
1

5=1+y1=1+/40, TLf+rm92L2§1,

and prove the following result in “Proof of Theorem 7 of “Appendix”
Theorem 7 Let L = ||K||and 7, 6, 0 such that
l+yr=1+po= é and 7L, +100°L* < 1. (38)

Let (x",y") € XX Y be defined by algorithm (37) for i € {1,2,3}. Then for the
unique saddle-point (x*, y*) and

AR A 1 <
e R D = W

N n=1
we have
Ty(LXN,y*) = LOx*, YY)
1
2—(||x — ||+\[||y — VOl 42054y, + \/2BN,>
and

2

llx* =M% < 9N<I|X* -+ \/Elly* — )l +203 Ay + 2BN>
o

N

Ay, = Z S el + V2te,), By, = 2 7 &t 8,

n=

where

N N
zle”]|
Aya= ), o1’ BN’Z_ZH"I(e + o)
=l n=1
N N
T
Ays = z = ](r||e I| ++/27¢,), Bys = Z gn-1 Op-
— n=1

We can now state convergence rates, if the decay of the errors is also geometric.
Corollary4 Leta > 0,i € {1,2,3}andfor0 < g < 1

Il =0(vd').  6.=0@). e =04
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Then

e — 212 o(oV), if 0 > g,
LN, y*) = L6*, YY) + = O(N6Y), if6 =g,
’ o(¢"), ife<ag

Proof 1t is clear that we need to investigate the decay of the term
. p2N 42 N
Cyi :=07Ay, +0"By;

to obtain a convergence rate. In view of the specific form of Ay ; and By ; and the
rate of €,, 6, and ||¢"|| we consider

n—1

N-1
" Y= X () =0 - (39)
n=0

M=

q
~ o 0—gq

Now if g < 6 < 1, Eq. (39) implies that VB, ; = O(6"). For Ay ; we note the factor
6" is squared, as opposed to the factor of By ;» which implies that the decay of ||e"||
and \/e_n can be less restrictive for Ay ; and explains the square root on the constant
q for ||e"||. We have to distinguish whether \/5 < 6 or \/5 > 6. In the former case we

have by Eq. (39), now with \/?1 instead of g, that
N
0> A%, = 0" Ay )? = 0((0" = /7' ) = 0(6™) = 0(6"),

while in the latter we obtain 62VAX = O(¢") = 0(6"), which in sum gives
Cy;= O(HN ) If # < g <1, we have by analogous argumentation and (39) that
ONBy,; = O(q") and since 6 < g < 1/q <1 also 9°NAY . = O(¢"), which implies
Cy,; = O(q"). For the case 0 = g it is sufficient to notice that (39) is in O(N6Y). O

It remains to give some explicit formulation of the step sizes that fulfill the condi-
tions (38). Solving (38) for 7, o and 0 gives [18]

1+ \/1 +4L2/(rp) + L2 /v? + 2Ly [y — Ly [y

i 2L, + 2% n :
L1442/ + L /1y + 2L [y = Ly y

°= 2epfy +2L2 [y ’

0=1 \/1 +4L2/(yu) + L [v? + 2Ly [y = Ly [y = 1

212 /(y p)
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4 Numerical experiments

There exists a large variety of interesting optimization problems, e.g. in imaging,
that could be investigated in the context of inexact primal—dual algorithms, and
even creating numerical examples for all the discussed notions of inexact proxima
and different versions of algorithms clearly goes beyond the scope of this paper.
Instead, we want to discuss two different questions on two classical imaging prob-
lems and leave further studies to the interested reader. The main goal of this sec-
tion is to confirm numerically, that the convergence rates we proved above are
“sharp” in some sense, meaning that if the errors are close to the upper bounds
we obtain the convergence rates predicted by the theory. The second point we
want to address is whether one can actually benefit from the theory and employ
different splitting strategies in order to obtain nested algorithms, which can then
only be solved in an inexact fashion (cf. [61]).
We investigate both questions using problems of the form

min h(K,x) + g(Kyx) = minmax (y, K,x) + g(K>x) = (), (40)

K, X—>Y,K, : X — Z, where we assume that the proximal operators of both g
and A" (or g* and h by Moreau’s decomposition) have an exact closed form solution.
The right hand side of (40) leads to a nested inexact primal—dual algorithm

Y= prox,, (v + oK (2 + 0 = x),

n+l En+l n _ * o+l
X R PIOX (gok ) (X — TKTY'T).

(41)
Hence the dual proximal operator can be evaluated exactly (i.e. 6, = 0), while the
inner subproblem has to be computed in an inner loop up to the necessary precision
€,. We choose the type-2 approximation since in this case, according to Proposition
1, the precision of the proximum can be assessed by means of the duality gap. In
order to be able to evaluate the gap, we solve the 1 /z-strongly convex dual problem

. T 9
Tk 2 _ K* n+1 *
mip 2|| Szll” = (K3, Y™ ) + g% (2),

using FISTA [8]. To distinguish between outer and inner problems for the splittings
we denote the iteration number for the outer problem by n, while the iteration num-
ber of the inner problem is k. In order to achieve the necessary precision, we iterate
the proximal problem until the primal—dual gap (cf. also Sect. 2) satisfies

G — 1Bk, 7 < Ce,, (42)

where €, = O(1/n"), respectively ¢, = O(0") for the last experiment. We vary the
parameter « in order to show the effect of the error decay rate on the algorithm (cf.
Remark 4). While for the asymptotic results we proved in the previous section the
constant C of the rate does not matter, it indeed does in practice. In order to use
Proposition 1 as a criterion, C should correspond to the “natural” size of the duality
gap of (41). In order not to choose the constraint too restrictive but still active we
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follow [61] and choose C = G(3° — tB*y°,0), which is the duality gap of the first
proximal subproblem for n = 1 evaluated at z = 0.

For the sake of brevity we discuss only three problems: we start with the non-
differentiable TV-L! model for deblurring, a problem which cannot be acceler-
ated, and continue with “standard” TV-L2 deblurring, which also serves as a
prototype for a whole list of applications with a general operator instead of a
blurring kernel (cf. e.g. [30, 59]). Since in this case the objective is Lipschitz-
differentiable, the convex conjugate is strongly convex, which allows to accelerate
the algorithm. The third problem we investigate is a “smoothed” version of the
TV-L? model, which can be accelerated to linear convergence.

We investigate two different setups: as already announced above, we want to con-
firm the convergence rates predicted by the theory numerically. We hence require the
inexact proximal problem (41) to be solved with an error close to the accuracy level
g,. To achieve this we, where it is necessary, deliberately solve the inner problem
suboptimally, meaning that we use a cold start (random initialization of the algo-
rithm) and reduced step sizes for the inner problem, ensuring that the inner problem
is not solved “accidentially” at a higher precision. We shall see that this is indeed
necessary for the slow TV-L! problem. In a second setup we investigate whether
the obtained error bounds can also be used as a criterion to ensure (optimal) con-
vergence of the nested algorithm (41). As observed in e.g. [7] for the TV-L?> model
and the FISTA algorithm, insufficient precision of the inner proximum can cause the
algorithm to diverge. Instead of performing a fixed high number of inner iterations
as a remedy, we solve the inner problem only up to precision €, in every step, which
by the theory ensures that the algorithm converges with the same rate as the decay
of the errors. We then use the best possible step sizes and a warm start strategy (ini-
tialization by the previous solution) in order to minimize the computational costs of
the inner loop. It has already been observed in [61], that such strategy may signifi-
cantly speeds up the process. We use a standard primal—dual reconstruction (PDHG)
after 10° iterations as a numerical “ground truth” u* to compute the optimal energy
F* = F(u*).

4.1 Nondifferentiable deblurring with the TV-L'model

In this section we study the numerical solution of the TV-L! model

u e argrg)? F(u) = |Au = fll; + Al Vull;, (43)

with a discrete blurring operator A : X — X. As already lined out in the introduc-
tion, there exist a variety of methods to solve the problem (e.g. [19, 28, 35, 62]),
where most of them make use of the fact that the operator A can be written as a con-
volution. We use an easy strategy which does not rely on the structure of the opera-
tor and is hence also applicable to operators different from convolutions. Due to the
nondifferentiability of both the data term and regularizer, a very simple approach is
to dualize both terms (similar to ADMM [10] or "PD-Split’ in [17]):
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min max i Au = f) + vy, Vu) = 6p () = 6p, (1),

where P, denotes the convex set P, = {x € X | ||x||, < A}. One can then employ a
standard primal-dual method (PDHG [15]) which reads

Yt = projp, () + cAQU"™! — u"),

Yo+ = projp (v + oV (U™ —u),

un+l ut — T(A*qu—l _ le(y;-H))

Unfortunately one can observe that whenever there is no primal term in the formula-
tion of the problem, the energy tends to oscillate and convergence can be quite slow
(even though of course in O(1/N), cf. Fig. 1b). As an alternative we propose to split
the problem differently and operate on the following primal-dual formulation:

min max v Au=f) = 6p () + AllVull;.

We employ algorithm (29), i.e. the non-accelerated basic inexact primal—dual algo-
rithm (iPD) with type-2 errors and obtain

B IR , - B T SR
Er.( 10~ \ Ep 10~ E—
s e, ——a=0.1 = P a=03
£, 1072 =03 [, 1072 a=05
| a=0.5 | —a=0.7
- 1078 —a=07 1073 a=09
= ——a=09 S a=1.1
<9 4 a=11 = 4 — = O(N-1)
~ 10 - = O(NY) o 0 e ON )
-------- O(NY) ¥ i —.—-PDHG
] 107 :
10! 10? 10° 10! 10? 10°
outer iterations n outer iterations n
(a) (b)
14 6000
sum of inner iterations k
~ 5000
é i)
- Z 4000
E g
B
P = 3000
G 2
E 2000
RAIVIAK 1000
100 10! 102 103 0.1 0.3 0.5 0.7 0.9 11
outer iterations n Error decay parameter a
(© (d)

Fig. 1 Inexact primal-dual on the TV-L! problem. a, b loglog plots of the relative objective error versus
the outer iteration number for different decay rates a of the errors. a Cold start, error close to the bound
O(1/n%), b warm start. ¢, d Number of inner iterations respectively sum of inner iterations versus number
of outer iterations for different decay rates @. One can observe in (a) that the predicted rates in the worst
case are attained, while in practice the problem also converges for very few inner iterations (b), (¢) and

(@)

@ Springer



Inexact first-order primal-dual algorithms 411

Y+ = projp (V' + cAQu™! — i),
(44)

.1
W' A argmin —|ju— (" - A" O + Al Vul|,.
uexX 21

Note that the dual proximum in this case can be evaluated error-free.

As a numerical study we perform deblurring on MATLAB’s Lily image in [0, 1]
with resolution 256 X 192, which has been corrupted by a Gaussian blur of approxi-
mately 12 pixels full width at half maximum (where we assume a pixel size of 1)
and 50 percent salt-and-pepper noise, i.e. S0 percent of the pixels have been ran-
domly set to either O or 1. Furthermore, we performed power iterations to deter-
mine the operator norm of (A, V) as L =~ \/g and setoc = 7 =0.99/ \/g for (PDHG).
For (iPD) L can be determined analytically as L = ||A|| = 1, hence r = ¢ = 0.99 for
(iPD).

At first, we want to confirm the convergence rates predicted by the theory numeri-
cally. One can easily observe that the decay of the relative objective is almost exactly
as predicted: with higher a it approaches O(N -1 ), in fact for summable errors it even
seems a little better. In the second setup we investigate whether the obtained error
bounds can also be used as a criterion to ensure (optimal) convergence of the nested
algorithm (44), and results for varying parameter « can be found in Fig. 1b. Interest-
ingly for this problem, the error bounds from the theory are indeed too pessimistic
or, vice versa, the TV-L! problem is “easier” than expected. As can be observed in
Fig. 1b, the convergence rate for all choices of « tends towards O(1/N), with slight
advantages for higher a, while the number of required inner iterations k (Fig. 1c, d)
to reach the necessary precision is remarkably low. In fact, performing just a single
inner iteration in every step of the algorithm resulted in a O(1/N) convergence rate
(cf. also Fig. 1d). The required number of inner iterations even decreases over the
course of the outer iterations which suggests that the dual variable of the inner prob-
lem “converges” as well. Note that this does not contradict the theoretical findings
of this paper, but the contrary: while the first study clearly confirms that in the worst
case the proved worst-case estimates are reached, the second implies that in practice
one might as well perform by far better.

4.2 Differentiable deblurring with the TV-L> model
The second problem we investigate is the TV-L? model for image deblurring
* : 1 2
u* € argmin S{lAu—f1 + AllVul,. 45)
Again, the easiest approach to solve (45) is to write down a primal—dual formulation
. 1 2
min max O Au =) + vy, Vi) = I 17 = 8p, 07).

Since the above problem is not strongly convex in y, it cannot be accelerated, so a
basic primal—dual algorithm [15] (PDHG) for the solution reads
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YA oAQut! —uh) ~ )
L 1+o0
Yo+ =projp (v + o V(2! — u)),

un+1 ut — T(A*yr11+1 _ le(yg-H))

b}

We remark that, due to the special relation between the Fourier transform and a con-
volution, the same problem can be solved without dualizing the data term, since the
primal proximal operator admits a closed form solution [15]. The problem however
stays non-strongly convex, and in order to keep this a general prototype for L*-type
problems, we do not use this formulation.

The inexact approach instead operates on a different primal-dual formulation
given by

. 1
minmax (y,Au —f) — EIIyII2 + AllVull;,

ueX yeX

which is now 1-strongly convex in y and can be accelerated. Using the inexact pri-
mal—dual algorithm from Sect. 3.4 leads to

. 102 F= —a:O,}
=~ 10f 7ui0..3 .
I a=05 [ >~
Lr;wz?' u:g.; =~ - .
= .
10t a=11 "-~~_\_\
P I T e —
& 10 —=-O(N"2) s
—.—-PDHG
10°6 . ) - .
10° 10! 10? 10° 10° 10! 10? 10%
outer iterations n outer iterations n
(@) (b)
10% 108
sum of inner iterations k
~e ~e
2 wn
3 107} g 10° J
el =2
5 <
3 g
= =
= Rt
g 100 g 10 1
E E
100 ) 103 " " L L
10° 10! 10? 10° 0.1 0.3 0.5 0.7 0.9 1.1
outer iterations n outer iterations n
(© (d

Fig.2 Inexact primal-dual on the TV-L? problem. a and b loglog plots of the relative objective error
versus the outer iteration number for different precisions C/n2* of the errors. a Ergodic sequence, b
iterates. ¢ and d number of inner iterations respectively sum of inner iterations versus number of outer
iterations for different decay rates @. One can observe that the predicted rate of O(N‘z”) is attained both
for the ergodic sequence and the single iterates, exactly reflecting the influence of the errors/imprecision
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Y =+ 0, (AW + 0, — u") — )/ +6,),

. 1 "
u't! w;”“ argmin — [lu — (" — 7,A*y")||> + || Vul|,,
ueX 2’[',1

with 7,,0,,0, as given in Theorem 6. We again perform deblurring on MAT-
LAB’s Lily image in [0, 1] with resolution 256 X 192, which has been corrupted
by a Gaussian blur of approximately 12 pixels full width at half maximum (where
we assume a pixel size of 1), and in this case Gaussian noise with standard devia-
tion s = 0.01 and zero mean. We allow errors of the size €, = C/ n~2 fora € (0, 1),
which by Corollary 3 should result in a O(N ‘2”’) rate respectively O(N ‘2) fora > 1.
The results can be found in Fig. 2. In contrast to the TV-L! problem, in this experi-
ment it was not necessary to employ a cold start strategy and reduced step sizes for
the inner problem in order to obtain the worst case rates. Instead also for a warm
start and best possible step sizes for the inner problem the bounds for the gap (42)
were active for all choices of a. Figure 2 shows the error in relative objective for the
ergodic sequence UM (a) and the iterates u" (b) for increasing a. It can be observed
that the rate is almost exactly the one predicted, while the iterates themselves even
decay a little faster than the ergodic sequence. The amount of inner iterations neces-
sary to obtain the required precision of the proximum is unsurprisingly higher than
in the non-accelerated case, though they stay reasonable for rather low outer itera-
tion numbers.

4.3 Smooth deblurring with the TV-L2model

The last problem we consider is a smoothed version of the TV-L?> model from the pre-
vious experiments:

* : 1 2 Y 2
" € argmin EIIAM =flI5 + AllVull, + EIIMII , (46)
for small y, with primal-dual formulation

. 1 Y
min max (1. Au—f)+ (. V) = 51y, I = 8p,0) + Zludl®. 47
Since the above problem is y-strongly convex in u (note that it is also L, = y-Lip-

schitz differentiable in the primal variable), a possible accelerated primal—dual algo-
rithm [18] (PDHGacc) for the solution reads

n+l _ yrll + Un(A(un+1 + 9”(1,{"+l - un)) _f)
LT l+o, '
i+t = projp, 0 + 0, V@' + 6, — u")),

W= (1= u" — T, (AT = divpsth),

with 7,,0,,0, given by Theorem 5 (see also [18]). We choose 7, =0.99/L,

n>>n

op = (1 —1oL;)/7oL* such that 7L +750,L* =1 as required, with
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L=|A,V)| =~ \/§ (see also the previous section). We remark that the primal term
involving y could also be handled implicitly, leading to a linear proximal step instead
of the explicit evaluation of the gradient which, however, did not substantially affect
the results. In the spirit of the previous experiments we employ a different splitting
on this problem:

minmax (y. Au =) = SIIE + 2Vl + 5 ulP. 48)
The benefit is that even for small y this problem is y-strongly convex in the primal
and 1-strongly convex in the dual variable and hence can be accelerated to linear
convergence, which provides a huge boost in performance. Note that the same is not
possible in formulation (47), since the problem is not strongly convex in y,. We can
handle the smooth primal term in (48) explicitly such that the associated inexact pri-
mal—dual algorithm (iPD) from Sect. 3.5 reads

Y =0+ oA + 0™ —u) = f)/(1 +0),

W™ 5 arg min i||u —[(1 = zp)u" — TA*Y )2 + || Vul],.
ueX 2t

with 7, 0, 6 defined at the end of Sect. 3.5. In this case we have y = L, such that the
formulas simplify to

Lo VARAL /G VARG VAL G -2

) o = l -
2y + 212/ u 2u+2L2/y 202 /(y )

We revisit the experimental setting from Sect. 4.3, such that L = [|A]| = 1, A = 0.01
and choose y = le — 3. With this size of y the results were barely distinguishable
from the results of the non-smoothed model from Sect. 4.2. This leads to 8 = 0.96
for the constant of the linear convergence. Figure 3 shows the results for (PDHGacc)
and (iPD) using an error decay rate of g = 0.9, i.e. according to Corollary 4 we
expect a linear convergence with constant 6 > ¢, which is indeed the case. One can
observe that already after 250 iterations (iPD) reaches a relative objective error of
le—10, while the accelerated PD version has barely reached 1e—2. It should however

10*

10!
107"

10

F(u") - F*)/F*

™ = /[l

inner iterations k

107"

10°10 10°° 10°
10" 10! 10% 10" 10! 10% 10" 10! 10%

outer iterations n outer iterations n outer iterations n

(@) (b) (©

Fig.3 Inexact primal—dual on the smoothed TV-L? problem. a and b Loglog plots of the relative objec-
tive error respectively relative error in norm versus the outer iteration numbers for accelerated primal—
dual (PDHGacc) and inexact primal-dual (iPD) for ¢ = 0.9, ¢ loglog plot of the inner iteration number
vs. outer iteration number for ¢ = 0.9. One can observe that the predicted convergence rate of O(ON ) is
exactly attained, while for lower outer iteration numbers the necessary amount of inner iterations stays
reasonably low
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be mentioned that also (PDHGacc) reaches the O(N‘z) rate soon after these 250
iterations. Figure 3c shows the price we pay for the inner loop, i.e. the number of
inner iterations which is necessary over the course of the 250 outer iterations. As
one expects for linear convergence, the number of inner iterations explodes for high
outer iteration numbers, which substantially slows down the algorithm. However,
the algorithm reaches an error of 1le—6 in relative objective already after approxi-
mately 100 iterations, in which case the number of inner iterations is still remark-
ably low (around 10-20), which makes the approach viable in practice. This is in
particular interesting for problems with a very costly operator A, where the tradeoff
between outer and inner iterations is high.

5 Conclusion and outlook

In this paper we investigated the convergence of the class of primal-dual algo-
rithms developed in [15, 18, 54] under the presence of errors occurring in the
computation of the proximal points and/or gradients. Following [5, 60, 61] we
studied several types of errors and showed that under a sufficiently fast decay
of these errors we can establish the same convergence rates as for the error-free
algorithms. More precisely we proved the (optimal) O(1/N) convergence to a sad-
dle-point in finite dimensions for the class of non-smooth problems considered in
this paper, and proved a O(1/N?) or even linear O(6") convergence rate for partly
smooth respectively entirely smooth problems. We demonstrated both the perfor-
mance and the practical use of the approach on the example of nested algorithms,
which can be used to split the global objective more efficiently in many situa-
tions. A particular example is the nondifferentiable TV-L' model which can be
very easily solved by our approach. A few questions remain open for the future: A
very practical one is whether one can use the idea of nested algorithms to (heuris-
tically) speed up the convergence of real life problems which are not possible to
accelerate, such as TV-type methods in medical imaging. As demonstrated in the
numerical section, using an inexact primal-dual algorithm one can often “intro-
duce” strong convexity by splitting the problem differently and hence obtain the
possibility to accelerate. This can in particular be interesting for problems with
operators of very different costs, where the trade-off between inner and outer iter-
ations is high and hence a lot of inner iterations are still feasible. Following the
same line, it would furthermore be interesting to combine the convergence results
for inexact algorithms with stochastic approaches as done in [16], which are also
designed to speed up the convergence for this particular situation, which could
provide an additional boost. Another point to investigate is whether one can com-
bine the inexact approach with linesearch and variable metric strategies similar to

[9].
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Appendix

In the “Appendix” we provide two technical results and the proofs for all the
accelerated versions of the algorithm, since they basically follow the same line as
the basic proof.

Two technical lemmas
The following lemma is taken from [60].

Lemma 4 [60] Assume that the sequence {uy} is nonnegative and satisfies the
recursion

N
2
uy < Sy + Z Anlty,
n=1

for all N > 1, where {Sy} is an increasing sequence, S, > u%, and 4, > 0 for all
n>0.Thenforall N > 1

1
1 - LN
MSEZM+SM-§Z%

n=1 n=1
Lemma5 Fora > —lletsy := Z,,N=1 n®. Then
sy = O(N'*?).

Proof Leta € (—1,0) and n > 1. Then by the monotonicity of x — x* we have for all
n—1 < x < nthat x* > n* Integrating both sides of the inequality from n — 1to n
and summing fromn = 1, ..., N we obtain

N
04
SNS/O x“dx.

We proceed analogously for n < x < n + 1to obtain
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N+1
/ x%dx < sy.
1

By computing both integrals we hence find

| N+1 N |
—[(N+ Dt — 1] =/ x%dx < sy S/ x%dx = N'*e,
1+C( 1 0 1+0£

which implies s, = O(N'*%). The proof for @ > 0 follows the same idea. Now for
every n — 1 <x < n we have that (n — 1)* < x* < n®. Integrating the inequality from
n — 1to n and summing fromn = 1, ..., N we obtain

sN_]—Zn </ 1+0{N“’“<§1n = sy.

Furthermore sy_; = sy — N%, so forevery N > 1

N1+(x<s <
l+a 1+a

N1+a + Na,

from which we deduce that s, = O(N'*%). O

Type-0 approximations

It is interesting to consider the notion of a type-0 approximation (cf. Definition 2)
as well, since it seems to be the most intuitive one (the authors of [5] mention it
but do not explicitly handle the situation). The problem however is that neither
the inexact proximal point needs to be feasible, nor do we have an equivalent defi-
nition of a type-0 approximation in terms of an (e-) subdifferential. For simplicity
we briefly outline a possible strategy on the reduced problem

min max (v, Kx) + g(x) — h*(y)

xeX yey
and consider the algorithm

X & prox,,(x — 7K*y)),

§ & prox . (¥ + oK), “49)
where again (¥, y) are the erroneus proximal points and (%, ) and (%, y) are the previ-
ous points. A possible way to deal with the type-0 approximation is to “transfer”
the error in the primal proximum to the dual proximum. Note that, following the
same line as before, by interchanging the order of iterates (starting with the primal
variable x) we can now perform the overrelaxation in the dual variable instead of the
primal in order to get a bound on y.
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So let % be the true primal proximum and choose ¥ = X. Then by the defini-
tion of the type-O approximation there exists s € X with ||s|| < 1/2ze such that
X =X+ s, which implies that

¥ Ry Prox,: (y + 0Kx) = prox ;. (y + 6 Kx) = prox ;. (y + (KX + Ks)).

Hence with d = Ks we can rewrite (49) as

% = prox, (X — 7K*),
X+s (50)

y zg prox ;- (y + o(Kx + d)).

=<
Il

Now

ldll = IKs|l = IKE - DIl < IK|IV27e = V2ox

with x := (r¢||K||*)/o. This reveals that a type-0 approximation of & with precision
€ can essentially be interpreted as a type-3 approximation y of $, which in sum with
the type-2 approximation gives an overall approximation of type 1 for ¥, now how-
ever with “mixed” precision k and 4. Using the choices

@) =@y, @y ="y, y=2" -y
we formally obtain the following algorithm:
& = prox, (¢ — tK*(2y" = y" 1),

51
j/]n+1 z?rﬁl”(rﬁl proxuh*(yn + 6K5€n+1). D

This situation can then be treated similarly to the above analysis (cf. Theorem 2) and
is summarized in Corollary 5. The main difference here is now that we get an esti-
mate on the true proximum %! while computing x"*! in practice.

Corollary 5 Let L = ||K|| and choose > 0 and 7,6 > 0 such that ctL* + 6 pL < 1
and let (3",3") be defined by Algorithm (51). Then for XV := (Zilvzl )%")/N and

YN = (Z;VZI y”)/N we have for any saddle point (x*,y*) € X' X ) that

2
% 1
LKV, y*) = Lo, YN < oN (\/§||X* =2+ Iy =)0l + 24y + \/ZBN> )

with Ay = Zilvzl \/20k, and By = Zivzl 66,

Proof We can easily verify the assertion by dropping f and simply interchanging the
roles of x and y (and thus 7 and o) in Theorem 1. O

As for Theorem 1 we can now state a rate for (X", YV) if the partial sums Ay
andy/By, are in 0(\/N). Since the result still relies on the unknown true proxima

%", it then remains to note that for XV := (Zfil X")/N we have
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N N
R | o 1 1
IXY - X ||sN;ux"—x"nsN;vzm«n—NAN,

which implies strong convergence of XV to XV with the same rate.

Hence we can essentially handle the situation of a type-0 approximation by
the same means as before. The major difference is still that none of the X" need
to be feasible, which could impose problems in practice. Since type-0 approxi-
mations are the weakest among the introduced notions, they should technically
impose the least restrictive error criteria. It however is an open question how to
check [|x — X|| < \/ﬁ effectively. It is easy to see that the duality gap bounds this
quantity, in which situation Proposition 1 “unfortunately” states that X is already
a stronger type-2 approximation. Hence it remains to find a different criterion for
the precision of a type-0 approximation to make this approach feasible in practice.

Proof of Theorem 5

Proof Using Lemma 3, we proceed exactly as in the proof of Theorem 1 (now only
including the y-strong convexity of g as well as 7 = 7,, 0 = ¢, and introducing 6,,),
to arrive at the basic inequality

1+ _ 12
LO1,3) = LG y™) < 8, 05,9) - - et - XTI
n 26}1
+ (K@ =X,y =) = 0, (K" — "1,y —y)
- T"Lf I — s ”2 _ Iy" = yn+1 “2
2t 20

n

+ (||e"+1 I+ \/(2.5,”1)/7”) x =2+ £,y + 6,01

where we let 4,(x,y) := ||x — x"||>/(z,) + |ly — ¥"||>/(25,) for the sake of clarity.
The goal of the proof is, again, to manipulate this inequality such that we obtain a
recursion where most of the terms cancel when summing the inequality. In order to
get a useful recursion in the first line it is clear that we require

n

Op = 9n+10-n+1’ (1 + yTn)Tn+10n+l 2 Ty (52)

such that we obtain the estimate

L4rt, s =y P (47505, =P
—— = -
T, 2O-n n 21n+1
c _on+ly2
AN N e e )
o, 20—n+1 9”+1

For a useful recursion for the second line we expand
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0,(K@" —x"1), Y™+ —y) = —0,(K&" —x"1), Y+ —y")
—0,(K(x" —x"1),y" —y),

and compute [cf. Eq. (21) with now @ = ¢,,0, L]
™' =112
26 ’

n

6,L*
—0, (KO =),y ) < I e P 4

where we used (52) such that 6,0, = o,_;. We note that since 7,L, + 7,0,L> < 1we
furthermore have

1-7L o L2
_—”f”xn_xn+l”2 < _n_”)d't_xn+1”2'
27, 2

Putting everything together and rearranging we arrive at (note that the terms
y**! —y"1?/(26,) cancel and 6, , [, = 1/6,,,)
L:( n+],y) E(.x, yn+1)

c,10,L%
<A, xy) — 0 (K& — X",y —y) + lTllx” L2

o 6.0 . L2
- (A,Hl(x,y)—e,,H(K(ﬂ“—x",y"“—y>+—" 2! ||x“+‘—x"||2>
n

+ (||e"+l I+ \/(25,,“)/1”) [l I

We multiply the inequality by o¢,/0, to reveal the recursion and sum from
n=0,..., N-1

N

-1 n
D LW y) = L y")

n=1 O-O
ON _1\ N o-N—IGNL2 152
SAo()C,y)—O_—<AN()€,)’)—‘91\1<K(J€N—XN ),y —}’>+—||XN—XN ||>
0

N

1 n /
+O'_Z <6”_1”e ”+ n 1 n)Tn 1>”x X I|+_Z(7n 1(5 +5)

0 p=1 %0 n=

Now, as above, we use that
N ”2

Oy (KN — N1 gV —yy < ST on-1 NL ¥ — N2 + lly -y

20y

)

which gives
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N p o |
D LE y) = L0y + = —[lx = 2N
n=1 %0 ) 2T
1 N
<aent 2 3 (o @ et - eis L S, e v
0 p=1
(53)

This equation can now be use as before to bound all terms on the left hand side.

Again for a saddle point (x*,y*) € X' x ) the sum is nonnegative, hence we obtain
the inequality:

2 < N % 02 , °N 012
fle* = V> < . — [l =217+ =y* =)l

ON 7o Y

#2223 (ot o e e

+2—Zo,, (&, +5).

For the sake of readability let us denote

N

N
TN
= Ay = 2 <6n_1||e"|| +1/(262_€,)/7,_ > By = ;an_l(sn +6,).

n=1

Then as before with Lemma 4 we find,

1

o 2
llx* = XV < myAy + <’7NT_||X* = X017 + mylly* =>°1> + 2ny By + myA; > -
0

Since Ay and By, are increasing we have foralln <N

nn
0

1
llx* — x| < n,A, + (nnr—llx* =12+ n,lly* =»°1? + 24,8, + 112A2>

1

< nyAy +<nN—IIx = O + mylly* = 011> + 2nyBy +n2A2>

< 2nyAy + /vy /T—°||x* =2+ /gy =0l + /1y /2By,
0

Now evoking Eq. (53) we obtain
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N

Opn—1
D LW y) - L")
0o

n=1

1 1 1
< I =201+ 5=y =y° I + =By

27, 20, o
1 %o
+—Ay (2;7NAN + /v /T—le* — x|+ /oy Iy =)0l + \/”NVZBN>
0 0
< L (%% _ 02 *_ 02 4 Be 4 4 A2
<5 o™ = 2717+ [1y™ = Y7lI™ + By + 4nyA,
G0 \ %o

O
+2 ”INAN\/ _Ollx* _x0” + ZAN\/WN”)’* _yO” + 2AN\/"IN V2BN>

<0 <\/ [l* =2+ 11y =37l + 2/myAy + 23)
0

The convexity of (£, &) — L(&,y*) — L(x*, {) and the definition of the ergodic aver-
ages yields the assertion (cf. the proof of Theorem 6). The estimate on ||x* — xV||?
follows analogously. It remains to note that for a type-2 approximation the square
root in A, can be dropped and for a type-3 approximation By = 0, which gives the
different Ay ;, By ;- O

Proof of Theorem 6

Proof We proceed exactly as in the proof of Theorem 5 with interchanged roles of
x,y, 7, and o, to arrive at the basic inequality

1+yo
12 12
N = ——1ly ="l

20

n n

+ <K(x”+' =X,y =Yy = 0, (K =X,y —y)

LOMy) = L y™) < 4,(6,y) = =[x —

1
gnyn _ ot ”2

n

+1||2

2

1
n+1” + n+ ” n+l|| + En+l + 6n+1’

l’l

where we again let 4,(x,y) := [|x — x"||1>/2z,) + Iy — ¥"11>/(25,). In order to get a
useful recursion for the first two lines it is clear that we need to require

T = 0n+l n+1>
(1 + J/Gn)o-n+19n+l P4 On>

such that the second line becomes
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1 1+yo
Lt = Ty 2
21, 20,
T =P (470,00, [y =y P
Tn 2Tn+l Gn 2O-n+l

1
< _9 An+l(x’y)-

n+1

For a useful recursion for the third line we expand

_ 0n<K(xn _ xn—l)’yn+l _ y>
= _0n<K(ﬂ _xn—l)’yn+l _yn> - 911<K(xn _){l_l)’yn _y>’

and compute with Young’s inequality [cf. Eq. (21) witha = 1/(z,0,,L)]

n-n

Iy = y|I?
20 '

n

—O, (K@ =2,y =) < S = R (7,0,60217)
T

n

In order to obtain a recursion for the first term on the right hand side we note that

1 T, 1
——||x”—x”+1||2=—ﬂ—||x”—x”+1||2
2Tn n 27'-n+1

in the fourth line. Putting everything together and rearranging we arrive at

n n n - n 1 n—
LM y) = L,y < 4,(x,y) = 0,(K@" —x"71),y =)+l - x 2
Ty . " 1
— <An+1(x,y) = 0, (KO =X,y —y) + [l —x”||2)
Ty 2Tn+1

fly! = y"II? 26,4
= (1= 7,0,00L) =+ [ v = 4 ey + 6,0
n n

Requiring that 7,6,0?L? < 1 we can discard the related term and multiply the ine-
quality by 7, /7, to reveal the recursion:

EE(.XYH—] ,y) _ E(.x, yn+l)
To

E _ _ n—1 no__ 1 n _ ,n—=1y2
< = 4,06) = 0, (K" = xX"7), " = y) + sl = x|
Ty 21,

n
”xn+1 _ xn”2>

T n ny |
- T+l <An+1(x’y)_9n+1<K(x + —X ),y * _y> +
0

1 —— i, F
+ T_ 21-ngn+1 ”x - xﬂ+ ” + T_n(£n+l + 5n+1)’
0 0

27

n+l1

We now sum the above inequality fromn =0, ... ,N —
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N

Tn—l n
D LG y) = L06y")

To

n=1

< A0 y) = X ( Ay ) — Oy (KGN — V)N =y 4 [ —
Ty 2ty
N N

+ i Z \Y 2Tn—l‘€n”x _xn” + Tlo Z Tn—l(en + 511)

T

0 p=1 n=1

Now, as above, we use that

N NN SRR S S 02 o Iy =1
Oy (K( D=y L 3 I I” + (oyTn04L7) ;
Ty 20y

which gives the first intermediate result:

N N2
Tn_ n n 1 T -

3 B2, ) - L0y + o kI + 21— ooz R
~ 1 21, 7 20y

1 N 1 N

< Ao ) + — D V21, 6l — 2|+ - Y e, +8,).
0 p=1 0 p=1
(54)

This equation can now be use as before to bound all terms on the left hand side and
hence gives the necessary bound on ||x — xV|| appearing in the error term. For a sad-
dle point (x*,y*) € X'x ) the sum on the left hand side is nonnegative and:

N N
o = V112 < 200405 3) +2 ) V27, 16, I =X +2 ) 7, (5, + 5,).
n=1 n=1

Hence, again with Lemma 4,

N
T
2 0 0112
I =M < Y V2r, e, + <||x* e a—lly* -yl
n=1 0

N N 2)\2
+2) 7, (e, +8,) + (2 \/2%_15")
n=1 n=1
Ay (I =+ Dy =P 2B, + 4% )
N 60 N N ’

where we denote Ay = ZnN:l \/2t1,_ €, and By = ZnN=1 T,_1(€, + 6,).
Since Ay and By are increasing we have for alln < N
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T
Ix* =¥ <A, + <||x* =2+ 2y* =01 + 2B, + A

)

0

70 2
<yt (I =20+ 2yt =y 28,4

To
<24y + I =20 + 4 /G—IIy* —y°Il + /2By
0

Then we find [again by Eq. (54)]

N

3 Iy - L6y

To

n=1

1

y

1

1 1 7
< Ay, ) + —By+ —Ay <2AN + [l =20l + 6—0”)’* -l + V23N>
0 0 0

1 )
= g<||x* -1 + G—IIy* =0l + 2By, + 443,
0 0

T
F2Ay " =l + 24y [y =500+ 2AszBN>>
0
1 T 2
< 2—<le* =20l + 4 [ ly* =30l + 24, + \/ZBN> )
) oy

Using the convexity of (£,¢) = L(&,y*) — L(x*, ) and Jensen’s inequality as well
as the definition of the ergodic averages (X", Y") yields the first assertion. The esti-
mate on ||x* — xV||? and ||y* — yV||? then follows analogously from inequality (54). It
remains to note that for a type-2 approximation the square root in Ay, can be dropped
and for a type-3 approximation By = 0, which gives the different Ay ;, By ;. O

Proof of Theorem 7

Proof We again start with the general descent rule in Lemma 3:

“ _ xn+1 “2

n 1 1 n l+y7
LOMLY) = £y < 5ol =X+ 5= lly =y IR = =
27 20 27
14+ po 1\ n
_ 2: ”y—yn+1”2+<K(xn+l—Xll),yn+l—y>—9<K(Xn—Xn 1)7}) +1_y>
1 —7L,
_ U n _ n+12_i no__ n+l2
L = = Sy =y

+ (||e"+1 |+ \/(ZE,H_I)/‘L') = 2+ 0y + 6,1

Now we expand and apply Young’s inequality
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_ 9<K(xn _xn—l)’yn+l _y>

— _0<K(xn _xn—l)’yn+l _yn> _ H(K(x” _xn—l)’yn _y>
[y =112

0L - n —1y o
S I =P 4 S = KG = 2y ),

which gives
I+yz 12
llx — x|

AN I
Leey™) € -l =2+ ol =y I = =

E(xn+l,y) _
1 + uo n n— n
e N YR+ <1<(x”+l =X,y =) — 0K =X,y — y)
1- TL
- ! [l — X2 + IIX"_ —x"||?

2T

2e
1 +1 1
+<||e"+ I+ = >“x—x’” I+ €uer + B

Ensuring thatl +yz =1+ po =1/0and (1 — 7L;)/7 2 66%L? we derive

'C( n+l’y) ‘C(xsyn-H) S An(x’y) - 9<K(xn _xn—l),yn _y>
1
= 2 (A — 0K =)y - )

— L
f
3 ”xn _xn+1 ”2

+

T
2e
+ (ne"“u +y/ %“)nx SE N AT

“"and sum fromn =0,...,N — 1.

0'92L2 -1 2
S =P

We now multiply by 8

N
2 = (Lany - Len)
< A(509) = 5 (Ayx9) = (KGN = 21,y —y>)

N 272
1—1L, —1066-L
! by — e

o 270n-1

N
1 u 2¢,
+21W Kue I+~ >||x—aa’|| +sn+a,,],

which again by Young’s inequality implies

n—1 _ n2
R
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N
1 " " 1
2 on-1 <L(X sy)—ﬁ(x,y )) + W”X—XNIIZ

n=1

al 1 ; 2¢,
gao(x,y)+zF le"ll + 4/ =" JIx = 'l +&,+8,|.
n=1

For a saddle point (x*, y*), the sum on the left hand side is positive, hence we obtain

(55)

llc = V|2 < 0V | = 0|12 + 9~§||y* 0|12

N N
1 " T
+267 z_} S @I+ V2ze I — 2] + 267 ; ST (€t 8.

Evoking Lemma 4 and denoting

N N

1 n 2
Avi= X gl + Vo). By i= 3 o+

n=1 n=1

we obtain
Ix* — x| < @¥Ay + [0N||x* — |2+ 8" Sy — )OI +20VBy + 92NA]2V] 3

By monotonicity we have the same bound for all n < N:

-

[l =2l < 0Ay + [eNllx* =7+ OV Z Iy =301 +20VBy + 02NA,2V]
o
N Yix .0 L il
<207Ay+07|Ix —X|I+92\/j||y -3\ +602+/By.
(o2

We now again use inequality (55) to obtain a bound for the sum:

N

1 . . 1

X S (L0 = L0 ) < o= |l =1+ iyt = )01 + 2By
T (o2

n=1

+24,, <29NAN + 07 |Ix* — 20| + 67 \/glly* | + 6% \/ZBN>]

2
1 T N
< Z(llx* -0 + \/;Hy* — 'l +202A, + ZBN> )

Eventually we let

N
1 N._ 1 1
Zgn—lxn’ Y '_T_Nzgnflyn
n=1

o 1 _0V—1 1 1
. N .
TN~—219,,,1— ot YT,
=

n=1
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to deduce the assertion by convexity and Jensen’s inequality. By the same argumen-
tation as above we can also use inequality (55) to obtain the convergence of the

iterates:

” x* = x0”2 91\/ s N 2
——=< —<||x* x| + \/jlly* -l + 202Ay + ZBN> .
27 27 o

O
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