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ognized to be one of the most powerful tools for solving smooth convex opti-
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In this paper, we present two generalized variants of Nesterov’s accelerated
proximal gradient method for solving composition convex optimization prob-
lems in which the objective function is represented by the sum of a smooth
convex function and a nonsmooth convex part. We show that with suitable
ways to pick the sequences of parameters, the convergence rate for the func-
tion values of this proposed method is actually of order o(1/k?). Especially,
when the objective function is p—uniformly convex for p > 2, the convergence
rate is of order O (ln k/kzp/(p’m) , and the convergence is linear if the objec-
tive function is strongly convex. By-product, we derive a forward-backward
algorithm generalizing the one by Attouch-Peypouquet [1], which produces a
convergence sequence with a convergence rate of the function values of order
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1 Introduction

Consider the composition convexr optimization problem of the form
min{f(z) + #(x) : @€ R}, (1)

where @ : R® — R U {400} is a proper lower-semicontinuous convex func-
tion and f : R®™ — R is a continuously differentiable convex function with
L—Lipschitz continuous gradient on dom &, for L > 0, that is,

IVf(z) =Vl < Lz —yll, Yo,y € dom. (2)

This class of convex optimization problems arises in many applications, es-
pecially, in image processing and in machine learning ([4,5]). Recalling, the
algorithms of forward-backward type (or also called gradient proximal algo-
rithms), generalizing the gradient projection method ([10,12]), which exploit
the additive separability of the smooth part and the nonsmooth one of the
objective function, play an important role for solving (1) (see [13,7] and the
references given therein).

The celebrated acceleration scheme initiated by Nesterov in 1983 ([14],
[15]) for solving smooth unconstrained convex optimization problem improves
the theoretical convergence rate (for the function values) from O(1/k) (of the
standard gradient method) down O(1/k?). Nowadays this accelerated gradient
method is recognized to be one of the most powerful first-order methods for
solving smooth convex optimization problems. Later, this acceleration scheme
was developed for solving composition convex optimization of the form (1)
in which the objective function is represented by the sum of a smooth con-
vex function and a nonsmooth one (see [11,15,17,18] and the references given
therein). In [4], a combination of the forward-backward method with Nes-
terov’s acceleration scheme for solving (1) was proposed, called the fast itera-
tive shrinkage-thresholding algorithm (FISTA), and it was successfully applied
to image processing. In [1] (see also [3]), it was shown that the convergence rate
of the accelerated forward-backward method (with respect to a special sequence
of parameters) is actually o(1/k?), rather than O(1/k?), with a proof relying
on an appropriate finite-difference discretization of a differential inclusion (see
[2] and the references given therein for further about this approach).

In this paper, we will develop two accelerated schemes which generalize the
one by Nesterov [17]. We show that by updating sequences of parameters in a
suitable way, the convergence rate for the function values is actually of the or-
der o(1/k?) for the convex case, and is O (In k/k?/(P=2)) for the p—uniformly
convex case with p > 2. Moreover, when the objective function is strongly con-
vex, the convergence is linear. By-product, as a particular case, the established
convergence results permit us to derive a forward-backward algorithm general-
izing the one considered by Attouch- Peypouquet which produces convergence
sequences with rate of order o(1/k?).

Let us recall some basis notations and properties. In the sequel, the space
R™ is equipped with the canonical inner product (-), and the subdifferential
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of a convex function ¢ : R — RU {400} at z € dom ¢ is denoted by dp(z),
that is,

Op(z) ={z" eR": (2", y—2) <p(y) —p(x) VyeR"}.
We set dp(z) = 0 if © ¢ dom¢. The notation prox, denotes the prozimal
mapping of the function ¢ (see [7]). That is,
. 1 n
pros, () = argmin{p(y) + 5y~ ol y €.

A function ¢ : R® — R U {400} is called p—unformly convex with parameter
, for some p > 0, p > 2, or called (u, p)—uniformly convex if for all z,y € R™,
A € ]0,1] one has

e(Az + (1= A)y) < Ap(z) + (1= Nep(y) — gk(l =Mz —yll”.

When p = 2, the function ¢ is called strongly convex (with parameter p.) Note
that if ¢ is (u,p)—uniformly convex, then for all z,y € R", all z* € 9p(z),
one has

(" y — ) < o(y) — p(z) — gny — a|P. (3)

For a function f which is differentiable on a convex set {2 C R™ such that the
gradient of this function V f is L — Lipschitz on {2, the well-known inequality
(see e.g., [16]) is useful in the sequel.

FW) < F@) + (V@ y =)+ Sy =l Yoy, @

2 Generalized Nesterov’s Algorithm and convergence rates

2.1 Algorithm

Firstly we introduce the following notion of support functions of a convex
function at a point.

Definition 1 For a convex function @ : R — RU {400} and a point z € R™.
A convex function ¥, := ¥, ¢ : R" — RU {400} is called a lower support
function to @ at z if ¥, < @ and ¥,(z) = &(z2).

Obviously, the usual two lower support functions of a convex function &, at a
point z : the first is itself @, and the second is the linear function
U, (z) =P(2) + (", — 2z), z € R",
where z* € 09(z), when @ is subdifferentiable at z.
In what follows we make use of the following assumptions:

(A1) The optimal solution set of problem (1) is nonempty.
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(A2) The function @ : R™ — R U {+o0} is proper lower semicontinuous convex;
the function f : R™ — R is a differentiable convex function such that its
gradient V f is L—Lipschitz (for some L > 0) on dom &.

Pick parameters C, x,p > 0; a sequence of positive reals {ay}, and two se-
quences of nonnegative reals {5} and {7y;}. Assume that the sequences {4},
{Br} verify the condition

k k
Ag:=> ap>Byi=Y B, forall keN. (5)

=0 =0

Pick a strongly convex function h : R™ — R with a strong convexity parameter
p > 0, which has a minimizer at yy € dom @. Without loss of generality, we
can assume h(yp) = 0. Then one has

h(z) > gHm — yol2, for all z € R™. (6)

The algorithm is stated in the following scheme.

Algorithm 1: Generalized Nesterov’s accelerated proximal gra-
dient algorithm (GAPGA)

Initialization: Initial data: y° as in (6). Set k = 0.
Repeat: For £ =0,1, ...,
1. Find

v = argmin {P(y) + (VF(ye)y —ye) +gclly —wel®: y R} oy
= proxX,g (yk — £V f(yk)) -

2. Find
2, = argming cg.{Ch(z) + Z —0 Yol f(yi) + (V (i), 2 — yi) + ¥, (2)
bl = el (9500 )+ 800 + ol =
8

3. Set ¥, is a support function to @ at z; such that

mingern {Ch(@) + 3272 sl (i) + (V. ()@ = yi) + Py (2) + Spille — i)
ol f () + (VI (yr), = — yi) + P(@) + gpvelle — yel*]}

= mingepe {Ch(z) + 5o ailf (yi) + (VF(yi)s & — yi) + T, () + Lpvillz — v 2]}

9)

4. Set an
1
Tk = ﬁtBk’ Ye1 = ez + (1 — 7).
Remark 1.
(i). In Nesterov’s original accelerated schemes ([16,17]), 73 = Zi—i. which is

a particular case of Algorithm 1 with 8 := 0, k € N.
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(ii). In Step 3 of Algorithm 1, we can take ¥, = &. If we set ¥,, = &, for all
k € N, Algorithm 1 gives a generalized variant of Nesterov’s accelerated
dual averaging algorithm. An another way to choose ¥, is as follows. As
in Step 2, zj is a minimizer of the convex function in the right hand of (8),
then there is z; € 09(z) such that

k-1 k
0 € COR(z)+ Y il V[ () +0W., (z0)|+ak[V f () +2]+1 Y aivi(zi—vs)-
=0 =0

(10)

Then the support function
U, (z) = (z},x — zx) + P(zx), © €R", (11)

verify condition (9) in step 3.
Especially, when h(z) := %||z—yo||?, and for all k € N, the support function
¥, is defined by (11) for all k € N, then in view of (10) for k and (k + 1),

one has, for all k € N, for some 2;_; € 0P(zp41),

I

0 € (C + pag417k+1)26+1 — (C + pagy) 2k
FHOEVEYE — Q1 Ve 1Yk T k1 [25 1 + VI (Yet1)]-

Thus equivalently,

— o 1 .
Fh+1 = PIOX___%ki1 g [C+Mak+1’vk+1 Wk+1:| ’

Crpagy1vp+1
Wit = (C + poyi) 2k — poYeyk + k1 Ve+1Yk+1 — Wei1 VI (Yrt1)-
(12)
In particular, when p = 0, the sequence {z;} is defined recurrently by
Qf41
Zk+1 = PrOX it [Zk - Vf(yk+1)} . (13)

This is exactly the (accelerated) scheme of the proximal gradient methods.

2.2 Convergence

The following theorem gives an estimate for function values f(zx) + @(z),
and it is crucial to derive the subsequent convergence rates. Let us introduce
the functions Fy, G by respectively,

Fi(z) = Ch(x) + Y50 calf (i) + (VF(Wi), x — wi) + s, (@) + Spyillz — will?)
+ai[f(ye) + (Vf(y), © — ye) + P(x) + Fpvell — yil?], (90 E)R"-
14
Gr(z) = Ch(z) + Z;C:o oi[f(yi) + (Vfy), o — yi) + e, (2) + Spvi |2 — y(lﬂ;%
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Theorem 1 Let {z1} and {yr} be sequences generated by Algorithm 1. Sup-
pose that k < 1/L and the sequences {ay}, {Bx} and {vr} satisfy the condition

k—1
(Cer MZ%‘%‘) (Ap — Bp_1) > o2 /k, for allk € N. (16)

=0

Then one has for all k € N,

Yo Billf (i) + D)) + (A = Bi)[f (wx) + D(ay) an
+5(1/% = L) Yo (Ai = Bima)lli — 93l < mingern Fi(x).

where, we set B_1 = 0. Moreover, if [ is p—strong convez, then (17) holds if
Yk =1, k € N, and the sequences {ax}, {8k} verifying the condition

k—1
<C’p—|— ,LLZOQ) (A — Bp_1) > ai (k™ — ), forallk € N. (18)

i=0
Proof. We prove (17) by induction on k € N. For k = 0, one has

mingern Fo(x)
= min {Ch(x) + ao[f(yo) + (V. (y0), = — yo) + P(x) + pryollz — yoll?] : = € R}
> agmin {§(Cp + aopyo)ag & = yoll* + f(yo) + (Vf(v0), x — o) + D(x) : = € R"}
by (16)
> agmin {55z — yol> + f(yo) + (VF(vo), x — yo) + P(x) : x € R"}
}? ao [3=1zo = yoll® + f(yo) + (V£ (o), 2o — yo) + P(0)]
(4)
SV 1 = Lyaollzo — woll? + aolf (o) + B(x0)]

That is, (17) holds for & = 0. Suppose that (17) holds for some k& € N.
We shall show that (17) holds for k + 1. Since Fj, attains minimum at z;
mingern Gr(x) = Fr(z) = mingern Fi(x) and Gy is strongly convex with
parameter s = Cp + ”Zfzo a;7;, by using the induction assumption, one
has for x € R”,

Fry1(z) = Gi(x) + arga [f (Wr1) + (VI Wra1), = Yeg1) + (@) + 5p7041 |12 — yrga 7]
> mingern Gi(2) + 358l — 2kl + arra[f (yes1) + (VI (Yrr1), & = yrr)
5k 1llE = yr g lI® + D(2)]
= mingern Fi(2) + 3slle — 2zl + arpr [f(Wrs1) + (VI (Wrs1), 2 — yrr1)
5k 1lle = yrga|I® + D(2)]
> Yo Billf (@) + B(ai)] + (A, — Bi)lf (xx) + P(a)]
+3(1/k = L) 5o (As — Bioa) |l — il
skl = zill” + ana [f (Y1) + (VF(Wrr1), & — yeyr) + splle — Z/k+1||2(+ 31’(1‘)]-
19
By the convexity of f and @,

f(xr) = fyrs1) + (VI (Yrr1), Tk — Yrr1), (20)
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and
(Ak - Bk)@(l‘k) -+ ak+1€15(x) > (Ak+1 — Bk)QS(TkLL‘ -+ (1 - Tk)xk). (21)
Hence, for all x € R™,

(A = Bi)[f (xr) + P(zx)] + 3sklle — zl® + anpr [f (Wrr1) + (VF(Wri1), & — ypy1) + ()]
> (Argr = Be)[f (k1) + 358 (Appr — Bi) 7w — z]?
+Tk<Vf(yk+1),:L‘ — Zk> + @(TkCL’ + (1 — Tk:)l'k)]~
(22)
By setting y := 7,2+ (1—7%)xk, and in view of (16), si(Ap+1—By) ™' > 77571,
the preceding relation implies

(Ax — Bi)[f (zx) + P(xx)] + Skllfﬂ — 2l + arg 1 [F(Wrr1) + (VI Wry1), 2 = yrr1) + D()]
> (A1 — Bo)[f (Yks1) + Lt el — 2zl + 7V f (yrg1), @ — z1) + D(y))]
}?(AkJrl = Bi)[f (Yks1) + 55 1Hy Y1 l|? + (VF(Wrt1),y — yrr1) + P(y)]

Y (7)

> (Akr1 — B)[f Wrs1) + 367 Hzwgr — vera | + (VFWrs1)s Tog1 — Y1) + P(Thtr)]
by (4)
> (Apr — Bo)[5(57 1 = D)llarss — v |? + f(@rr1) + Plang)]-

(23)
This estimate together with (19) yield

mingezn Fii1(z) > S350 Bilf (i) + B(x:)] + 3 (k7 — L) Zf o(Ai = Bi1)l|lzi — yil|?
+(Aps1 — BR)[5(7 = L)|@eg1 — yrgr | + F@hgr) + D(aps)]
= S0 Bilf (i) + B(x:)] + (Arr1 — Brp)[f (2rs1) + P(za41)]
+3(s7 = D) S50 (Ai = Bioa) [l — w2

That is, (17) holds for k£ + 1, and it completes the proof of the first part.

Suppose now f is p—strong convex and v, = 1, k € N. The proof is the same
as above, just a different point is as follows. Instead of (20), by the strongly
convexity of f with parameter p,

1
Flar) 2 flyrsr) + (VY1) or = yorr) + Spllon = gk (24)
By using this and the inequality

(Ax — Bl — yra1ll? + arg1lle — yrgrl? > (Apgr — Be)lle 4+ (1 — )k — yrga I
= (Akt1 — Be)ri ||z — z1|?,

estimate (22) is now changed to

(A — Be)[f (xr) + D(x)] + Ssrlle — zill? + g1 [f (Wes1) + (VF (Wrt1), & — Yrtr)
+3ullz — yrrall? + D(2)] = (Art1 — Bi)lf (k1 + 356 (Argr — Br) "o — 22
7V [ (Yr41), T — 2k) + P(Trw + (1 — 73 ) k)]
+u[(Ax — Bi)lzk — Y1 l® + arsrllz — yega ||?]
> (A1 = Bi)[f (1) + 3lsu(Aprr — Br) ™'+ pri]fle — 2 ])?
AV f(Yks1), T — 2x) + P + (1 — 71)21)]
by (18)
> (Agr = B)lf (k1) + ge7illz — 212
AV f(Yr+1), 2 — 21) + Pz + (1 — 73) 1))
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where s ;== Cp+ Zf:o a; = Cp+ pAyg. The remain estimates are the same
as before, by using (25) instead of (22), and condition (18). O

Corollary 1 In Algorithm 1, pick ax, = k; B = k/2; p =0, and C,x > 0
such that Cp > k=1 > L. Then condition (16) is satisfied, and therefore for a
minimizer x* of problem (1), one has

LSk Jilf (i) + B(as) — f(z*) — B(a”)]
FLE(k A+ D)[f () + D(ar) — f(a*) — D(a™)] (26)
+3(1/k = L)Y i3 — D)2 — yi® < Ch(a®).

As a result,

A i K*[f (i) + P(as) — f(a¥) — D(z")] = 0, (27)

where [k/2] stands for the integer part of k/2. Therefore if { f(xr)+ P(xk)} is
a decreasing sequence, then

lim E?[f(zx) + ®(xg) — f(z*) — &(2*)] = 0. (28)

k—o0

Proof. By checking directly, we see that (16) is satisfied for oy, = k, S = k/2,
u = 0,and Cp > k~! > L. Hence, by set = z* in (17), then using the
convexity of f, we obtain (26). This relation implies

S ilf () + Blar) - f@) - D)) < +oo.

=0
Therefore
k
lim 3 il () + () — () - B(a")] = 0.
i=[k/2]

One has

S oy 1L () + D(x) — f(2¥) — B(a)] )

> ming=g g,k K2[f (@) + P(ai) — f(2*) = D) Xiiph /o 72

> ming_g,ja),... . K2f (25) + B(x;) — f(2%) — B(a*)] 22

> 3 min_j o),k K2[f(2:) + B(;) — fa*) — B(z*)],
which shows (27). O

We consider the case where f is p—uniformly convex, p > 2, with parameter
u, or called (u, p)—unformly convex.
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Corollary 2 Let f is (u, p)—uniformly convex withp > 2, 4 > 0. Let 0 < k <
L=, and C,p,m > 0 such that

_4_ g .
mpk > Zpég—zﬁ if 2<p<6, (29)
= if p=6;

k1 if 2<p<6,

>
Cr= { E2mp if p > 6. (30)

In Algorithm 1, set ay, = k%, Bk =0, and vo = 0, v, = mk~2 for k > 1.
Then (16) is satisfied and for x* being a minimizer of f + @, and therefore
one has for all k € N,

Pl 40 (n)— )~ B(a) < 2L (Ch(a" )y (p/2) P me™ (I k1)~ 7%.

p—2
(31)
Proof. By using the inequalities
k k=1 nig1 1
Zz‘a > ] / adr = Q—Hka“, (32)
i=1 i=0"?
ifa>0andif -1 <a <0,
zk:w > zk:/l“ e = ——[(k + 1) — 1] (33)
prr i atl ,
one has for k > 1,
k—1
(Co+nY A = P2k (ot P Pt - D7),
i=0
if 2<p<6,andif p>6,
k—1
(ot 3 e = P25 (Cpt P (s — 1),
i=0

By virtue of these two inequalities, it is easy to check directly the valid of (16).
For k € N*| let define

Ji={i€ (L kb Iy ="l < (mp/2)72k 7 )
Then
%112 2 _p_ k 6=p  _ _4
e avillyi — 2|2 < (p/2)7TmiE Y ivE i

= (p/2)72m7 2 Y8 i < (p/2)7rmiE (Ink + 1),
(34)



10 Huynh Van Ngai, Ta Anh Son

where the last inequality follows from the one

k k i
ZrlgHZ/ 7 ldz =1+ 1Ink.
N 1—1

i=1 i=2
For i € {1,....,k} \ Ji, then |lyp — z*|| > (mp/2)171f2k7ﬁ, therefore
poillyi — 2P 2y — @

> gai(mp/2)k*2||yi —a*|? = gayilly — ¥

Laa s — 2 P ‘|2

(35)

From the latter two relations, in view of (17), setting = z*, we derive that
the following estimate

Aglf (z) + D(x1)] < Fie(2¥)

< Ch(a*) + Xisg il f(w) + (V). 2" — i) + B(a*) + pvilla™ — wil|)

< ChE*) + > e, spaiyillz* —yill* + Yicq, @ilf(yi) + (VF(yi), 2" — yi) + (™))
+Zf:0,i¢Jk ai[f(yi)2+ (Vf(yi),a* = i) + D(a7) + gpvillz™ — il?]

< Ch(a*) + 5(p/2)72mo2 (Ink + 1) + Yye, il f(@*) + (a)]

+ 380 0ilf () + (VF ), w™ — y) + D(a*) + Lplla* — g7

" Oh(at) + Lp/2) P m e (nk + 1)

+ Ties, Al @)+ @] + T4y 10, @) + 2]

< Ch(z*) + L(p/2)72m2 (Ink + 1) + A [f(z*) + B(z*)].

By noting from (32) that
k
A=Yk > ke
i=1
one has (31) and the proof is completed. O

Next we consider the case where f is p—strongly convex for u > 0. For
sequences ay, := ¢ (for some ¢ > 1) and 3; = 0, k € N, relation (18) becomes

k*l k+171
<Cp+uqq_ : ) g > (™t —p), VkeN.

qg—1
Equivalently,
2k—+1 k+1 k+1
q q -1 q -1 2k (,.—1
p——7-—=+Cp — i >q"(k™ —p), VkeN.
(¢—1)? qg—1 (¢—1)? ( )

If we take C' > 0 such that Cp(¢ — 1) — p > 0 as well as
k1 _ k1 _ o ) )qurlil
— 1 >(Cplg—1)—p)>——= >0 Vk e N.

(¢—1)? (¢—1)?

qg—1
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Then, relation (18) holds if

Rl S
/’Lizq (K:7 _/“L)a VkENa
(¢—1)°
equivalently
uq -1
———— > K — U
(¢—1)°

Hence in summary, (18) holds for ay = ¢*, B, = 0 with
2L — i+ Ak — 342
il ,u+7 B AT and C’pE—u . (36)
2(k~1 = ) g1

So one obtains the following corollary for the linear convergence of Algorithm
1 in the case of strong convexity.

q:

Corollary 3 Let f is p—strongly convex for some p > 0, and let q,C such
as (36). Then for the sequence {x}} generated by Algorithm 1 with sequences
ap =q* B =0, and v, = 1, k € N, and a minimizer x* of problem (1), one
has

(g — 1)Ch(z™)

flag) +D(xy) — f(z*) — (%) < s forall keN.  (37)

Proof. Relation (37) follows directly from (17) by noticing that as f is p—strongly
convex, for all i =1,...  k,

Fi) +(Vf(wi).x —yi) + plle — il * < f(z), Vo eR™,
therefore, Fi,(z) < Ch(x) + Ap(f(x) + @(x)), for all z € R™. O

Note that the linear convergence of the standard gradient method and
Nesterov’s accelerated schemes in the case of strongly convexity was well es-
tablished in the literature (see e.g., [15]). Alternatively, in the papers [6,9],
some geometric descent methods with linear convergence rates for minimizing
smooth strongly convex functions have been proposed. Then in [8], this method
has been generalized for convex composite minimization of the form (1). More
recently, some results on the linear convergence of several first-order methods
for smooth convex optimization problems in which the objective function is
not necessarily strongly convex, have been derived in [19].

3 Generalized accelerated forward-backward algorithm

In [1], the authors have considered the following accelerated forward-backward
scheme for solving (1):

{ yk:.ﬁk—‘rﬁ(l'k_xk—l), (38)
Tg1 = proX,q(yx — KV f(yr)),
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where a > 0,k > 0. The authors have established the rate of convergence of or-
der o(1/k?) when a > 3 and k < 1/L, when V f is assumed to be L—Lipschitz
on the whole space R".

By considering the operator G, : R™ — R"”, defined by

1 n
Gr(y) = —[y — proxee(y — £V f(y))], y €R",
and setting
k+a—-1 k
2k = a—1 yk_a_lxlﬁ

then we can rewrite the scheme (38) as follows.

kto—
i1 = 2z, — DG (),
R e R = (39)

Thi1 = ProX,q(Yx — £V f(yr))-

Obviously, the sequence {zx} in the scheme (39) can be represented equiva-
lently

k
. 1
Shr = Argmin, e {%nxnz - ;axGH(y»,m} ,
where a; = %, for i € N. In view of this representation, we propose
the generalized accelerated forward-backward algorithm: Given a p—strongly
convex function h : R™ — R (p > 0) as before; parameters C,u > 0, 0 <

k < 1/L, and a sequence of positive reals {ay }; sequences of nonnegative reals
{Br}, and {74} as in Section 2. Set

k

k
Ag =) ak, Be =) B
i=0

i=0
and also assume that A, > By for all £ € N, and denote A_y = B_1 =0.
In this section, in assumption (A2), instead of the L—Lipschitz continuity

of Vf on dom @, we assume that
(H) The gradient V f is L— Lipschitz on the whole space R™.

Algorithm 2: Generalized accelerated forward-backward algo-
rithm (GAFBA)

Initialization: Initial data: xog = zp = yo € R™, with yo as in (6). Set
k=0.

Repeat: For k=0,1,...,

1. Set
(673

T = ———————
" Ay — Bra

s Yk = Tz + (1 — 7).

2. Find
Tri1 = ProX,q(yx — £V f(yr))- (40)
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4. Set
1 1
Grelyr) = Ty = Proxeg(yr — £V [ (y))] = —(yr = Tat1).
3. Find
k
. 1 2 n
241 = argmin{Ch(z) +Z@i[<Gn(yi)7$—yi> + §M’Yi||$—yi\| ]: zeR"}
i=0

(41)

By a straightforward computation, scheme (38) with a > 3, is a particular

case of Algorithm 2 with h(z) = §||z||>, C = x~', p =0 and

_ktasl o (0-3)@k+1)

= = 20 -5, ke N 42
Qg Pk 2a—1)? t2a—-9, K€ (42)

a—1

Let us introduce the following functions Fj, k € N, which plays a role of
an ”estimating function” for Algorithm 2, as the one of the functions Fj, for
Algorithm 1.

k
By(@) = Oh(@) 43 aalf(wi1)+ @) +(Golyr), 7y + 2 |Gon) I+ i3l )

i=0
(43)
The following property of the operator G (see e.g., [1,4,21]) plays a key role
in the proof of the convergence result,

(f + @)y = KGa(y) + (Guly) 7 =) < (F +2)(2) = ZGu(w)I’, Yo,y € R,

(44)
More generally, either f or @ is (i, p)—uniformly convex for some p > 0, p > 2,
one has

Lemma 1 Suppose f : R® — R is constinuously differentiable with L— Lipschitz
continuous gradient on R™ and 0 < k < 1/L. then for §j = y — kGx(y) =

proz,e(y — KV £(y)), one has

(i) If f is (u, p)—uniformly convez, then

(FH@)@)HGaly) 2=y) 4 lle=yll” < (F+8) (@)= 5 |Gulw)I, Yy € B

(45)
(i) If @ is (u, p)—uniformly convex, then

(FH@)@)HGaly). 2=y)+ =" < (F+8) (@)= 5 |Galw)I, Yy € B
(46)
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Proof. As

. 1 n
g =prox,.o(y—cVf(y)) = argmln{@(x)—l—(Vf(yLx—y)—i—ﬂﬂx—yHQ : z €R"},
one has
K7y —y) = V(y) € 99(y). (47)
Firstly for part (i), this relation implies
(=r7' G —y) = VI(y),z —§) < D(x) - D(y), Vo eR™
Equivalently, for x € R",

(f+2) () + (Gu(y),z — y) + 511G (m)?
<O(@)+ [fly) + (Vi) e =]+ [f@) — fF) = (VfW). 7 —v) — 5= 15— yl*].

Relation (45) follows directly from this relation, since f is (u,p)—uniformly
convex,

F) + (Vf(@y),z—y) < fla) - gux —y|PP,

and as V f is L—Lipschitz continuous,

F@) = 7) ~ (Vi )5~ ) — 5 Nlg vl <0
For (ii), @ is (4, p)—uniformly convex, (47) implies
(=7 G —y) = Vfy),z —§) < D(z) - D7) - %llfﬂ ~ gl vVzeR",

and as before, equivalently,

< o(@) = bllz —g? + [f(y) + (VI), 2 — y)]
@) = f) = (VW) g —v) = 57— yl?],

which implies (46) by the convexity of f, as well as the L—Lipschitz continuity
of Vf. O

We are now ready to state the convergence result of Algorithm 2.

Theorem 2 Let {x;} be the sequences defined by Algorithm 2. Suppose that
k < 1/L and the sequences {ay}, {Br} and {y} satisfy the condition (16) in
Theorem 1. Then for all k € N,

k

;Bi[f(zi+l)+@(xi+l)]+(/lk*Bk)[f(l’k+1)+qf)(xk+1)] < znel]iRI}L Ei(x). (48)

where, we set B_1 = 0. Moreover, if f is u—strong convez, then (48) holds if
v =1, k € N, and the sequences {ay}, {Br} verifying the condition (18) in
Theorem 1.

As results, for a minimizer x* of problem (1), one has
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(i) For p = 0, and any two sequences of positive reals {ay} and {fr} with
ag > P for k € N and

0 < liminf @ < lim sup il < +o0, limsup& <1,
k—00 Eooo k k—oo Ok
then we can find Cy > 0 satisfying the condition
Cop(A, — Brp_1) > ags™t, Vk €N, (49)

and therefore for all C > Cy, for the sequence {xy} generated by Algorithm
2, one has

Jm B min [7() +0(w) - f*) - 8(a)] =0,

(ii) Suppose that f is (u, p)—uniformly conver with pn > 0, p > 2. Then with
the same conditions as in Corollary 2, one has

Flan) + ) ~ £a") = 20 = O (s )

(i53) If f is u—strongly convex, then with ¢ > 1 C > 0 as in Corollary 3, and
the sequences ay, = ¢*, B =0 and v = 1, for k € N, one has

fla) + D(xy) — f(a*) — D(2*) =0 (¢7F).

Proof. Similarly to the proof of Theorem 1, we prove (48) by induction on
k € N. For k = 0, since Cp + aguyo > £~ 1, one has

Eo(z) = Ch(x) + ag[f(x1) + D(x1) + (Gx(vo),  — yo) + 5Gr(yo)lI> + F0llz — oll?]
> 3(Cp+ aopyo)lle — yoll* + colf (1) + (21) + (Gr(¥0), = — o) + 51Gx(v0)[1?]
> ao(f(w1) +D(21) + 5[ e —yo) — Ge(yo)]*> = ao(f(z1) + B(x1)),

for all z € R™, showing (48) holds for k¥ = 0. Assuming (48) holds for k—1 € N,
we will show that it holds for k. As z, = argmin, g Ex_1(z), since Ej_ is

(Cp+ quz_Ol a;7y;)—strongly convex, one has

Sk—1
2

Ep-1(z) 2 min By (2) + Iz — 21,

for x € R™, where s—1 =Cp+p Zf:_ol a;7i, which implies

Ex(r) = Eg—1(2) + ap[f(@rr1) + P(@rr1) + (Gulyr), w — yi) + 51Gu(y)II” + gl — yell?]
2 Zi':ol Bilf (xit1) + P(xi1)] + (Ap—1 — Br—1)[f (k) + B(ap)] + 252 ||o — 22
Fapf(@rir) + P(@rr1) + (Grlyr) 2 — yr) + 51Grly) I* + %WH(?? *)yk\|2]

50

In view of inequality (44), noticing xx+1 = yr — KGx(Yk),

fzg) + P(zg) > f(wy1) + P(xps1) + (Gr(yk), Tk — yr) + gHGﬁ(yk)”Qa
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therefore (50) implies

Ex(x) 2 Y00 Bilf (i) + S(zis1)] + (A = Bi)[f (@) + D(wrr)]
+( Ak — Br-) a2 B 1o — 2ull® + (Gr(yw)s ox + (1 — 7o)z — yi) + 511G (yi)[1%]

by (16) __
> Dico Bilf(@it1) + P(wig1)] + (Ax — Bi)[f (Th41) + (2141

(Ak — Bi)) [ | — zll? 4 (G (), @ — 2 + El|Gac () I
= o Bilf(@is1) + D(@is1)] + (Ak — Bi)lf (@rs1) + P(nsr)] + Sl (@ — 2i) — Grolyn) |2
> Zf:o 51[ (931+1) (xH—l)] + (Ak - Bk)[f(xk—i-l) + @(xk-i-l)],

showing (48) holds for k.

+ &
+ &

For (i), with the assumptions on {ay}, {Sk}, there are 0 <1y < nm2 < m3 <
14 and r1, 79,73, 74 € R such that for all k£ sufficiently large, one has

mk+r < By <mpk 4 ra, nak 413 <oy <muk 41y

Hence, for k sufficiently large,

@ + kry — Uzw = (k= 1r2 = O(k?),

Ay — Br—1 > 13 5

and a2 < (nuk +14)? = O(k?), so we can find out Cy > 0 such that
Cop(Ar — Br—1) > Oéili_l.

That is, condition (16) is satisfied for all C > Cy. Next by inequality (44), for
2* being a minimizer of problem (1), one has

Ep(a*) = Ch(z*) + g il f (wir1) + Baps1) + (Gulyi)s 2™ — i) + 51Gu(yi) 7]
< Ch(x*)+Ak(f( *) + (a")).

Therefore, (48) implies

Zﬁz xz+1 +¢($z+1)) < +OO,

and since 8; = O(i) as i — oo, with the same argument as in the proof
Corollary 1, one derives the conclusion of part (i).

For (ii) and (4i%), from (48), invoking the inequality (45), with the same
arguments as in the proofs of Corollaries 2 and 3, respectively, one derives the
desired conclusions O

Note that for the scheme (38), then p = 1; the sequences ay, and (i are
defined as (42), one has Ay, —By_1 = o, for all k € N, so we can take Cyp = k1.
Generally, we are going to consider Algorithm 2 when h(z) := %Hx —ll?, = €
R™; =0, and sequences {ay} and {f;} satisfying the condition

A, — Br_1 :ai, ke N.
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In this case, 7, = 1/ay, moreover (16) is verified for C' := k=1, and the formula
of 2z can be represented equivalently,

241 = 2k — nakGK(yk)7 k e N. (51)

Hence, recalling yr — xp+1 = Gy (yk), and zx = (yp — (1 — Tk)ZEk-)Tk_l, Yk+1
can be rewritten as

Y1 = Th12k41 + (1 — Thog1)Trg1
o —1
= Thp1[(yr — (L= me)2p) 7, — ar(Ye — Trp1)] + (1 = Top1)Thra

y 1—7g
= Tpi1 + W(‘”’Hl — 2)
—1
= Tp1 + S (Toar — 7)

Thus Algorithm 2 can be rewritten simply in the following scheme generalizing
(38):

{ yk:xk+ak;7;_l(xk7xk—l)v (52)
Tp41 = ProX,(yr — £V f(yr)).

For this scheme, we establish the following convergence result which generalizes
Theorems 1 and 3 in [1].

Theorem 3 Let {ay}, {8} be sequences of positive reals such that for some
0<ecy,eo <1,

crag < B < coar, Ap— Bp_1=a3, k€N, (53)

Consider Algorithm 2 with h(z) := ||z — yo||*; C = k=1 > L, and p = 0, or

equivalently the scheme (52). Then one has

kli_}rn E2[f (zx)+P(xg) — f(2*)—D(2*)] = 0 and kli,m kg1 —xkl =0,
(54)

that s, f(z) + B(x) — F(2*) — Ba*) = o(k~) and |logss — zil] = o(k™),

where ©* is a minimizer of problem (1). Moreover, the whole sequence {xy}

converges to a minimizer of problem (1).

The following lemma is needed.

Lemma 2 Suppose that sequences of positive reals {ax}, {8} satisfy (53).
Then {ay} is an increasing sequence and there are 0 < ay < ag, and b > 0
such that

ark < ap <ask+0b, forall ke N.

Proof. Since oy, > 0 and Ay — Bx_1 = ai,

1
ar = 5(1+VI+4(As — Bia), keN.

As 0 < Bp_1 < coAg_1, it implies that

1 1
SV (1—c2)Ap—1 <ap < 5(1 +V1+44,1), keN.
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We prove the lemma by induction. Pick
0 < a1 < min{ag, /2, (1—c2)/3} and b > max{ap, a1, a9, 16}, ag > 2b.

Obviously, (2) holds for k£ = 0,1, 2. Assume that (2) holds for kK —1 > 2. Then
alw <A1 < agw + bk, therefore,

VI —c)atk(k—1)/2 < oy, < 1 1+\/1+4a2k( —1)/2 + bk)).

Asa; < (1—=¢2)/3, (1 —c2)artk(k — 1)/2 > a2k?, so one has ay, > ark. On the
other hand, by making use of the inequality

1
5(1+\/1+x) <z, for = > 16,

one derives

o < 31+ /T4 4(azk(k — 1)/2 + bk)) < 2y/ask(k —1)/2 + bk
< 2\/ ask? < ask < agk +b.

That is (2) holds for &, so the lemma is proved. O
Proof of Theorem 8. Denoting by 0, = f(xy) + @(xr) — f(z*) — P(z*)(> 0),
k € N, relation (44) in Theorem 2 (with g = 0) and (44) imply

S o Bilf(@ig1) + Plais) — f(a*) — D(a¥)]
Ak = Bu)[f (@r+1) + P(ap4r) — f27) — D(z")]
< mingepn By () < Bp(2*) < 5=z — yoll* + Ar(f(2*) + &(2¥)),

which implies immediately > .° ) 8;6;+1 < +oo. Then in view of Lemma 2,
Yoo kbiy1 < +oo, which follows Y 72  a;b;41 < +00, and Y2 a;0; < +o0,
as well.

Oék_lfl(

o (T — Zk—1), relation

Note that yi — 251 = KGy(yr) and yr, —xp =
(44) gives
-1
_ K
(f + D) (@ppr) + 57 (W — Tg1, T — Yr) + T”yk — el < (f + D) (an).

Equivalently,
_1 1 2
1
Oer1 + = llzns1 — ok ? < O + T¥ka — .
@,

Therefore,

—1 —1 9 /4;_1 5
01+ 5 0f|zpsr—u]® < aFfpt"m 5 ap_y lex =k 5 Qag_1=Dllzr—zr-1|".

By Ay —Bj—1 = a}, then a2 —a?_| = oy — 1, thus the preceding inequality
implies

0301 + S0 |wngr — an]? < 0F 0k + B0 EE e
(o — 5k—1)9k - T(Qak—l —1)||ag — zp—1]*
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Since Y77 o(ar — Br—1)0k < > e by < +00, the inequality above yields

-1

K .
[0k 1 + TQﬁkaH — a|?] exists

lim
k—o0
as well as

o0
Zak||xk+1 — 2 |)? < 400,
k=0

and consequently,

o0 -1

K
Zak(Qk + THJCkH — 2% < +oo.
k=0

To complete the proof, we will show that this relation implies

H—l

00k 1 + TO‘i“i’?kH —ai|*] =0.

lim
k—o0
Indeed, if this is not the case, then

-1

K
[0 Or+1 + TainCkH —al’] =0 >0,

lim
k— o0
which follows that

limp 00 Zf:[k/Z] k(O + S wrsn — 2xl?) > limgo Zf:[k/Q] o

by Lemma 2
. k 5 . S(k—[k/2 o)
> limy o0 Zi:[k/2] azk+b > limg_y 00 % = 54; > 0,

which contradicts the summable property of >~ ax (05 + % |2kt — zxl]?)-
Hence limg_yo0 @20 = 0 as well as limy_, o0 agl|zg+1 — 2x]| = 0. In view of
Lemma 2, one obtains (54).

The proof of the convergence of the sequence {zy} follows the idea in [1,2],
that, by virtue of Opial’s Lemma [20], it suffices to show that for any minimizer
x* of (1), limy_ oo |7 — 2*||? exists finitely. Indeed, considering the sequence

2k =Tk + (Oék71 - 1)(-Tk - xkfl), keN,
one has

26 — 2| = llek + (ar—1 — 1) (z — 2p—1) — 2*|]?
= |lzr — 2*)]? + (ap_1 — V)?||2p — 2p_1])? + 2(an_1 — V){zp — 21, 71 — T*)
= (-1 = 1)* + a1 = U|zg, — 21 [|* + by,
where,
bp = ag—1|ar — 2| — (ah—1 — Dllzg—1 — 2™
By Lemma 2, oy, = O(k), implying (ax_1 — 1)®> + a1 — 1 = O(k?). Thus,
since limy_, o0 k||2x — 21| = 0, one has

lim [(Oék,1 — 1)2 + a1 — 1]||.’L'k — $k71||2 = 0,
k—o00



20 Huynh Van Ngai, Ta Anh Son

which follows that the convergence of {||zx — 2*||*} is equivalent to the one of
{br}. Thanks to Lemma 1 (for p = 0),

(Grlyr),yp —27) — gHGn(yk)HQ > (f+ @) (@rt1) — (f+P)(2") > 0.

Using this inequality, and G (yx) = (yx — Tx41)/k, it is easy to derive that

lzrrr = 2% < llye — 2*I* = [lag + (r—1 — Doy (@ — zp—1) — 27|
= (14 (g1 = Dag Dlzg, — 2> = (k-1 = Dag Hlap—1 — 2%
Hl(an—1 = 1)%0” + (a1 — Do llaw -z ||

By virtue of Lemma 2, there is a constant ¢ > 0, such that
(ag—1 — 1)204,;2 + (a1 — 1)04,;1 <e, VkeN,.
Therefore, the preceding inequality yields immediately
b1 — b < cagllzr — zp—1|?,

and by Y70 agllzr — zk—1]|*> < oo, it follows the existence finitely of

limg s o0 br, S0 is limy o0 |26 — 2% As limp oo (1 — 1) ||k — 21| = 0,
since o, = O(k) and limg_, o0 k||zx — 2x—1|| = 0, the convergence of {||z) —
x*||?} follows, and the proof is completed. O
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