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Abstract

Decision trees are popular classification models, providing high accuracy and intuitive
explanations. However, as the tree size grows the model interpretability deteriorates.
Traditional tree-induction algorithms, such as C4.5 and CART, rely on impurity-
reduction functions that promote the discriminative power of each split. Thus, although
these traditional methods are accurate in practice, there has been no theoretical guaran-
tee that they will produce small trees. In this paper, we justify the use of a general family
of impurity functions, including the popular functions of entropy and Gini-index, in
scenarios where small trees are desirable, by showing that a simple enhancement can
equip them with complexity guarantees. We consider a general setting, where objects
to be classified are drawn from an arbitrary probability distribution, classification can
be binary or multi-class, and splitting tests are associated with non-uniform costs. As
a measure of tree complexity, we adopt the expected cost to classify an object drawn
from the input distribution, which, in the uniform-cost case, is the expected number of
tests. We propose a tree-induction algorithm that gives a logarithmic approximation
guarantee on the tree complexity. This approximation factor is tight up to a constant
factor under mild assumptions. The algorithm recursively selects a test that maxi-
mizes a greedy criterion defined as a weighted sum of three components. The first
two components encourage the selection of tests that improve the balance and the
cost-efficiency of the tree, respectively, while the third impurity-reduction component
encourages the selection of more discriminative tests. As shown in our empirical eval-
uation, compared to the original heuristics, the enhanced algorithms strike an excellent
balance between predictive accuracy and tree complexity.
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1 Introduction

Decision trees are known to provide a good trade off between accuracy and inter-
pretability. However, when their size grows, decision trees become harder to interpret,
preventing their deployment in safety-critical applications and in domains where
model transparency is highly valued, such as disease diagnosis. As interpretabil-
ity still remains an ill-defined notion (Lipton 2018), in this paper we consider tree
complexity, a commonly-accepted proxy, to quantify interpretability (Freitas 2014;
Doshi-Velez and Kim 2017). In addition, low tree-complexity promotes cheaper and
faster evaluation. Note that post-pruning techniques, such as the standard minimal
cost-complexity pruning (Breiman et al. 1984), are heuristics performed mainly to
avoid overfitting. Therefore, in order to produce interpretable trees, we aim for an
integrated tree-induction algorithm that considers both the accuracy and complexity
of the inferred trees.

More concretely, given a set of labeled objects (examples) drawn from an arbitrary
probability distribution, our goal is to learn a decision tree that outputs the correct
class of a given input object. Each internal tree node is equipped with a single test,
e.g., a projection split along a feature, and each test is associated with a non-uniform
cost, i.e., the cost of evaluating the outcome of the test. For example, an input object
may represent a person, a test may correspond to a blood sugar test, and one possible
outcome can be “high.” Our aim is to learn trees that are accurate and have low
complexity. The latter complexity objective is measured by the expected cost to classify
an object drawn from the input distribution; if all tests incur the same cost, this measure
is simply the expected number of tests to classify an object. This complexity measure
reflects a form of “local” interpretability: the more tests are involved in an if-then
rule for a given object, the more obscure the rule becomes to a user (Freitas 2014).
Figure 1 helps demonstrating this intuition by juxtaposing two decision trees with
different complexity. Note that non-uniform test costs may arise in different real-
world scenarios; for example, in a medical-diagnosis application some tests can be
significantly more expensive than others.

The problem of minimizing the expected cost of a tree for perfect class identification
has been extensively studied. Typically, the assumption of realizability (or consistency)
is being made, which states that for every two distinct objects there exists at least
one test that can distinguish them. Thus, one can always expand the tree until it
classifies every object in the training data perfectly. Then, the goal is to find the tree
with the minimum expected cost that classifies each object perfectly. Note that, in
practice, the realizability assumption can be easily fulfilled by data preprocessing, as
we demonstrate later in our experiments. When each object belongs to a distinct class,
the problem is referred to as entity identification (EI) (Gupta et al. 2017). Without
this restriction, the problem is called group identification (GI) (Cicalese et al. 2014).
A further generalization that is called adaptive submodular ranking (ASR) (Navidi
et al. 2020) characterizes the tree-building process as interaction among multiple
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Fig. 1 Decision trees for predicting if participants would like to see their date again after speed dating.
Each internal node includes the test used and the number of participants in parentheses. Leaf nodes make
a decision

submodular functions, one for each object, and achieves logarithmic approximation
by a greedy algorithm. The above-mentioned works (Gupta et al. 2017; Cicalese et al.
2014; Navidi et al. 2020) consider the problem of building trees for the purposes of
exact identification. They do not consider issues of accuracy and overfitting. In fact,
exact identification on a set of (training) data leads precisely to overfitting.
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The algorithm proposed for the ASR problem by Navidi et al. (2020) provides a
very elegant solution for the identification task it has been designed for. However, in
practice, it is not suitable for classification tasks in the context of statistical learning,
because the chosen tests are geared towards small expected cost and are not necessar-
ily discriminative. Discriminative power is generally measured by the homogeneity
of the target variable within a tree node, and is essential for the generalization of
model performance over unseen data. Their method selects splits that minimize the
number of heterogeneous pairs (also known as impure pairs) of objects (Golovin et al.
2010; Cicalese et al. 2014). In Section A we provide a simple example where the
criterion favors a non-discriminative (presumably random) test over a discriminative
one. While random tests lead to a balanced tree with bounded expected depth, they
are not “learning”, that is, no statistical dependence is captured between tests and the
target variable.

On the other hand, traditional decision-tree methods, such as CART (Breiman et al.
1984) and c4.5 (Quinlan 1993), rely on time-tested impurity-reduction heuristics that
yield decision trees with high discriminative power. Although trees produced by these
popular methods are accurate in practice, there has been no guarantee on the size, or
depth, of the resulting trees. Actually, despite the popularity of these methods, their
theoretical properties remain still poorly understood (Bellala et al. 2012; Brutzkus
et al. 2019; Blanc et al. 2020).

In this paper we propose a general family of methods that achieve the best of both
worlds: it produces decision trees having both high accuracy and bounded depth. Our
key discovery is that the ASR framework can be extended to effectively analyze a broad
range of impurity functions for tree induction.

More formally, we introduce the non-overfitting group identification (NGI) prob-
lem, which is a natural generalization of group identification (GI), where we further
allow early termination during tree expansion to avoid overfitting. We propose a novel
greedy algorithm that takes into consideration the impurity reduction and maintains the
strong approximation guarantee on the complexity of the resulting tree. Specifically,
our greedy algorithm admits the use of a general family of decomposable impurity
functions, which is defined to be in the form of a weighted sum over impurity scores
in each class. This family includes the popular functions of entropy and Gini-index.
Therefore, our approach generalizes many traditional tree-induction algorithms such
as CART and 4.5 into a complexity-aware method.

In concrete, in this paper we make the following contributions.

e We extend the adaptive submodular ranking (ASR) framework of Navidi et al.
(2020) and we propose a novel greedy algorithm to select discriminative tests
for the non-overfitting group identification (NGI) problem. Our algorithm offers an
asymptotically tight approximation guarantee on the complexity of the inferred tree
under mild assumptions.

e We define a general family of decomposable impurity functions, which can be
used by our algorithm as a surrogate for discriminative power. As a result, our
algorithm generalizes traditional tree-induction algorithms, such as CART and c4.5,
into complexity-aware methods.
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e We provide a comprehensive experimental evaluation in which we show that the
enhanced C4.5 and CART strike an excellent balance between predictive accuracy
and tree complexity, compared to their corresponding original heuristics. Further-
more, the ASR formulation yields inferior predictive accuracy, compared to other
learning methods. Our implementation is publicly available.'

The rest of the paper is organized as follows. The related work is discussed in
Sect.2. The necessary notation and the formal definition of the NGI problem are intro-
duced in Sect.3. The main algorithm and its theoretical analysis follow in Sects.4
and 5, respectively. Empirical experiments are conducted in Sect. 6, and we conclude
in Sect.7.

2 Related work

Decision-tree induction. Mainstream algorithms such as €4.5 and CART embrace a
top-down greedy approach. Most of the greedy criteria proposed are essentially ad-hoc
heuristics for measuring the strength of dependence between tests and the class, with
no consideration for tree complexity (Murthy 1998). Theoretical understanding about
such greedy methods is still lacking in the literature. A lower bound on the expected
tree depth for C4.5 that depends on the shape of a given tree has been developed by
Bellala et al. (2012). There also exist some recent results in the field of learning theory
(Brutzkus et al. 2019; Blanc et al. 2020).

Tree complexity Popular measures include the number of nodes in the tree, the tree
height and the expected path length. The first kind of measures are closer to a notion
of “global” interpretability, in the sense that one could inspect the entire tree of a small
size, while the second kind of measures provide a notion of “local” interpretability, in
the sense that one could explain any given object using a small number of tests. Our
choice in the paper, the third kind of a measure, combines elements from both global
and local interpretability. First, it obviously enables a form of local interpretability,
i.e., a guarantee of a small expected number of tests when explaining a given object.
This choice is considered to be more natural and less strict compared to worst-case tree
height, as it may not be possible to classify every object using a small number of tests.
Second, it also enables a form of global interpretability, as the global model knowledge
is acquired by understanding the decision for every example in the dataset, and also it
leads to smaller trees in general. Unfortunately, these complexity measures are proven
to lead to NP-hard tasks (Hancock et al. 1996; Laurent and Rivest 1976). In particular,
the expected path-length measure with an arbitrary probability distribution over objects
does not admit sub-logarithmic approximation (Chakaravarthy et al. 2007).
Identification The entity identification (EI) problem has been investigated in different
contexts, including optimal decision trees, disease/fault diagnosis, and active learn-
ing (Adler and Heeringa 2008; Chakaravarthy et al. 2007; Dasgupta 2005; Garey 1972;
Guillory and Bilmes 2009; Gupta et al. 2017; Kosaraju et al. 1999). A class-based gen-
eralization, the group identification (GI) problem, where objects are partitioned into
groups (classes), has also been studied (Bellalaet al. 2012; Cicalese et al. 2014; Golovin

1 https://github.com/Guangyi-Zhang/low-expected-cost-decision-trees.
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et al. 2010). The state-of-the-art method achieves O(log n)-approximation in a gen-
eral setting with an arbitrary object distribution and non-uniform multi-way testing
costs (Cicalese et al. 2014). Our paper further generalizes the latter work by consid-
ering the discriminative power of the selected tests. To the best of our knowledge,
this is the first work to combine identification problems and traditional tree-induction
algorithms.

Stochastic submodular coverage (STOSC) Tree induction can be seen as a sample-
based stochastic submodular-coverage problem (Golovin and Krause 2011; Grammel
et al. 2016), by relating a realization of items in the STOSC problem to an object in
identification problems. The expected cost of a tree is then equivalent to the expected
cost in item selection.

Adaptive submodular ranking (ASR) The ASR problem, proposed by Navidi et al.
(2020), originates from the line of research of min-sum set cover (Feige et al. 2004;
Im et al. 2012), and turns out to generalize the above-mentioned identification prob-
lems (Bellala et al. 2012; Cicalese et al. 2014; Golovin et al. 2010). Our formulation
follows the framework of ASR, and extends its greedy criterion to incorporate an
impurity-reduction component.

3 Problem definition

In this section, we first formalize the non-overfitting group identification (NGI) prob-
lem, and then define a family of decomposable impurity functions for tree induction.

An instance of the NGI problem is specified by a set of objects X = {x1, ..., x,,}, aset
of class labels L = {1, ..., £}, and a set of tests D = {d, ..., d;}. The objects in X
are drawn from a probability distribution p, i.e., object x in X occurs with probability
p(x). Each object x € X is associated with a class £(x) in L. A testd € D performed
on an object x € X returns a value d(x) € {1, ..., vz}. We assume that employing test
d incurs cost ¢(d). For simplicity and without loss of generality, we also assume that
the cost function c takes integral values. A useful quantity in our later analysis is the
minimum object probability pmin = min,cx p(x). Finally, we assume that a threshold
parameter 6 € [0, 1] is given as input, which determines a stopping condition for the
decision-tree construction, as we will see shortly.

We write T (X) to refer to a decision tree built to classify the objects in X. We omit
the reference to the set X when it is clear from the context and just write 7. We also
write T (S) to refer to a subtree of the decision tree to classify objects in a node S of
the tree, where S C X is the subset of objects. Each internal node S is equipped with a
testd in D. Objects in S are partitioned by test d into multiple subnodes according to
their testing outcomes d (x). Using this convention we refer to the root of the decision
tree simply as X, that is, the complete set of objects to be classified by the tree. Finally,
we define p(S) =Y ¢ p(x).

We stop splitting a node S € X in the tree 7 when either (i) the node S is homo-
geneous, i.e., all objects in S belong to the same class, or (i7) the probability p(S) is
no greater than the threshold parameter 6, for instance, in the case of uniform p, the
node S has at most On objects. As a surrogate for homogeneity, we adopt a function
¢ over pairs of objects. We define ¢(S) to be the number of heterogeneous pairs of
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objects in the node S, i.e., pairs of objects with distinct classes. Note that ¢(S) = 0
when S is homogeneous.

As ameasure of complexity for a tree rooted at X, we adopt the measure of expected
cost, which we denote by ¢(7(X)). In particular, we define ¢(7', x) as the cost of
evaluating an object x in 7', which is the sum of costs of all tests that x goes through
in T'. The expected cost of a tree T for a set of objects X is then defined as ¢(7 (X)) =
Y orex Px) (T, x).

We are now ready to define the NGI problem.

Problem 1 (Non-overfitting group identification (NCI)) Given a problem instance [ =
(X,L,D,Z, p,c,0), with set of objects X, set of class labels L, set of tests D, object
labels ¢, probability distribution p, cost function ¢, and a threshold 6, find a tree 7' (X)
that minimizes the expected cost ¢(7 (X)) and for all leaf nodes S it satisfies either
é(S) =0or p(S) <6.

The NGI problem generalizes the GI problem by setting & = 0, and as stated in Sect. 2,
the GI problem is NP-hard. Thus, we aim to find a tree T that is an approximate solution,
i.e., whose cost ¢(T') is bounded with respect to the cost ¢(7*) of the optimal tree 7*.

Our approach draws inspiration from the adaptive submodular ranking (ASR) prob-
lem (Navidi et al. 2020), which can be defined similarly, by replacing each object x; in
X with a non-decreasing submodular function f; : 2P — [0, 1] such that f;(#) = 0
and f;(D) = 1; recall that D is the set of tests, and thus, each function f; takes as
input a subset of tests. We denote the set of non-decreasing submodular functions by
F ={fi | x; € X}. We again consider a tree, which recursively partitions F. The tests
D and the probability distribution p apply to the set of functions F in the same way
that they apply to their corresponding objects. For example, a function f; evaluated
on atestd € D returns a value d(f;) = d(x;), which determines the branch of the
tree that f; will follow. Given a tree T, a function f picks up all tests associated with
the nodes it goes through and is fully covered when it reaches its maximum function
value f (D). Let ¢(T, f) be the cost of covering f in T, defined as the sum of costs
of all tests that f goes through in T before it is fully covered. Note that a function
is not necessarily covered in a leaf node, it may be covered in an internal node. The
expected cost of a tree T is defined in a similar manner as for the NGI problem. The
adaptive submodular ranking problem is defined as follows.

Problem 2 (Adaptive submodular ranking (ASR) (Navidi et al. 2020)) Given a prob-
lem instance I = (F, D, p, ¢), with set of submodular functions F, set of tests D, a
probability distribution p, and cost function ¢, find a tree T (F') that covers all functions
in F and minimizes the expected cost c¢(T (F)) = Z/-EF p(f)e(T, f).

Decomposable impurity functions When constructing decision trees for classifica-
tion tasks, in addition to having small expected cost, the discriminative power of the
selected tests is also vital. A number of different impurity measures have been widely
used in deciding a discriminative test in decision trees, such as entropy and Gini index.
Such impurity measures are defined as functions / : [0, 1]¥ — R, taking as input the
class distribution at a given tree node. Impurity functions are expected to satisfy cer-
tain conditions (Kearns and Mansour 1999), which capture the notion of “impurity.”
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All impurity functions mentioned in this paper satisfy the following conditions: (1)
they obtain the maximum value if the class distribution is uniform, and the minimum
value zero if a node is pure (i.e., homogeneous); (2) they are concave; and (3) they are
symmetric.

A typical splitting criterion compares the change in impurity before and after per-
forming a test d, defined as 7 (S) and h(S | d), respectively. The impurity reduction
of atest d on a tree node S is defined as d(S, d) = h(S) — h(S | d). A test that causes
larger impurity reduction is considered more discriminative. Based on the concavity
property of 4, it is easy to show that d(S, d) > 0O for any tree node S and test d. We
defer the proof of this claim to the Appendix, Section B.

Before we define a special family of impurity functions for our problem, we first
introduce some additional notation. For a node S of the tree, where S C X, we define
S} as the child node of S by equipping S with test d and following the branch that takes

Sv =d (x;

on a specific testing value v. In particular, we define St(;) ) . Likewise, we

define S (’, as the ending node of a path that starts at S € X and follows a sequence of
nodes each equipped with a test d in D’ C D by taking on a value of d(x;). Note that
the order of tests in D’ does not matter in S(D’?. Finally, we denote the total probability
of objects in a specific class £ in S as py(S) = erS:E(x):l p(x).

We are now ready to define 4(S) and h(S | d) for our problem. We require % to
be decomposable, i.e., to be a weighted sum over impurity scores in each class. We
define:

S
h(s) = Z" e((S)) S = EZW)%)(S) (1)
xes

where h¢ (S) canbe any function of £ ‘((S) , the proportion of objects of class £ in S, which

ensures that 4 satisfies the three requirements stated above (i.e., (1) being maximized
at uniform class distribution and minimized at homogeneity, (2) concavity, and (3)
symmetry).

A wide range of concave impurity functions adopt such a form. For example, &

becomes the entropy function when h,(S) = —log ’;f((g)), and it becomes the Gini

index when h,(S) = 1 — %. With the impurity of a node S defined, (S | d) is
just a weighted sum of the impurity of all child nodes of S when split by test d, i.e.,

Sy
h(S|d) = Zve[vd] pp(Sd) h(S)-

A useful quantity for our analysis is the maximum value of /() (S), which we
denote by €, = maxscy maxyes he(x)(S).

4 Algorithm

The main idea of our approach is to cast the NGI problem as an instance of the ASR
problem (Navidi et al. 2020). We achieve this by defining a non-decreasing submodular
function for each object. The ASR problem is solved by a greedy algorithm that picks
tests to maximize the coverage of the submodular functions while encouraging a
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Algorithm 1 Greedy tree-induction algorithm

Input: An instance I = (S, L, D, ¢, p,c,6), a set of tests D’ € D used so far, impurity function h,
trade-off parameter A > 0

Output: A decision tree 7'

1: Return a decision tree TREE(/, #) > A recursive call at the top level with D' = ¢

2: function TREE(/, D')

3:  if Sis homogeneous or p(S) < 6 then

4 Return a leaf node S, labeled with its majority class

5:  endif

6: forde D\ D' do

7: v* <« argmaxye(y,] 1Sy > the largest child node by test value v*
Sk (D' —_ (D'

B L Z@) = (P9~ pUSY) + Ty e plp AL

9: Let Z(d) = Z'(d) + ﬁ)\ p(S)(h(S) —h(S | d))

10:  end for

1l:  d* < argmaxgepy\ pr Z(d)

12: for v € [v «] do

13: Ty eTREE((Sg*,L,D,Z,p,c, 0), D' U {d*})

14:  end for

15:  Return a tree rooted at S with children {7} } by test d*
16: end function

balanced partition. We further incorporate the impurity-reduction objective into the
greedy criterion to encourage the selection of discriminative tests, without losing the
approximation guarantee.

Our algorithm for the NGI problem is demonstrated in Algorithm 1. It is a greedy
algorithm, which, at each node S, selects a test d that maximizes a cost-benefit greedy
score Z(d) consisting of the following three terms:

7@ = —— | By + E@ +» D@ | )
cd) | ——  —~ —

balance efficiency discrimination

The first term, B(d) = p(S) — p(Sg*), with v* = arg maxye(u,] |S}!, is the sum
of the branch probabilities except the largest-cardinality branch. Maximizing B(d)
encourages selecting a test d that yields a balanced split.

The second term,

fi(D'U{d)) — fi(D)
E(d) = E7) Fat _
i;xz,.e:sp TR D) — fD)

is the re-weighted total sum of the marginal gain in each submodular function, which
we will define for our objects shortly. Maximizing E(d) accelerates the progress
towards termination.

Thelastterm, D(d) = p(S) (h(S) — h(S | d)), is the impurity reduction we defined
in Sect.3, which improves the discrimination of the selected test. The user-defined
parameter A > 0 controls the trade-off between tree complexity and discrimination.
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One way to understand the greedy score Z(d) is to view the B and E terms as a regu-
larizer. Notice that maximizing only the first two terms, Z'(d) = ﬁ (B(d)+ E(d))
at Step 8 of Algorithm 1, is exactly the greedy criterion used by Navidi et al. (2020)
to solve the ASR problem.

We finish the description of our method by showing how to define the submodular
function f; for each object x;. We start by defining two monotonically non-decreasing
submodular functions. For each object x; € X, both submodular functions take as
input a subset of tests D’ C D and return a real value. The first function fip (D)) is

defined as the scaled total probability of the objects that do not fall into Sg?, i.e., the
objects that disagree with x; in at least one test in D’ C D. Note that eventually, only

object x; itself stays in Sg). Formally, we define fip as
FDY = (A = p(SEH/(1 = plx).

The second function fl.¢( D’) is defined as the number of heterogeneous pairs that
do not fall into S g? Eventually, no heterogeneous pair will exist in S g) and the ending
node is homogeneous. We define

D) = (@(X) — $(S)/$(X).

The target (maximum) values for these two functions are both 1, for each object
x;. Thus, the functions fl.p and fl.¢ are fully covered for a subset of tests D’ C D for

which fip (D) =1and fi¢(D/ ) = 1, respectively. It is easy to see that both functions
are submodular and monotonically non-decreasing. When the termination constraint
6 for minimum probability is in place, we use the fact that the monotonicity and
submodularity properties remain valid when truncated by a constant. The truncated
version of the f; function is defined as

fP D'y =min {(1 = p(sE)/(1 = max(p(x), o). 1]

Next we define the disjunction function fl of f;p and fl¢ which remains monoton-
ically non-decreasing and submodular (Deshpande et al. 2016; Guillory and Bilmes
2011). We set

f(phy=1- (1 - f;’(D’)) (1 - fi¢(D/)).
It is easy to see that with a reasonable value of 6 (e.g., a multiple of the greatest

common divisor of {p(x)}), the minimum positive incremental value of any element
and any f; is

A= min A0 U@ = D)} = Qpmin/n).
ie[n], D'CD,
deD: fi(D'U{d})> f; (D)
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Last, we examine the time complexity of Algorithm 1. The greedy score for a tree
node S with respect to a test can be computed in O(|S]) time. At each level of the
decision tree, the union of disjoint nodes has a total size n. Thus, the worst-case time
complexity is O(Hmn), where m is the number of tests, 7 is the number of objects, and
H is the tree height, which is upper bounded by n. In practice, the algorithm is more
efficient than what this worst-case bound suggests; it has the same time complexity as
standard tree-induction algorithms, such as CART.

5 Approximation guarantee

In this section we establish the approximation guarantee of Algorithm 1 for the NGI
problem. Our main result is the following.

Theorem 1 Algorithm 1 provides an O(log 1/ pmin—+1log n+Aep) approximation guar-
antee for the NGI problem.

As a practical consequence of Theorem 1, we have the following corollary, which
is a consequence of the fact that for the popular impurity functions the factor €;, in the
approximation ratio of Theorem 1 can be effectively bounded. Note that in practice
Pmin > 1/n when given training data of n points, and thus O(log 1/ pmin) = O(logn).
We omit the constant X for simplicity.

Corollary 2 Algorithm 1 provides an O(log 1/ ppin + log n) approximation guarantee
for the NGI problem when the impurity function h is either the entropy or the Gini index
function.

Proof In addition to the result of Theorem 1 we can show that €, is small, compared
to the other terms, or bounded by a constant. When # is the entropy function, we have

SCX SCX xe§

S
€, = max r;]g? {hg(x)(S)} = mcax max {—log pii)z—)s())}

min,ex p(x)
< —log p(—Xf = log 1/ pmin-

When £ is the Gini index function, we have

N
€, = max max {]’l[(x)(S)} = maxmax {1 — Pen)(S) <1
SCX xe§ SCX xe§ p(S)

m}

Assuming P # NP, the result given by Theorem 1 is asymptotically the best pos-
sible among instances where 1/pmin is polynomial in n. This follows directly from
the hardness result of the EI problem (Chakaravarthy et al. 2007), which in turn, is
proved via a reduction from the minimum set-cover problem. Recall that by speci-
fying 6 to be zero, NGI problem degenerates into EI or GI problems. The constructed
EI instance in their reduction asks for a minimum object probability pmin such that
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1/pmin = @(n3), and thus if NGI admits o(log 1/ pmin) = o(log n) approximation, we
could solve the set-cover problem with o(log n)-approximation, which is conditionally
impossible (Feige 1998).

Remark 1 The NGI problem does not admit an o(logn) approximation algorithm,
unless P = NP.

5.1 Proof of Theorem 1

Our analysis is similar to the one by Navidi et al. (2020), except that we need a new
proof of their key lemma for our new greedy selection rule (Eq. (2)). This is done
by leveraging the special structure in the family of impurity functions (Eq. (1)) we
employ.

In order to analyze the total cost along a path, we treat cost as discrete “time” — or
continuous time if we allow continuous cost — and we divide time geometrically. We
refer to the decision tree returned by Algorithm 1 as T, while we refer to the optimal
decision tree as T*. We denote the set of internal (i.e., unfinished) nodes up to time ¢
in Ty as C(t), and similarly as C*(z) in T*.

We define C; = C(y2¥) and Ci = C*2%=1), for a constant y to be defined shortly.
That is, we are interested in the set of unfinished nodes at the end of the k-th geo-
metrically increasing time interval. Notice that the interval length for C is stretched
by a factor of 2y, compared to C*. We define p(C(t)) = ZSGC(I) p(S), i.e., the total
probability of unfinished nodes at time 7. Note that p(C(¢)) is non-increasing as ¢
grows, and in the case of integral costs we have p(Cj) = p(C*(Z’l)) =1, 1i.e., no test
can be completed within a fractional cost.

The cost of some test may be truncated by the defined geometrical time intervals. To
denote the actual cost of a test within an interval, we first define a path ;4 in T to be
the sequence of tests involved within time (2%, oo) for each object x;. A test d selected
by object x; appears in path m;; during time interval (7/2", 00) N (ti, <d> ti,<a +c(d)],
where #; -4 is the total cost before test d for object x;. The truncated cost of a test
d € m;; within that intersection is denoted by c;x(d). Note that cjx(d) < c(d). We
denote the set of tests before test d in path ;i by ik <.

Our greedy algorithm is identical to the algorithm of Navidi et al. (2020) except
that their greedy-selection score Z’ at Step 8 is replaced by the new score Z at Step 9,
in order to encourage impurity reduction of the selected tests. The key in the analysis
of Navidi et al. is to show that p(Cx+1) < 0.2p(Ck) + 3p(C,f+1), which is proven via
an intermediate value Z ,’{ defined below. We restate their technical result here.

Lemma3 (Navidi et al. 2020, Lemma 2.4,2.5) If Algorithm 1 is executed using the
greedy score Z' at Step 8, then

Z;
z!

IV

(pCrs1) = 3p(C ) ¥ /3, and
< pCY'/15,

A

where Ziy = Yot -yt Ysee Z/ @), Z = X0yt Ysecqy 2 @(S),
y' =151 +1In1/A +logn), and d(S) is the greedy test for node S. Besides, the first
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inequality holds regardless of the value of y' and holds as long as d(S) is a greedy test
with respect to an additive score Z' + D, where D can be any non-negative function;
the second inequality holds regardless of the choice of tests d(S) in the decision tree.

Our new greedy score Z is in an additive form required above for the first inequality.
Therefore, in our case, the difficulty mainly lies in the second inequality. We can prove
that a similar lemma holds for our new greedy score.

Lemma4 Algorithm 1 ensures the following inequalities

Zr = (p(Ci1) —3p(Ciy)) v/3, and
ZE < pCoy/1s,

where Zj = Zy2k<t§y2"+1 Zs€c<r) Z(d(8), Z;° = Zt>y2k st(r) Zd(9),y =
15(1 +In1/A + logn + Ae€p), and d(S) is the greedy test for node S.

Proof The first inequality is easy to show. Notice that compared to Z’, Z introduces
a third term of impurity reduction D in Eq. (2), which is always non-negative (see
Sect. 3) and thus Z(d) > Z'(d). Thus, the first inequality in Lemma 3 also holds for
the tree generated by the new greedy score. Since the first inequality in Lemma 3 does
not depend on the value of y’, we replace it with the new y, which completes the
proof.

The second inequality requires more work. We denote the sum of the D terms in
ZZ by

_ p(S) B
G=xrY > AT (h(S) — h(S | d(9))).

t>y2k SeC(r)

From Lemma 3 we know that Z° — G < y'p(Cy)/15.
We now upper bound the additional term G. We omit S in d(S) when it is clear
from the context.

G=x3 > 7 il ()~ (S | )

t>y2k SEC(f)

o PSD s
DD I LORD B LICH

t>y2k SEC(I) velvg]

P (1
=2 ) > @ (mgmxmmm

t>y2k SeC(t)

p(S) 1 3 ,
-y = Y PO ()
velvg] p(S) p(Sd) xesy

YD () Y p@heny($) = Y Y p)he (S

t>y2k SeC(t) xeS ve[vg] xeS)
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4 T 2 T s -ro(5)

t>y2k SeC(t) xeS

=r) Y p) Yy Cék(g;) (hecn (S ) = heeo (S o)) @

SeCyi:x;eS demiy

=220 2 pa) Y (heen (S8 2,) = heen (S5 o)) @
SeCy ix;eS demiy

<k Y Y P he)(S) )
SeCy i:x;eS

<AY0 ) pli)en
SeCri:x;eS

= A p(Cy) €p,

where step (3) follows by enumerating the summands in a different order, step (4) is
due to cjx(d) < c(d), and step (5) follows by considering the telescoping series of the
impurity reduction along a path of an object. Putting everything together gives

Z° =G+ (Z° — G) < Ap(Cen + p(Cr)y' /15 = p(Cr)y/15.

O

Next, we use another simple lemma that provides an upper bound on the expected
cost Ca of Ta, and a lower bound on the optimal cost C* of T*. This result is a
consequence of the geometrical division of time. For example, to obtain an upper
bound for Ca, we assume that the set of unfinished nodes stays the same as C(y2¥)
during the time interval (y 2K, y2k+1] Recall that p(C(r)) is a non-increasing function
of time 7.

Lemma5 (Navidietal. 2020, Lemma2.2) The expected cost C4 of the tree Ty produced
by Algorithm 1, and the cost C* of the optimal tree T* for the NGI problem, satisfy the
following inequalities

Ca < vy 2pC)+y, and
k=0

1
3 > 2 pch).

k=0

C*

A%

We are now ready to prove our main result, Theorem 1, stated in Sect. 5. The proof
relies on combining the results of Lemma 4 with the upper and lower bounds provided
by Lemma 5.

Proof (Theorem 1) From Lemma 4, we obtain
(PCrs1) =3p(Ci)) v/3 = Zk < ZF¥ < pCOY/15.
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By rearranging terms, we get
PCrt1) = 0.2p(Cr) +3 p(Ciyy)-

Define Q =y Y- 2"p(Ck) + . i.e., the upper bound of Ca. We have

0=y 2pC)+y (pCo)+1)

k>1
<y Y 2502 pC1) +3p(CH) + v (pCo) + 1)
k>1
1
<y ) 2°04pCo+ys Y 27 12pC) +y (PCo) + 1)
k>0 k>1
1
=y ) 204pCo+y5 Y 27112p(EC) =3y pC) +v (pC0) + 1)
k>0 k>0

1
k k—1
SVE 2 0-4P(Ck)+l/§ E 27112 p(CY)
k=0 k=0

<040+ 12yC*,

where we note that p(Cp*) = 1 and p(Co) < 1. Together with Lemma 5, we obtain

12
Ca < < —yC*" =20y C*
A_Q_0.67/ 14

6 Experimental evaluation

In this section, we evaluate the performance of our enhanced decision-tree algorithms
by comparing them against strong baselines on a large collection of real-world datasets.
Some additional experimental results are presented in the Appendix, including fur-
ther experimental results for CART (Section C), further experimental results on tree
size (Section D), additional statistical tests (Section E), and more visual examples
(Section G). Our implementation and pre-processing scripts can be found in a Github
repository.?

Datasets We evaluate our methods on 20 datasets from the UCI Machine Learning
Repository (Dua and Graff 2017) and OpenML (Vanschoren et al. 2013). Information
about the datasets is shown in Table 1. We experiment with datasets containing up
to 0.6 million objects and 5 thousand features. We set the limit 6 to be 0.005 for
all datasets except for small ones, whose 6 are set accordingly so that the minimum
leaf size is 2. For all datasets, 70% of the data points are used for training, 10% for
validation and the rest for testing. Numerical features are categorized into multiple bins

2 https://github.com/Guangyi-Zhang/low-expected-cost-decision-trees.
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Table 1 Datasets statistics;

n, m, k: number of data points, Dataset " " k
binary features and classes iris 150 20 3
ilpd 583 46 2
breast-w 699 45 2
tic-tac-toe 958 27 2
obesity 2111 58 7
bioresponse 3751 5333 2
spambase 4601 285 2
phoneme 5404 25 2
musk 6598 830 2
speed-dating 8378 733 2
phishing-websites 11,055 46 2
shoppers 12,330 454 2
letter 20,000 80 26
default 30,000 112 2
bank-marketing 45,211 76 2
electricity 45,312 42 2
firewall 65,532 55 4
dota2 92,649 394 2
diabetic 101,766 264 3
covertype 581,012 94 7

Numerical features are categorized into 5 bins by the k-means strategy

by the k-means strategy, which can adapt to uneven data distributions. All categorical
features are then binarized to avoid biases towards features with a large number of
levels (Strobl et al. 2007). All identical objects are coalesced into a single object, and
the sampling probability is set accordingly. To fulfill the realizability assumption, the
majority class is assigned to each identical data point in the training set, which may
have different classes otherwise, due to noise or feature discretization. Apart from the
original datasets with unit test cost, we additionally create more challenging scenarios,
where each test cost is independently drawn from the set {1, ..., 10}.

Algorithms and baselines A summary of the algorithms is displayed in Table 2.
The algorithms that implement the proposed approach are denoted as enhanced C4.5
(EC4.5) and enhanced CART (ECART). Baselines include the following:

e The ASR method (Navidi et al. 2020), which is the greedy algorithm without the
newly-introduced impurity-reduction term.

e Impure Pairs (IP), which maximizes the reduction in the number of impure pairs
at each split, i.e., the unweighted edge cut among different classes (Golovin et al.
2010; Cicalese et al. 2014).

e BAL, which is an unsupervised balanced-tree algorithm that greedily selects the
test that splits the current node most evenly.

e The two traditional algorithms 4.5 and CART, and their cost-benefit versions that
select a test using a cost-weighted criterion (denoted with a prefix ‘C’).
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Table2 Summary of competing algorithms

Algorithm Brief description

ASR Greedy without impurity reduction (Navidi et al. 2020)

1P Greedy in reducing the number of impure pairs (Golovin et al. 2010)
BAL Greedy in the most balanced split

[pI[CICART Traditional CART (Breiman et al. 1984)

[pl[CIC4.5 Traditional C4.5 (Quinlan 1993)

[pJECART Enhanced CART (proposed method)

[p]EC4.5 Enhanced C4.5 (proposed method)

Prefix ‘p-’ indicates a variant with post-pruning

To ensure a meaningful comparison, we measure performance for all methods based
on the same stopping criteria. All algorithms perform two-way splitting. Splitting of
tree nodes stops if homogeneity is achieved or if the minimum-probability limit is
reached. We examine the performance of C4.5 and CART with post-pruning (denoted
with a prefix ‘p’) or without. We adopt the standard minimal cost-complexity pruning
approach (Breiman et al. 1984), which prunes a tree node having many leaves if its
impurity is no much larger than the total impurity of its leaves. The parameter that
controls the stringency of the pruning is determined by cross-validation over alogspace
from 107> to 1.

The only hyperparameter in our algorithm (i) controls the trade-off between com-
plexity and discrimination. The effect of A is summarized in Fig. 2. For large values of
A our algorithms turn into the traditional tree-induction algorithms C4.5 and CART; on
the other hand, if A is zero, our algorithms turn into the greedy algorithm for the ASR
problem. As we are working with a bi-criteria optimization problem, there is no golden
rule in deciding the best value of the hyperparameter. In this experiment, we aim to
decide a value of A that preserves comparable accuracy while reduces the complexity
as much as possible. Thus, we tune the hyperparameter A by starting with a large A
and gradually decreasing it before a significant drop (larger than 1%) is seen in the
predictive accuracy over the validation set. Note also that X is invariant to the data
size, as the greedy score only depends on the distributions before and after the split.
Results We evaluate all methods using ROC AUC as a measure of predictive power,
expected cost as a measure of tree complexity, and tree size (i.e., the number of tree
nodes) as an auxiliary measure of global tree complexity. A full result on tree size
is deferred to Section D in Appendix. Reported results, shown in Fig.5, are averages
over 5 executions with random train-test splits. We conduct the Bonferroni-Dunn test
with significance level « = 0.05 for average ranks (DemS$ar 2006), and report the
critical difference diagram in Figs.3 and 4, where the proposed method pEC4.5 (or
PECART) is tested against the other methods, and methods closer to the right end have
a better rank. We see that the predictive power and tree complexity of pECART and
pPEC4.5 are statistically not significantly different from the respective best performer,
while it is significantly better than most other baselines. Two methods C4.5 and CART

@ Springer



Regularized impurity reduction: accurate decision trees... 451

— = 181
=
S 2
o 154
Q <= °
G g 12 S
@) E °
+ 101 )
o) 2 , &
< 45 8 &4 =
(@) o
) 2 54
~ I .
0.5 4 R £3) 2 RLEE P 0+ \ Sut SLS EER EER ERE ERR
T T T T T T T T T T T T T T T T T T T T T
1019~10%0'10%0%0* 1010"10%0"10% 0% 0* 1019~10%0'10%10%0*
A A x10% A
1.0
—~ =
! <
ﬁ 0.9 ‘%D
O ~ )
= 0.8 3 N
)
8 0.7 4 = 8
= g =
13)
S 5
/o5 ~ 2 4 o can R 04 L SEE Si SR R ER mm
T T T T T T T T T T T T T T T T T T T T T
1019~10%0'10%*0%0* 1010~"10%0"10%*0%0* 1015~10%0"10%10%0*
A A A
—e— bank —— covertype—— dota2 -#-ilpd -4- musk -¥ phoneme speed
—— bioresponse—+— default -*-electricity-=- iris -=- obesity —= shoppers —+ tic-tac-toe
—=— breast-w  —4— diabetic firewall -+- letter-* phishing-* spambase

Fig. 2 The effect of the trade-off hyperparameter A. ROC AUC is on validation data, and expected tree
height or tree size on training data

lead to similar behavior; we focus on C4.5 below and discuss its results in details. Full
results for CART and its enhancements are presented in the Appendix, Section C.

It can be seen that post-pruning has a noticeable positive effect on both the accuracy
and complexity for the 4.5 algorithm. However, even after post-pruning, pc4.5 is still
ranked closely to un-pruned EC4.5 in terms of the expected cost, and in some datasets,
the expected cost of pC4.5 is about two times larger than that of EC4.5 in Fig. 5. This is
reasonable because post-pruning mainly removes tree nodes near the bottom, but fails
to rescue early bad splits near the root. On the other hand, post-pruning is significantly
more beneficial than impurity reduction for the global tree size. Also note that post-
pruning has less effect on EC4.5 in terms of accuracy, which indicates that un-pruned
EC4.5 alone is robust to overfitting.

The decision tree produced by BAL is the worst in both aspects. This is expected
for predictive power as BAL is an unsupervised method, but it is quite surprising for
complexity. It turns out that BAL often has to keep expanding a balanced tree until the
minimum leaf size is reached, as tree nodes rarely achieve homogeneity. This behavior
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6 2 6 2
Loty o1y — Lol g TR W]
Bal 4 pC4.5 ASR L pCC4.5
ASR —— EC4.5 Bal CC4.5
1P pEC4.5 1P pEC4.5
C4.5 EC4.5

(a) ROC AUC (unit costs)

(b) ROC AUC (random costs)

6 2 6 2
Bal pEC4.5 Bal ﬂ k P
C45 P 45 ASR
EC4.5 ASR pCC45 — pEC4.5
pC4.5 EC4.5

(€) Expected cost (unit costs)

(d) Expected cost (random costs)

6 2 6 2
Bal J L pEC4.5 EC4.5 T pCC4.5
ASR —— pC4.5 ASR CC4.5
C4.5 P P Bal
EC4.5 pEC4.5

(€) Tree size (unit costs) (f) Tree size (random costs)

Fig.3 Critical difference for the Bonferroni-Dunn test on significance level « = 0.05 for average ranks of
algorithms among 20 tested datasets. Methods closer to the right end have a better rank. The method that
is compared with other methods is pEC4.5, and methods lying outside the thick interval are significantly
different from pEC4.5

reinforces the argument that discriminative tests help accelerating termination and
reducing expected cost.

The 1P algorithm achieves better performance in both aspects than the ASR algorithm.
However, TP has a too strong bias towards a balanced split, that it favors a random test
over a discriminative one in the example we provide in Section A. This bias is also
reflected in Fig.5 where it falls behind ECART by more than 10% accuracy in some
datasets. By further statistical tests we conduct in Section E, the predictive power of
ASR and TP are statistically indistinguishable from the unsupervised BAL.

Finally, regarding running time, algorithm EC4.5 typically runs 3—4 times longer
than C4.5, but there are instances that the latter algorithm constructs very skewed trees
and it takes more time to complete (details in Appendix, Section F).

The benefit of the proposed method becomes more pronounced in non-uniform-
cost scenarios, shown in Fig. 6. It turns out that the cost-benefit traditional trees fail to
reduce the expected cost, which indicates the need for more sophisticated techniques
like ours to tackle non-uniform costs. Our algorithms obtain comparable predictive
power, while achieving up to 90% lower expected cost than the traditional trees.

@ Springer



Regularized impurity reduction: accurate decision trees... 453
6 4 2 [§ 4 2
L L : L 4 L : J L \: L " :‘ J
Bal J L pCART ASR J pCCART
ASR ECART Bal —— CCART
1P CART IP ECART
pECART pECART

(a) ROC AUC (unit costs)

Bal J

L pECART
P

(b) ROC AUC (random costs)

Bal J

CART CCART
ECART pCART pCCART —— ASR
ASR ECART

(€) Expected cost (unit costs)

(d) Expected cost (random costs)

6 4 2 6 4 2
Bal J L pECART ECART J L pCCART
ASR — pCART ASR pECART
CART P Bal CCART
ECART —— P

(€) Tree size (unit costs) (f) Tree size (random costs)

Fig.4 Critical difference for the Bonferroni-Dunn test on significance level « = 0.05 for average ranks of
algorithms among 20 tested datasets. Methods closer to the right end have a better rank. The method that
is compared with other methods is pECART, and methods lying outside the thick interval are significantly
different from pECART

We conclude that our enhancement, given in the form of a regularizer, strikes an
excellent balance between predictive power and expected tree height.

7 Conclusion

In this paper, we proposed a novel algorithm to construct a general decision tree with
asymptotically tight approximation guarantee on expected cost under mild assump-
tions. The algorithm can be used to assimilate many existing standard impurity
functions so as to enhance their corresponding splitting criteria with a complexity
guarantee. Through empirical evaluation on various datasets and scenarios, we ver-
ified the effectiveness of our algorithm both in terms of accuracy and complexity.
Potential future directions include the study of different complexity measures, further
termination criteria, and incorporating a broader family of impurity functions.
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Fig.6 Performance results with non-uniform test costs
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Appendix A Split criteria for adaptive submodular ranking (ASR)
method may lead to non-discriminative decision trees

We present a simple example demonstrating that the ASR method, used for the group
identification problem where the aim is to minimize the expected cost of a decision
tree, may not select discriminative splits, which in turn may lead to decision trees with
low predictive power. The splitting criterion of ASR consists of two terms (see Sect. 4
for more details). One term encourages balanced partitions and does not use label
information. For the other term, two criteria have been considered in the literature:
(1) maximize reduction in the number of heterogeneous pairs of objects after a split,
or (2) maximize the number of excluded objects in other classes. These two criteria
turn out to be equivalent up to a constant factor of 2 by a simple double counting.
Apparently, when the number of heterogeneous pairs drops to zero or each object
separates from all objects in other classes, we obtain perfect accuracy (in training
data). Note that even random splits can lead to perfect accuracy as long as the tree is
fully expanded. Here we discuss the second term, as random splits actually optimize
balance, on expectation.

Our example is shown in Fig.7, where we demonstrate two possible splits on a
node. As we will see, ASR favors the non-discriminative split Fig. 7b over the more
discriminative split Fig. 7a. We assume two classes, and we write (x, y) to indicate the
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number of objects from the two different classes in a tree node. We now discuss the
first criterion. In the left tree Fig. 7a, the root, the left, and the right node have 50 x 50,
0, and 26 x 50 heterogeneous pairs, respectively. In the right tree Fig. 7b, there are
50 x 50, 25 x 25, and 25 x 25 pairs, respectively. The left split decreases the number
of heterogeneous pairs by 50 x 50 — 0 — 26 x 50 = 24 x 50. The right split decreases
the number of heterogeneous pairs by 50 x 50 — 25 x 25 — 25 x 25 = 50 x 25. Thus,
the ASR criterion will select the (non-discriminative) split Fig. 7b.

Appendix B Impurity reduction is non-negative

By the concavity property of #, it is easy to show that the impurity-reduction function
d(S, d) is non-negative, for any tree node S and test d. In particular, we have

d(S,d) = h(S) —h(S|d)
rSy
= h(S) — s
(S) ; o) 1D
ve[vg]
p(S))
= h — h v
(ps) [Z ) s
velvg]
p(SY)
> h —h v
> h(ps) UEZ[U;] 2(S) psy
= h(ps) — h(ps)
=0, (B1)

where pg denotes the class distribution vector of S, and Inequality (B1) is by concavity.

Appendix C Further experimental results for cArt

See Figs. 8 and 9.

(a) A discriminative split (b) A non-discriminative split

Fig. 7 A simple example demonstrating that ASR split criteria may lead to non-discriminative decision
trees
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Appendix D Further experimental results on tree size

See Figs. 10 and 11.
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Appendix E Further statistical tests: pairwise Nemenyi

See Figs. 12 and 13.
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(f) Tree size (random costs)

Fig. 12 Critical difference for the Nemenyi test on significance level « = 0.05 for average ranks of
algorithms among 20 tested datasets. Methods closer to the right end have a better rank. Any pair of
methods which are not connected with an horizontal line have an average rank that is different with statistical

significance
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Fig. 13 Critical difference for the Nemenyi test on significance level « = 0.05 for average ranks of
algorithms among 20 tested datasets. Methods closer to the right end have a better rank. Any pair of
methods which are not connected with an horizontal line have an average rank that is different with statistical
significance

Appendix F Running time

Note that algorithm BAL misses results over some datasets because its running time is
too long Fig. 14.

All experiments were carried out on a server equipped with 24 processors of AMD
Opteron(tm) Processor 6172 (2.1 GHz), 62GB RAM, running Linux 2.6.32—754.35.1.
el6.x86_64. We use Python 3.8.5.

We also demonstrate the running time for two selected datasets with unit costs,
with a large number of data objects and features, to explore the impact of number of
objects and features to the running time. In general, as reflected in the worst-case time
complexity O(Hmn), the algorithms complete their computation quickly in the case
of a large number of data objects (n), or large number of features (), but not both.
Furthermore, the dependency on n is slightly worse than on m, as the tree height H
typically has a logarithmic dependence on n (Fig. 15).
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Fig. 15 Running time on selected datasets

Appendix G Visual examples of real-life datasets
We visualize datasets that have meaningful features and whose trees are small enough

to be contained in the paper. We also adjust the minimum leaf size (1% of the data
size) to produce smaller trees.

G.1 Visualization of decision trees for shoppers dataset

See Figs. 16, 17 and 18.
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Fig. 16 Visualization of EC4.5 decision tree for shoppers dataset
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Fig. 18 Visualization of ASR decision tree for shoppers dataset

G.2 Visualization of decision trees for breast-w dataset

See Figs. 19, 20 and 21.
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Fig. 19 Visualization of C4.5 decision tree for breast-w dataset
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Fig.21 Visualization of ASR decision tree for breast-w dataset

G.3 Visualization of decision trees for obesity dataset
See Fig. 22, 23 and 24.
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Fig. 24 Visualization of ASR decision tree for obesity dataset

G.4 Visualization of decision trees for spambase dataset

See Figs. 25, 26 and 27.
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Fig. 25 Visualization of C4.5 decision tree for spambase dataset
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ASR (AUC ROC 0.839 and expected height 5.8)

Fig. 27 Visualization of ASR decision tree for spambase dataset

G.5 Visualization of decision trees for speed-dating dataset

See Figs. 28, 29 and 30.

@ Springer



Regularized impurity reduction: accurate decision trees... 473

d_attractive . (:;:m;:x“.;:m
_0=[0-5] (1304) mporae(2

dsl
erest:

‘Tmuscums=[4.53
-6.49] (115)

hared_int
s_o=[6-8]

Tield=Moder
Chinese Lit
erature (342)

atractive_p
artner=(6.51

401 264)
N\Y
4 auractive interess_co expected_num "
e elate=[0.02 _matches=[337 ) 1) 085 060) 06%0) 00)  Chelislaw (136 > 16) 0Gs)
0251 (171) 6571 (303)
N

_partner=[9-10]
(454)

\Y

g \4 I \4 d
@_guess_prob reldos.
N d_funny_part I feld=School
10D 06H (- iked=[0-4] ner=(9-101125)_J @40 (_workc@29) ) 01 Psychology (131)_J ) 0G4 0658
\§ NO\Y

atractive_p
artner=[651
-8.40] (363)

a10)
NS

field=Sociom
edical Scien
ces- School

R0}

ambiition_im

hare

pr )_S
d_interests=[12.60 0(88) 0(22) portant=[12.39
-17.43] (245) -21.50] (123) of Public He
alth (130)
N \Y N \Y Y N Y N Y
.

expected_num
_interested_

in_me=[11.54
-16371(102)

v

Tunny_partne
[4.63-6.49

059 16)

shared_inter
ests_partner=[6.51
839 (113)

062) 1(51)

C4.5 (AUC ROC 0.779 and expected height 5.9)

Fig. 28 Visualization of C4.5 decision tree for speed-dating dataset

¥
y X
Tike=(4.61-6.50]
2
A N \g ¥
“ambitous_o=(6.47 Sinsere_o={6.36
838 (221) “8.46] (132)
¥ Y \4 N
o) oty (| dpeotn ™ 6 tos 064 0les)
ny=116-201117) g
v N

ntelligence

0083 ( _o=l657:8.43)
(160)

@ uess_prob

“ambiition_im atractive i
9

‘mportant
~40.761 (126)

0(100) 0(78)

portani={12.39
21,501 (133)
v W v
shared_inter intelligence
_parner=[6.57 0(73) 0(60) 063 0063 0(60) 0(58) 065 0(52)

ests_partner=[4.59
5511 (166)

“8.43] (144)

T

EC4.5 (AUC ROC 0.790 and expected height 4.9)

Fig.29 Visualization of EC4.5 decision tree for speed-dating dataset

@ Springer



474 G. Zhang, A. Gionis

\ @
6 )\ _0ja2e) !
/\\1 AN
A A A v RV -t A\ a v A\ AL v Y

063 0062 06 0062 06 0 06H 0062 06 016 062 0(6H 06 06 06 06 06 0(6Y 0@ D) 0B () 0B 06 0EH 06) 06 0 063 0063 06 0(62)

ASR (AUC ROC 0.569 and expected height 5)

Fig.30 Visualization of ASR decision tree for speed-dating dataset

References

Adler M, Heeringa B (2008) Approximating optimal binary decision trees. In: Goel A, Jansen k, Rolim
JDP, Rubinfeld R (eds) Approximation, randomization and combinatorial optimization. Algorithms
and techniques. Springer, Berlin, pp 1-9

Bellala G, Bhavnani SK, Scott C (2012) Group-based active query selection for rapid diagnosis in time-
critical situations. IEEE Trans Inf Theory 58(1):459-478

Blanc G, Lange J, Tan LY (2020) Top-down induction of decision trees: rigorous guarantees and inherent
limitations. In: 11th innovations in theoretical computer science conference (ITCS 2020), Schloss
Dagstuhl-Leibniz-Zentrum fiir Informatik

Breiman L, Friedman J, Stone CJ et al (1984) Classification and regression trees. CRC Press, Boca Raton

Brutzkus A, Daniely A, Malach E (2019) On the optimality of trees generated by ID3. arXiv:1907.05444

Chakaravarthy VT, Pandit V, Roy S et al (2007) Decision trees for entity identification: approximation algo-
rithms and hardness results. In: Proceedings of the twenty-sixth ACM SIGMOD-SIGACT-SIGART
symposium on principles of database systems, pp 53-62

Cicalese F, Laber E, Saettler AM (2014) Diagnosis determination: decision trees optimizing simultaneously
worst and expected testing cost. In: International conference on machine learning, pp 414422

Dasgupta S (2005) Analysis of a greedy active learning strategy. In: Advances in neural
information processing systems, pp 337-344. https://proceedings.neurips.cc/paper/2004/hash/
c61fbef63df5£f317aecdc3670094472- Abstract.html

Demsar J (2006) Statistical comparisons of classifiers over multiple data sets. ] Mach Learn Res 7:1-30

Deshpande A, Hellerstein L, Kletenik D (2016) Approximation algorithms for stochastic Boolean function
evaluation and stochastic submodular set cover with applications to boolean function evaluation and
min-knapsack. ACM Trans Algorithms 12(42):1-42

Doshi-Velez F, Kim B (2017) Towards a rigorous science of interpretable machine learning.
arXiv:1702.08608

Dua D, Graff C (2017) UCI machine learning repository. http://archive.ics.uci.edu/ml

Feige U (1998) A threshold of In n for approximating set cover. ] ACM: JACM 45(4):634-652

Feige U, Lovasz L, Tetali P (2004) Approximating min sum set cover. Algorithmica 40(4):219-234

Freitas AA (2014) Comprehensible classification models: a position paper. ACM SIGKDD Explor Newsl
15(1):1-10

Garey MR (1972) Optimal binary identification procedures. SIAM J Appl Math 23(2):173-186

Golovin D, Krause A (2011) Adaptive submodularity: theory and applications in active learning and stochas-
tic optimization. J Artif Intell Res 42:427-486

Golovin D, Krause A, Ray D (2010) Near-optimal Bayesian active learning with noisy observations. In:
Lafferty JD, Williams CKI and Taylor JS and Richard S. Zemel and Aron Culotta Advances in neural
information processing systems, pp 766—774

Grammel N, Hellerstein L, Kletenik D et al (2016) Scenario submodular cover. In: International workshop
on approximation and online algorithms. Springer, pp 116-128

@ Springer


http://arxiv.org/abs/1907.05444
https://proceedings.neurips.cc/paper/2004/hash/c61fbef63df5ff317aecdc3670094472-Abstract.html
https://proceedings.neurips.cc/paper/2004/hash/c61fbef63df5ff317aecdc3670094472-Abstract.html
http://arxiv.org/abs/1702.08608
http://archive.ics.uci.edu/ml

Regularized impurity reduction: accurate decision trees... 475

Guillory A, Bilmes J (2009) Average-case active learning with costs. In: International conference on algo-
rithmic learning theory. Springer, pp 141-155

Guillory A, Bilmes JA (2011) Simultaneous learning and covering with adversarial noise. In: International
conference on machine learning

Gupta A, Nagarajan V, Ravi R (2017) Approximation algorithms for optimal decision trees and adaptive
TSP problems. Math Oper Res 42(3):876-896

Hancock T, Jiang T, Li M et al (1996) Lower bounds on learning decision lists and trees. Inf Comput
126(2):114-122

Im S, Nagarajan V, van der Zwaan R (2012) Minimum latency submodular cover. In: Czumaj A, Mehlhorn
K, Pitts AM, Wattenhofer R (eds) International colloquium on automata, languages, and programming,
Vol 7391. Springer, pp 485-497. https://doi.org/10.1007/978-3-642-31594-7_41/

Kearns M, Mansour Y (1999) On the boosting ability of top-down decision tree learning algorithms. J
Comput Syst Sci 58(1):109-128

Kosaraju SR, Przytycka TM, Borgstrom R (1999) On an optimal split tree problem. In: Workshop on
algorithms and data structures. Springer, pp 157-168

Laurent H, Rivest RL (1976) Constructing optimal binary decision trees is np-complete. Inf Process Lett
5(1):15-17

Lipton ZC (2018) The mythos of model interpretability: in machine learning, the concept of interpretability
is both important and slippery. Queue 16(3):31-57

Murthy SK (1998) Automatic construction of decision trees from data: a multi-disciplinary survey. Data
Min Knowl Disc 2(4):345-389

Navidi F, Kambadur P, Nagarajan V (2020) Adaptive submodular ranking and routing. Oper Res 68(3):856—
877

Quinlan JR (1993) C4.5: programs for machine learning. Morgan Kaufmann Publishers, Burlington

Strobl C, Boulesteix AL, Zeileis A et al (2007) Bias in random forest variable importance measures:
illustrations, sources and a solution. BMC Bioinform 8(1):1-21

Vanschoren J, van Rijn JN, Bischl B et al (2013) OpenML: networked science in machine learning. SIGKDD
Explor 15(2):49-60. https://doi.org/10.1145/2641190.2641198

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1145/2641190.2641198

	Regularized impurity reduction: accurate decision trees with complexity guarantees
	Abstract
	1 Introduction
	2 Related work
	3 Problem definition
	4 Algorithm
	5 Approximation guarantee
	5.1 Proof of Theorem 1

	6 Experimental evaluation
	7 Conclusion
	Acknowledgements
	Appendix A Split criteria for adaptive submodular ranking (ASR) method may lead to non-discriminative decision trees
	Appendix B Impurity reduction is non-negative
	Appendix C Further experimental results for CART
	Appendix D Further experimental results on tree size
	Appendix E Further statistical tests: pairwise Nemenyi
	Appendix F Running time
	Appendix G Visual examples of real-life datasets
	G.1 Visualization of decision trees for shoppers dataset
	G.2 Visualization of decision trees for breast-w dataset
	G.3 Visualization of decision trees for obesity dataset
	G.4 Visualization of decision trees for spambase dataset
	G.5 Visualization of decision trees for speed-dating dataset

	References




