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Abstract

The existence of certain monomial hyperovals D(z") in the finite De-
sarguesian projective plane PG(2,q), q even, is related to the existence
of points on certain projective plane curves gr(x,y, 2). Segre showed that
some values of k (k = 6 and 2*) give rise to hyperovals in PG(2,q) for
infinitely many g. Segre and Bartocci conjectured that these are the only
values of k with this property. We prove this conjecture through the
absolute irreducibility of the curves gg.

Introduction

An oval in the finite Desarguesian projective plane PG(2,q) is a set of ¢ + 1

points with the property that no three points are collinear. If ¢ is odd then such

a set is maximal with that property, and a celebrated theorem of Segre (1955)

states that all such ovals are given algebraically by irreducible conics. If ¢ is
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even however, the situation is more interesting. Here, a set of points in PG(2, q)
of largest possible size such that no three are collinear has cardinality ¢+ 2, and
is called a hyperoval.

From now on in this paper we assume that ¢ is even. A hyperoval can be
constructed from a (nonsingular) conic by adjoining the point at which all the
tangents of the conic meet, the nucleus. Such hyperovals are generally called
regular hyperovals. For ¢ > 8 there also exist irregular hyperovals which are not
of the form conic plus nucleus, see [2],[3],[9] for example.

We represent the points of PG(2, ¢) as homogeneous triples with coordinates
from GF(q). It is well known that all hyperovals can be written in the form

{(l,x, flx):x € GF(q)} U {(0,0, 1), (0, 1,0)}

where f(z) is a polynomial with certain properties, see [4],[3]. Denote the
above set by D(f(z)). In this paper we shall examine the case where f(z) is
a monomial, say f(z) = x*. If ¢ = 2°, Segre showed that the set D(z*) is a

hyperoval for the following values of k and the values of e indicated:

k=2' when (i,e) =1 ([I0], 1957),
k=6, when (2,¢)=1 ([I1], 1962). (1)

We wish to consider other values of k. In particular, we wish to consider the
question of whether there are other such infinite sequences, i.e. other fixed values
of k for which D(z*) is a hyperoval for infinitely many ¢. This question was
previously studied by Segre and Bartocci [12]. Our main result is the following
theorem, which was conjectured in [12].

Theorem 1.1. For any fized even positive integer k, if k # 6 and k # 2° then
the set D(x*) is a hyperoval in PG(2,q) for at most a finite number of values

of q.

In [8] the permutation properties of 1+ +---+ 2%~ on GF(q) are studied.
It follows from [7] (p.505) that this polynomial is a permutation polynomial if
and only if D(z*) is a hyperoval. Hence our result sheds some light on this
problem. It is now trivial to see that & must be even in order for D(z*) to be
a hyperoval, since 1 + 2 + - - - + 21 maps both 0 and 1 to 1 if k is odd. So we
assume k is even from now on. Values of k which are functions of e have been
studied, see [2], but we do not consider this here.

In case D(z*) is a hyperoval, we call it a monomial hyperoval because f(z)
is a monomial. Following [4], we will write D(k) instead of D(z*).

We note some projective equivalences among these hyperovals. If D(k) is a
hyperoval, then so is D(m) where m = 1/k, 1—k, 1/(1—k), (k—1)/k, k/(k—1),
and everything is modulo ¢ — 1. (If (k,g—1) # 1 or (k—1,g—1) # 1 then D(k)
is not a hyperoval.) These hyperovals are all projectively equivalent, see [4].



In Section 2 we shall prove the connection between the polynomials g (, y, 2)
and the hyperovals D(k). Section Bl contains background information about al-
gebraic curves, and classifies the singular points of gx(x,y, z). Section @ com-
putes the possible intersection multiplicities of putative factors of g;. We shall
completely factorize gi(x,y,2) for k = 2 and k = 6 in section [B] and there we
will reprove Segre’s theorems on these values. In sections [6] [7l B we will use
Bezout’s theorem to prove the main theorem in parts. The result of section [@]
the case k = 2 (mod 4), was already proved by Segre and Bartocci [12].

2 Background

The set D(k) being a hyperoval in PG(2, q) is equivalent to the determinant

1 1
det | z y =z
ok gk ok

being nonzero for all distinct z,y, 2z € GF(q). Divide the determinant by (z +
y)(x 4+ 2z)(y + z) and call the resulting polynomial gi(z,y, z). In other words,
we define a binary polynomial gx(x,y, z) by

(2,9, 72) = a:yk + y:z:k + 22k 4+ 22k + yzk + zyk
T T et A o)

Our main theorem rests on the following, which is also used by Segre and Bar-
tocci.

Theorem 2.1. If the polynomial gi(x,y, 2) is absolutely irreducible over GF(2),
or has an absolutely irreducible factor defined over GF(2), then D(k) is a hy-
peroval in PG(2,q) for only a finite number of values of q.

Proof. A form of the Weil bound due to W. Schmidt [I3] on the number of ratio-
nal points on curves over finite fields shows that one can weaken the hypothesis
of nonsingularity of a curve f(z,y) over GF(q) to absolute irreducibility, and
still obtain a bound essentially the same as that of Weil.

If the polynomial gx(z,y,z) of degree k — 2 is absolutely irreducible over
GF(2), then applying this form of Weil’s theorem shows that the number N, of
(projective) rational points (x,y, z) on gi(z,y, z) where z,y, z € GF(2°) satisfies

IN, — 2°| < (k —3)(k —4)2¢% + (k — 2)? (1)

for every e. Once we show that the number of such rational points where some of
the coordinates are equal is at most 3k — 2, it will follow that there are rational
points over GF(2¢) with x,y, z distinct for all e sufficiently large. Should it
happen that gg(z,y,z) is not absolutely irreducible over GF'(2) but has an
absolutely irreducible factor defined over GF'(2), apply the same argument to
this factor.



To this end we let p(z,y,V) = gi(x,y, z+V), and note that projective points
(x,y,2) on gg(x,y,z) with z = z are in 1 — 1 correspondence with projective
points (z,y,0) on p(x,y,V). A simple computation (using the fact that k is
even) shows that

ok 4+ yk
p('rvyao) - (x+y)2
Again we let q(z, W) = p(z,x + W,0), and note that projective points (x,y, z)
on gi(z,y, z) with x = z # y are in 1 —1 correspondence with affine points (z, 1)
on q(x,W). Since q(x,1) = z¥ + ( 4+ 1)*, there are at most k — 1 projective
points (z,y,z) on gi(z,y,z) with & = z # y. A similar argument holds for
points (x,y,z) with x = y # z and y = z # x. Counting the projective point
(1,1,1) we get that there are at most 3k —2 rational points (z,y, z) on gi(z,y, 2)
with z,y, z not all distinct. O

Remark: From the form of the Weil bound in (1), we can actually compute
the value of e, say eg, for which N, > 3k — 2 for all e > e.

Armed with this theorem, our task now is to demonstrate the absolute irre-
ducibility of the polynomials gx(x,y, z) over GF(2). This is how we shall prove
the results of this paper.

Bearing in mind Segre’s results, g (z,y, 2z) cannot be absolutely irreducible
when k = 2% or k = 6.

Segre and Bartocci made the following conjecture (we are paraphrasing here).

Conjecture: g (z,y, z) has an absolutely irreducible factor over Fy for every
even k except k =2¢ and k = 6.

We shall prove this conjecture in this paper. By Theorem 2] this is enough
to prove our main theorem, Theorem [L.1]

3 Singular Points

It will be shown shortly that we are allowed to work with the affine parts of the
homogeneous polynomials fi(z,y, z) and gr(z,y, z). There will be no confusion
if we use the same names, and so

fulzy) = ay+yrF+aF oy +a+y
fk(xuy)
(z+y)(x+1)(y+1)

gr(z,y) (2)
and we consider the algebraic curves defined by these polynomials over the
algebraic closure of GF(2). Of course, gi(z,y, ) is absolutely irreducible if and
only if gi(z,y) is absolutely irreducible.

For a polynomial h and a point P = («, 8), write

h(z + o,y + B) = Ho(x,y) + Hi(z,y) + Ha(x,y) + -



where each H;(x,y) is 0 or homogeneous of degree ¢. If m is the smallest integer
such that H,, # 0 but H; = 0 for ¢ < m, then m is called the multiplicity of h
at P, and is denoted by mp(h). In particular, P is on the curve associated to
h if and only if mp(h) > 1. Also, by definition, P is a singular point of h if and
only if mp(h) > 2. The m linear factors of H,, are the tangent lines to h(z,y)
at P. The collection of tangent lines is called the tangent cone.

The singular points can be found by equating the first partial derivatives to
zero. We easily calculate (k is even)

3fk k 8fk k

5 (LY =y + 1 ay(fzf,y) z" +
Hence if P = (o, 8) is a singular point of f(x,y), then « and S are k-th roots
of unity. Write k = 24 where ¢ is odd and ¢ > 1. Then « and S are ¢-th roots
of unity, This proves

Lemma 3.1. P = (o, 3) is a singular point of fi if and only if o = p* = 1.

It follows that fx(x,y) has ¢? singular points. It is easy to check that there
are no singular points at infinity — the three partial derivatives of fi(z,y, 2)
are ¥ + y¥, 2% 4+ 2%, y¥ + 2¥, and if these all vanish and z = 0 then z =y = 0
which is impossible. This proves

Lemma 3.2. fi(x,y,z) has no singular points at infinity.

Next we pin down the multiplicities of these singular points P = (a, 3) on
fr(z,y), and how things change for gi(z,y). We compute that

k

fk (:I: + a, Yy + B)
j=1
- F0+F1(.’L',y)+F2(CE,y)+
using o = 1 = p*. Since (’;) is even for 1 < j < 2% and odd for j = 2¢, and
even for j = 2° + 1, we see that all singular points of fj(z,y) have multiplicity
2!, except (1, 1) which has multiplicity 2° + 1. This claim follows from

F o= o®'B+1)+ a+1)+a+5,

oty + Bzz_é:c +z+y, o

(B + 1)a‘21x21 + (o + DB~ %y?,

= a ¥y 4+ 70y e (4)
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We classify the points into three types:
(I P=(1,1).
(IT) Either a =1or f=1or a = g.
(III) a # B and a # 1 # .

> (f) (a7aly + By z + (B+ a2’ + (a +1)877y)

3)



Remark 3.1. If £ =1 and ¢ > 1 the only singular point is (1, 1).

Defining w(z,y) := (x +y)(z+1)(y + 1) we note the following multiplicities
on w: mp(w) =3 if P = (1,1) (Type I), mp(w) = 1 if P has Type II, and
mp(w) = 0 for all other singular points P = («, 8) of Type III. At long last we
arrive at the multiplicities for gi(z,y).

Type | Number of Points | mp(fi) | mp(gx)
I 1 241 2 =2
I 3(0—1) 9 271
I C—1)(-2) 9 9

There are 3(¢ — 1) points of multiplicity 2¢ — 1, and so there are (£ —1)({—2)
singular points of multiplicity 2 on g (z,y).

Let u and v be projective plane curves over GF(2); we assume that u and
v have no common component. The intersection multiplicity I(P,u,v) of u
and v at P is the unique nonnegative integer satisfying and determined by the
seven properties listed on pages 74-75 of [I]. For our purposes there are two
important properties. One is that I(P,u,v) # 0 if and only if both mp(u) and
mp(v) are > 1. Another important property is that I(P,u,v) > mp(u)mp(v),
with equality occurring if and only if v and v do not have a common tangent at
P (their tangent cones are disjoint).

We will use the following theorem from classical algebraic geometry, whose
proof can be found in [IJ.

Theorem 3.3 (Bezout’s Theorem). Let u and v be projective plane curves with
no common component. Then

ZI(P,u, v) = (deg u)(deg v).
7

Our method of proving absolute irreducibility will be to assume that g (z,y, 2)
is reducible, say gi(x,y, z) = u(z,y, 2)v(x,y, z), and obtain a contradiction by
applying Bezout’s theorem to the curves u and v. If a point P has I(P, u,v) # 0,
then mp(gr) = mp(u) + mp(v) > 2, and so P is a singular point of gx(x,y, 2).
We have seen that the projective curves gi(z,y, z) have no singular points at
infinity. Therefore, since the only points P that give a nonzero contribution to
the sum in Bezout’s theorem are singular points of g (z,y, z), we may just work
with the affine part of gx(x,y, 2).

4 Homogeneous Components and Intersection
Multiplicity
The following result is clear, because we are in characteristic 2.

Lemma 4.1. Fy = (ox + 79)% where 0 = (a2 V(8 + 1)/ and 7 =
(8D (a4 1)1/



Lemma 4.2. Fyi | consists of 2 + 1 different linear factors.

Proof. Consider h(z) = Fyiyqi(x,1) = o (=Dg2" 4 g2 =Dy If p(z) has a
repeated root at a then A’(a) = 0. Consider the derivative h/(z) = g2 (=1
which is never zero and therefore there are no repeated factors in Fyi . O

Next we make a crucial observation for our proofs. For the rest of this paper,
we let L = oz + Ty, so that Fy = L?". Suppose gp(z,y) = u(z,y)v(z,y), and
suppose that the Taylor expansion at a singular point P = (a, 8) is

ulz+a,y+p)=L"4uy, ve+a,y+58) =L+ w9

where wlog r; < ro. Then Fyiyq = L™ (v + L™ "uy). From Lemma we
deduce that:

Lemma 4.3. With the notation of the previous paragraph,
(i) Fither ry =1 orry = 0.
(i) If ry =1 then ged(L,v1 + L™ ™uy) = 1.

We next make two quick remarks to aid us in moving between fi(x,y) and
gk (z,y). Recall the notation of section 3, and suppose that P = (o, 8) # (1,1)
is a singular point of gi(z, y) such that Fy:(x,y) # 0 at P. To apply Proposition
2 to g, we need to know the greatest common divisor (G, (z,y), Gm+1(z,y))
where m = mp(g:). This can be found from (Fyi(z,y), Foiy1(x,y)) as follows.
Again letting w(z,y) = (z +y)(z +1)(y + 1), we have

e+ a,y+8) =wla+a,y+ B)gr(z + a,y + B),

and so
Foi(z,y)+Foipr (2, y)+- - = Wot Wiz, y)+ - )Gz, y) +Gmyr (2, y)+- - ).

where polynomials with subscript ¢ are 0 or homogeneous of degree 1.

Remark 4.1. Here we assume Wy # 0 which is equivalent to saying that P is a
Type I1I point, and m = 2¢. Multiplying out and using (2) gives

F2i = WQG2i = (0’.’[] + Ty)zi
F2i+1 = WQG2i+1 + W1G2i, (5)

where 02 = (B+ 1)a‘2i and 72 = (a+ 1)ﬁ_2i. It follows from these equations
that (F2i,F2i+1) = (Gy, G2i+1).

Remark 4.2. Here we assume Wy = 0 which is equivalent to saying P is a Type
IT point, and m = 2* — 1. As in Remark [£.]] we get

F2i = W1G2i_1 = (O’x + Ty)Qi
Foivy = WiGoi + WoGoi_y. (6)

It is clear that (up to scalars) Wy = oz + 7y, and so (Fyi, Fyi 1) = oz + 7y be-
cause Fyi1(x,y) has distinct linear factors (Lemma [L2]). Hence (Gai_1,Gai) =
1.



The next result will help us to compute intersection multiplicities.

Proposition 4.4. Let h(x,y) be an affine curve. Write h(x + o,y + ) =
H,, + Hyq1 + - where P = (o, 8) is a point on h(x,y) of multiplicity m.
Suppose that Hy,, and H,, 1 are relatively prime, and that there is only one
tangent direction at P. If h = wv is reducible, then I(P,u,v) = 0.

Proof. See [6] O

4.1 Typel
We upper bound the intersection multiplicity at the Type I point.

Lemma 4.5. If gi(z,y) = u(z,y)v(z,y) and P = (1,1) then I(P,u,v) <
(21'71 _ 1)2

Proof. Let P be of Type I. We know that mp(gr) = 2° — 2 = mp(u) + mp(v).
From Lemma we know that Fyi; has 2° + 1 different linear factors. Thus,
I(P,u,v) = my(u)my(v). This quantity is maximized when mp(u) = mp(v)
and in this case m,(u)m,(v) = (271 — 1) O

4.2 Type Il

We show that intersection multiplicities at Type II points are 0, so these points
may be disregarded.

Lemma 4.6. If gi(z,y) = u(z,y)v(z,y) and P = (o, B) is a point of type (II)
then I(P,u,v) = 0.

Proof. There are three kinds of Type (II) point.

o If P = (a,1) then Fy = (a + 1)y*. Hence gcd(Fai, Foiy1) = y and
therefore gcd(Ggi_1,Ggi) = 1 by Remark @21 The proof concludes using
Proposition [£.4]

o If P = (1,0) use the same argument with ged(Fsi, Fpi 1) = .

o If P = (a, ) use the same argument with ged(Fy:, Fyi 1) = z + .

4.3 Type III

We show that there are two possibilites for the intersection multiplicity at a
Type III point.

Lemma 4.7. Let k = 20 where £ is odd. If gr(x,y) = u(z,y)v(z,y) and
P = (a, B) is a point of type (III) then either I(P,u,v) = 2% or I(P,u,v) = 0.



Proof. Assume gi(x,y) = u(x,y)v(z,y). Since P is not in w(z,y) = (z+1)(y+
1)(z + y) by Lemma we know that mp(u) is either 1 or 0. If mp(u) =0
then I(P,u,v) = 0. If mp(u) = 1 we proceed as follows.
Let L(x,y) = ox 4+ 7y and suppose we have the following Taylor expansions
at P:
u(‘r"’—avy'i_ﬁ) = L(xvy) + Ug(l’,y) +

o(r +ayy+B) = Lix.y)” "+ Vai(wy) + -
It follows that
w(@+a,y+B8)L(z,9)* 2 +v(z+a,y+B) = Liz,y)* “2Us(w,y)+ Ve (@, y)+ -
By definition of intersection multiplicity we have
I(Pu,v) = 1(0,u(z + o,y + B), ule + a,y + B)L(z,y)* ~2 +v(z + a,y + B))

so we compute the righthand side. Notice that L(z,y) { L(z,y)2 ~2Us(z,y) +

Voi (2, y) because L(z, y)(L(z,y)* ~2Us(x,y)+Vai(s.4)) = G2i41(2,y) and Goi 41 (2, y)
may contain L(x,y) at most one time. Therefore, u(z + a,y + ) and u(x +
a,y + B)LT_2 + v(z + o,y + B) have different tangent cones. It follows from a
property of I(P,u(z,y),v(x,y)) that

I(O,u(:b—l—a,y—i-ﬁ),u(;v—i—a,y+B)L2i_2 +ov(z+a,y+B)=

mo(u(@ + o,y + B))mo(u(@ + a,y + B)L* 72 +v(z + o,y + B)) = 2.

5 Segre Revisited.

In this section we study the polynomials gy (z,y) when k& = 2! and k = 6. First
let us examine k = 2°.

frle+Ly+1) =@+1)2y+ @+ s +aty
=ty +yta
=2yl eare)- (@ +7y)- (7)
Replace by  + 1, y by y + 1, and divide by (z +y)(z + 1)(y + 1) to get
Theorem 5.1. When k = 2° we have the following factorization,

gr(z,y) = 11 (+yy+v+1).
yEGF(24)\{0,1}

Corollary 5.2 (Segre). When k = 2° the set D(k) is a hyperoval in PG(2,2°)
if and only if (i,e) = 1.



Proof. We have to show that gp(z,y) has the necessary rational points over
GF(2°) if and only if (i,e) > 1.

Suppose that i and e are relatively prime and that there exists a,b € GF(2°)
with a # b,a # 1,b # 1 such that gi(a,b) = 0. By the factorization above,
there exists v € GF(2%)\{0, 1} such that a + b+~ + 1 = 0. But this implies
y=(a+1)/(b+1) € GF(2") N GF(2°) = GF(2), a contradiction.

Conversely suppose (i,e) > 1, and choose a, b distinct in GF(2") N GF(2¢)
but not in GF(2). Letting v = (a +1)/(b+ 1) shows that gx(a,b) = 0, again
using the factorization. O

We remark that P = (1,1) is the only singular point in this case, and it has
multiplicity 2° — 2.

Next we consider k£ = 6. Here
g6(z,y) = v +v*(1+2) + 2 (1+ 2 +2?) +y(l+a+2° +2°) + 1+ z+a? + 23+ 2

It is easy to show that gg must be absolutely irreducible, or must factor over
GF(4) into absolutely irreducible factors. If GF(4) = {0, 1,w,w?}, then in fact
ge = AB where

Az, y) =1+ wz + 2% + (0 + wz)y + 3>
and its conjugate
B(z,y) = 1 +w?z + 22 + (w? + w?z)y + 3°.

We have proved:

Theorem 5.3. When k = 6 we have the factorization gi(x,y) = A(x,y)B(x,y),
where A(z,y) and B(x,y) are absolutely irreducible and are given above.

Corollary 5.4 (Segre). When k = 6 the set D(k) is a hyperoval in PG(2,2°)
if and only if (2,e) = 1.

Proof. We have to show that ge(x,y) has the necessary rational points over
GF(2°) if and only if e is even.

If e is even, then gg(w?,w) = 0. Done.

Suppose now that e > 1 is any odd integer. We claim that A(z,y) and
B(z,y) have no rational points over GF(2¢). For suppose that A(a,b) = 0
where a,b € GF(2°). Visibly we can assume (a, b) # (0,0). Then

b2 4 bw + abw + a®> + aw + 1 =0,

and provided a + b + ab # 0 this implies w = (a + b+ 1)?/(a + b + ab) €

GF(4)NGF(2°), which is a contradiction. But if a+b+ab=0then a+b+1 =

0=ab=1=1+b"14b=0= 1+b+b*>= 0 which is impossible. Similarly

for B(z,y). O
Of course, these results can be proved in other ways.

10



6 The case k=2 (mod 4)

This case occurs when k = 2¢.

Theorem 6.1. If k = 2 (mod 4) and k > 6 then gi(x,y) is absolutely irre-
ducible.

Proof. Assume that gi(z,y) = u(x,y)v(z,y). Let P = («, ) be a singular
point, depending of its type we have that:

o If P =(1,1) then my,(gx) =0, so I(P,u,v) = 0.
e If P is a point of type II from Lemma 6 we know that I(P,u,v) = 0.

e Suppose P = («, 3) has Type III. We want to apply Proposition [£4] to
gr(x + o,y + B) = Fo + F3 + -+ where

F, = a2(671)(6 + 1)952 +ﬁ2<e71)(a+ 1)y2.

Fy = 2052y 4 g20-1) 2, xy(az(e—l)x + ﬁ2(€—1)y)'

We clearly have that ged(zy, Fp) = 1. If ged(a®“VDa + 2Ny Fy) =1
then by Proposition [£4] we have I(P,u,v) = 0. The only way that this
ged # 1 is that o?U—Dg 4 2Dy | Fy, and this occurs if oD =
2D (B 4+ 1) and gD = 52D (q + 1). Equivalently, 1 = a?(3 + 1)
and 1 = 8%(a+1). Adding both equations we get o+ 3 = a3, multiplying
then we get 1 = o?8%(aB + a + B + 1). Substituting a + 8 = af in
1 =a?B%(aB+a+B+1) we get a®3? = 1 which implies a3 = 1. So,
gcd =1 unless af =1and o+ =1.

Suppose we have a point P with a8 = 1 and a + 8 = 1. Then « and
3 are roots of 2% + z + 1, and so they lie in GF(4). This means there
can be at most two such points. By Lemma 7] at those points P we
have I(P,u,v) = 0 or 2, and therefore >, I(P,u,v) = 0 or 2 or 4. But if
k =2 (mod 4) and & > 6 then g has degree at least 8, so it is impossible
that (degu)(degv) < 4. Thus we get a contradiction to Bezout’s theorem.

O

O
Note that the proof fails when k = 6, as it should, because ), I(P,u,v) =4
and the two factors of gg have degree 2.

7 The case gi(x,y) irreducible over [y

Here is a well known result.

11



Lemma 7.1. Suppose that p(z) € Fylx1,...,z,] is of degree t and is irreducible

in Fg[z1,...,zn]. There there exists r | t and an absolutely irreducible polyno-

mial h(z) € Fgr[x1,...,2,] of degree L such that

p@) =c [] o(h2)),
oeG
where G = Gal(Fyr /Fy) and c € F,. Furthermore if p(z) is homogeneous, then
50 is h(z).
Remark 7.1. Notice that if u(z,y) =Y a; jz'y? then o(u(z,y)) = 3. o(ai ;)z'y?
where o € G is the Frobenius map (or a power of it). Therefore, u and o(u)

have the same monomials and only differ in some coefficients. This means that
both u and o(u) have the same degree.

Theorem 7.2. If gi(x,y) is irreducible over Fo then gi(x,y) is absolutely irre-
ducible for every k but k =6 and k = 2°.

Proof. Suppose not, then gi(z,y) = u(z,y)v(x,y). Using Remark [Tl we have
that deg(u) = deg(v) = 271 — 1 . We apply Bezout’s Theorem to u and v:

Z I(P,u,v) = deg(u)deg(v) = (210 — 1)% (8)
PeSin(g)
We can bound the left hand side as follows,
Z I(P,u,v):ZI(P,u,v)—i—ZI(P,U,U)—i— Z I(P,u,v) (9)
PeSing(gr) Pl Pell Pelll
< @712 420(-1)(1-2). (10)
We have that B)<({I0) by Bezout’s Theorem, so if we prove that (&)>(I0) we
get a contradiction. The inequality (&) >(I0) is
227202 _9ig 11> 212 —2¢(30) + 20 4 2% 1
(221’72 _ 21)62 4 2i+1€ _ 21 _ 221’72 > O
(2% 72 -2 -1+ 2" (¢ —1)>0.

The question now is when the left-hand side is positive. Clearly when £ =1
it is not positive. If £ > 1 and (2272 — 2%) > 0 then it is clearly positive. If
(22172 — 2%) < 0 then it could be positive or negative. Clearly (222 —2¢) < 0
when ¢ =0 or ¢ = 1.

If « = 0, we have the inequality %62 — 20 + % < 0. The solutions of the
equation 3¢ —2¢(+ 2 = 0 are 1 and 5/3. Thus for i = 0 and ¢ > 1 the
polynomial gg(z,y) is absolutely irreducible over Fs.

If ¢ = 1 the possible ¢ for which the latter equation is not positive are those
solutions of the equation:

P41+ —3=—P4+40—-3=0.

The possible solutions are £ = 1 or £ = 3. Hence, we conclude that except for
k=6 (i=1and £ =3)and k = 2° (¢ = 1) the polynomial gi(x,y) is absolutely
irreducible over Fs. O
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8 Case gi(z,y) not irreducible over F

Suppose gx = f1 - f is the factorization into irreducible factors over Fy. Let
fi = fja1-+ fjn,; be the factorization of f; into n; absolutely irreducible factors.
Each f; s has degree deg(f;)/n;.

Lemma 8.1. If P is a point of type 111 then one of the following holds:

1. mp(fjs) =0 forall j € {1,...,r} and s € {1,...,n;} except for a pair
(jl; 81) with mp(fjlysl) = 2",
2. mp(fjs) =0 forallje{l,...,r} and s € {1,...,n;} except for two pair
(J1,s1) and (j2,s2) with mp(fj, s,) =1 and mp(fj,,s,) = 2" — 1.
Proof. This is a consequence of Lemma [L.1] and Lemma A3l Consider u = f4 5
and v = H#ms#b fj,s from Lemma B3] we know that mp(f,) is either 0 or 1
or 28 — 1 or 2% (resp my(v) is either 2° or 2 — 1 or 1 or 0). But this is true for
any pair (a, b).
Clearly no two components f,, and fq/ 1y has multiplicity greater than or

equal to 2¢ — 1 because the total multiplicity mp(gx) = 2°. And there are
no two components f,; and f,p with multiplicity equal to 1, because then

u = fopfarpy has L two times in the tangent cone and v = g/u has L2 in the
tangent cone which is impossible. Hence the only possibilities are:
(i) There exists (a,b) with mp(fa5) = 2%, and mp(f;s) = 0 for (j,s) # (a,b).

(ii) There exist (a,b) and (a/,b") with mp(fap) =1 and mp(forp) = 20 — 1,
and mp(fj.s) = 0 for (j,s) # (a,b) , (j,s) # (a/, V).
O

Lemma 8.2. If P is a point of type I, then for any two components fqp and
fa/,b' we have that I(P, fa,b; fa/,b’> = mp(fayb)mp(falﬁb/).

Proof. From Lemma the tangent cones of f,; and fo/y has no common
factors. O

Lemma 8.3. If P is a point of type I1, then for any two components fq, 1, and
farpr we have that I(P, fob, forpr) = 0.

Proof. Consider u = f, and v = gp/u. From Lemma we know that
I(P,u, 1)) =0= Z(j,s)#(a,b) I(P,u, fj,s); then I(P, fa,b; fa/,b’) =0. O

Lemma 8.4. Let P is a point of type 111 and gi(x,y) = H;Zl [152, fjs- The
intersection multiplicity 1(P, fa.b, farbr) of any two components fqp and for p s
either 0 or 2¢.

Proof. Consider u = f, and v = gp/u. From Lemma we know that
either I(P,u,v) = 0 = 32 o 2ap) [(P2u, fjs), then I(P, fap, farrr) = 0 or
I(Pu,v) =2 = 320 o 2(ap) L (P 0, fjs) using Lemma B.1] we have that there
exits (a’, b/) with I(P, fa,b7 fa’,b/) = 2" O
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We need some more technical results for the main theorem, which give us
some upper bounds.

Lemma 8.5.

(i) If gk(x,y) does not have an absolutely irreducible factor over Fo, then,

> deg(f;)*/n; < deg(gr)®/2. (11)

=
(it)
Z Z Z I(P, fji, fis) + Z Z Z I(P, fjis fi,s)

j=11<i<s<nj; PeSing(gx) 1<j<I<r 1<i<n; P€Sing(gx)
P#(1,1) 1<s<n; P#£(1,1)

<20 —-1)(0—2)
(iii)
Z Z I(P, fji, fis) + Z Z Z I(P, fi, f1,5))

<i<s<n; P=(1,1) 1<j<I<r 1<i<n; P=(1,1)
1<s<my

< (271 —1)(28 - 3)
Proof. (i)

> o deg(f;)?/ny <Y deg(f;)?/2 = 1/2(deg(f1)*+ - +deg(f;)?) < 1/2deg(gr)?

j=1 j=1

(ii) From Lemmal83we know that if P is a point of type II then I(P, £, fi.s) =
0 for every j,l € {1,...,7} and 1 <i <mn;,1 <s <n;. From Lemma B4
we now that for each point P of type III there is at most two components
fap and forp for which I(P, fop, fary) = 2° and zero otherwise. Taking
into account that there are (¢ — 1)(¢ — 2) points of type III we get the
result.

(iii) From Lemma we have that if P is a point of type I, then for any two
components fo, and for pr we have I(P, fo, farpr) = mp(fap)mp(for )
Hence we have to prove the following,

ST me(fromefis)+ Y. Y mp(fiome(fis)

j=11<i<s<n; 1<j<i<r 1<i<n;
1<s<n;

< (27t -1)(2" - 3).
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Notice that the left hand side is a maximum when mp(f; ) = 1 for every
jed{l,...,r} ,s€{1,...,n;}. The latter equation is

Z Z mp f]lmp fJS Z Z mp f]z mP(st)

7=11<i<s<n; 1<5<i<r 1<i<n;
1<s<n;
<> > 1 > X
j=11<i<s<n; 1<j<I<r 1<i<n;
1<s<n;
2t — 2 .
(757 —@ e -np-e e -,

Finally, here is our main result.

Theorem 8.6. gi(z,y) always has an absolutely irreducible factor over Fs.

Proof. We apply Bezout’s Theorem one more time to the product

f1f2 .- -fr = (fl,l e fl,nl)(fZ,l e fZ,ng) ce. (fr,l .- -fr,nqn)'
The sum of the intersection multiplicities can be written

Z Z Z I(P, fji, fis) + Z Z Z I(P, fjs fi,s)

j=11<i<s<n; P€Sing(gx) 1<j<iI<r 1<i<n; PeSing(gx)
1<s<my

where the first term is for factors within each f;, and the second term is for cross
factors between f; and f;. Using Lemma [85] part (ii) and (iii), the previous
sums can be bounded by

<27 —1)(2"=3) +21(1 - 1)(1 - 2). (12)
On the other hand, the right-hand side of Bezout’s Theorem is

Z > deg(fia)deg(fis)+ Y. > deg(fji)deg(fie).  (13)

j=11<i<s<n; 1<5<I<r 1<i<n;
1<s<my

Since each f; ¢ has the same degree for all s, the first term is equal to

2 deg(fy)* njzn_l - %Zdeg(fj)2 - 52%&.
’ J

j=1 j=1 j=1
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Note that

(deg(ge))? = (Zdeg(fj))
= Zdeg(fj)2+2< Z deg(fj)deg(fl))

j=1 1<j<i<r

_ ideggj)uz > (ideg(fj,s)> (ideg(fm)

1<j<i<r “s=1

= Zdeg fj + 2 Z Z deg sz deg(flS)

1<j<i<r 1<i<n;
1<s<n;

Substituting both of these into (I3)) shows that ([I3]) is equal to

3 (deetan? - 3 LD, (1)

.
j=1 J

Using () we get

5 (deaton - Y0 SELL Y o 2 (deg(? - deston?/2) = dea(an)? /4. (1)

.
j=1 J

Comparing ([I5) and ([I2), so far we have shown that Bezout’s Theorem
implies the following inequality:

deg(ge)2/4 < (271 = 1)(2' = 8) + 2 — 1)(¢ - 2).
Let us now show that the opposite is true, to get a contradiction. Suppose
deg(gr)?/4> (21 = 1)(2" = 3) +2(( — 1) (£ — 2).
Then
(2%722 — 20 +1) > (2071 — 1)(2° — 3) + 2°(£2 — 30 + 2).
2%72(02 —2) > 2% — 2270 — 271,

227202 —2) > 29(4% — 20+ 1) — 3271,

2272 - 2) > 2" (0 - 1)* =327
If £ > 1: the latter equation is equivalent to 2¢=2 > gﬁQ 1)2) ﬁ One can

easily see that for £ > 1 we have that ((—1)? < (¢2—2). Thus, gﬁQ 1)2) Q(EQ—PLQ) <
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1 and 272 > 1 iff i > 2. Only left to study cases ¢ = 1. If i = 1 we apply
Theorem [6.11

If ¢ =1: —2%72 > 3201 & 2172 < 3/2. For i > 3 this is clearly not true.

So the only doubts arise for i = 1,2. If i =1, 1/2 < 3/2, and if i =2 1 < 3/2,
therefore when ¢/ = 1 and 7 > 1 we do not have a contradiction.

O
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