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Abstract

In this paper, a family of six-weight cyclic codes over F,, whose duals have three
zeros is presented, where p is an odd prime. And the weight distribution of these cyclic
codes is determined.
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1 INTRODUCTION

Throughout this paper, let m > 3 be an odd integer and k be a positive integer such
that ged(m, k) = 1. Let p be an odd prime and 7 be a primitive element of the finite
field IFpm.

An [n,l,d] linear code C over F, is an [-dimensional subspace of F}; with minimum
distance d. Let A; denote the number of codewords with Hamming weight ¢ in C of
length n. The weight enumerator of C is defined by 1+ A;Z + Ay Z? +---+ A, Z". The
sequence (1, A7, Aa, ..., A,) is called the weight distribution of the code C. And C is
called cyclic if (¢o,c1,...,¢n—1) € C implies (¢,,—1, Co, - - -, Cn—2) € C. By identifying any
vector (co,c1,...,cn—1) € Fy with co+crz+-- “+ep_12" 7t € Fplz]/(z™ — 1), any cyclic
code corresponds to an ideal of the polynomial residue class ring Fp[z]/(z™ — 1). Since
Fplz]/(z™ — 1) is a principal ideal ring, every cyclic code corresponds to a principal
ideal (g(z)) of the multiples of a polynomial g(z) which is the monic polynomial of
lowest degree in the ideal. This polynomial g(z) is called the generator polynomial, and
h(z) = (z™ — 1)/g(x) is referred to as the parity-check polynomial of the code C. A
cyclic code is called irreducible if its parity-check polynomial is irreducible over F, and
reducible, otherwise.

Clearly, the weight distribution gives the minimum distance of the code, and thus the

error capability. In addition, the weight distribution of a code allows the computation
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of the error probability of error detection and correction with respect to some error
detection and error correction algorithms. Thus the study of the weight distribution of
a linear code is important in both theory and applications. For cyclic codes, the error
correcting capability may not be as good as some other linear codes in general. However,
cyclic codes have wide applications in storage and communication systems because they
have efficient encoding and decoding algorithms. So the weight distributions of cyclic
codes have been interesting subjects of study for many years and are very hard problem
in general.

For information on the weight distribution of irreducible cyclic codes, the reader is
referred to [IL215L6]. Information on the weight distributions of reducible cyclic codes
could be found in [THITI[I3HIR]. For the duals of the known cyclic codes whose weight
distributions were determined, most of them have at most two zeros, only a few of them
have three or more zeros.

The objective of this paper is to determine the weight distribution of a class of
six-weight cyclic codes whose duals have three zeros.

This paper is organized as follows. Section 2 presents some necessary results on
quadratic forms which will be needed. Section 3 defines the family of cyclic codes and

determines their weight distributions.

2 QUADRATIC FORMS OVER FINITE FIELDS

In this section, we give a brief introduction to the theory of quadratic forms over finite
fields which will be needed to calculate the weight distribution of the cyclic codes in
the next section. Quadratic forms have been well studied (see [12] and the references

therein), and have application in design and coding theory.

Definition 2.1 Letx =" z;6; where z; € Fp, and {e1,€1,...,6m} is a basis for F
over By, The a function Q(z) from F' to ) is a quadratic form over ¥y if it can be
represented as
m
Q) =Q(D me) = Y ajwaj,
i=1 1<i<j<m

where a;; € Fp.

The rank of the quadratic form Q(z) is defined as the codimension of the Fp-vector
space V = {z € F'|Q(z + 2) — Q(z) — Q(2) =0 for all v € F}'}.

For a quadratic form F(z), there exists a symmetric matrix A of order m over
F, such that F(z) = XAX', where X = (21,22,...,2m) € F;' and X’ denotes the
transpose of X. Then there exists a nonsingular matrix H of order m over I, such that
MAM' is a diagonal matrix ( [12]). Under the nonsingular linear substitution X = ZH
with Z = (21,22, ..., 2m) € Fy', then F(z) = ZMAM'Z' = }7"_, d;z}, where r is the
rank of F'(z) and d; € Fy. Let A = didy---d, (we assume A = 0 when r = 0). Then
the Legendre symbol (%) is an invariant of A under the action of H € GL,,(F,). The

following results is useful in the next section.



Lemma 2.2 ( [12]) With the notations as above, we have

(mod 4),

(S)pm~E, p=1
F(z) _ D
2 G (£) 5, p=3 (mod 4),

z€F,m
for any quadratic form F(z) in m variables of rank r over F,, where , is a primitive

p-th root of unity.

Lemma 2.3 Let F(z) be a quadratic form in m variables of rank r over F, then

yF(z) _ +(p—1)p""2, 7 even,
Cp

yEF: 2€F,m 0, otherwise.

The proof is similar to the proof of Lemma 2.2 in [I7], so we omit the details.
For any fixed (u,v) € F2m, Quo(zx) = Tr(uz?+ va?" 1), where Tr is the trace map

from Fpm to F,. Moreover, we have the following result.

Lemma 2.4 ( [9]) For any (u,v) € F2.\{(0,0)}, Qu. () is a quadratic form over F,,

with rank m, m — 1, m — 2.

3 THE CLASS OF SIX-WEIGHT CYCLIC CODES AND THEIR WEIGHT
DISTRIBUTION

We follow the notations fixed in Section 1. In this section, we first introduce the family
of cyclic codes to be studied. Let ho(z), hi(z) and ha(z) be the minimal polynomials
of 71, (—m)~! and 7~ ®*+1)/2 gver F,, respectively. It is easy to check that ho(x),
hi(z) and ha(z) are polynomials of degree m and are pairwise distinct. Define h(x) =
ho(2)hi (x)he(z). Then h(x) has degree 3m and is a factor of xP" ~1 — 1.

Let C(p,m,k) be the cyclic code with parity-check polynomial i(z). Then C(, 1) has

length p™ — 1 and dimension 3m. Moreover, it can be expressed as

Cip,m.k) = {Cabye) 2 @b, ¢ € Fpm },

where
C(a,b,c) = (Tr(aﬂ't +b(—m)t + cw(PkJrl)t/?))f_oﬂ.

Let h'(z) = hi(2)he(x) and Cf

W(xz). Then C, . ;) is a subcode of C(;, k) With dimension 2m. Zhengchun Zhou and

— be the cyclic code with parity-check polynomial
Cunsheng Ding [17] proved that Cép,m, ) have three nonzero weights and determined its
weight distribution. In this paper, we will show that C(, 1) have six nonzero weights
and determine the weight distribution of this class of cyclic codes C(p . k)-

From now on, we always assume that X is a fixed nonsquare in IF,,. Since m is odd,
it is also a nonsquare in F,m. Then if SQ denotes the set of all nonzero square elements
of Fpm, Az runs through all nonsquares of F,m as x runs through SQ. In addition, we

have the following result.



Lemma 3.1 ( [17]) AOP/2 = X if k is even, and \17")/2 = _\ otherwise.

In terms of exponential sums, the weight of the codeword ¢4,y = (co,c1,- .., Cpm_2)

in C(p,m,k) is given by

W(ewno) = #{0 St <p” ~2:00 0}

SRR YO 0

t=0 yeF,

p—2

riam s Cﬂ'( +1)P/2
=pm _1__ZZ<74T( b4 (—m) +en'? )

ptOyG]F

(p™-3)/

r((a a2ty en( e r((a—b)r 2 4er
_p _1__2 Z (CgT ((a+b) +ern'? )+<3T ((a—0) +

ye]F t=0

ki
. m yTr((a+b w+cw(pk+1)/2 Tr((a—b)rz+c(mx 2
=p _1_1_?22((;/ ((a+b) )_|_é/ ((a—b) ( )2))
yeF, x€SQ

m 1 r((a mcz(k+1)/2 r((a—b)Ax+c z&
=p _1__2 Z (CgT((ﬂLb)ﬂL b )+<3T(( b)Azte(Ax) 2 ))

p yeF, x€SQ
_p _1- = E E yTT ((a+b)z 21 cxP +1 _|_ CyTT((a b) Az +c)\ pk+1))
yE]Fp xeF* m
:pm E E yTT ((a+b)z 24 caxP +1) _|_<yTT((a b) Ax2 +c)\
ye]F* z€F,m

It then follows from Lemma Bl that W(c(qp,)) = p™ —p™ ! — %S(a, b,c) when k is

even, where

r((atb)z?+ex? +1 r((a—b)Az2+cAa?” T
S(a,b,c) = Z Z (CgT ((a+b)z2+ )+<3T ((a—b)Az2+eX )7 (1)
y€F; z€F,m

and W(c(a,p,e)) = p™ —p™ " — %T(a, b, c) when k is odd, where
r((a z? cmpk+1 r((a—b) Az —c mp’“rl
T(a,b,c) = Z Z (CgT ((a+b)z+ )+CgT ((a=b)A A ). (2)
yEFy z€Fym

Based on the discussions above, the weight distribution of the code C(, ,,, 1) is completely
determined by the value distribution of S(a,b,¢) and T'(a,b,c). Before doing this, we

first give a notation. For any (u,v) € Fn,

=3 X ge a3 3 gt 3)

yE]F* Tz€F,m uE]F* z€F,m

The following lemmas are very important to establish the value distribution of S(a, b, ¢)
and T'(a, b, c).

k
S (2t+1)))

p"+1))



Lemma 3.2 Let D(u,v) be defined by (3).

O

Proof. By Eq. (),

D(u,0) = Z Z (yQuo@ — Z Z Cgmumz)'

yEFS z€F,m yEFS z€F,m

Then D(0,0) = (p — 1)p™. If u # 0, Quo(x) = Tr(uz?) is a quadratic form of rank m
over F,. So D(u,0) =0 by Lemma 23 W

Lemma 3.3 Let D(u,v) be defined by (3). Then for any fived v € Fym, as u runs
through Fpm , the value distribution of D(u,v) is given by Table 1.

Table 1: Value distribution of D(u,v) for fixed v € Fym

Value Frequency
0 pm _ pm—l
(p—1p™F Ll 4pTT)
—(p— l)p% %(pm_l — pwgl)

Proof. As in Eq. (@),

D(u,v) = Z Z CgQ“*“(w).

yE]F;*7 Tz€F,m
Then for any v € Fm, by Lemma 23lthe values of D(u,v) takes on only the values
from the set {0, £(p — l)meﬂ}. To determine the distribution of D(u,v) for any fixed
v € F., we define

m—+41

ne=#{u € Fpm : D(u,v) =€e(p—1)p~2 },

where € = 0, 1. Then we have

> D(u,v) = (m —n1)(p—1)p" (4)
u€F,m
and
Z D?*(u,v) = (n1 +n_1)(p— 1)*p™*". (5)
u€F,m

On the other hand, it follows from (3] that

Z D(u,v) = Z Z Z C‘gT’r‘(u12+vak+1)

’U,E]Fpm ’U,E]Fpm yE]F; IE]Fpm
_ E: E' CyTT(vmpk“) E CyTT(uzz) (6)
- D D
ye]F;; z€F,m u€F,m
_ m
=(@-1p



and

Z D?(u,v)

uE]Fpm
- Z Z Z leT(uzlJrva +1 Z Z sz’I"(’U.£E2+’U:EP Jr1))
u€F,m y1€]F z1EFpym y2€]F T2 €F,m

— Z Z Z CTr(u(ylzlerzmz)nLv(ylmp +1+y o +1))

u€lFpm (y1,y2)€F}? (21,22)€F2m

7‘ u xT T v mp ki p kg
(p_ 1)pm + Z Z Z C}D (y1 1+1}2 2)+ (y1 +y2x ))

u€F,m (y1 ,yg)E]F;;2 (z1 ,mz)EIF;gn

(v -/E xT +1 r(u xr x
=p-p"+ Y > Trvmet et ) o gt

(yl,yz)EF;2 (11,12)6]1“;72% UE]F m
pF41
_ (p _ 1)pm + E E Tr(v(ylzl *.7!21 E CTT “(ylml y2m2))
- p
(Y1,y2)€F;? (21,22)EF3T, u€lFym

ki P +1))

1
—Y2Zy

PISVIEVED DD DI DA

tQESq y2€]F mlG]prn
Y1 :y2t2 m%:w?ﬁ

m TT (v(y2t3zh +1—y2tpk+11pk+l))
e Y Y Y 2

t2€S8q y2€F; 21 EFym

={@-1p"+ 2pmp%1(p -HE™-1)

(7)

where in the sixth identity we use Sq to denote the set of square elements in F) and
in the eighth identity we used the fact that "1 = ¢t since t € F,. Combining Egs.

@)-(@), we get

1 ma
n=-@" ' +p ),

2

1 _ m—1
no1 =5 (" T—p)

Then we have ng =p™ —ny —n_, =p™ —p" . A
The value distribution of S(a,b, c) will be determined in the following.

Lemma 3.4 Let k be even and S(a,b,c) be defined by (), then for any (a b c) eFn,
S(a,b,c) takes values from the set {0,(p — 1)p™,2(p — D)p™,£(p — 1)p 2 ,£2(p —
Dp™s"}

Proof. Following the notation above, we have S(a,b,c¢) = D(a + b,¢) + D(a — b,¢).
Case I. In the case of a = b = ¢ =0, D(a + b,¢) = D(a — b,c) = (p— 1)p™, so
S(a,b,c) =2(p—1)p™




Case II. In the case of c=0,a = —b# 0 or ¢ = 0,a = b # 0, exactly one of Q(a +b,c)
and Q(a — b,¢) has rank m, the other has rank 0. Then by Lemma [2Z3] we have
S(a,b,c) = (p—1)p™

Case II1. In the case of ¢ # 0,a+b # 0,a—b # 0, again by Lemma23] S(a, b, ¢) # 0 only
if Q(a+b,c¢) or Q(a—b,c) has even rank. Thus S(a,b,c) = +(p—1)p™s" if Q(a+b,c)
has rank m or m — 2 and Q(a — b, ¢) has rank m — 1 or Q(a — b, ¢) has rank m or m — 2
and Q(a+b,c) has rank m—1. S(a,b,c) = £2(p— 1)me+1 if Q(a+b,c) has rank m —1
and Q(a — b, ¢) has rank m — 1. And otherwise S(a,b,c) = 0. This completes the proof.
|

Theorem 3.5 Let k be even and S(a,b,c) be defined by (). Then as (a,b,c) runs
through F3..., the value distribution of S(a,b,c) is given by Table 2.

Table 2: Value Distribution of S(a,b,c)

Value Frequency
2(p — 1)p™ 1
(p—=1)p" 2(p™ — 1)

m+l B - et
P —1)p (" = D" —pm " +p )
—p—Dp™ 1 — ) — )
2(]? _ 1)pm;r1 %(pm _ 1)(pm_1 _’_pm;1 )2

m - m—1

“2p = PTG - D =)
0 (P — 1) (p*™ + Sp2m=1) —gp2m—t g pm  Lym—l )

Proof. The distribution of S(a,b,c) = (p — 1)p™ or 2(p — 1)p™ can be easily obtained
by Lemma 3.4l To determine the distribution of the other values, we define

m+1

N. = #{(a,b,c) € thl : S(a,b,c) =€(p—1)p—2

}

where e = 0, &1, £2. Then we have

Ny = #{(a,b,¢) € F3,, : S(a,b,¢) = D(a +b,c) + D(a — b,¢) = (p— 1)p“*" }
= #{(u1,u2,¢) € 3 : D(ur,¢) + D(uz,c) = (p— 1)p“" }
= #{(u1,us € F2,.,, ¢ € B : D(ur,¢) + D(uz,c) = (p— 1)p™7
#{(u1,u € F2, : D(u1,0) + D(us,0) = (p— 1)p”>" }
= #{(u1,uz € F2,,, ¢ € Fru : D(uy,¢) + D(uz,¢) = (p — 1)p ’“2“}
= #{(

U1, Uz E]F?)m,7C€F;7n : D(uy,¢) =0, D(ug,c) = (p—1)p° }+
#{(u1,uz € Fj, ¢ € Fp : D(wr,€) = (p— 1)p™2, D{uz, c) = 0}
= 2nony1(p™ — 1)




where the second part of the third identity is 0 by Lemma and the sixth identity is
obtained by Lemma [3.31

Similarly, we get

Ny =2non_1(p" = 1) =" =" —p™ " ' -p 7 ),
1 _ m—1
Ny =ni(p™ = 1) = (" =)™ +p 7 ),
1 B m—1
Nop=ni(p" —1) = 200" =" =p 7 )
and
No=p*"—1-2(p™ —-1)—=N;—N_; —No—N_,
3 1
— (pm 1)(p2m + §p2(m71) 2p2m 1 +pm 5pfnfl 1)
[ |

Remark. Following the notations above, we have T'(a, b, ¢) = D(a+b, c)+D(a—b, —c).
It can be shown that the value distribution of T'(a, b, ¢) in the case of k is odd is the
same as the value distribution of S(a, b, ¢) in the case of k is even.

The following is the main result of this paper.

Theorem 3.6 C, , 1) s a cyclic code over F), with parameters [p™—1,3m, p;lem_l].

Furthermore, the weight distribution of C(p m k) is given by Table 3.

Table 3: Weight Distribution of C(, n x)

Weight Frequency

0 1

plpm-1 2(p™ — 1)

e (epmt —ptT) (- D) - pm e+ p )

e (2pml 4 p"T) (- L - pm (T -

(p— D™ —p 7)) Lpm - 4p™T)?

(p-DE™ ' +p ) Lpm-nErt-ptT)?

(p— Lp™t (P — 1) (p*™ + Sp2m=1) —gp2m—t g pm  Lym—l )

Proof. The length and dimension of C, ., x) follow directly from its definition. The
minimal weight and weight distribution of C;, , 1) follow from Eqgs. () and (2]), Theo-
rem and the Remark above. ll

Example 3.7 Let p =3, m = 3 and k = 1. The the code C(3 31y is a [26,9,9] cyclic
code over F3 with weight enumerator

1+ 5227 + 936212 + 56162 + 100362'® + 2808221 + 234224,

which confirms the weight distribution in Table 3.



Example 3.8 Letp =3, m =5 and k = 2. The the code C(3 5 1) is a [242, 15, 81] cyclic

code over F3 with weight enumerator
1+ 48428 4+ 49005024 + 38283602153 4 71936922152 + 28226882171 + 313632215,

which confirms the weight distribution in Table 3.

Example 3.9 Let p =3, m =7 and k = 2. The the code C(37.2) is a [2186,21,729]
cyclic code over Fs with weight enumerator

1443722729 + 312344424210 + 2409514128213 + 52317669162'45% + 22374059762145°
+ 26931738621°12,

which confirms the weight distribution in Table 3.
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