N
N

N

HAL

open science

Lower bound of the covering radius of binary irreducible
Goppa codes

Sergey Bezzateev, Natalia Shekhunova

» To cite this version:

Sergey Bezzateev, Natalia Shekhunova. Lower bound of the covering radius of binary irreducible
Goppa codes. WCC2015 - 9th International Workshop on Coding and Cryptography 2015, Anne

Canteaut, Gaétan Leurent, Maria Naya-Plasencia, Apr 2015, Paris, France. hal-01276223

HAL Id: hal-01276223
https://inria.hal.science/hal-01276223
Submitted on 19 Feb 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01276223
https://hal.archives-ouvertes.fr

Lower Bound of the Covering Radius of Binary
Irreducible Goppa Codes

Sergey Bezzateev and Natalia Shekhunova

Saint Petersburg State University of Aerospace Instrumentation, Russia
bsvQaanet.ru, sna@delfa.net *

Abstract. The lower bound of the covering radius of binary irreducible
Goppa codes is obtained.

1 Introduction

The covering radius of a linear code C with a length n is defined as the least
integer R(C') such that for any vector x of an n- dimensional space that does not
belong to code C, a codeword c € C' is found that is located at a distance not
exceeding R(C). It follows from this definition that the covering radius R(C') of
the binary linear code C' can be written as:

R(C) = max {min{wt(x®c),c € C},x € Z3}.

It is known that the problem of finding the covering radius for different classes
of block codes remains topical for a long time because it presents one of the
versions of the classical problem of discrete mathematics: the covering of n -
dimensional vector space with the least number of spheres of radius R(C) in
Hamming metric so that every vector of the space belongs at least to one of the
spheres. The upper and lower bounds of the covering radius for many classes of
block codes were obtained and discussed in papers [1-6].

This paper presents the lower bound of the covering radius of binary irre-
ducible Goppa codes.

Let us consider some definitions that we will use to prove the main result of
this paper.

It is well-known that binary Goppa codes can be defined [7] by a Goppa
polynomial G(z) € Fam[z],deg G(z) = ¢ and set of numerators of codeword
positions

L={o,a9,...,0n,a; € GF(2™),G(a;) # 0}.

Definition 1. [8] A binary vector a = (aiaz . ..ay,) is a codeword of I'(L,G)-
code if the following congruence is satisfied

- 1
Zai =0 mod G(x).
i=1

T — &
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Definition 2. [8] The Goppa code is called a separable code if its Goppa poly-
nomial G(x) has no multiple roots.

Definition 3. [8] The separable (L, G) - code with L C GF(2™) and deg G(x) = t
is called a reducible one if all t roots of a polynomial G(x) belong to GF(2™).
The length of the code is equal to n = 2™ —t.

Definition 4. [8] The (L,G) - code is called an irreducible one if the Goppa
polynomial G(x) is irreducible over GF(2™). The length of this code is equal to
n=2".

The known results on the covering radius of different classes of codes were ex-
tended in paper [9] and the upper bound of the covering radius of the irreducible
Goppa codes was presented:

4t+2
R(C) < 2t 41, if 2™ > 4(t — 1)*+2 2 | "

1
1+ 1*@

O.Moreno [10] in 1981 proved that, when m is odd, the irreducible binary
Goppa codes with parameters (2™,2™ — 2m, 5) are quasi-perfect and hence the
covering radius is equal to 3. Later G.L.Feng and K.K.Tzeng [11] showed that
when m is even the covering radius is 4.

In general case the lower bound of the covering radius of Goppa codes is
known for reducible separable Goppa codes only. It was proved by A. Tietavainen
[12]. He used the ”Supercode Lemma” for the proof of the lower bound of the
covering radius of reducible separable Goppa codes.

Lemma 1. (The Supercode Lemma from [1,15]) Let C1 and Cs be linear codes
and Cy C Cy. Then

R(Ol) > min {wt(x),x c (y \ Cl} = d(c’z),

where d(C3) is the minimum distance of the code Csy.

It is obvious that for the reducible Goppa code C; with

Gl(x) = H(I - aji)’Ll = GF(2m) \ {ajl’aj23 .- -aajt}7

for example, Goppa code Cy with

t—1

Ga(w) = [z — ), Lo = Ly

i=1

can be chosen as a supercode. It means that in this case

R(C) = d(Co) > 2(t—1)+1 =2t 1.



However, for the irreducible Goppa code C; with the Goppa polynomial G, (z) €
Fom[z] and L = GF(2™) the supercode Cy with Ga(z) = C;L(;), G1(B8) = 0,
B € GF(2™), L = GF(2™) is the same as the code C1, and hence it is impossible
to use Lemma 1.

Therefore, ”The Supercode Lemma” cannot be used for constructing the
lower bound of the covering radius of irreducible Goppa codes. In general case
for any binary code, a lower bound to the covering radius of the code is R(C),
given by sphere-covering bound :

R(C)—1

> (7;) + 70 (R?C)) — 9" where 0 < 7o < 1. 2)

=0

As far as we know, the nontrivial lower bound of the covering radius of
irreducible Goppa codes has not been presented. The exhaustive algorithm for
determining the coset leader weight distribution was presented in [14] and some
results on covering radius for irreducible binary Goppa codes with lengths 32, 64
and 128 were obtained.

Below, we will prove that the lower bound of the covering radius of all binary
irreducible Goppa codes of dimension k = 2™ — mt,t = deg G(x),L = GF(2™)
is defined by the following relation

R(C) > 2t — 1. (3)

In Section 3 we compare new bound (3) for covering radius and results ob-
tained in [14].

2 Main result

We will use the results from [15,16] for the proof of the lower bound of the
covering radius of all binary irreducible Goppa codes.

Let us consider a binary irreducible Goppa code C' of the length n = 2" and
dimension k = n—mt, with the Goppa polynomial G(z) € IFom[z],deg G(z) = ¢,
and L = GF(2™).

Proposition 1. (Lemma 2 from [16]) For every syndrome Sj(z) = 3 ej, —— mod G(x)
i=1 ‘

¢ (@)

of a binary irreducible Goppa code C' there exists its rational fraction e such
that )
Pj ()
= Si(x) mod G(x), 4
2y = 5i(@) mod G (1)

where p;(x) is a separable polynomial with coefficients from GF(2™),
degpj(z) <t, cp;(x) is a formal derivative of the polynomial ¢;(z).
e = (e1ez...ey) is an error vector, wt(e) < R(C).



Theorem 1. [8§]
The number of normalized polynomials of the degree £ irreducible over the
field GF'(2™) is determined by the value

1
Iom (£) = 7 Zﬂ(dﬂm% ;
dle

where p(d) is the Mébius function:
1ifd=1;
p(d) = ¢ (—=1)" if d is a product of r different prime numbers;
0 in all other cases.

Lemma 2. [17]
The number of unitary separable polynomials of degree £ > 1 with coefficients
from the field GF(2™) is M§,, = 2m¢ — 2m(=1),

The number of different nonzero syndromes S;(z) is defined by the value
2™ — 1 and the number of different separable polynomials ¢;(z) corresponding
to these syndromes (4) is defined by M — 1 = 2™ — 1. Where M is the number
of all separable polynomials from Fgm [2] of degree less or equal t [15,16] :

M=M +My+...+ M =2m,
My =2™,
where M is the number of reducible separable polynomials
of the first degree,
My = My + My = M2, = 22m —2m,
where M is the number of reducible separable polynomials
of the second degree,
M, is the number of irreducible over GF(2™) polynomials
of the second degree,
22m_gm (5)

MQZ (g ) :22m_1—2m_17ﬁ2:Igm(2>:T,

My = M + M, = M}, = 2!m — 20=1)m,

where M, is the number of reducible separable polynomials
of degree t,

M, is the number of irreducible over GF (2™) polynomials
of degree t,

M, = Ipm (t), My = Mk, — M, = 2tm — 20=Dm _ [, (4),

Let us denote by T; the number of different coset leaders of weight i of the
code C'. Tt is known that the following relations:

R(C

)
To=1T1=n=2"T, = <;L> T = (7;) , Z T, :2n—k
=0

are fulfilled for the code C.



Theorem 2. For the binary irreducible Goppa code C of dimension k = 2™ —
t , Goppa polynomial G(x),deg G(x) = t and locator set L = GF(2™), the

minimum weight T of the coset leader e = (ejey...e,) corresponding to the
syndrome
B ¢ (z) ) ) ) .
S(x) = o) where (z) is the irreducible polynomial of the second degree,
p(x

satisfies the relation
T>2t—1.

Proof. Let us consider the syndromes S(x) satisfying the following relation:

w(z)

28) = §(z) mod G(x), 6)
(x) is the irreducible polynomial, deg ¢(x) = 2.

Let the error vector e = (e1es...e,) be a coset leader of the code C' corre-
sponding to syndrome S(z) that satisfies relation(6).
=25 mod G(z), wi(e) = 7 < R(C),

S(x) = Z:: o ()
o(e) = T] (¢ - ay), dego(s) = 7
;20

€;
Zm a;

Then , )
o (@)el@) +& @ole) _ o
o(z)e(x)
Since the formal derivative is in the numerator, the relation can be rewritten as

o (@)p(a)te (@)o(x) _ wilz) _
o (@)p(@) (0 =0 mod G(x),

=
Y(@) = o(@)p(x),w? (@) =¥ (@).
degw(z) > t and, therefore degt) (z) > 2t, degv)(z) > degd) (z) +1 = 2t + 1.

So, 7 = dego(z) = deg(z) — degp(x) > 2t — 1.

Remark 1. According to (5), there exist only M, = 5 27 different syndromes

S(x) satisfying relation (6).

Corollary 1. The lower bound of the covering radius R(C) of the binary irre-
ducible Goppa code C of dimension k = 2™ —mt with G(z) € IFam|[z], deg G(x) =
t and L = GF(2™) is defined by the inequality

R(C)>7>2t—1.

Corollary 2. The lower bound of the number of coset leaders of the code C,
with the weight not less than 2t — 1 is defined by the number My of different
syndromes S(x) satisfying relation (6):

Z T, > My =

1=2t—1

22m 2m



3 Examples

As examples we present Table 1 and Table 2 showing the values of the covering
radius results for irreducible binary Goppa codes that were obtained in [14] by
using algorithm to evaluate the coset leader weight distribution, sphere-covering
bound (2) and new lower bound of covering radius (3) for some binary codes
described in [14].

Table 1. The covering radius of (32, k) irreducible binary Goppa codes.

Goppa code (n,k,d) [(32,22,5)|(32,17,7)[(32,11,9)|(32,6,11)

covering radius [14] 3 6 8 12

new lower bound (3) 3 5 7 9
sphere-covering bound (2) 3 4 6 7

Table 2. The covering radius of (64, k) and (128, 93) irreducible binary Goppa codes.

Goppa code (n, k,d) | (64,52,5)](64,46,7)[(64,40,9)[(64,34,11)](64,28,13)[(128,93,11)

covering radius [14] 4 5 7 9 12 9

new lower bound (3) 3 5 7 9 11 9
sphere-covering bound (2) 3 4 6 8 10 7

4 Conclusion

The lower bound of the covering radius of binary irreducible Goppa codes with
the Goppa polynomial of degree t and L = GF(2™) is obtained:

R(C) > 7 > 2t — 1 if the code dimension is k = 2" — mit.

It should be mentioned that to establish the bound it was convenient to adopt
the method that we had used for designing the class of binary Goppa codes that
are perfect in the weighted Hamming metric [15, 16].
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