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Cyclotomic Construction of Strong External
Difference Families in Finite Fields ∗

Jiejing Wen, Minghui Yang, Fangwei Fu, Keqin Feng

Abstract Strong external difference family (SEDF) and its generalizations GSEDF,
BGSEDF in a finite abelian group G are combinatorial designs raised by Paterson and
Stinson [7] in 2016 and have applications in communication theory to construct optimal
strong algebraic manipulation detection codes. In this paper we firstly present some
general constructions of these combinatorial designs by using difference sets and partial
difference sets in G. Then, as applications of the general constructions, we construct
series of SEDF, GSEDF and BGSEDF in finite fields by using cyclotomic classes.
Key Words strong external difference family, difference set, partial difference set, cy-
clotomic class, cyclotomic number, finite field, strong algebraic manipulation detection
code

1 Introduction

Let (G,+) be an abelian group. For subsets D1 and D2 of G, |D1|, |D2| ≥ 1, we
define the multiset

△(D1, D2) = {a1 − a2 : a1 ∈ D1, a2 ∈ D2}

A subset D of G is called an (n, k, λ)-DS (difference set) in G if |G| = n, |D| = k and

∆(D,D) = k{0}+ λ(G− {0}) (1.1)

where we use the notation in group ring Z[G] to express the multisets in both sides of
(1.1). Namely, the equality (1.1) means that the multiplicity of any nonzero element
g ∈ G in ∆(D,D) is λ (and the multiplicity of zero in ∆(D,D) should be k = |D|).

Suppose that 0 /∈ D, D is called (n, k, λ, µ)-PDS (partial difference set) in G if

∆(D,D) = k{0}+ λD + µ(G−D − {0}) (1.2)
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Difference set and its generalizations are important objects in combinatorial design
theory. Some generalizations and variations come from their applications in other
areas, as statistics and digit communication. In this paper we focus on the following
variation raised in [7].

Definition 1.1 Let G be an abelian group, |G| = n, m ≥ 2, Ai (1 ≤ i ≤ m) be
subsets of G and |Ai| = k ≥ 1 (1 ≤ i ≤ m). The family {A1, . . . , Am} is called an
(n,m, k, λ)-SEDF (strong external difference family) in G if for each i, 1 ≤ i ≤ m,

m∑

j=1

j 6=i

∆(Ai, Aj) = λ(G− {0}) (1.3)

It is easy to see that the equality (1.3) implies that (m − 1)k2 = λ(n − 1) and
A1, . . . , Am should be pairwise disjoint. Particularly, {A1, A2} is an (n, 2, k, λ)-SEDF
in G if and only if |A1| = |A2| = k and ∆{A1, A2} = λ(G− {0}).

More general, a family {A1, . . . , Am} (Ai ⊆ G) is called an (n,m; k1, . . . , km;λ1, . . . , λm)-
GSEDF (generalized SEDF) in G if |Ai| = ki ≥ 1 (1 ≤ i ≤ m) and for each i,

m∑

j=1

j 6=i

∆(Ai, Aj) = λi(G− {0}) (1.4)

Let k = k1 + · · · + km. The equality (1.4) implies that ki(k − ki) = λi(n − 1)
(1 ≤ i ≤ m) and A1, . . . , Am should be pairwise disjoint.

Finally, even more general, {A1, . . . , Am} is called {n,m; k1, . . . , km;λ1, . . . , λm}-
BGSEDF (Bounded GSEDF), if |Ai| = ki ≥ 1 (1 ≤ i ≤ m) and for each i,

m∑

j=1

j 6=i

∆(Ai, Aj) ≤ λi(G− {0})

where for two elements α =
∑

g∈G ag{g} and β =
∑

g∈G bg{g} in group ring Z[G], α ≤ β
means that ag ≤ bg for each g ∈ G.

These combinatorial designs have applications in communication theory to con-
struct optimal strong algebraic manipulation detection (AMD) codes. Roughly speak-
ing, there are two types of optimal strong AMD codes: R-optimal andG-optimal, which
reach two kinds of lower bounds of maximum success probabilities respectively. From
(n,m; k1, . . . , km;λ1, . . . , λm)-GSEDF’s we can get R-optimal strong AMD codes ([7],
Theorem 4.10). If k1 = · · · = km = k and λ1 = · · · = λm = λ, then from (n,m; k, λ)-
SEDF’s we can get “k-uniform” R-optimal strong AMD codes. On the other hand,
G-optimal strong AMD codes are equivalent to (n,m; k1, . . . , km; 1, . . . , 1)-BGSEDF’s.
For the definition of strong AMD code and the relationship between strong ADM codes
and the designs GSEDF, BGSEDF we refer to [7].

2



In recent two years, several existence and non-existence results on (n,m; k, λ)-SEDF
have been proved [7,6,4,9]. For any abelian group G = {g1, . . . , gn}, we have trivial
SEDF {g1}, {g2},. . . , {gn} with parameters (n, n; 1, 1). From now on we concern on
nontrivial case. Several series of SEDF’s with m = 2 have been constructed ([7, 6, 4]).
On the other hand, Martin and Stinson [6] proved that there is no (nontrivial) SEDF
with m = 3, 4. More nonexistence results are given by Huczynska and Paterson [4] and
Bao et al. [2]. The open problem on existence of SEDF with m ≥ 3 is raised in [7] and
continuously asked in [6], [4] and [2] for m ≥ 5. Wen et al. [10] present an example
of (243, 11; 22, 20)-SEDF by using the cyclotomic classes of order 11 in finite field Fq

(q = 35 = 243). At this moment, the problem on existence of SEDF with m ≥ 5 and
m 6= 11 is still open.

The paper is organized as following. Firstly we show several general constructions
of SEDF and GSEDF in Section 2 by using DS and PDS. As applications of these
general results, we construct series of SEDF with m = 2, GSEDF and BGSEDF with
λ1 = · · · = λm = 1 in finite field Fq by using cyclotomic classes in Fq (Section 3). The
last section is conclusion.

2 General Constructions of SEDF and GSEDF

We start with a result in [7] which says that if A1, . . . , Am is a partition of a finite
abelian group G, then {A1, . . . , Am} is a GSEDF in G if and only if each Ai is a DS in
G.

Theoem 2.1 ([7], Theorem 2.4) Suppose that A1, . . . , Am (m ≥ 2) is a partition of
a finite abelian group (G,+). Then {A1, . . . , Am} is a GSEDF in G with parameters
(n,m; k1, . . . , km;λ1, . . . , λm) if and only if each Ai (1 ≤ i ≤ m) is a DS in G with
parameters (n, ki, ki − λi).

For each g ∈ G, {g} is trivial (n, 1, 0)-DS in G. From Theorem 2.1, we get
Corollary 2.2 Let A1, . . . , Am be pairwise disjoint subsets of an abelian group G,

|G| = n, |Ai| = ki ≥ 1 (1 ≤ i ≤ m). Let G−
∑m

i=1Ai = {g1, . . . , gr} (r = n−
∑m

i=1 ki).
If each Ai is an (n, ki, λ

′

i)-DS in G (1 ≤ i ≤ m), then {A1, . . . , Am, {g1}, . . . , {gr}} is a
GSEDF in G with parameters (n,m+ r; k1, . . . , km, 1, . . . , 1

︸ ︷︷ ︸

r

;λ1, . . . λm, 1, . . . , 1
︸ ︷︷ ︸

r

) where

λi = ki − λ
′

i (1 ≤ i ≤ m).
It is well-known that if A is an (n, k, λ)-DS in G, then, A = G − A is an (n, n −

k, n− 2k + λ)-DS in G. With this fact, the following result is a direct consequence of
Theorem 2.1.

Corollary 2.3 If A is an (n, k, λ)-DS in G, then {A,G−A} is an (n, 2; k, n−k; k−
λ, k − λ)-GSEDF in G.

Now we show a similar result: If A1, . . . , Am is a partition of G − {0}, then
{A1, . . . , Am} is a GEDF in G if and only if each Ai (1 ≤ i ≤ m) is an (n, ki, λi, µi)-PDS
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in G with λi = µi − 1.
The following result is a generalization of [4], Theorem 4.6.
Theoem 2.4 Let (G,+) be an abelian group, |G| = n, A1, . . . , Am (m ≥ 2) be a

partition of G − {0}. Then {A1, . . . , Am} is an (n,m; k1, . . . , km;λ1, . . . , λm)-GSEDF
in G if and only if each Ai (1 ≤ i ≤ m) is an (n, ki, λ

′

i, µ
′

i)-PDS in G with λ
′

i = µ
′

i − 1.
In fact, λ

′

i = ki − λi − 1 and µ
′

i = ki − λi.
Proof. ⇐: Suppose that Ai is an (n, ki;λ

′

i, µ
′

i)-PDS in G with λ
′

i = µ
′

i − 1
(1 ≤ i ≤ m). Then |Ai| = ki and

∆(Ai, Ai) = ki{0}+ λ
′

iAi + µ
′

i(G−Ai − {0})
= ki{0}+ µ

′

i(G− {0})− Ai (since λ
′

i = µ
′

i − 1) (2.1)

By assumption
∑m

j=1Ai = G− {0}, we get for each i, 1 ≤ i ≤ m,

∑m

j=1,j 6=i
∆(Ai, Aj) = ∆(Ai, G− Ai − {0})

= ∆(Ai, G)−∆(Ai, Ai)−∆(Ai, {0})
= kiG−∆(Ai, Ai)− Ai (for any S ⊆ G,∆(S,G) = |S|G)

= ki(G− {0}) + ki{0} −Ai − (ki{0}+ µ
′

i(G− {0})−Ai) (by (2.1))

= (ki − µ
′

i)(G− {0})

Therefore {A1, . . . , Am} is an (n,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in G where λi =
ki − µ

′

i = ki − λ
′

i − 1 (1 ≤ i ≤ m).
⇒: Suppose that {A1, . . . , Am} is an (n,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in G and
∑m

j=1Aj = G− {0}. Then for each i (1 ≤ i ≤ m)

m∑

j=1

j 6=i

∆(Ai, Aj) = λi(G− {0}) (2.2)

The left-hand side of (2.2) is

∆(Ai, G−Ai − {0}) = kiG−∆(Ai, Ai)− Ai

Therefore for each i, by (2.2)

∆(Ai, Ai) = kiG− Ai − λi(G− {0})
= ki{0}+ (ki − λi − 1)Ai + (ki − λi)(G− A− {0})

which means that each Ai is an (n, ki, λ
′

i, µ
′

i)-PDS in G with µ
′

i = ki−λi and λ
′

i = µ
′

i−1.
This completes the proof of Theorem 2.4.
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Lemma 2.5 Let (G,+) be an abelian group, |G| = n, A be a subset of G, 0 /∈ D
and −D = D. If D is an (n, k;λ, µ)-PDS in G, then D′ = G − D − {0} is an
(n, n− k − 1, n− 2k + µ− 2, n− 2k + λ)-PDS in G.

Proof. Suppose that D is an (n, k, λ, µ)-PDG in G which means that

∆(D,D) = k{0}+ λD + µ(G−D − {0})
= k{0}+ λ(G−D′ − {0}) + µD′

By assumption −D = D we have ∆(D, {0}) = D, ∆({0}, D) = −D = D and for any
S ⊆ G, ∆(G, S) = ∆(S,G) = |S|G. Therefore

∆(D′, D′) = ∆(G− {D + {0}}, G− {D + {0}})
= −2(k + 1)G+ nG+∆(D + {0}, D + {0})
= (n− 2k − 2)G+∆(D,D) + 2D + {0}
= (n− 2k − 2)[{0}+D′ + (G−D′ − {0})] + k{0}+ λ(G−D′ − {0}) + µD′

+ 2(G−D′ − {0}) + {0}
= (n− k − 1){0}+ (n− 2k + µ− 2)D′ + (n− 2k + λ)(G−D′ − {0}

which means that D′ is an (n, n− k − 1, n− 2k + µ− 2, n− 2k + λ)-PDS in G.
Corollarly 2.6 Let (G,+) be an abelian group, |G| = n, A be an (n, k, λ, µ)-PDS

in G, λ = µ − 1 and 0 /∈ A, −A = A. Then {A,G − A − {0}} is an (n, 2; k, n − k −
1; k − λ− 1, k − λ− 1)-GSEDF in G.
Proof. By Lemma 2.5, D′ = G − A − {0} is an (n, n − k − 1, n − 2k + µ − 2, n −
2k + λ)-PDS in G. From λ = µ − 1 we get n − 2k + µ − 2 = (n − 2k + λ) − 1.
Then by Theorem 2.4 we know that the partition {D,G− D − {0} of G − {0} is an
(n, 2; k, n− k − 1, k − λ− 1, k − λ− 1)-GSEDF in G.

It is proved in [1] (also see [5], Theorem 13.1) that if D is an (n, k, λ, µ)-PDS in
an abelian group (G,+) such that k < n

2
, λ = µ − 1, 0 /∈ D and −D = D, then the

parameters should be
(I)(n, k, λ, µ)=(n, n−1

2
, n−5

4
, n−1

4
) where n ≡ 1 (mod 4), or

(II)(n, k, λ, µ)=(243, 22, 1, 2)
The type (I) PDS is called Paley PDS. From Corollary 2.6 we know that for each

Paley PDS D, {D,D
′} is an (n, 2; n−1

2
, n+3

4
)-SEDF in G where D

′

= G − D − {0}
(also see [4], Theorem 4.4). The first series of Paley PDS was given by quadratic
cyclotomic class in finite field Fq (q ≡ 1 (mod 4)). Let F∗

q = 〈θ〉, C0 = 〈θ2〉 and

C1 = θC0. Then C0 is a Paley PDS in (Fq,+) with (n, k, λ, µ) = (q, q−1
2
, q−5

4
, q−1

4
).

Thus {C0, C1} is a (q, 2; q−1
2
, q+3

4
)-SEDF in Fq. More general result was show by J.

Polhill([8]): for any odd number m ≥ 3, there exists an abelian group G with size m4

and 9m4 such that G has a Paley PDS. On the other hand, the type (II) PDS has
been constructed by using Golay code or finite geometry on G = Fq (q = 35) (see 5,
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example 8.3(2)). But in order to use Corollary 2.6, we need n−1
k

= 11 such PDS D1,
. . ., D11 and {D1, . . . , D11} is a partition of G − {0}. It was shown in [10] that the
cyclotomic classes Ci (0 ≤ i ≤ 10) of order 11 in Fq (q = 35) satisfy these condition
and, by Corollary 2.6, an (n,m, k, λ) = (243, 11, 22, 20)-SEDF in (Fq,+) (q = 35) was
constructed.

In next section we will present series of GSDF’s and BGSDF’s in finite field Fq in
more careful way by using cyclotomic classes in Fq.

3 Cyclotomic Constructions on GSDF and BGSDF

3.1 Cyclotomic classes and Cyclotomic Numbers

Let q = pm be a power of prime p, F∗
q = 〈θ〉, q − 1 = ef (e ≥ 2). Then C = 〈θe〉 is the

cyclic subgroup of F∗
q of order f , and the cosets of C in F∗

q are

Cλ = θλC (0 ≤ θ ≤ e− 1), |Cλ| = f, C0 = C.

which are called the cyclotomic classes of order e in Fq.
Definition 3.1 The cyclotomic numbers (i, j)e (0 ≤ i, j ≤ e − 1) of order e on Fq

are defined by

(i, j)e = |(1 + Ci) ∩ Cj | = ♯{x ∈ Ci : 1 + x ∈ Cj}.

For any l, s ∈ Z, we have Cλ = Cλ+le and assume (i+le, j+se)e = (i, j)e. The following
properties on (i, j) = (i, j)e can be easily proved (see T. Storer’s book [9]).

Lemma 3.2 (1) (i, j) = (−i, j − i), (i, j) = (pi, pj).
(2) −1 ∈ Ce/2 if p ≥ 3 and 2 ∤ f, and −1 ∈ C0 otherwise.
(3)

(i, j) =

{
(j, i), if −1 ∈ C0

(j + e
2
, i+ e

2
), otherwise

(4)
e−1∑

j=0

(i, j) =

{
f, if −1 ∈ Ci

f − 1, otherwise

(5)∆(Ci, Cj) = δijf{0}+
∑e−1

λ=0(j − λ, i− λ)Cλ (0 ≤ i, j ≤ e− 1) where δij = 1 if
i = j and δij = 0 otherwise.

The cyclotomic numbers were determined for several smaller order e and semiprim-
itive case in [9] and [3]. Now we use parts of computed values of cycltomic numbers
and the formula in Lemma 3.2 (5) to show that some cyclotomic classes in finite field
give GSEDF or BGSEDF.
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3.2 For small e cases

3.2.1 e = 2

Let q = pm, p ≥ 3, q − 1 = 2f , (i, j) = (i, j)2 (0 ≤ i, j ≤ 1). Let F∗
q = 〈θ〉, C0 = 〈θ2〉

and C1 = θC0 be the quadratic cyclotomic classes in Fq. Then (see[9])
For q ≡ 3 (mod 4), (0, 0) = (1, 1) = (1, 0) = q−3

4
, (0, 1) = q+1

4
. From Lemma 3.2(5)

we know that

∆(Ci, Ci) =
q − 1

2
{0}+ (i, i)C0 + (i+ 1, i+ 1)C1

=
q − 1

2
{0}+ q − 3

4
(C0 + C1)

=
q − 1

2
{0}+ q − 3

4
(Fq − {0})) (i = 1, 2)

which means that Ci(i = 0, 1) is an (n, k, λ) = (q, q−1
2
, q−3

4
))-DS in Fq.

For q ≡ 1 mod 4, −1 ∈ C0 and (0, 1) = (1, 0) = (1, 1) = q−1
4
, (0, 0) = q−5

4
. Therefore

∆(C0, C0) =
q − 1

2
{0}+ (0, 0)C0 + (1, 1)C1

=
q − 1

2
{0}+ q − 5

4
C0 +

q − 1

4
(Fq − C0 − {0})

which means that C0 is an (n, k, λ, µ) = (q, q−1
2
, q−5

4
, q−1

4
)-PDS in Fq. By Corollary 2.3

and 2.6 we get the following results
Theorem3.3 Let q = pm, q − 1 = 2f , F∗

q = 〈θ〉, C0 = 〈θ2〉, C1 = θC0.

(1) ([4]) If q ≡ 1(mod4), {C0, C1} is a (q, 2; q−1
2
, q−1

4
)-SEDF in Fq.

(2) If q ≡ 3(mod4), {C0, C1+ {0}} and {C1, C0+ {0}} are (q, 2; q−1
2
, q+1

2
, q+1

4
, q+1

4
)-

GSEDF in Fq.

3.2.2 e = 4

Let q = pm ≡ 1(mod4), q − 1 = 4f , F∗
q = 〈θ〉, Cλ = θλ〈θ4〉 (0 ≤ λ ≤ 3).

If q = 1 + 16t2, it is proved that {C0, C2} (and {C1, C3}) is (q, q−1
4
, q−1

16
)-SEDF in

Fq ([2], Theorem 4.3).
It is proved in [9] that if q = 1+ 4t2 (2 ∤ t), then Ci(0 ≤ i ≤ 3) is a (q, q−1

4
, q−5

16
)-DS

in Fq, and if q = 9 + 4t2(2 ∤ t), Ci + {0}(0 ≤ i ≤ 3) is a (q, q+3
4
, q+3

16
)-DS in Fq. By

Corollary 2.2 and 2.3 we get
Theorem 3.4 Let q = pm ≡ 1 (mod 4), Ci(0 ≤ i ≤ 3) be the cyclotomic classes

of order 4 in Fq. Then
(1) If q = 1+4t2(2 ∤ t), for any i(0 ≤ i ≤ 3), {Ci,Fq−Ci} is a (q, 2; q−1

4
, 3q+1

4
; 3q+1

16
, 3q+1

16
)-

GSEDF in Fq and {C0, C1, C2, C3, {0}} is a (q, 5; q−1
4
, q−1

4
, q−1

4
, q−1

4
, 1; 3q−3

16
, 3q−3

16
, 3q−3

16
, 3q−3

16
, 1)-

GSEDF in Fq.
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(2) If q = 9 + 4t2(2 ∤ t), for any i(0 ≤ i ≤ 3), {Ci + {0},Fq − Ci − {0}} is a
(q, 2; q+3

4
, 3q−3

4
; 3q+9

16
, 3q+9

16
)-GSEDF in Fq.

3.2.3 e = 6

Let q = pm ≡ 1 (mod 6), Cλ(0 ≤ λ ≤ 5) be the cyclotomic classes of order 6 in Fq.
If q = 1+108t2, it is proved that {C0, C3} (and {C1, C4}, {C2, C5}) is a (q, 2; q−1

6
, q−1

36
)-

SEDF in Fq ([2], Theorem 4.6, where q is a prime, but it works for q being a power of
prime).

3.2.4 e = 8

Let q = pm ≡ 1 (mod 8), Cλ(0 ≤ λ ≤ 7) be the cyclotomic classes of order 8 in
Fq, (i, j) = (i, j)8(0 ≤ i, j ≤ 7) be the cyclotomic numbers of order 8 on Fq. It is
proved in [9] that

(1) ([9] Part 1, Theorem 19) If q = 9 + 64y2 = 1 + 8b2, y, b ∈ Z, and 2 ∤ y, then for
each i (0 ≤ i ≤ 7), Ci is a (q, q−1

8
, q−9

64
)-DS in Fq. The first two examples are q = 73

and 140411704393.
(2) ([9] Part 1, Theorem 9

′

) If q = 441+64y2 = 49+8b2 and y, b ∈ Z, then for each
i (0 ≤ i ≤ 7), Ci + {0} is a (q, q+7

8
, q+7

64
)-DS in Fq. The first example is q = 26041.

By Corollary 2.2 and 2.3 we get
Theorem 3.5 Let q = pm ≡ 1 (mod 8) and Cλ(0 ≤ λ ≤ 7) be the cyclotomic

classes of order 8 in Fq.
(1) If q = 9 + 64y2 = 1 + 8b2, y, b ∈ Z, and 2 ∤ y, then for each i (0 ≤ i ≤ 7),

{Ci,Fq −Ci} is a (q, 2; q−1
8
, 7q+1

8
; 7q+1

64
, 7q+1

64
)-GSEDF in Fq, and {C0, C1, . . . , C7, {0}} is

a (q, 9;
q − 1

8
, . . . ,

q − 1

8
︸ ︷︷ ︸

8

, 1;
7q + 1

64
, . . . ,

7q + 1

64
︸ ︷︷ ︸

8

, 1)-GSEDF in Fq.

(2) If q = 441 + 64y2 = 49 + 8b2 and y, b ∈ Z, then for each i (0 ≤ i ≤ 7),

{Ci + {0},Fq − Ci − {0}} is a (q, 2; q+7
8
, 7(q−1)

8
; 7(q+7)

64
, 7(q+7)

64
)-GSEDF in Fq.

3.3 Semiprimitive case

Let q = pm and q − 1 = ef(e ≥ 2). The following condition is called semiprimitive
(∗) there exists t ∈ Z such that pt ≡ −1 (mod e).
In this case, the cyclotomic numbers (i, j) = (i, j)e (0 ≤ i, j ≤ e − 1) in Fq have

been given in [3].
Lemma 3.6 ([3], also see [5], Theorem 10.3) Let q = pm and q − 1 = ef(e ≥ 2).

Assume that the semiprimitive condition (∗) holds. Then m = 2l, and there exists
ε ∈ {±1} such that s = εpl = ε

√
q ≡ 1 (mod e). Let (i, j) = (i, j)e (0 ≤ i, j ≤ e− 1)

8



be the cyclotomic numbers of order e in Fq. Then

(0, 0) = η2 − (e− 3)η − 1, (0, i) = (i, 0) = (i, i) = η2 + η (1 ≤ i ≤ e− 1)

(i, j) = η2(1 ≤ i 6= j ≤ e− 1),

where η = s−1
e
.

The following result shows that Lemma 3.6 can be used to construct BGSEDF.
Recall Definition 1.1 of BGSEDF: for subset A1, . . . , Am(m ≥ 2) of Fq, {A1, . . . , Am}
is call a (q,m; k1, . . . , km;λ1, . . . , λm)-BGSEDF in Fq if for each i (1 ≤ i ≤ m)

∆(Ai,

m∑

j=1

j 6=i

Aj) ≤ λi(Fq − {0}).

The BGSEDF with λ1 = · · · = λm = 1 is more interesting since, as mentioned in
Section 1, such BGSEDF is equivalent to G-optimal strong AMD mode.

Theorem 3.7 Let q = p2l, l ≥ 1, q−1 = ef, e = pl+1 =
√
q+1, f =

√
q−1, Cλ (0 ≤

λ ≤ e − 1) be the cyclotomic classes of order e in Fq. Suppose i and j are distinct
integers in {0, 1, . . . , e− 1} and Si, Sj are subsets of Ci and Cj respectively, |Si| = ki ≥
1, |Sj| = kj ≥ 1. Then {Si, Sj} is a (q, 2; ki, kj; 1, 1)-BGSEDF and {Si + {0}, Sj} is a
(q, 2; ki + 1, kj; 1, 1)-BGSEDF in Fq.

Proof. From pl ≡ −1 (mod e) we know that the semiprimitive condition (∗)
holds. Using Lemma 3.6, we have s = −√

q and η = s−1
e

= −1. Therefore

(0, i) = (i, 0) = (i, i) = η2 + η = 0 (1 ≤ i ≤ e− 1), (i, j) = η2 = 1 (1 ≤ i 6= j ≤ e− 1)

where (i, j) = (i, j)e. Then

∆(Si, Sj) ≤ ∆(Ci, Cj) =

e−1∑

λ=0

(i− λ, j − λ)Cλ.

From assumption 0 ≤ i 6= j ≤ e − 1 we know that for any λ, i − λ 6≡ 0 (mod e) or
j −λ 6≡ 0 (mod e), and then (i− λ, j−λ) = 0 or 1. Therefore ∆(Si, Sj) ≤

∑e−1
λ=0Cλ =

Fq − {0}. Thus {Si, Sj} is a (q, 2; ki, kj; 1, 1)-BGSEDF in Fq. Moreover, it is easy to
see that −1 ∈ C0 and −Cλ = Cλ(0 ≤ λ ≤ e− 1). We have

∆(Si + {0}, Sj) ≤ ∆(Ci + {0}, Cj)

= ∆(Ci + Cj) + Cj =
∑e−1

λ=0,λ6=j
(i− λ, j − λ)Cλ + ((i− j, 0) + 1)Cj

≤
∑e−1

λ=0
Cλ = Fq − {0} (since (i− j, 0) = 0).

Therefore {Si + {0}, Sj} is a (q, 2; ki + 1, kj; 1, 1)-BGSEDF in Fq.
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4 Conclusion

In this paper we present several cyclotomic constructions of SEDF, GSEDF and BSEDF
in finite fields, based on two general results (Theorem 2.1 and Theorem 2.4) which say
that a family {A1, . . . , Am} of subsets of an abelian group (G,+) is a GSEDF in G if
the family is a partition of G and each Ai is a DS in G, or the family is a partition
of G − {0} and each Ai is an (n, k;λi, µi)-PDS in G with λi = µi − 1. All SEDF’s
constructed in this paper are ones having m = 2. The problem on existence of SEDF
with m ≥ 5 and m 6= 11 is still open. Another interesting problem is to develop other
methods on constructing GSEDF and BGSEDF in arbitrary finite abelian group G.
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