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New Optimal Binary Sequences with Period 4p via
Interleaving Ding-Helleseth-Lam Sequences

Wei Su, Yang Yang, and Cuiling Fan

Abstract

Binary sequences with optimal autocorrelation play important roles in radar, communication, and cryptography. Finding new
binary sequences with optimal autocorrelation has been an interesting research topic in sequence design. Ding-Helleseth-Lam
sequences are such a class of binary sequences of period p, where p is an odd prime with p = 1(mod 4). The objective of this
letter is to present a construction of binary sequences of period 4p via interleaving four suitable Ding-Helleseth-Lam sequences.
This construction generates new binary sequences with optimal autocorrelation which can not be produced by earlier ones.

Index Terms
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I. INTRODUCTION

Due to simplicity of implementation, binary sequences with optimal autocorrelation have important applications in many
areas of cryptography, communication and radar. In cryptography, the sequences can be used to generate key streams in stream
cipher encryptions. In communication and radar, on the other hand, the sequences are employed to acquire the accurate timing
information of received signals. During these four decades, searching binary sequences with optimal autocorrelation has been
an interesting research topic in sequence design. The reader is referred to [6] for more details on binary sequences with optimal
autocorrelation and their applications. See also [2], [13] and [12] for recent progress on their constructions.

Given two binary sequences a = (a(t)) and b = (b(t)) of period N, their (periodic) cross-correlation is defined by

N
Ray(1) = Z (=1)2@D+(G+7)N)
0

=

=

where a(t), b(t) € {0, 1} and the addition (i + 7) is the smallest non-negative integer such that (i +7)y = (i +7)(mod N).
When the two sequences a and b are identical, the periodic cross-correlation function is said to be the periodic autocorrelation
function, and is denoted by R, for short. Furthermore, these R,(7),1 < 7 < N — 1, are referred to as the out-of-phase
autocorrelation values of the sequence (a(t)).
Let a = (a(t)) be a binary sequence of period N and Zy = {0,1,--- , N — 1} denote the ring of integers modulo N. The
set
Co={t€Zn:at)=1}

is called the support of a, and a is said to be the characteristic sequence of the set C, C Zy. It is easy to verify that
Ro(T) =N —4|(Co+ 1) NCy|, 7 € Zny. (1)

It follows from (1) that R,(7) = N (mod 4) for each 1 < 7 < N. Accordingly, in terms of the smallest possible values of
the autocorrelation, the optimal values of out-of-phase autocorrelations of binary sequences can be classified into four types
as follows:

(A) Ry(1)=0for N =0 (mod 4);

(B) R,(7) € {1,-3} for N =1 (mod 4);

(C) Ru(1) € {£2} for N =2 (mod 4);
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(D) Ry(1) =—1for N =3 (mod 4).

The sequences in Types (A) and (D) are called perfect sequences and ideal sequences, respectively. The only known perfect
binary sequences up to equivalence is the (0,0, 0, 1). It is conjectured that there is no perfect binary sequence of period N > 4.
This conjecture is widely believed to be true in both mathematical and engineer society. Hence, it is natural to consider the next
smallest values for the out-of-phase autocorrelation of a binary sequence of period N = 0 (mod 4). That is, R,(7) € {0, £4}.
If both 4 and —4 occur when 7 rangers from 1 to N —1, then the sequence a is said to be optimal with respect to its correlation
magnitude [16].

Known constructions of optimal binary sequences of period N = 0(mod 4) are summarized as follows.

1) N = q — 1. There were two classes of constructions: The well-known Sidelnikov sequences [14], [[10] and their slight

generalization using (z + 1)¢ + az? + b [9].

2) N =45, S even. Recently, Krengel and Ivanov [8] proposed two constructions of optimal binary sequences of period
4S. Their constructions are based on almost perfect binary sequences of length 25 given by Wolfmann [15], and optimal
binary sequences of length S = 2(mod 4) (i.e., the Sidelnikov sequences [[14], [10] or the Ding-Helleseth-Martinsen
sequences [4]).

3) N =45, S odd. Arasu, Ding, Helleseth, Kumar, and Martisen [[1]] proposed optimal binary sequences of length 4.5 from
an almost difference set. This was respectively generated by Zhang, Lei, and Zhang [17] for the case S = 3(mod 4)
being an odd prime, and by Yu and Gong [16] based on a perfect sequence of period 4 and an ideal sequence of period
S, where S = 2™ — 1, S = p where p = 3(mod 4), or S = p(p + 2), where p and p + 2 are twin primes. In [16],
Yu and Gong also constructed binary sequences of period 4(2%* — 1) with out-of-phase auto-correlation in {0, +4}. In
2010, Tang and Gong [[13] gave three new constructions for optimal binary sequences of period 4.5 by using interleaving
method, whose columns sequences are the three types of pairs of sequences: i) generalized GMW sequence pair of period
S = 22k _ 1, where k is a positive integer; ii) twin-prime sequence pair of period S = p(p + 2), where p and p + 2
are twin primes; iii) Legendre sequence pair of period S = p, where p is an odd prime. Those sequences have optimal
auto-correlation R, (7) € {0,44} for all 1 < 7 < 45. Recently, choosing arbitrary two ideal binary sequences of the
same length, Tang and Ding [12] constructed new classes of optimal binary sequences via interleaving method firstly
introduced by Gong [7], which is a useful method to construct sequences with low out-of-phase auto-correlation and

cross-correlation (This will be introduced in the next section).

Ding-Helleseth-Lam sequences are such a class of binary sequences of period p, where p is an odd prime with p = 1( mod 4).
The objective of this letter is to present a construction of binary sequences of period 4p via interleaving four suitable Ding-
Helleseth-Lam sequences. It will be seen later that our construction generates new binary sequences with optimal autocorrelation
which can not be produced by earlier ones.

The rest of this paper is organized as follows. In Section II, we recall the interleaving method, Ding-Helleseth-Lam
sequences [3] and their correlation properties [L1]. In Section III, we present eight classes of new interleaved sequences by
choosing suitable four Ding-Helleseth-Lam sequences as column sequences. Those new sequences have optimal auto-correlation
magnitude. Finally, we conclude this letter.

II. PRELIMINARIES

In this section, we give an introduction to interleaved technique and Ding-Helleseth-Lam sequences which will be used to

construct new optimal binary sequences in the sequel.

A. Interleaved Technique

Interleaved method proposed by Gong [7] is a powerful technique in sequence design. The key idea of this method is to
obtain long sequences with good correlation from shorter ones. Following the notation and terminology in [[7], we give a shot
introduction to this method. Let a, = (ax(0),ar(1), -+ ,ar(N —1)) be a sequence of period N, where 0 < k < M — 1. From



these M sequences, we can obtain an N x M matrix U = (U, ;):

CL()(O) a1 (O) s alwfl(O)
U _ ao(l) al(l) s akffl(l)
ao(N—l) al(N—l) CLMfl(.]V—l)

Concatenating the successive rows of the matrix above, an interleaved sequence u = (u(t)) of period M N is defined by
UM +j :Uiyj, OS’L<N,OS_] < M.
For convenience, we denote u by
U = I(aOaala e 7aM71)7

where [ is called the interleaving operator. Herein and hereafter ag, a1, -- ,ap—1 are called the column sequences of u.
Let L be the (left cyclical) shift operator of any vector, i.e., L(c) = (¢(1),¢(2),- -+ ,c(N—1),¢(0)) forany ¢ = (¢(0),c(1), -+ ,c(N—
1)). Then L7 (u) can be represented as

LT(U) = I(LTI (aTz)v e aLTl (aMfl)a LT1+1(0’0)’ e aLT1+1(aT2*1))'

where 7 =11 M + 75 (0 <7 <N,0<71 < M).Itis easy to verify that the periodic autocorrelation of u at shift 7 is given
by

M7T271 M-—1
RU(T) = Z Rak-,ak+7-2 (Tl) + Z Rakvak+72—M(T1 + 1)'
k=0 k=M—72

This means that the autocorrelation of u is fully determined by the autocorrelation and crosscorrelation of column sequences

Qj.

B. Ding-Helleseth-Lam sequences

Let p =4f+1is an odd prime, where f is a positive integer. Let o be a generator of the multiplicative group of the residue
ring Z,, and let D; = {a'™ : 0 < j < f}, 0 < i < 4. Those D;,0 < i < 4, are called the cyclotomic classes of order 4 with
respect to Zy.

In [3], Ding, Helleseth, and Lam constructed optimal binary sequences of odd prime period p by using cyclotomic number
of order 4.

Lemma 1 (Ding-Helleseth-Lam sequences, [3]]): Let p = 4f + 1 = 22 + 4y? be an odd prime, where f,z,y are integers.
Let Do, D1, Do, D3 be the cyclotomic classes of order 4 with respect to Z,. Assume that s, s2, 3, 54 are binary sequences of
period p with supports Do U D1, DoU D3, D1 U Dy and Dy U D3, respectively. Then each s; is optimal, i.e., R, (1) € {1,—3}
for all 1 <7 < p, if and only if f is odd and y = £1.

The correlation values of Ding-Helleseth-Lam sequences si, S2, s3, s4 have been determined in [11l], which are useful for
the main result of this paper. Here we list it as follows.

Lemma 2: Let s1, 82, 53,54 be the Ding-Helleseth-Lam sequences in Lemma [ For odd f, the autocorrelation and cross-
correlation of s1, s2, 3, sS4 are given in Table [l

III. NEW OPTIMAL BINARY SEQUENCES WITH PERIOD 4p VIA INTERLEAVING DING-HELLESETH-LAM SEQUENCES

In this section, we construct new optimal binary sequences via interleaved technique and Ding-Helleseth-Lam Sequences.
From now on, we always suppose that p = 4f + 1 = 22 + 442 is an odd prime, where z is an integer, y = +1, and f is an
odd integer. Let s1, s2, s3 and s4 be the Ding-Helleseth-Lam Sequences in Lemma [T

We first propose a generic simple construction of binary sequences with period 4p based on interleaved technique and
Ding-Helleseth-Lam Sequences.

Construction 1: Let ag, a1, az, az be four binary sequences of length p and b = (b(0), b(1), b(2), b(3)) be a binary sequence
of length 4. Construct a binary sequence u = (u(t)) of length 4p as follows:

u = I(ao + b(0), L*(ar) + b(1), L**(az) + b(2), L**(a3) + b(3)), )



TABLE I
THE AUTOCORRELATION AND CROSS-CORRELATION OF DING-HELLESETH-LAM SEQUENCES
T {0} Do Dy D> Ds
Rs; (1) 2 —2y—1| 2y—1 | —2y—1| 2y—1
Rs, (1) D 2y — 1 —2y—1 2y — 1 —2y—1
Rs5(7) 2 2u—1 | —2y—1| 2y—1 | —2y—1
Rs, (1) D —2y—1 2y — 1 —2y—1 2y — 1
Rs,,s,(T) 1 x —z+2 x —z—2
Rs,,s5(T) 1 —x+ 2 T —x—2 T
Reyoa(m) | 2=p | 2y+3 | 8—-2y | 2y—1 | -1-2y
Rsy,s,(T) 1 T —x —2 T —x+2
Rsy,s5(T) | 2—p | 3—2y 2y — 1 —1-2y 3+2y
Rsy,s4(T) 1 —r 42 x —z—2 x
Rsy,5,(T) 1 —x—2 T —x+2 T
Regso(T) | 2—p | -1—2y | 3+2y 3—2y 2y — 1
Rsy,54(T) 1 T —x+2 T —x—2
Roysy (1) | 2—p | 2y—1 | —1-2y | 2y+3 | 3-2y
Rsy,s5(T) 1 —z—2 x —z+2 x
Rs,,s5(T) 1 T —x — 2 T —x+2

where d is some integer with 4d =1 (mod p).
Remark 1: For Construction [I} we have the following comments.
1. When b = (b(0),b(1),b(2),b(3)) € {(0,0,0,1),(1,1,1,0)}, and a;,0 < i < 3 are chosen form the first type and the
second type Legendre sequences of period p, the sequence u generated by Construction [1]is exactly the binary sequence
with optimal correlation reported in [[13].

2. The following results show that the resultant sequence u by Construction [I] also has optimal autocorrelation if the column
sequences ag, ai,as and as are properly chosen from the Ding-Helleseth-Lam sequences, and the binary sequence b =
(b(0),b(1),b(2),b(3)) satisfies b(0) = b(2) and b(1) = b(3). Therefore, our construction can generate new optimal binary
sequences which cannot produced by known ones.

Theorem 1: Let b = (b(0),b(1),b(2),b(3)) be a binary sequence with b(0) = b(2) and b(1) = b(3), and (ag, a1, az,az) =
(ss3, 82, 81, 81). Then the binary sequence u by Construction [] is optimal.
Proof: For any 7, 1 < 7 < 4p, we can write 7 = 47 + 7o, where (0 < 73 < pand 0 < 75 < 4) or (0 < 71 < p and
79 = 0). Consider the auto-correlation of u in four cases according to 72 =0, 1,2, 3:

1) 7 = 0: In this case, one has 0 < 71 < p and
L7 (u) = I(L™ (s3) 4 b(0), L™ (s9) + b(1), L™ 2%(s1) + b(2), L™ T3%(s1) + b(3)).
Then the auto-correlation of w at shift 7 is equal to
Ry(1) = Rsy(m1)+ Rey(m1) + 2R, (11)
4p7 1 = 0
—4, T1 7§ 0.
where the last equal sign is due to the auto-correlation of s1, s and s3 given by Lemma 2
2) 79 = 1: In this case, one has 0 < 7y < p and

L7 (u) = I(L™ T (s9) + b(1), L™ 24 (s1) + b(2), L34 (s1) + b(3), LT (s3) 4 b(0)).



Then the auto-correlation of « at shift 7 is equal to

Ry(r) = (=1)POFWR L ((r+d)y) + (=1)"DPOR, o (11 +d)y)
+(—1)PF 3’R (1 4 d)p) + (—1)PEH O’R ((ﬁ +1—3d),)
= (—1)POPOR L ((n+d)p) + (=1) “’*“”RSZ s (11 +d)p)
+(—1)PH 3’R (1 + d)p) + ()P OTOR, (11 + d)p)
4(—1)bO)+b(1) (r14+d),=0
= 4y(—1)PO+) (7 4 d), € Dy U Dy
—4y(—1)PO+MW) (7 4 d), € D; U D3

where the second equality is due to (71 + 1 — 3d), = (71 + d),, and the last equal sign is due to the correlation of s,
s2 and s3 given by Lemma 2]
3) 75 = 2: In this case, one has 0 < 71 < p and

L7(u) = I(L™ 24 (s1) + b(2), L™ 3% (s1) + b(3), L™ T (s3) 4 b(0), LT+ (s5) + b(1)).
Then by Lemma 2] the auto-correlation of u at shift 7 is equal to
Ru(T) = (_1)b(0)+b(2)R53751 ((T + 2d)p) + (_1)b(1)+b(3)R82,81 ((Tl + 2d)p)
+(_1)b(2)+b(0)R81753((7—1 +1- 2d)p) + (_1)b(3)+b(1)R81,82((7—1 +1- 2d)p)
= (DR, (4 2d),) + ()OO R, (1 +20))
+(_1)b(2)+b(0)R51753((7—1 + 2d)p) + (_1)b(3)+b(1)R51752((7’1 + 2d)p)

4, (Tl + Qd)p =
0, (m+2d),#0

where the second equality is due to (71 + 1 — 2d),, = (71 + 2d),, and the last equal sign is due to the correlation of s,
so and s3 given by Lemma [2
4) 7o = 3: In this case, one has 0 < 71 < p and

L7(u) = I(L™ 3% (s1) + b(3), L™ (s3) 4 b(0), LT (s5) + b(1), L™ 29 (s1) + b(2)).
Then by Lemma 2] the auto-correlation of u at shift 7 is equal to
Ry(r) = (_1)b(0)+b(3)R53,51 ((r1 +3d)p) + (_1)b(1)+b(0)R52753((7—1 +1—=d)y)

H(D)PIPOR (1 +1=d)y) + (1) @R (1 + 1 - d)p)
= (_1)b(0)+b(3)R83,81 ((Tl + 3d)p) + (_1)b(1)+b(0)R52753((7—1 + 3d)p)

+(_1)b(2)+b(1)R51752((71 + 3d) ) (_ )b(3)+b(2)R81 ((Tl + 3d)p)
4(—1)bO)+b(1) (11 + 3d), =
= —4y (=)W (1 4 3d), € D0 U Dy
4y(—1)*O@+M) () 4 3d), € D; U Dj

where the second equality is due to (71 + 1 — d), = (71 + 3d),, and the last one is due to the correlation of s1, so and
s3 given by Lemma
According to the discussion above, we have R,(7) € {0,£4} for all 1 < 7 < 4p which means that v has optimal
autocorrelation. The proof of this theorem is completed. [ ]
Theorem 2: Let b = (b(0),b(1),b(2),b(3)) be a binary sequence with b(0) = b(2) and b(1) = b(3), and (ag, a1, az, a3) be
chosen from

{(827 53,51, 51)7 (347 51,52, 52)7 (317 84, 52, 32)7 (547 51,83, 53)7 (317 84, 83, 33)7 (537 52, 84, 54)7 (327 53,84, 54)}

Then the binary sequence u by Construction [1] is optimal.
Proof: The proof is similar to that of Theorem [I} and thus is omitted here. [ ]
Finally, we conclude this section by giving an example to illustrate our construction.



Example 1: Let p = 29, and o = 2 be a primitive element of the residue ring Z,. Then

Dy, = {1,7,16,20,23,24,25},
D, = {2,3,11,14,17,19,21},
Dy = {4,5,6,9,13,22 28},
Ds = {8,10,12,15,18,26,27}
are four cyclotimic classes of order 4 with respect to Z,. In this case, x = 5, y = —1, and f = 7. Generate three Ding-

Helleseth-Lam sequences with supports Dy U Dy, Do U D3, Dy U Do, ie.,

Sl = (07]"17]‘5070507]‘507050717070717071717071717170717171707050)
s = (0,1,0,0,0,0,0,1,1,0,1,0,1,0,0,1,1,0,1,0,1,0,0,1,1,1,1,1,0)
ss = (0,0,1,1,1,1,1,0,0,1,0,1,0,1,1,0,0,1,0,1,0,1,1,0,0,0,0,0,1).

Let b= (0,0,0,0), (ag,a1,az,a3) = (s3, s2, 51,51), and d = 22. By @), we have the interleaved sequence:

u = I(s3,L%sz), L*%(s1), L3 (s1))

- (0,1,0,1,0,0,1,1,1,0,1,1,1,0,0,0,1,0,1,1,1,0,1,1,1,1,1,0,0,1,0,1,
o,0,1,0,1,1,1,0,0,1,1,1,1,1,0,0,0,1,0,0,1,1,0,0,1,0,0,1,0,0,1,0,0,
1,1,0,1,0,1,0,0,1,0,1,1,0,0,1,0,1,0,1,1,1,1,1,1,0,0,0,0,0,0,0,0, 1,
0,0,0,0,1,1,0,1,0,1,0,0,0,1,1,1,1,0).

By computer experiment, the auto-correlation of « is given by

{R (1)}, = {—4,0,4,—4,—4,0,—4,—4,—4,0,4, -4, —4,0,4, —4,4,0,4, —4,4,0, —4, —4, —4,
0,4, —4,—4,0,4, -4, —4,0, -4, —4,4,0,4, —4,4,0,4, —4, —4,0,4, —4, —4,0, —4,
—4,—4,0,4,—4,—4,4, -4, —4,4,0,—4, -4, —4,0, —4, —4,4,0, —4, —4,4,0,4, —4,
4,0,4,—4,—4,0,—4,—4,4,0, -4, —4,4,0, -4, —4, —4,0,4,—4,4,0,4, —4,4,0, —4,
—4,4,0, -4, —4,—4,0, -4, —4,4,0, —4}.

Hence R, (1) € {0,£4} for all 1 <7 < 116.

IV. CONCLUSION

In this letter, we proposed a construction of binary sequences of period 4p with the interleaved structure
u = I(ag + b(0), L%a1) + b(1), L**(az) + b(2), L**(az) + b(3)).

where d is some integer with 4d = 1 (mod p) and the column sequences a;,0 < ¢ < 3 are appropriately selected from
the Ding-Helleseth-Lam sequences. Our construction contains one earlier construction of binary optimal sequences as special
cases, and can produce new binary sequences with optimal autocorrelation. It may be possible and interesting to find other

column sequences to obtain more optimal binary sequences using this interleaved structure.
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