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ABSTRACT. We introduce a linear programming framework for obtaining upper bounds
for the potential energy of spherical codes of fixed cardinality and minimum distance.
Using Hermite interpolation we construct polynomials to derive corresponding bounds.
These bounds are universal in the sense that they are valid for all absolutely mono-
tone potential functions and the required interpolation nodes do not depend on the
potentials.
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1. INTRODUCTION

Let S"~! denote the unit sphere in R” and C C S*™! be a spherical code; i.e. a finite
subset of "', Given an (extended real-valued) function h : [~1,1] — [0, +oc], the
(unnormalized) potential energy (or h-energy) of C' is given by

(1) Ey(C):= Y h((z,y),
z,yeC x#y
where (z,y) denotes the usual inner product of z and y.

Denote by
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s(C) == max{(z,y) : x,y € C,x # y},
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the maximal inner product of a spherical code C' and by
C(n,M,s) :={C cS"':|C| = M,s(C) = s}

the family of all spherical codes on S*~! of given cardinality M with maximal inner
product s. Note that the set C(n,M,s) can be empty, for example C(n,n + 1,s) is
empty for s < —1/n) and C(n,2n, s) is empty for s < 0.

Given, n, M, s, and h, we are interested in upper bounds on the quantity
(2) Gn(n, M,s):= sup {En(C)},

CeC(n,M,s)

where we use the convention that supremum of the empty set is —oco. Hereafter, we shall
consider the class AM([—1,1]) of potentials h, which are absolutely monotone in [—1,1];
that is, extended real-valued functions h : [~1,1] — (0, +oc] such that h*)(t) > 0 for
every t € [—1,1) and every integer k > 0, where h(1) := lim;_,1- h(t). Among the most
prominent absolutely monotone potentials we list

h(t) = [2(1 — £)]'""/2, Newton potential,
h(t) = [2(1 = £)]7%/2, a > 0, Riesz potential,
h(t) = e~*(17)  Gaussian potential,

h(t) = —log[2(1 — t)], Logarithmic potential.

Many important potential interactions tend to infinity when ¢ tends to 1~. Therefore,
for obtaining finite upper energy bounds, it is necessary to impose restrictions on the
separation s since as s tends to 1~ the energy of the code tends to infinity.

One natural restriction is to consider upper energy bounds for codes that minimize
h-energy for specified or general h; such upper bounds on the minimal energy for Riesz
(0 < @ < 2) and logarithmic potentials on S? have been considered by Wagner in [34].

Another restriction leads to the class of spherical 7-designs. Energy bounds for the
Coulomb energy of spherical designs on S? were considered by Hesse and Leopardi [19]
(see also [18]). Recently, more general results (including lower and upper bounds) for
Riesz and logarithmic energy of spherical designs with relatively small cardinalities were
obtained by Grabner and Stepanyuk [I7] (see also [32]). Universal upper and lower
energy bounds for spherical designs were obtained by the present authors for all ab-
solutely monotone potentials in [6]. In all these cases the spherical designs considered
are well-separated (the asymptotic existence of such designs was proved by Bondarenko-
Radchenko-Viazovska [4]). We also remark that Leopardi [21] examined bounds on the
normalized Riesz energy for a class of spherical codes that is both well-separated and
asymptotically (as M — oo) equidistributed.

In this paper we consider yet another possibility — spherical codes (not necessarily
spherical designs of large strength) with prescribed cardinality and maximal inner product
(equivalently, minimum distance or separation). We derive a general linear programming
approach in the spirit of Delsarte-Yudin for obtaining upper bounds on Gy (n, M, s) along
with conditions under which these bounds are sharp (see Theorem B.2]). The effectiveness
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of these bounds relies on the construction of suitable upper bounding polynomials that
we show to exist for all potentials from AM([—1,1]). We then test our estimates on
some relevant codes.

Recently, we developed [6], [7, @, 10} I1] linear programming techniques for obtaining
universal lower bounds for energy of spherical codes of different classed]. With the addi-
tion of the upper bounds from this paper we establish an ”energy strip” where all energies
of codes from C(n, M, s) belong.

The paper is organized as follows. In Section 2 we present a general linear programming
upper bound on Gy,(n, M, s), see Theorem 2.2. In Section 3, with the help of Levenshtein-
type polynomials, we construct ‘feasible’ polynomials that provide the energy bound for
absolutely monotone potentials. The main result is Theorem where a new universal
upper bound for Gy (n, M, s) is asserted. The bound is universal in the sense that it
is a linear combination with positive weights of the values of the potential function on
a collection of nodes, where both weights and nodes are independent of the potential
function. Theorem provides a necessary condition for optimality of the bound from
Theorem Examples and further discussions are provided in Section 4.

2. LINEAR PROGRAMMING FOR UPPER BOUNDS FOR Gp(n, M, s)

Let Pi(n) (t), i =0,1,..., be the Gegenbauer polynomials normalized by Pi(")(l) =1,
which satisfy the following three-term recurrence relation

(i+n—2)PT(t) = (2i+n—2)t P (1) —i P")(t) for i > 1,
where Pén) (t) := 1 and Pl(") (t) := t. In standard Jacobi polynomial notation (see [33,
Chapter 4]), we have that
pl(n=3)/2,(n=3)/2) (t)

- b
(3) Pt = PR (1)

If f is a continuous function in [—1, 1], then f can be uniquely expanded in terms of
the Gegenbauer polynomials as

() $6 =3 10,

where the convergence is in Ls([—1,1]) and the coefficients f; are given by
(5) fi = / (0 )92 gy
where ! OPNE 2\(n—3)/2 I'(n/2)

= [ [FP0] a- e - oS

ISimilar results for codes in Hamming spaces are obtained in [8} [0, 12].
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is a normalizing constant. If the coefficients f; are eventually all of the same sign, then
it is a classical result of Schoenberg [29] that the series on the right-hand side of ()
converges uniformly and absolutely to f.

Definition 2.1. For fixed n > 2, s € [—1,1), and given h, denote by U, the feasible
set of functions f € C([—1,1]); that is, the functions satisfying

(F1) f(t) > h(t) for every t € [—1, s] and
(F2) the coefficients in the Gegenbauer expansion () satisfy f; <0 fori=1,2,3,....

For a spherical code C C S"~! and a postive integer i, the i-th moment of C'is defined
by

(6) Mi(C) = > P (@)

z,yeC

The well known positive definiteness of the Gegenbauer polynomials implies that M;(C) >
0 for every nonnegative integer i. If M;(C') = 0 for every ¢ € {1,2,...,7}, then C is called
a spherical T-design. Spherical designs were introduced in 1977 by Delsarte, Goethals
and Seidel in their seminal paper [I5] with the following equivalent definition (among
others): C is a spherical 7-design if and only if

1
[ o) =5 3 pto)

zeC

holds for all polynomials p(z) = p(x1,x2,...,2,) of total degree at most 7 where o,
denotes the normalized (n — 1)-dimensional Hausdorff measure. The largest 7 such that
(' is a spherical 7-design is called the strength of C.

The following Delsarte-Yudin type linear programming theorem is a key tool for ob-
taining the upper bounds for the quantity Gy(n, M, s) given in Theorem

Theorem 2.2. Let n > 2, M > 2 be positive integers, s € [—1,1), and h : [-1,1) — R.
If f €U and C € C(n,M,s), then

(7) En(C) < Gp(n, M,s) < M(foM — f(1)),

with equality holding throughout ([{) if and only if both conditions
(a) f(t) = h(t) for every t € {(z,y) : x #y € C};
(b) fiM;(C) =0 foralli=1,2,3,...

hold.

Proof. Although this result can be deduced from the lower bound for energy given in [35]
(see also [B, Theorem 5.5.1]), we include a direct proof here for the convenience of the
reader.
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Let C C S™ ! be a spherical code. Since f(t) € U}?’S, its Gegenbauer expansion
ft) =32, fiPZ-(n) (t) converges uniformly on [—1,1] to f. Thus,

(8) FOICI+Y" Y flay) = folCP + ) fiMi(C),

zeCyeC\{z} >0

where the right-hand side of (8] is obtained using (@) and interchanging the order of
summation.

If C € C(n,M,s) and f € U;"", then the condition (F1) together with s(C) = s imply
that the left hand side of (&) is at least M f(1) + E,(C). Furthermore, (F2) and the
inequalities M;(C) > 0 for i = 1,2,...,deg(f) yield that the right-hand side is at most
M? fy. Therefore

(9) Ep(C) < Ef(C) < M(foM — f(1)).

Since these estimations are valid for every code C' € C(n,M,s) we conclude that the
desired bound follows.

Note that Ej,(C) = E¢(C) if and only if condition (a) is satisfied, while it follows from
@) that E(C) = M(foM — f(1)) if and only if condition (b) is satisfied. Hence, equality
holds in (@) if and only if both (a) and (b) are satisfied. O

In the next section, we will construct polynomials in U}TLL * for any fixed n, s, and
h € AM([—1,1]) that can be used in conjunction with Theorem to provide explicit
upper bounds for Gy, (n, M, s), where M is chosen in accordance with s and n.

3. CONSTRUCTION OF FEASIBLE POLYNOMIALS FOR THEOREM

In this section we develop methods for constructing polynomials in U;"* for a given
potential i and parameters n and s; we shall refer to such polynomials as feasible poly-
nomials. These methods rely on the Levenshtein framework (reviewed below) used to
obtain universal bounds on the cardinality of maximal codes with given separation dis-
tance and universal lower bounds on potential energy of codes of given cardinality (see

[24], [7], and [11]).

3.1. Levenshtein framework parameters and ULB spaces. We first recall the def-
inition of the Levenshtein function bounding the quantity

A(n,s) :=max{|C|: C c S" ! (x,y) < s,z #yc C}

that denotes the maximal possible cardinality of a spherical code on S*~! of prescribed
maximal inner product s.
For a,b € {0,1} and ¢ > 1, let t?’b denote the greatest zero of the (adjacent) Jacobi

n-3 . n-3
polynomial Pi(aJr 2 )(t) and also define té’l = —1. For m € N, let I,,, denote the
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interval

0 L [t};_ll,t,l;o], ifm =2k —1,
(10) moee [tl,O tl,l} £ —
p ooty |, ifm= 2k,

The collection of intervals {I,,,}>°_; is well defined from the interlacing properties ti’_ll <
ti’o < t,lf’l, see [24, Lemmas 5.29, 5.30]. Note also that it partitions I = [—1,1) into
countably many subintervals with non-overlapping interiors.

For every s € I,,, using linear programming bounds for special polynomials fr(r? 9) (t)
of degree m (see [24, Equations (5.81) and (5.82)]), Levenshtein proved that (see [24]
Equation (6.12)])

(11)

if s

Lo —1(n, s) = <k e 3>

k—1

ok +n-3 PU(s) = B(s)
n—1 (1= s)P("(s)
Zk+n—1_ (1+)(F"(s) - Péﬂ(s))] .

=1 (1= s)(P"(s) + P, (s))

A(n,s) <

Lo(n, s) = <k + " 2)

For every fixed dimension n, each bound L,,(n,s) is smooth with respect to s. The
Levenshtein function is defined as

Lop_1(n,s), ifse ly_q,
L(n,s)::{ 2k—1(7, 5) 2h—1

12
(12) Log(n, s), if s € Iy,.

It is a function that is continuous and strictly increasing in s, whose values at the end-
points of the intervals Z,,, coincide with the Delsarte-Goethals-Seidel numbers D(n,m)
(see [I5] for the definition).

Next, we introduce the notion of a 1/N-quadrature rule over subspaces consisting of
polynomials (see [7]). The classical example of 1/N-quadrature rule is given by Leven-
shtein’s Theorem 5.39 in [24], where a Gauss-Jacobi quadrature formula is defined (see
[23] for the origin of this result).

Definition 3.1. For fixed dimension n > 2 and a real number N > 2, a finite sequence
of ordered pairs {(a,-,p,-)}le, where a; < ag < --- < a are nodes (—1 < ag and o, < 1)
and p1, p2, ..., p are positive weights, forms a 1/N-quadrature rule, N > 0, that is exact
for the subspace A C C([—1,1]) if the quadrature formula

! 2\(n—3)/2 )

(13) fo=r [ s =020 = LS pipan),
- i=1

holds true for all polynomials f € A.

In our terminology, given a code C' € C(n, M, s), we associate (uniquely) m := m(n, s)
such that s € Z,;,. Then ([I3)) is a 1/L,,(n, s)-quadrature rule exact for the subspace of

€ Iap—1,

€ Ioy.
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real polynomials of degree at most m. Hereafter L,,(n,s), m = 1,2,..., will denote the
Levenshtein function (I2)) on the interval Z,, as defined in (0.

The nodes in the Levenshtein’s 1/L,,(n, s)-quadrature rule are the roots of certain
polynomial f,gl ’s)(t) of degree m (see [24, Theorem 5.39]), called the Levenshtein polyno-

mial, that is used for obtaining the bound (IIl). The explicit form of f,g? ’S)(t) (see [23,
Egs. (1.35-36)] or [24] Eq. (3.82)]) is given by

(14) W) = 11 ¢ = aa),

a; €T
where 7' is the multiset
{ap, g, 00,01, ..., Q—9, Qk—2, Q)1 } fm=2k—-1

(15) T =

{ {apg = -1, 01,00, 9,0, ... ;1,1 } if m =2k
of cardinality m. The reader may easily verify that for both even and odd m that
(16) fe9y <o, tel-1,s.
The numbers ag, v, ..., ap_14+¢ are the (simple) roots of the equation
(17) (t+1)° (Qu(1)Qh—1 (ah-11) — Qi(h-14)Q5—1 (1)) = 0,

n—1 n—3
where Q5 (t) = PZ-(T’HT)(t) are Jacobi polynomials as above, ¢ € {0,1} (i.e., (a,b) =
(0,€)), and m = 2k — 1 +¢. Hereafter we use € € {0,1} and m = 2k — 1+ ¢ to distinguish
between the cases of odd and even m. Note that s = ag_1.. and that —1 < «a; < a;41
for each ¢ apart from the case oy = —1 which happens if and only if m = 2k. The
Levenshtein quadrature now can be stated as

k—1+e

(18) f— ns+zp2 @),

holding true for every real polynomial f(t) of degree at most m =2k — 1+ ¢.

Spaces of polynomials where a 1/N-quadrature rule is valid for some N’s (not necessar-
ily integer) and where a solution of a corresponding linear programming problem (about
lower energy bounds) exists were called ULB-spaces in [I1] (ULB stands for Universal
lower bound(s)). Theorem below shows that in the ULB-space P,, universal upper
bounds (UUB) are also featuring.

3.2. Construction of UUB feasible polynomials. We use the Levenshtein polyno-
mials to construct feasible polynomials. Let n, M, and s be such that the set C'(n, M, s)
is nonempty (or conjectured to be nonempty). Let m = m(n,s) be as defined in the
previous subsection and let h € AM([—1,1]). We consider the polynomial

(19) F(E) = =ML () + gr(t Zfz
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where A > 0 is a parameter (to be determined later) and
gr(t) == Hp7(t)

is the Hermite interpolation polynomial to the function h(t) that agrees with h(t) exactly
in the points of a multiset 7' (counted with their multiplicities); that is, g7 interpolates
h and h' agree at repeated nodes.

Note that by the definition of Hermite interpolation the degree of gpr(t) is at most

|T| —1=m—1. Thus, deg(f) = m and this, in particular, implies that we need to verify
non-positivity of the Gegenbauer coefficients f; for 1 < i < m only. Let

m ng(QT)
(20) 9 =S 6P ), grt)y= > 6P @),
=0 1=0

be the Gegenbauer expansions of f,g? ) (t) and gr(t), respectively. It is important for the
applications below that ¢; > 0 for every ¢ = 0,1,...,m in the Gegenbauer expansion of
the Levenshtein polynomials (see, for example, [24] Theorem 5.42]).

Theorem 3.2. Letn > 2, M > 2 be an integer, s € [—1,1), and h(t) € AM([-1,1]).
For any large enough X\ > 0, we have that the polynomial f(t) defined as in [I9) belongs
to the class U;"*. In particular, if

(21) )\:max{%:lgigdeg(gﬂ}7
the corresponding polynomial fff) (t) € UM and
k—1+¢

M
22 M,s) <M ————1)f"1)+ M? (o).
(22) Gt 0M,) < M (s = 1) £0) + > pinie)
A code C € C(n, M, s) attains the bound 22)) if only if all inner products of C are in T
and (fr(r?))iMi(C') =0 for every i > 1.

Remark 3.3. Since the nodes in the upper bound on the energy Gp(n,M,s) in the
right hand side of (22)) do not depend on the potential h, we shall refer to this bound

hereafter as universal upper bound or UUB and to the polynomials fgL ) (t) as UUB feasible
polynomials.

Proof. The Hermite interpolation formula with remainder (e.g., see [14]) states that there
is some & € [—1, s| such that

h(t) = gr(t) = K™ (€) T] (t = ai) = hO(€) £ (2).
a; €T

Using absolute monotonicity of h and (I6) then shows gr(t) > h(t) for t € [-1
hence it follows from (I9) (again using (@) that f(t) > h(t) for every t € [—1, s]; i.e.
(F1) is satisfied (whatever A > 0 is).
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For (F2), observe that (I9]) implies that the coefficients f;, i = 1,2,...,m, in the
Gegenbauer expansion of f(t) are in fact the linear combinations —\¢; + g;. Since ¢; > 0
for every i it follows that large enough A > 0 will ensure f; <0 for every ¢ = 1,2,...,m.
Obviously, f; = —A¢; for deg(gr) +1 < i < m. Therefore, (F2) is satisfied (for large
enough \) and the proof of f(t) € U;"" is completed.

Since foM — f(1) is a linear function of A, the conditions —A\¢; + g; < 0 for i =
1,2,...,deg(gr) imply that the smallest value of A which works is as in (2I]).

Equality in ([22)) implies equality in Theorem [2.2] therefore, such equality holds only if
all inner products of distinct points in C' are in 7" and f; M;(C) = 0 for every i > 1.

We now compute the bound produced by f(¢). We first note that L,,(n,s) > M
follows from (IIJ). Indeed, if the converse M > L,,(n,s) is true, then the monotonicity
of the Levenshtien function implies s(C') > s, which contradicts to C € C(n, M, s).

Expressing fo by the Levenshtein’s 1/L,,(n, s)-quadrature rule we consecutively obtain

f(l) k—1+4e
foM — f(1) = M<m+ > pif(ai)> - (@)
mAT i=0

Ly(n,s

k—1+¢
- <L)—1> FAO+M D" pif(e)
i=0

M k—1+¢
_ <m —1> Q)+ M ZZ:; pih(a;)

(the last equality follows by using the interpolation conditions f(a;) = h(ay), i =
0,1,...,k — 1+ ¢) whence we get (22)). The dependence of ([22]) on A comes from f(1)
only. Since f(1) is linear and increasing with respect to A, the best bound is obtained
when A is chosen as in (21]). O

Remark 3.4. We note that that adding an additional interpolation condition, say by
adding a node —1 or s to the multiset 7" in (I3]), does not improve the UUB. Indeed,
suppose m = 2k — 1 and we consider 7" = {—1,ap,ap,...,ar_1}. In this case the
interpolation polynomial g7/ (t) = Hjp1/(t) is of degree 2k — 1 and the interpolation
conditions imply that

gr/(t) = gr(t) = pfip ) (#),

where p is a real number. Then for any polynomial

F(8) = =N 520 ) + gr(t) = (<N + p) £ (8) + gr(t)

and this representation says that, in the optimal case, —\ + u = —\, where \ is chosen
as in ([2I]). Thus we produce the UUB again. The case m = 2k can be dealt analogously.

We next consider the optimality of our bound in a class of feasible polynomials.
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Proposition 3.5. Any polynomial F(t) € U,"° of degree at most m satisfying F(1) <

f,g?)(l), where f,(f) is the polynomial from Theorem[3.2, gives an upper bound by Theorem
(2.2 which is not better than (22).

Proof. Assume that F(t) = Zdeg( )FP( )( t) € U, where deg(F) < m and F(1) <
f,gf )(1). As in the proof of Theorem [3.2] we see that

M k—1+¢
FOM—F(l):F(1)<L ) >+szz o).

Since F'(1) < fgf)(l), M < Ly(n,s), pi > 0, and F(«;) > h(a;), we conclude that the

inequality FoM — F(1) > (fr(r?))oM - fr(r?)(l) follows; i.e., the bound from F(¢) is not

better than (22I). O

Remark 3.6. Our numerical experiments suggest that the maximum for the parameter
A in Theorem is always attained at ¢ = 1. This naturally connects our results to the
concept of harmonic index ¢ designs defined by Bannai, Okuda, and Tagami [2].

3.3. Distance distributions of attaining codes. We consider the combinatorial prop-
erties of codes which would attain our UUB.

Definition 3.7. Let C C S"~! be a code with s(C) = s. For fixed z € C and t € [—1, 5],
denote by

Ai(z) :={y € C: (x,y) =t}

The system of nonnegative integers (A;(z) : t € [—1, s]) is called the distance distribution
of C" with respect to x.

Assume that C C S"! with s(C') = s and |C| = M attains the bound ([22). Then from
Theorem [2.2(a), f,(f) (t) coincides with h(t) on the set {(x,y) : * # y € C'}. Moreover,
from Theorem 2.2(b), we have (f,gq},l)),M,(C) =0 for every i € {1,2,...,m}.

Theorem 3.8. In the context of Theorem [Z3, if a code C C C(n,M,s) attains the

bound [22) then its distance distribution with respect to x € C' satisfies the system of
linear equations

k—1+¢
(23) 1+ > Ay, (@)P () =0 = M;(C) =0.

(2

Proof. The definition (@) of the moments can be rewritten as

k—1+e

(24) =My Y Ay ()P (o).

zeC j=0
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Since M;(C') = 0 if and only if ) _~v(x) = 0 for all spherical harmonics v € Harm(i),
we may use the addition formula [20] to show that the double sum in (24]) splits into |C|
sums each one equal to —1. Indeed, for fixed y € C, we consecutively obtain

Z Pz'(n) (=, Z Z (@ UZJ Z v (y Z vij (@

zeC xEC zeC
where r; = dim Harm(¢) and {v;;(x ) :7=1,2...,r;} is an orthonormal basis of Harm(7).
Thus
k—1+e
1+ Z A, ()P =y p" =0,
yel
which completes the proof. ]

If M;(C) =0 for each i € {2,3,...,m}, we obtain m — 1 = 2k — 2 + ¢ linear equations
with k + ¢ unknowns. Of course, we add the trivial equation

k—1+¢

(25) 14+ Y Ag(x)=M
=0

On the other hand, we apply the 1/L,,(n, s)-quadrature for the polynomials PZ-(") (1),
i =2,3,...,m to see that

k—14-¢
1+ Ly (n,s) Z PjPz‘(n)(aj) =0.
j=0
Looking at this as a system with unknowns Ly, (n, s)p;, j =0,1,...,k —1+¢, we obtain
again (23] (written for ¢ = 2,3,...,m). It is easy to see that we have at least as many

equations as unknowns for k£ > 2. If the solution is unique, then

Aa; () = pjLlim(n,s), 7=0,1,....,k—1+¢
(in particular, it follows that the distance distribution does not depend on z), which
leads to M = L,,(n, s) by the trivial equations (23] and

k—1+e

Ly,(n,s) =14 Lp(n,s) Z pj
=0

(this is the Levenshtein 1/L,,(n, s)-quadrature for f(t) =1).
These observations are summarized in the next theorem.
Theorem 3.9. In the context of Theorem[22, if a code C € C(n,M,s) with M;(C) =0

for each i € {2,3,... ,m} attains 22)) then k =1 or the system 23] has more than one
solution.

An example of attaining codes with k = 1 is given in Section 4.1.
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3.4. Test functions. Next we derive a sufficient condition for optimality of the UUB in
Theorem For s € I,,, and positive integer j, define test functions

) 1 k—14-¢ )
Rj (3) 3:m+ ; sz] (Oéi),

where the parameters (p;, ai)f:_olﬁ come from the Levenshtein 1/L,,(n, s)-quadrature.

Theorem 3.10. In the context of Theorem[3.3, if Rg-n)(s) > 0 for every j > 2k +¢, then
the bound ([22)) cannot be improved by using a polynomial F € U,"* such that F(1) <

).

Proof. Suppose that R§-n)(s) > 0 for every positive integer j. Write F'(t) € U;"” as
(26) Fit)=ult)+ Y FP"
j>2k+e

where u(t) is a polynomial of degree at most 2k — 14 ¢ with zeroth Gegenbauer coefficient
ug. It is clear that F(a;) < h(oy) for i =0,1,...,k —1+¢, F; <0 for every j > 2k +¢,
and Fj = ug. Assume also that F(1) < f,(r?)(l).

Using the Levenshtein 1/L,,(n, s)-quadrature for u(t) and the above relations we con-
secutively obtain

MFy—F(1) = Mug—u(l)— Y F

j>2k+e
k—1+4+e
— M< oM Z pit a,)—u(l)— > F
§>2k+e
M k—1+e
= u(1)<L . s) >—|—M Z piu(a;) Z F;
j>2k+e
M
- 3 5) (e )
j>2k—+e
k—14-¢
+M Y pi| Flan) - Y EP" - Y F
i=0 §>2k+e j>2k+e
M k—1+¢
B F(1)<L (n,s) >+M Z pif(0i) =M 3 FjRg'n)(S)
§>2k+e

v

k—1+¢
my (M o) —
(h) (1) <Lm(n7s) 1> + M Z pih(cay) = UUB.
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Hence the bound produced by F(t) is not better than (22)). O

3.5. The energy strip of C(n, M, s). Lower bounds for Gy, (n, M, s) can be derived, of
course, from constructions of good codes (in a sense of having large energies). We present
here an analytic approach defining a strip where the energies of all codes from C(n, M, s)
lie and, in particular, a lower bound on Gj(n, M,s). More precisely, we combine the
upper bound from Theorem and the universal lower bound from [7] to obtain a strip
where all possible energies of codes from C(n, M, s) belong.

To explain the lower bounds we start with setting with M = L,,(n,r) for a unique
r € I, where m = 2k — 1+ ¢, ¢ € {0,1}, as above (the uniqueness follows from the
strict monotonicity of the Levenshtein bounds). Note that r < s as equality holds if
and only if there exists a universally optimal code of cardinality M = L,,(n, s) (see also
the comment after the next theorem). Let the Levenshtein polynomial ff(: ’T)(t) have
roots ap < o) < --- < aj_,,. = r with corresponding weights pf, p},...,p}_;,. in the
Levenshtein 1/M-quadrature rule.

Theorem 3.11. The energy of any code C € C(n, M, s) is bounded from below and above
by

k—1+¢ k—1+¢
@) MY i) < B(C) < M (s = 1) 4 S )
i=0 m i=0

(n, s

It is clear from the above that M = L,,(n, s) implies the coincidence of the upper and
lower bounds in ([27)). In this case the corresponding codes are sharp configurations (also
universally optimal codes; see |2 [13] 24]) which means that they attain simultaneously
the Levenshtein bound, the ULB [7] and the UUB from Theorem (as the last two
coincide and the strip ([27]) becomes a point). Two prominent examples are given by the
simplex code C' € C(n,n+1,—1/n) and the cross polytope (also known as bi-orthogonal
code) C € C(n,2n,0).

4. EXAMPLES

4.1. Orthonormal basis codes and the UUB. First, we now provide an example
of a code where the UUB is attained. Moreover, we obtain more than one optimal
polynomials.

Suppose C' C S~ ! consists of orthonormal basis vectors in R” and select s = 0. Then
M =n and
EnL(C) =n(n—1)h(0).
Clearly, the constant polynomial f(¢) := h(0) provides one solution to the LP problem.
We now determine a second one.
In our construction, we have m = 2,

n

-1
P (1),

n 1 n
10 @0) = 1(t +1) = ~ P () + Pi(t) + —
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T =L={-1,0}, and

gr(t) = (A(0) — h(~1))t + h(0) = h(0)P™ () + (h(0) — h(~1))P{™ (¢).
The choice A = h(0) — h(—1) > 0 yields

ft) = h(0) = (h(0) — h(~1))t*

_ (DO A o (= D(A0) (-

n n

1) ,in
D P ) € Ut
Our bound can be computed directly by

n(nfo— f(1)) = n(n—1)f(0) = n(n - 1)h(0) = Ex(C).

Since k = 1, ¢ = 1, we find the quadrature nodes and weights to be (ag, po) = (—1,1/2n),
(a1, p1) = (0,(n —1)/n). Computing the Levenshtein function Ly(n,0) = 2n (note that
L3(n,0) = 2n as well), the right-hand side of (22]) becomes

n (ﬁ - 1) h(~1) + n? (h(_l) iy Uh(o)) = n(n — 1)h(0) = Ey(C).

2n 2n n

4.2. Bounds for (n,M) = (n,2n + 1) codes. It is natural to consider upper bounds
for parameters where good codes are known. Here we show how our bound behaves for
spherical codes C,, C S"~! with M = 2n + 1 points constructed in [16]. These codes are

conjectured to be optimal (see [3, Section 3.3]) but this is proved in dimensions 3 [30]
and 4 [36] only.

The maximal inner product of C), is equal to the unique root s € (0,1/n) of the
equation

n(n —2)?°X% —n?X? —nX +1=0.
These parameters are in the region of the third Levenshtein bound; i.e., we use m = 3.

The ULB [7] with parameters coming from L3(n,r) = M as in Section 3.5 is
(28) Ry(n,2n + 1) :== M? (phh(ap) + pih(r)) , r = al.

To obtain the UUB in this case we consider the corresponding Levenshtein polynomial
fén’s)(t) with zeros aq (double) and oy = s (simple). Then T' = {«ag, ap, a1} and g(t) :=
Hy, r(t) is the second degree interpolant to h in the nodes g (doubly) and a;. The
polynomial from ([I9)) is

F(t) = =M5" (0 +9(0) = D7 P (1)

where A > 0 has to be chosen to ensure f; < 0 and fo < 0 (f3 < 0 follows for every
A>0).

Here are the numerical results for n =5, M = 2n + 1 =11 and s ~ 0.13285 with the
Newton potential h(t) = 1/(2 — 2t)(*=2)/2,
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The lower bound from ([27)) (specified in (28])) is
Rp(5,11) = 11%(phh(afy) + phh(a})) ~ 37.484.
For the construction of the upper bound we find féS’S) (t) with roots (ag, 1 = s) =~
(—0.68069, 0.13285) and
g(t) = H(h; a0, a0, a1) ~ 0.23835¢2 + 0.46931¢ + 0.37128.

Then we search for A to satisfy the conditions f; < 0 for ¢ = 1,2,3. The computations
show that all A > 0.661 work as best the upper bound =~ 41.906 from Theorem (also
the upper bound in (27)) is obtained with the smallest possible A = g;/¢; ~ 0.661. For
the representation of the upper bound in (7)) we compute L3(5,s) ~ 13.3014 and

11
N 1> F(1) + 11% (poh(ao) + p1h(s)) -

(29) Gn(n,M,s) <11 (
The Newton energy of the code Cj is
Ej,(Cs) = (3n* — n)h(s) + (n? — n)h(a) + 2nh(b) + 2nh(c) ~ 39.0225,
where a ~ —0.22793, b ~ —0.553428, and ¢ ~ —0.89904. The best known (for the
minimum Newton energy problem) code of 11 points on S* has energy =~ 38.0544 [3].

TABLE 1. ULB and UUB for Newton energy of kissing numbers in di-
mensions 2 — 10

n Kissing numbers m | Ly (n,1/2) ULB UUB
bounds [16], [1} 26, 25]

2 6 5) 6 -10.75... -10.75...

3 12 ) 13.2 98.3 101.3

4 24 5) 26 333 344

5 10,....44 6 8 765.,...,047. 840.,...,989.

6 72,...,78 6 84. 2116.,...,2530. 2218.,...,2594.

7 126,...,134 6 142. 5552.,...,6376. | 5793.,...,6514.

8 240 7 240 17721. 17721.

9 306, . ..,363 7 384. 23149.,...,34231. | 27443.,...,35616.

10 500, ...,554 7 605 53059.,...,67004. | 61467.,...,71606.

4.3. Upper and lower bounds on energy of kissing configurations. We now con-
sider upper bounds on the Newtonian energies of kissing configurations. For such config-
urations s = 1/2. Depending on the dimension n we have various known bounds in the
literature for the corresponding kissing number, i.e. the maximum possible cardinality of
a code that has a separation parameter s = 1/2. The exact kissing numbers are known

for dimensions n = 1,2, 3,4, 8,24 (see [22, 27| 28| B31]).
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Table [l summarizes our results for n = 2 — 10. We list the dimension, known kissing
number intervals, Levenshtein interval m and Levenshtein function value L,,(n,1/2) and
the corresponding ULB and UUB intervals. Numbers are rounded to integer parts,
rounding being indicated with the decimal point.

4.4. Conclusion and future work. The conditions for attaining the bound of Theorem
lead to the usual suspects — the universally optimal configurations defined in [I3].
From a broader viewpoint, our upper bounds help provide a range of possible energies (or
energy levels) for ‘good’ spherical codes. Thereby, we obtain restrictions on the structure
of codes that can be useful for classification (or nonexistence) purposes. We plan to
explore this idea in a future paper that relates to kissing configurations.

Several additional related questions arise quite naturally. For example, whether the
optimality condition f; = 0 (see Remark B.0]) is true for every absolutely monotone
potential function A. A second question is whether effective ‘next level’ upper bounds
can be developed in a manner similar to that derived for lower bounds by the present

authors in [11]] (see also [13]).

Acknowledgments. The authors thank the anonymous referees for helpful sugges-
tions and comments.

REFERENCES

[1] C.Bachoc, F. Vallentin, New upper bounds for kissing numbers from semidefinite programming, J.
Amer. Math. Soc. 21 909-924 (2008).
[2] E.Bannai, T.Okuda, M. Tagami, Spherical designs of harmonic index ¢, J. Approz. Theory 195, 1-18
(2015)
[3] B.Ballinger, G.Blekherman, H. Cohn, N. Giansiracusa, E. Kelly, A.Shiirmann, Experimental study
of energy-minimizing point configurations on spheres, Ezperiment. Math. 18, 257-283 (2009).
[4] A.Bondarenko, D. Radchenko, M. Viazovska, Well-separated spherical designs, Constr. Approz. 41,
93-112, 2015.
[5] S.V. Borodachov, D.P. Hardin, and E.B. Saff. Discrete Energy on Rectifiable Sets, Springer, New
York. 2020.
[6] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Universal upper and lower bounds on
energy of spherical designs, Dolomites Res. Notes Approz. 8 51-65 (2015).
[7] P.Boyvalenkov, P. Dragnev, D.Hardin, E. Saff, M. Stoyanova. Universal lower bounds for potential
energy of spherical codes, Constr. Approz. 44, 385-415 (2016).
[8] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Energy bounds for codes and designs
in Hamming spaces, Designs, Codes and Cryptography 82(1), 2017, 411-43
[9] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. On spherical codes with inner products
in prescribed interval, Designs, Codes and Cryptography 87, 2019, 299-315.
[10] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Energy Bounds for Codes in Polyno-
mial Metric Spaces, Analysis and Mathematical Physics 9, Issue 2, 781-808 (2019).
[11] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Next levels universal bounds for spher-
ical codes: the Levenshtein framework lifted, submitted (arXiv:1906.03062]).
[12] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Universal bounds for size and energy
of codes of given minimum and maximum distances, submitted (arXiv:1910.07274)).
[13] H.Cohn, A. Kumar, Universally optimal distribution of points on spheres, J. Amer. Math. Soc., 20,
99-148 (2006).


http://arxiv.org/abs/1906.03062
http://arxiv.org/abs/1910.07274

(14]
(15]

UPPER ENERGY BOUNDS FOR SPHERICAL CODES 17

S. D. Conte, C. de Boor, Elementary Numerical Analysis: An Algorithmic Approach, SIAM, (2017).
P. Delsarte, J.-M. Goethals, J.J.Seidel, Spherical codes and designs, Geom. Dedicata 6, 363-388
(1977) .

Th. Ericson, V. Zinoviev, Codes on Fuclidean Spheres. North-Holland Mathematical Library, Else-
vier, 2001.

P. Grabner, T. Stepanyuk, Comparison of probabilistic and deterministic point sets, J. Approz. The-
ory 239, 128-143 (2019).

K. Hesse, The s-energy of spherical designs on S?, Adv. Comput. Math., 30, 37-59 (2009).

K. Hesse, P.Leopardi, The Coulomb energy of spherical designs on S?, Adv. Comput. Math., 28,
331-354 (2008).

T. H. Koorwinder, The addition formula for Jacobi polynomials and spherical harmonics, SIAM J.
Appl. Math. 25, 236-246 (1973).

P. Leopardi, Discrepancy, separation and Riesz energy of finite point sets on the unit sphere, Aduv.
Comput. Math. 39, 27-43 (2013).

V.I. Levenshtein, On bounds for packings in n-dimensional Euclidean space, Soviet Math. Dokl. 20,
417-421 (1979).

V. 1. Levenshtein, Designs as maximum codes in polynomial metric spaces, Acta Appl. Math. 25, 1-82
(1992)

V.I. Levenshtein, Universal bounds for codes and designs, Handbook of Coding Theory, V.S. Pless
and W. C. Huffman, Eds., Elsevier, Amsterdam, Ch. 6, 499-648 (1998).

F. C. Machado, F. M. de Oliveira Filho, Improving the semidefinite programming bound for the kiss-
ing number by exploiting polynomial symmetry, Ezp. Math. 27, 362-369 (2018).

H. D. Mittelmann, F. Vallentin, High-accuracy semidefinite programming bounds for kissing numbers,
Exp. Math. 19, 175-179 (2010).

O.Musin, The kissing number in four dimensions. Ann. of Math., 168, 1-32 (2008).

A.M. Odlyzko, N. J. A. Sloane, New bounds on the number of unit spheres that can touch a unit
sphere in n dimensions, J. Combin. Theory Ser. A 26, 210-214 (1979).

I. J. Schoenberg, Positive definite functions on spheres, Duke Math. J., 9, 96-108 (1942).

K. Schiitte, B. L. van der Waerden, Auf welcherKugel haben 5, 6, 7, oder 8 Punkte mit Mindestab-
stand Eins Platz?, Math. Ann. 123, 96-124 (1951).

K. Schiitte, B.L.van der Waerden, Das Problem der dreizehn Kugeln, Math. Ann. 125, 325-334
(1952).

] T.Stepanyuk, Estimates for logarithmic and Riesz energies for spherical ¢-designs, larXiv:1901.00437.

G. Szeg6, Orthogonal polynomials, Amer. Math. Soc. Col. Publ., 23, Providence, RI, 1939.

G. Wagner, On means of distances on the surface of a sphere (upper bounds), Pac. J. Math 154,
381-396 (1992).

V. A. Yudin, Minimum potential energy of a point system of charges. Diskret. Mat., 4(2),115-121
(1992).

D. Zinoviev, V. Zinoviev, On the spherical code (4, p,9), in Proc. Eighth Intern. Workshop on Optimal
Codes and Related Topics, Sofia, Bulgaria, July 10-14, 142-148 (2017).


http://arxiv.org/abs/1901.00437

18 P. BOYVALENKOV, P. DRAGNEV, D. HARDIN, E. SAFF, AND M. STOYANOVA

INSTITUTE OF MATHEMATICS AND INFORMATICS, BULGARIAN ACADEMY OF SCIENCES, 8 G BONCHEV
STR., 1113 SOFIA, BULGARIA, AND TECHNICAL FACULTY, SOUTH-WESTERN UNIVERSITY, BLAGOEV-
GRAD, BULGARIA.

E-mail address: peter@math.bas.bg

DEPARTMENT OF MATHEMATICAL SCIENCES, PURDUE UNIVERSITY FORT WAYNE, IN 46805, USA
E-mail address: dragnevp@pfw.edu

CENTER FOR CONSTRUCTIVE APPROXIMATION, DEPARTMENT OF MATHEMATICS, ~ VANDERBILT UNI-
VERSITY, NASHVILLE, TN 37240, USA

E-mail address: doug.hardin@vanderbilt.edu
FE-mail address: edward.b.saff@vanderbilt.edu

FAacurLty OF MATHEMATICS AND INFORMATICS, SOFIA UNIVERSITY, 5 JAMES BOURCHIER BLVD.,
1164 SOFIA, BULGARIA

E-mail address: stoyanova@fmi.uni-sofia.bg



	1. Introduction
	2. Linear programming for upper bounds for Gh(n,M,s)
	3. Construction of feasible polynomials for Theorem ??
	3.1. Levenshtein framework parameters and ULB spaces
	3.2. Construction of UUB feasible polynomials
	3.3. Distance distributions of attaining codes
	3.4. Test functions
	3.5. The energy strip of C(n,M,s)

	4. Examples 
	4.1. Orthonormal basis codes and the UUB
	4.2. Bounds for (n,M)=(n,2n+1) codes
	4.3. Upper and lower bounds on energy of kissing configurations
	4.4. Conclusion and future work

	References

