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Abstract: Approximate simulation relations have recently been introduced as a
powerful tool for the approximation of discrete and continuous systems. In this
paper, we extend this notion to hybrid systems. Using the so-called simulation
functions, we develop a computationally effective characterization of approximate
simulation relations which can be used for hybrid systems approximation. An
example of application in the context of safety verification is shown.
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1. INTRODUCTION

Approximation of purely discrete systems has tra-
ditionally been based on language inclusion and
equivalence with notions such as simulation or
bisimulation relations (Clarke et al., 2000). These
concepts have been useful for simplifying prob-
lems such as safety verification or controller syn-
thesis. More recently, they have been extended
to the framework of continuous and hybrid sys-
tems (Pappas, 2003; Haghverdi et al., 2005) al-
lowing the approximation of systems in a unified
(discrete/continuous) manner.

When dealing with continuous and hybrid sys-
tems, typically observed over the real numbers
with possibly noisy observations, the usual no-
tions based on exact language inclusion is quite
restrictive and not robust. The notion of lan-
guage approximation is much more adequate in
this context. In (Girard and Pappas, 2005c), we
proposed a framework for system approximation
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Rhône-Alpes (Projet CalCel) and the NSF Presidential
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based on approximate versions of simulation rela-
tions. Instead of requiring that the observations
of a system and its approximation are and re-
main equal, we require that they are and re-
main arbitrarily close. This approach not only
defines more robust relations between systems but
also allows more significant complexity reduction
in the approximation process. In (Girard and
Pappas, 2005a; Girard and Pappas, 2005b), this
framework has been applied to constrained linear
systems and nonlinear autonomous systems. Com-
putational methods have been developed to quan-
tify the distance between two systems. In (Julius
et al., 2006; Julius, 2006), the theoretical and
computational frameworks have been extended to
handle stochastic dynamical and hybrid systems
(with purely stochastic jumps). Related work on
approximate versions of simulation and bisimula-
tion relations has been done for quantitative tran-
sition systems (de Alfaro et al., 2004) or labeled
Markov processes (Desharnais et al., 2004).

In this paper, we apply our approximation frame-
work to hybrid systems. Using the so-called sim-
ulation functions (Girard and Pappas, 2005c), we



develop a computationally effective characteriza-
tion of approximate simulation relations which
can be used for hybrid systems approximation.
An example of application in the context of safety
verification is shown.

2. APPROXIMATION OF TRANSITION
SYSTEMS

In this section, we summarize the notion of ap-
proximate simulation relations for labeled tran-
sition systems as developed in (Girard and Pap-
pas, 2005c). Labeled transition systems allow to
model in a unified framework, discrete, continuous
and hybrid systems. They can be seen as graphs,
possibly with an infinite number of states or tran-
sitions.

Definition 2.1. A labeled transition system with
observations is a tuple T = (Q, Σ,→, Q0, Π, 〈〈.〉〉)
that consists of:

• a set Q of states,
• a set Σ of labels,
• a transition relation →⊆ Q× Σ×Q,
• a set Q0 ⊆ Q of initial states,
• a set Π of observations, and
• an observation map 〈〈.〉〉 : Q → Π.

A state trajectory of T is a sequence of transitions,

q0 σ0

→ q1 σ1

→ q2 σ2

→ . . . , where q0 ∈ Q0.

For a given initial state and sequence of labels,
there may exist several state trajectories of T .
Thus, the systems we consider are possibly non-
deterministic. The associated external trajectory

π0 σ0

→ π1 σ1

→ π2 σ2

→ . . . , where πi = 〈〈qi〉〉
describes the evolution of the observations under
the dynamics of the labeled transition system. The
set of external trajectories of the labeled transi-
tion system T is called the language of T . The
subset of Π reachable by the external trajectories
of T is noted Reach(T ). An important problem
for transition systems is the safety verification
problem which consists in checking whether the
reachable set Reach(T ) intersects a set of obser-
vations ΠU associated with unsafe states.

Exact simulation relations between two labeled
transition systems require that their observations
are (and remain) identical (Clarke et al., 2000).
Approximate simulation relations are less rigid
since they only require that the observations of
both systems are (and remain) arbitrarily close.
Let T1 = (Q1, Σ1,→1, Q

0
1, Π1, 〈〈.〉〉1) and T2 =

(Q2,Σ2,→2, Q0
2,Π2, 〈〈.〉〉2) be two labeled transi-

tion systems with the same set of labels (Σ1 =
Σ2 = Σ) and the same set of observations (Π1 =

Π2 = Π). Let us assume that the set of observa-
tions Π is a metric space; dΠ denotes the metric
on Π.

Definition 2.2. A relation Sδ ⊆ Q1 × Q2 is a δ-
approximate simulation relation of T1 by T2 if for
all (q1, q2) ∈ Sδ:

(1) dΠ (〈〈q1〉〉1, 〈〈q2〉〉2) ≤ δ,
(2) ∀q1

σ→1 q′1, ∃q2
σ→2 q′2 such that (q′1, q

′
2) ∈ Sδ.

Note that for δ = 0, we have the usual notion of
exact simulation relation (Clarke et al., 2000).

Definition 2.3. T2 approximately simulates T1

with the precision δ (noted T1 ¹δ T2), if there
exists Sδ, a δ-approximate simulation relation of
T1 by T2 such that for all q1 ∈ Q0

1, there exists
q2 ∈ Q0

2 such that (q1, q2) ∈ Sδ.

If T2 approximately simulates T1 with the preci-
sion δ then the language of T1 is approximated
with precision δ by the language of T2.

Theorem 2.4. (Girard and Pappas, 2005c) If
T1 ¹δ T2, then for all external trajectories of T1,

π0
1

σ0

→ π1
1

σ1

→ π2
1

σ2

→ . . . ,

there exists an external trajectory of T2 with the
same sequence of labels

π0
2

σ0

→ π1
2

σ1

→ π2
2

σ2

→ . . .

such that for all i ∈ N, dΠ(πi
1, π

i
2) ≤ δ.

Approximation of transition systems based on ap-
proximate simulation relations is useful for solv-
ing the safety verification problem. Indeed, from
Theorem 2.4, it is straightforward that if T2 ap-
proximately simulates T1 with the precision δ and
Reach(T2) ∩ NΠ(ΠU , δ) = ∅ (where NΠ(., δ) de-
notes the δ-neighborhood for the metric dΠ), then
Reach(T1) ∩ ΠU = ∅. Therefore, the safety of T1

can be verified using the approximate system T2.

3. HYBRID SYSTEMS AS TRANSITION
SYSTEMS

In this section, we show that hybrid systems can
be formulated as transition systems. A hybrid sys-
tem is defined as a tuple H = (L, n, p, E, F, Inv, G,
R, Q0) where

• L is a finite set of locations or discrete states.
|L| denotes the number of elements of L.
Without loss of generality, L = {1, . . . , |L|}.

• n : L → N, where for every l ∈ L, nl is the
dimension of the continuous state space in



the location l. The set of states of the hybrid
system is

Q =
⋃

l∈L

{l} × Rnl .

• p : L → N, where for every l ∈ L, pl is the
dimension of the continuous observation of
the hybrid system in the location l. The set
of observations of the hybrid system is

Π =
⋃

l∈L

{l} × Rpl .

• E ⊆ L × L is the set of events or discrete
transitions.

• F = {Fl| l ∈ L} defines the continuous
dynamics in each location. For each l ∈ L,
Fl is a triple (fl, gl, Ul) where fl : Rnl ×
Ul → Rnl , gl : Rnl → Rpl and Ul ⊆ Rml is
a compact set of internal inputs accounting
for disturbances and modelling uncertainties.
While the discrete part of the state is l, the
continuous part evolves according to{

ẋ(t) = fl(x(t), u(t)), u(t) ∈ Ul

y(t) = gl(x(t)).

• Inv = {Invl| l ∈ L} defines an invariant set
in each location. For each l ∈ L, Invl ⊆ Rnl

constrains the value of the continuous part of
the state while the discrete part is l.

• G = {Ge| e ∈ E} defines the guard for each
discrete transition. For each e = (l, l′) ∈
E, Ge ⊆ Invl. The discrete transition e is
enabled when the continuous part of the state
is in Ge.

• R = {Re| e ∈ E} defines the reset map for
each discrete transition. For each e = (l, l′) ∈
E, Re : Ge → 2Invl′ . When the event e
occurs, the continuous part of the state is
reset using Re.

• Q0 ⊆ Q is the set of initial states:

Q0 =
⋃

l∈L

{l} × I0
l , with I0

l ⊆ Invl.

The semantics of a hybrid system is well estab-
lished (see for instance (Alur et al., 2000)) and is
not defined here. In the spirit of (Alur et al., 1995),
we can derive from H a nondeterministic transi-
tion system T = (Q, Σ,→, Q0,Π, 〈〈.〉〉) where the
set of states Q, the set of observations Π, and the
set initial states Q0 are the same than in H. The
set of labels is Σ = R+ ∪ {τ}. The observation
map is given by

〈〈(l, x)〉〉 = (l, gl(x)).

The transition relation → is given by:

(1) continuous transitions :
For t ∈ R+, (l, x) t→ (l, x′) iff there exists
a locally measurable function u(.) and an
absolutely continuous function z(.) such that
z(0) = x, z(t) = x′ and for all s ∈ [0, t],

ż(s) = fl(z(s), u(s))

with u(s) ∈ Ul and z(s) ∈ Invl.
(2) discrete transitions :

(l, x) τ→ (l′, x′) iff (l, l′) = e ∈ E, x ∈ Ge and
x′ ∈ Re(x).

The set of observation Π of a hybrid system is
equipped with the following metric dΠ:

dΠ ((l1, y1), (l2, y2)) =
{ ‖y1 − y2‖, if l1 = l2

+∞, if l1 6= l2

In the following, we show that our approximation
framework based on approximate simulation rela-
tions can be applied to hybrid systems.

4. APPROXIMATE SIMULATION
RELATIONS FOR HYBRID SYSTEMS

Let Hi = (Li, ni, pi, Ei, Fi, Invi, Gi, Ri, Q
0
i ), (i =

1, 2) be two hybrid systems and Ti = (Qi,Σi,→i

, Q0
i ,Πi, 〈〈.〉〉i), (i = 1, 2) be the associated tran-

sition systems. We assume that T1 and T2 have
the same set of observations Π1 = Π2 = Π.
Particularly, this implies that the set of locations
and the dimensions of the continuous observations
are the same for both systems (i.e. L1 = L2 = L,
p1 = p2 = p). 2 We will further assume that the
discrete dynamics of both systems are the same
(i.e. E1 = E2 = E). The goal of the approxima-
tion process presented here is then essentially to
simplify the continuous dynamics of the hybrid
system H1. In this section, we establish sufficient
conditions so that H2 approximately simulates H1

and provide a method to evaluate the precision of
the approximate simulation relation.

4.1 Simulation functions

Let l ∈ L, let n1,l, n2,l be the dimensions of
the continuous part of the state of H1 and H2

in the location l. Let F1,l = (f1,l, g1,l, U1,l) and
F2,l = (f2,l, g2,l, U2,l) be the continuous dynamics
of H1 and H2 associated to the location l. We
define the following notations:

x =
[

x1

x2

]
, fl(x, u1, u2) =

[
f1,l(x1, u1)
f2,l(x2, u2)

]
,

gl(x) = g1,l(x1)− g2,l(x2).

In (Girard and Pappas, 2005c), we showed that
approximate simulation relations could be char-
acterized efficiently using the notion of simulation

2 The approximation of a hybrid systems by another
hybrid systems with a smaller number of locations
has been considered for systems with purely stochastic
jumps (Julius, 2006). We will also consider this type of ap-
proximation for hybrid systems with non stochastic jumps
in the future.



function. In our context, this can be instantiated
as follows.

Definition 4.1. Vl : Rn1,l × Rn2,l → R+ is a
simulation function of F1,l by F2,l if for all x ∈
Rn1,l × Rn2,l ,

Vl(x) ≥ gl(x)T gl(x), (1)

max
u1∈U1,l

min
u2∈U2,l

∇Vl(x)T fl(x, u1, u2) ≤ 0. (2)

Remark 4.2. The concept of simulation function
is related to robust control Lyapunov func-
tions (Freeman and Kokotovic, 1996; Liberzon et
al., 2002), though they slightly differ in spirit.
Indeed, considering the input u1 as a disturbance
and the input u2 as a control variable, the in-
terpretation of equation (2) is that for all dis-
turbances there exists a control such that the
simulation function decreases during the evolution
of the system. In this context, u2 may have full
knowledge (and be a function) of u1. In compar-
ison, a robust control Lyapunov function would
require that there exists a control u2 such that
for all possible (and unknown) disturbances u1

the function decreases during the evolution of the
system. Therefore, robust control Lyapunov func-
tions require stronger conditions than simulation
functions.

Methods for the computation of simulation func-
tions have been proposed for the class of con-
strained linear systems (Girard and Pappas,
2005a) and autonomous nonlinear systems (Girard
and Pappas, 2005b). These methods are based
on linear matrix inequalities, sum of squares pro-
grams and static games and are thus computa-
tionally effective. The computation of simulation
functions for constrained linear systems has been
implemented in the Matlab toolbox MATISSE 3 .

Simulation functions satisfy the following prop-
erty which will be useful in characterizing approx-
imate simulation relations for hybrid systems.

Proposition 4.3. For all (x1, x2) ∈ Rn1,l × Rn2,l ,
for all inputs u1(.), there exists an input u2(.) such
that

∀t ∈ R+, Vl(z1(t), z2(t)) ≤ Vl(x1, x2) (3)

where

żi(t) = fi,l(zi(t), ui(t)), zi(0) = xi, i = 1, 2.

Proof : Let us remark that

V̇l(z(t)) = ∇Vl(z(t))T fl(z(t), u1(t), u2(t))

3 MATISSE: Metrics for Approximate TransItion
Systems Simulation and Equivalence, Available from
http://www.seas.upenn.edu/~agirard/Software/MATISSE

where z(t) = [z1(t) z2(t)]T . Then, from equation
(2), it is clear that for all inputs u1(.), there exists
an input u2(.) such that V̇l(z(t)) ≤ 0. ¥

4.2 Approximate simulation relations

In this section, we give a characterization of ap-
proximate simulation relations for hybrid systems.
Let us assume that for each location l ∈ L, there
exists a simulation function Vl of the continuous
dynamics F1,l by F2,l. We define the following sets,
for all x1 ∈ Rn1,l , β ≥ 0,

Nl(x1, β) = {x2 ∈ Rn2,l | Vl(x1, x2) ≤ β}.

Theorem 4.4. Let β1, . . . , β|L| be positive num-
bers such that

(a) for all l ∈ L, Nl(Inv1,l, βl) ⊆ Inv2,l,
(b) for all e = (l, l′) ∈ E, Nl(G1,e, βl) ⊆ G2,e,
(c) for all l ∈ L,

βl ≥ max
x1∈I0

1,l

min
x2∈I0

2,l

Vl(x1, x2),

(d) for all e = (l, l′) ∈ E,

βl′ ≥ max
x1 ∈ G1,e

Vl(x1, x2) ≤ βl

(
max

x′1∈R1,e(x1)
min

x′2∈R2,e(x2)
Vl′(x′1, x

′
2)

)
.

Let δ = max(
√

β1, . . . ,
√

β|L|). Then, the relation
Sδ ⊆ Q1 ×Q2 defined by

Sδ = {(l1, x1, l2, x2)| l1 = l2 = l, Vl(x1, x2) ≤ βl}
is a δ-approximate simulation relation of T1 by T2

and T1 ¹δ T2.

Proof : Let (l1, x1, l2, x2) ∈ Sδ, then l1 = l2 = l
and Vl(x1, x2) ≤ βl. From equation (1), we have
that ‖gl,1(x1) − gl,2(x2)‖ ≤

√
βl ≤ δ. Hence, the

first property of Definition 2.2 holds.
Let (l1, x1)

t→ (l1, x′1), then there exists an input
u1(.) and a function z1(.) such that z1(0) = x1,
z1(t) = x′ and for all s ∈ [0, t], u1(s) ∈ U1,l,
z1(s) ∈ Inv1,l and

ż1(s) = fl,1(z1(s), u1(s)).

From Proposition 4.3, we know that there exists
an input u2(.) and a function z2(.) such that
z2(0) = x2, and for all s ∈ [0, t], u2(s) ∈ U2,l,

ż2(s) = fl,2(z2(s), u2(s))

and V (z1(s), z2(s)) ≤ V (x1, x2) ≤ βl. Then, as-
sumption (a) of Theorem 4.4 insures that for all
s ∈ [0, t], z2(s) ∈ Invl,2. Let x′2 = z2(t), we
have (l2, x2)

t→ (l2, x′2) and since Vl(x′1, x
′
2) ≤ βl,

(l1, x′1, l2, x
′
2) ∈ Sδ.

Let (l1, x1)
τ→ (l′1, x

′
1), then there exists e = (l1, l′1)

such that x1 ∈ G1,e and x′1 ∈ R1,e(x1). As-
sumption (b) of Theorem 4.4 ensures that x2 ∈
G2,e. From assumption (d) of Theorem 4.4, we



have that there exists x′2 ∈ R2,e(x2), such that
Vl′(x′1, x

′
2) ≤ βl′ where l′ = l′1. Then, (l2, x2)

τ→
(l′2, x

′
2) with l′2 = l′ and (l′1, x

′
1, l

′
2, x

′
2) ∈ Sδ. There-

fore, Sδ is a δ-approximate simulation relation of
T1 by T2.
Finally, let (l1, x1) ∈ Q0

1, then x1 ∈ I0
1,l where

l = l1. From assumption (c) of Theorem 4.4, there
exists x2 ∈ I0

2,l, such that Vl(x1, x2) ≤ βl. Then,
(l2, x2) ∈ Q0

2 with l2 = l and (l1, x1, l2, x2) ∈ Sδ.
Then T1 ¹δ T2. ¥
Assumption (d) can be interpreted as a con-
dition of non-propagation of the approximation
error through the reset maps. It is clear that
the scalars β1, . . . , β|L| cannot be chosen indepen-
dently. Thus, it is not necessarily the case that
such numbers exist. There are two cases where
we can guarantee easily the existence of these
numbers. First, if we consider memoryless resets
(i.e. R1,e(x1) = R1,e and R2,e(x2) = R2,e for
all e ∈ E), then we can see that β1, . . . , βl can
be chosen independently. Second, if the graph
(L,E) does not contain any cycle, then there is
no circular dependency between β1, . . . , β|L| and
thus it is easy to compute numbers such that the
fourth assumption holds.

4.3 Approximation of hybrid systems

Based on Theorem 4.4, we can define a procedure
to approximate a hybrid systems H1 by another
hybrid system H2 with simpler continuous dynam-
ics and to compute the precision of the approxi-
mate simulation relation of T1 by T2.

First, in each location l ∈ L, we approximate the
continuous dynamics F1,l by a simpler continuous
dynamics F2,l. If F1,l is a large linear system, then
F2,l may be chosen as a smaller linear system
(Girard and Pappas, 2005a). If F1,l is a nonlin-
ear system, then F2,l may be chosen as a linear
system (Girard and Pappas, 2005b). The goal of
this approximation is to reduce the complexity of
analysis tasks such as reachability computation.
Then, we compute a simulation function Vl of
the continuous dynamics F1,l by F2,l. Note that
such a function always exists if F1,l and F2,l are
asymptotically stable. In the case of nonstable sys-
tems, a simulation function exists if the unstable
subsystem of F2,l exactly simulates the unstable
subsystem of F1,l (Girard and Pappas, 2005a).

The second part of the procedure consists in
choosing the initial sets I0

2,l and the reset maps
R2,e and computing scalars β1, . . . , β|L| satisfying
the assumptions (c) and (d) of Theorem 4.4. Then,
we set the invariants Inv2,l = Nl(Inv1,l, βl) and
the guards G2,e = Nl(G1,e, βl) where e = (l, l′).
From Theorem 4.4, we know that T1 ¹δ T2 with
δ = max(

√
β1, . . . ,

√
β|L|).

G1,2 = {x ∈ R
4| − 1 ≤ x1 ≤ 1}

x(t+) := R1,2x(t−)

{

ẋ = A1x + B1u,

y = C1x

u ∈ [−0.1, 0.1]

Inv1 = {x ∈ R
4| x1 ≥ −1}

{

ẋ = A2x + B2u,

y = C2x

Inv2 = R
2

u ∈ [1, 1.1]l = 2

l = 1

Fig. 1. Example of hybrid system

5. EXAMPLE

In this section, we illustrate our approximation
framework in the context of a safety verification
problem. Let us consider the hybrid system de-
scribed in Figure 1. In each location, the contin-
uous linear dynamics are given by the following
matrices:

A1 =
[−0.5 3 0 0
−3 −0.5 1 0
0 0 −0.7 8
0 0 −8 −0.7

]
, B1 =

[
0
1
0
0

]
, CT

1 =
[

1 0
0 1
0 0
0 0

]

A2 =
[−0.5 1

0 −1

]
, B2 =

[−10
5

]
, CT

2 = [ 1 0
0 1 ] .

The linear reset map is given by R1,2 = [ 0 1 0 0
1 0 0 0 ].

The set of initial states is

Q0 = {1} × ([4, 5]× [4, 5]× [0.9, 1.1]× {0}) .

Let us consider the safety verification problem
where the set of unsafe sets is

ΠU = {2}×{
y ∈ R2| (y1 + 10)2 + (y2 + 1)2 ≤ 1

}
.

In order to solve the safety verification problem,
we will use a two dimensional approximation of
the continuous dynamics in location 1, given by
the following matrices:

A′1 =
[−0.5 3
−3 −0.5

]
, B′

1 = [ 0
1 ] , C ′1 = [ 1 0

0 1 ] .

The two dimensional dynamics in location 2
will be kept unchanged. The reset map of the
approximate hybrid system is given by the matrix
R′1,2 = [ 0 1

1 0 ]. The initial set is

Q′0 = {1} × ([4, 5]× [4, 5]) .

Simulation functions between the continuous dy-
namics are computed using the toolbox MA-
TISSE. This essentially consists in solving a set
of linear matrix inequalities and quadratic pro-
grams. Then, we compute β1 and β2 such that
assumptions (c) and (d) of Theorem 4.4 hold. The
invariant of location 1 and the guard of the tran-
sition (1, 2) are bloated according to these num-
bers. The precision of the approximate simulation
relation between the original hybrid system and
its approximation is δ = 0.3877. We computed
the reachable sets of both systems using zonotope
based reachability algorithms (Girard, 2005) im-
plemented in MATISSE. We can see on Figure 2
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Fig. 2. Reachable sets of the original hybrid system (left) and of its approximation (right). We can see
that the approximation allows to conclude that the original system is safe.

that the reachable set of the approximate hybrid
system does not intersect the bloated unsafe set.
Hence, this allows to conclude that the original
hybrid system is safe.

6. CONCLUSION

In this paper, we extended the notion of approx-
imate simulation relations to hybrid systems. We
developed an effective characterization of approx-
imate simulation relations based on simulation
functions. We showed how our framework could be
used to approximate hybrid systems and an exam-
ple in the context of safety verification was shown.
Future work includes developing more systematic
methods to compute approximate simulation rela-
tions for hybrid systems as well as implementing
these methods in MATISSE.
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