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Abstract In the first part of this paper we present a formalization in Agda of the James con-
struction in homotopy type theory. We include several fragments of code to show what the
Agda code looks like, and we explain several techniques that we used in the formalization.
In the second part, we use the James construction to give a constructive proof that 774(S?) is
of the form Z/nZ (but we do not compute the n here).
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1 Introduction

In this paper we define the James construction in homotopy type theory and we prove that
74(S?) is of the form Z/nZ. We have formalized the most technical part (the James con-
struction) in Agda and we present here numerous fragments of codes and remarks on the
formalizatiorEl. This article is based on chapter 3 of the author’s PhD thesis ([[1]), but the
formalization in Agda of the James construction is new. In [1]], we also proved that n is
equal to 2, but this is out of the scope of the present paper.

The general idea of the James construction is that given a type A pointed by x4 : A, we
consider the higher inductive type JA generated by the constructors

g JA,
oy :A—JA—JA,
6] . (XZJA) — X =JA OCJ(*A,x).
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‘We can see JA as the free monoid on A, where %4 is identified with the neutral element. The
function ¢y builds sequences of elements of A (&; corresponding to the empty sequence),
and the function &; allows us to remove occurences of *4.

This higher inductive type is recursive, given that JA itself appears in the domains of ¢
and §;, and we would like to turn it into a non-recursive one. So we will define (in section
[3) a sequence of types (J,A),.n together with maps (i, : JuA — J,+14),:y such that the type
JA, defined as the sequential colimit of (J,A),.n, is equivalent to JA.

This equivalence between JA and J..A is interesting because on the one hand we can
show that JA is equivalent to QXA when A is connected (see section [6), and on the other
hand we can study the lower homotopy groups of J.A (see section [7). Those two facts
together allow us to prove that 74(S?) is equal to Z/nZ, where n is the Whitehead product
of the generator of 7, (S?) with itself (see sections [8]and [0)).

The main technical part of the paper is the proof that JA and J.A are equivalent. The
idea is simple: we construct two functions going back and forth (in section M) and we prove
that they are inverse to each other (in section [3). But JA and J.A having quite different
definitions, it requires careful manipulation of 2-dimensional and 3-dimensional diagrams.

Note that we have formalized only the James construction (sections 3] to [3), as it is the
most technical part. We’re planning to formalize the rest in the future, but it hasn’t been
done at the time of this writing.

This definition of JA and of the (J,A),.y was suggested to me by André Joyal.

2 Remarks on the formalization

In this section we touch on three topics that are used extensively in the formalization: higher
inductive types using rewrite rules, cubical reasoning and coherence operations.

2.1 Higher inductive types

We start by recalling the definition of homotopy pushouts using higher inductive types (see
for instance chapter 6 of [6]), and we explain how we implemented them in Agda. As is
usual in homotopy type theory, we will call them simply “pushouts”, as this is the only sort
of pushout of types that we can define. Let’s consider three types A, B, C and two functions
f:C—Ag:C—B,

AACLB.

Such a diagram is called a span. The pushout of this span is the higher inductive type A LI° B
generated by the constructors

inl:A— ALCB,
inr:B —>A|JCB7
push : (¢c: C) = inl(f(c)) =4 cp inr(g(c)).

In particular, we have the square
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which is commutative, in the sense that it is commutative up to identity paths : the witness
of commutativity push is a pointwise path between the two functions corresponding to the
two compositions of the sides of the square. The idea is that we start with the disjoint sum
A+ B, and for every element ¢ of C we add a new path from inl(f(c)) to inr(g(c)).

The induction principle states that, given a dependent type P : AL B — Type, we can
define a function / : (x : ALC B) — P(x) by

h:(x:ALCB) = P(x),
h(inl(a)) :=inl*(a),
h(inr(D)) :=inr*(b),

apd,,(push(c)) := push*(c),

where we have

inl*: (a:A) — P(inl(a)),
inr*: (b:B) — P(inr(b)),
push®: (c¢:C) —inl*(f(c)) :5ush<c) inr*(g(c)).

We are using here the notion of dependent paths (see [S]]): given a type X, a dependent type
P:X — Type, apath p:x=x'in X and two points u : P(x) and v : P(x'), the type

_P
M—p 1%

represents paths in P going from u to v and lying over p. Given & : (x : X) — Q(x) and
g : x =x X', the term apd,(g) is the application of & to g, which is a dependent path in Q,
over ¢, and from A(x) to A(x').

We are using the same type theory as in [6], in particular we take the first two equalities
(defining h(inl(a)) and A(inr(b))) to be judgmental equalities whereas the equality between
apd,,(push(c)) and push*(c) is only taken as a propositional equality.

In the formalization, higher inductive types are implemented using rewrite rules, which
is an experimental feature of Agda allowing the user to add (almost) arbitrary reduction rules
to the type theory, see [2]]. It gives a cleaner implementation of higher inductive types than
what was used so far in both Agda and Coq (Dan Licata’s trick), as it doesn’t rely on declar-
ing a fake inductive type and inconsistent axioms and then trusting the hiding mechanism
to only export the part which is consistent. Here we simply postulate (i.e. introduce axioms
for) the type, the constructors, the elimination rule and the reduction rules, and then we tell
Agda to treat the reduction rules for points as judgmental equalities.

The corresponding Agda code is shown in fragment [Il Here are some explanations to
help with the understanding:

— The variables i, j and k are universe levels (they are declared at the top of the file, not
shown here) and Isucc and Imax are operations of universe levels. Agda has explicit uni-
verse polymorphism and no cumulativity, which is why we need three different universe
levels in order to have the most general notion of pushout.

— The type Span is defined as a record type with fields A, B, C, f and g. In order to construct
a span, we use the syntax span A B C f g (because we declared span as the constructor),
and given a span d, the command open Span d brings the components A, B, C, f and g of
d into scope.

— We use the notion of anonymous module (modules named "_"): the idea is simply to
factor out common arguments of several definitions.
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— We use the notation u ==v for the identity type u = v, idp for the identity path (also
known as reflexivity), and u==v [P | p] for u :[1: v. Dependent paths are implemented
by induction on p, which means that the type u :f;
definition.

— The rewriting mechanism works as follows. First Agda has to be started with the option
--rewriting (not shown here) to enable it. Then we declare the rewriting relation using
the pragma {-# BUILTIN REWRITE _—_ #}, see fragment2l Finally, we declare individual
rewrite rules using {-# REWRITE rew #-}.

— The reduction rule push-Bd’ is primed simply because we usually want its arguments inl*,
inr* and push* to be implicit. We define push-Bd afterwards with those arguments made
implicit (not shown here). Moreover, the d at the end is there because we will also need
the non-dependent reduction rule push-8, which has a slightly different type.

b,V is equal to the type u =p(y) v by

record Span : Type (Isucc (Imax (Imax i j) k)) where
constructor span
field
A :Typei
B :Typej
C :Typek
f :C—A
g:C—B

postulate
Pushout : Span — Type (Imax (Imax i j) k)

module _ {d : Span} where
open Spand

postulate
inl  :A— Pushoutd
inr :B — Pushoutd
push :(c:C) —inl (fc) ==inr (g c)

module _ {I} {P : Pushout d — Type I}
(inf*  :(@a:A)— P (inla))
(inr* :(b:B) — P (inrb))
(push* : (c:C) —inl* (fc)==inr*(gc) [P | pushc]) where

postulate
Pushout-elim : (x : Pushout d) — P x
inl-p :(a:A) — (Pushout-elim (inl a) — inl* a)
inr-B : (b : B) — (Pushout-elim (inr b) — inr* b)

{-# REWRITE inl-p #-}
{-# REWRITE inr-B #-}
push-Bd’ :(c : C) — (apd Pushout-elim (push c) == push* c)

Code fragment 1 The definition of pushouts

When P is constant, we obtain the non-dependent elimination rule Pushout-rec, see frag-
ment[3] The function |-cst-in turns a homogeneous path into a dependent path in the constant
fibration, and the function apd=cst-in turns an equality apd f p == |-cst-in g into the equality
ap f p == g, where f is a non-dependent function.
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postulate
_—_V{i}{A:Typei} - A — A — Typei

{-# BUILTIN REWRITE > _#}

Code fragment 2 The type of rewrite rules

Pushout-rec : V {I} {D : Type I}

(inl* : A — D)

(inr* : B — D)

(push*: (c: C) — inl* (fc) ==inr* (g c))

— Pushoutd — D
Pushout-rec inl* inr* push* = Pushout-elim inl* inr* (A ¢ — |-cst-in (push* c))
push-B :V {I} {D : Type I}

{in* : A — D}

{inr* : B — D}

{push™ : (c : C) — inl* (f c) == inr* (g c)}

— (¢ : C) — ap (Pushout-rec inl* inr* push*) (push c) == push* ¢
push-B ¢ = apd=cst-in (push-fd c)

Code fragment 3 The non-dependent elimination rule and the associated reduction rule

We use the same scheme for all higher inductive types. For JA, the induction principle
states that given a dependent type P : JA — Type, a function f : (x : JA) — P(x) can be
defined by

f(e) = E;v
f(OCJ((/l,x)) = al*(avxvf(x))v
apd (8, (x)) := &; (x, f(x)),

where we have

€ 1 P(g)),
o) :(a:A)(x:JA) — P(x) = P(oy(a,x)),
6/ (x:JA)(y: P(x)) =y :‘gj(x) o (%4, x,y).

Note that f is used recursively in f(c(a,x)) and in apd;(J;(x)), because JA is a recursive
higher inductive type. The code is shown in fragment 4l

2.2 Cubical reasoning

In various places, we use cubical reasoning as in [S]]. The main idea is that a dependent path
in an identity type

y AT =g
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postulate
JA :Typei
ed JA
o 1A= JA—JA
8J :(x:JA) = x == o *A X

module _ {I} {P : JA — Type I}
(eJ* :Pe&J)
(oJ* :(@:A) (x:JA) = Px— P (ad ax))
OJ* 1 (x:JA)(y:Px) = y==0aJ*xAxy[P] (dJ x)]) where

postulate
JA-elim : (x:JA) — Px
eJ-B :JA-elim e — eJ*
od-B 2(@:A) (x:JA) — JA-elim (ad a x) — aJ* a x (JA-elim x)
{-# REWRITE &J- #-}
{-# REWRITE oJ-p #-}
8J-Bd”  :(x :JA) — apd JA-elim (8J x) == 8J* x (JA-elim x)

Code fragment 4 The definition of JA

should be seen as a square

£ <22 )
8(x) ap,(p) 8¥)

In the formalization, the type of such squares is written Square u (ap fp) (ap g p) v, i.e. we
give the sides in the order left/top/bottom/right. We use this idea in several situations. One is
when defining a function of type (x: X) — f(x) =y g(x) where X is a higher inductive type.
If we use the elimination rule for X, for the path constructors we will need to construct a
dependent path in the dependent type Ax.f(x) =y g(x), i.e. a square in Y. Another situation
is when we want to apply a function & : (x: X) — f(x) =y g(x) to a path p: x=x"in X.
Using apd we obtain a dependent path in the dependent type above, so it makes sense to see
it as the following square (called the naturality square of h on p)

£~y
h(x)é éh()a)
&) ap,(p) 8(x¥)

There are similar results for cubes. In particular, a dependent path in a square type can
be seen as a cube, and similarly for a dependent square in a path type.

2.3 Coherence operations

We often have to compose together paths, squares, 2-dimensional paths, and so on, in a wide
variety of ways. Even though all such compositions can in theory be written using only a
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small number of elementary operations, it is not always convenient to write them in such a
way. We found that it is often better to define ad-hoc operations on the fly. For instance, in
section ] we need to define the composition of the following diagram, where v and 1 are
squares filling their respective part of the diagram and vw™ is a 2-dimensional path between
vwand v-w

:

b
N a s b
Ié idp j’
b \% c — pes! result rou!
S ! u
n y )
AAAAAAANANANAANS
d e e AR A f w
YW
vw

The key is to notice that the diagram is “contractible”, and that it is possible to write the
list of the arguments in a particular order reflecting this contractibility. More precisely, the
arguments are introduced in pairs (x : X) (y : Y) where Y is either an identity type with x as
exactly one of the endpoints, or a square type with x as one of the sides (and not appearing
in the other sides). We can then repeatedly apply the J rule (or a similar rule for squares)
until the list of arguments is exhausted, and we finally return the identity square.

We implemented a mechanism making it relatively easy to define such coherence oper-
ations in Agda. A coherence operation is defined by encapsulating its type in the Coh type
constructor, and is defined using the path-induction term. See fragment [3| for an application
of this principle to our example.

coh: {A:Typei}f{a:A} —
Coh ({b:A} (p:a==b)

{f:A}{u:f==c}

{e:A}{t:e==c}

{w:f==e}(v:Square widptu)

{vid==¢e}(a:Squarevstr)

{fvw:d==1} (vw=:vw==ve!lw)

— Square (pe!s)pvw (re!u))
coh = path-induction

Code fragment 5 Exemple of coherence operation

This is implemented in Agda using instance arguments (the equivalent of type classes
in Coq or Haskell), see fragment [@] for a simplified implementation. The type constructor
Coh is a dummy record type which is used to make the instance arguments machinery work.
We then define the Paulin—-Mohring rule J, acting on terms in Coh, and the identity path
under Coh. Both J and idp-Coh are declared under the instance keyword, which means that
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whenever Agda is looking for an element of type Coh during instance resolution, it will
automatically (and recursively) try both J and idp-Coh. The term path-induction then tells
Agda to use the instance resolution mechanism to try to solve the goal. For instance, in the
term composition, Agda is looking for something of type

Coh({b:A} (p:a==b){c:A}(q:b==c) »a==¢)
It turns out that J fits assuming you have something of type
Coh({c:A}(g:a==c)—a==c¢)
Again, J fits assuming you have something of type
Coh (a == a)

And in this case, idp-Coh fits, so we are done. Therefore, the term path-induction simply
reduces to J (J idp-Coh). For more complicated coherence operations, there might be several
J-like operators to be used, for instance if the path is reversed, or if we’re dealing with
squares, or if the arguments are implicit, but the user only has to type path-induction and
instance resolution will automatically find the sequence of J-like operators to apply. The
resulting coherence operation can be turned into an actual function using the & function, as
is shown in pq.

This mechanism can also be used to do inductions on homotopies (point-wise equality
between functions) or on equivalences (using the univalence axiom), for instance, by adding
the appropriate J-like operators.

record Coh {i} (A : Type i) : Type i where
field & : A
open Coh public

instance
J:V{ij}{A:Typei}{a:A}{B:(a’:A) »a==a — Typej}
— Coh (B aidp)
—Coh({a’:A} (p:a==a’) »Ba'p)

& (Jd)idp=&d
idp-Coh : V {i} {A : Type i} {a : A} — Coh (a == a)
& idp-Coh = idp

path-induction : V {i} {A : Type i} {{a : A}} — A
path-induction {{a}} = a

composition : V {i} {A : Type i} {a : A}
—Coh({b:A}(p:a==b){c:A}(q:b==c) >a==c)
composition = path-induction

postulate
A : Typeo
abc:A
p:a==
q:b==c

pg:a==c
pg = & composition p q

Code fragment 6 The path-induction mechanism
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Note that there is a strong similarity between coherence operations as described here and
operations in a Grothendieck oo-groupoid, the main difference being that we allow squares
and other shapes, whereas in a Grothendieck oo-groupoid everything is strictly globular.
In particular, all operations in a Grothendieck oo-groupoid are coherence operations as de-
scribed here.

3 Definition of the types (J,A) and J..A

We can now start working on the James construction. In this section we will define the types
(JnA) and J.A. The intuition is that if JA is the free monoid on A, then J,A is the “subset”
of JA consisting of elements of length at most n. But this is only an intuition, as there is no
notion of “subset” which would apply here, and there is no notion of length for the elements
of JA either, so we need to give a new definition.

The types (J,A) are defined by induction on n, together with three functions

in:JuA = T A,

oy AXJ,A—= JiA,

Bu: (x:JyA) = 0y (%a,x) =4, 14 in(X),
as follows.

— JoA is the unit type, whose unique element is called &€,
- JIA:= A, io(€) := *a, @ (a,€) ;= a and Py(€) :=idp,,,
— Jui24, int1, Oyt1 and B, := pushoinr are defined by the pushout diagram
(AX A LA T A —5 J,0A
fl iirH»I )

where the pushout at the top-left of the diagram is defined by the maps x — (*4,x) and
in, and the maps f and g are defined by

finl(a,x)) := (a,iy(x)), g(inl(a,x)) := o, (a,x),
f(inr(y)) == (xa,¥), g(inr(y)) =y,
aps(push(x)) := idp, ap, (push(x)) := B (x).

We could also have started the definition with J_;A being the empty type, and then it would
follow that J;A is equivalent to A, but we’ve decided to start at JoA so that we don’t need
to introduce negative numbers. Moreover, the data of i,, and f3, forms a contractible type, as
B asserts that i, is equal to something else. Therefore, we could define J,12A as a higher
inductive type using only o,, by simply substituting o, (x4,x) for i,(x) wherever needed.
We decided to introduce i, and f3, because defining J,,12A as a pushout will be very helpful
in order to get the connectivity results of section [71

The Agda definition of the J,A, in, o, and B, is given in fragment [7} It is a set of
mutually recursive definitions, which is written in Agda by placing the type signatures of
all the functions before their definitions. We write J n for J,A (the type A being a global
argument), JS n for J, 1A (we need to define it separately in order to pass the termination
checker), 1 n x for i, (x), e n a x for o, (a,x) and B n x for B,(x).
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J N Typei

JS :N — Typei

t :(n:N)—=Jn—JSn

o :(n:N)-A—=Jn—JSn

B :(n:N)(x:dn)—sanxAx==1nXx

data JO : Type i where
€:J0
J0=Jo
J(8n)=JSn
JS0=A
JS (S n) = Pushout (span (A x JS n) (JS n) Xfg) module JS where

X :Typei
X = Pushout (span (A x Jn) (JSn) (Jn) (Ax — (A, X)) (tn))

f:X—=AxJSn
f = Pushout-rec (A {(a,x) = (@a,tnx)}) Ay — (xA,y)) (A x — idp)

g:X—=dJdSn
g = Pushout-rec (A {(a,x) > anax})(Ay —y) (Bn)

10e=%A
1(Sn)x=inrx
alae=a
o(Sn)yax=inl(a,x)

B0e=idp
B (S n) x = push (inr x)

Code fragment 7 The definition of J,A, i,, o, and f3,

Note that J,,7A is defined by giving i, 11, 11, Bur1, and the two functions

Yo:(a:A)(x: JA) = Opti(a,in(x)) =, 0A int1(0t(a,x)),
Yu(a,x) := push(inl(a,x))

and
idp

o rvnns @
Nn: (x:A) — 'y,l(*A,x)\% éﬁnﬂ(in(x))
o wwww)o

api,,, (Bn (x)

which is the naturality square of push on push(x).

We could also have defined J,1,A directly as a higher inductive type with constructors
Int1> Qnt1s But1> ¥ and 7M,. But in section [7] we will use the fact that it is defined using
pushouts, so instead we simply prove that J,2A satisfies the elimination rule corresponding
to those five constructors. This will be very useful when defining functions out of J,,;2A. The
code is shown in fragment[8] Note that we need to use a dependent square over 1, (x), given
that 1,,(x) is a square. The function |-ap-in turns a dependent path in P o, over f3,(x) into
a dependent path in P over ap; (B,(x)), and the function |-ap-in-coh is a coherence related
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module _ {I} (n: N) {P :JS (S n) — Type I}
(1" :(x:JdSn)— P (1(Sn)x))
(a*:(@a:A)(x:JSn)—P(a(Sn)ax))
(B*:(x:dSn) s a*xAx==1"x[P LB (Sn)x])
Y:@:A(x:dn)—a*a(tnx)==1"(anax)[Plynax])
(M*: (x:J n)— SquareOver P (N nx) (y* *A Xx)
idp
({-ap-in P inr (apd v* (B n x)))
(B* @nx)

where

JSS-elim: (x:JS (Sn)) —» P x
JSS-elim = Pushout-elim (uncurry o*) 1* JSS-elim-push where

JSS-elim-push : (x : JS.X n) — uncurry o* (JS.fn x) ==1* (JS.gnx) [P | push x ]
JSS-elim-push = Pushout-elim (uncurry v*) *
(A x — |-PathOver-from-square
(adapt-SquareQver
({-ap-in-coh P (uncurry o*)) ({-ap-in-coh P 1*)
M”x)))

Code fragment 8 The elimination rule of J,;2A

to |-ap-in. The important thing to see is that we use twice the elimination rule for pushouts,
and that we put 1*, o*, B*, ¥* and n* in the five branches, which is what we should expect.

We now define J.A as the colimit of the family (J,A),.n along the maps (i,),.n, which
means that J.A is the higher inductive type generated by the two constructors

in: (n:N) = J,A — J.A,
push : (n:N)(x:J,A) = in,(x) =54 ingt1(in(x)).

The induction principle for J.A states that given a dependent type P : JA — Type, a func-
tion f: (x:JwA) — P(x) can be defined by

fi(x:JeA) = P(x),

push;, (x),

Fin, () =
apd(push, (x)) :=

where we have

in) : (x:J,A) = P(in,(x)),

n

push; : (v ) = in}(x) =h (o iy i ().

It is implemented is the same way as for pushouts and JA, and the corresponding code is
shown in fragment[0] Note that we’re using the notations ine n x for in,(x) and pushes n x for
push, (x), because in is a reserved keyword in Agda and push is already used for pushouts.
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postulate
JooA 1 Typei
ineo 1(n:N) (x:dn) — JeoA
pushee : (n:N) (x:Jn) — ineon x ==inee (Sn)(1nx)

module _ {I} {P : JooA — Type I}
(inco* :(n:N) (x:Jn) — P (inen x))
(pusheo* : (n:N) (x :J N) — ineo™ N X == ineo* (Sn) (1N x) [P | (pusheo n x) ]) where

postulate
JeoA-elim @ (X : JeoA) — P X
inco-f3 2(n:N) (x : J n) = JeoA-elim (inoo N X) — ineo* N X

{-# REWRITE inco-3 #-}
pushee-Bd’ : (n: N) (x : J n) — apd JeoA-elim (pushee n x) == pusheo* n x

Code fragment 9 The definition of J..A

4 The two functions

We recall that JA is the higher inductive type with constructors

g JA,
oj:A—JA—=JA,
6] : (XZJA) — X =JA OCJ(*A,x).

In this section we define the two maps between JA and J.A. The idea is to mimic the struc-
ture present in JA in JoA, and vice versa, so we first define equivalents of ¥,, 1,, in, and
push,, in JA, and then equivalents of g, o, d;, and of ; and 1, (defined below) in J.A.
Structure on JA We define the map ¥;, where we simply apply & twice, by
Y (a : A)(x : JA) — Otj(a, OCJ(*A,X)) = OC](*A,OC](G,)C)),
%(a.x) = (aPgy(a.) (8(x)) " - & (0 (a,x)),

and the map

Ny : (x:JA) = ¥ (xa,x) = idp
using naturality of &, on §;(x), see diagram [10]

X ’VVVVV\(?JVQ@VWV\'% (XJ(*A,X)

8 (x)é §61(a/(*mx))

(XJ(*A,x)pmxﬁ/(*A,OCJ(*A,X))

Diagram 10 Naturality square of d; on &;(x)

The formalization of y; and 71 is shown in fragment[[T] We will define ¥, and 1., in the
same way, which is why we wrote it for a general type X equipped with functions & and 6.
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The coherence operation shows that given a square where the left and top sides are the same,
then the inverse of the bottom side composed with the right side is equal to the identity path,
which is what we need when defining 7;.

module _ {i} {X: Type i} (o : A — X — X) (8 : (x : X) — x == o %A x) where

Yify s (@: A) (x : X) = aa (o +A x) == o xA (o @ X)
yifyax="!(ap (o a) (3 x)) e & (cxax)

n-ify : (x : X) — y-ify *A x == idp
n-ify = A x — & coh (natural-square 6 (8 x) (ap-idf (5 x)) idp) module nlfy where
coh :Coh ({A:Typei}{ab:A}{p:a==b}
{c:A}{gr:b==c}(sq:Squareppqr)
— lqer==idp)
coh = path-induction

Y:i@:A) (x:JA) — ad a (o *A x) == o A (od a x)
Y = v-ify od 8J

nd : (x:JA) — vJ A x == idp
nd = n-ify ad 8J

Code fragment 11 The definition of y; and 1y

We now define (in!) and (push?) by

inl : J,A — JA, pushy : (x : J,A) — inl (x) = in) . (in(x)),
inj(e) := g, push’ (x) := & (in’ (x)).
in{(a) == oy(a, &),
N2 (G () := 0 (%4, 0741 (%)),
iy (01 (a, %)) 1= oy (asing (%),
ap;ys , (But1(x)) :=idp,
3Py, ((a0) = (a1,
3Py (M) 1= 11y (imy (x)),

Note that for in/ 4o we're using the new (non-dependent) elimination rule for J,;,A men-
tioned earlier. While this definition looks simple a priori, it doesn’t quite type-check. In
particular, the type of the term ap, s , (Yu(a,x)) is

n+!

i (041, 1n(x))) = iy (i1 (0 (a,5))),
whereas the type of 17(a,in/(x)) is

(Xj(a, (Xj(*A, |n£(x))) = (Xj(*A, (Xj(a, |n£(x)))

Looking at the definitions above, the outer in’

w12 Teduce, but then we need the following
reduction rules:

inl 1 (in(x)) = 0 (%, inf (x)),

iy (0 (a,x)) = oy (a,ing (x)).
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The idea is that we have defined in}, | (i,(x)) separately for 0 and n+ 1, and we need to

make sure that the two are compatible (and similarly for o, (x)). It is easy to see that those
equalities both hold definitionally when # is either 0 or of the form S n, but that does not
imply that they hold definitionally for an arbitrary n.

Therefore, in the formalization we use propositional equalities inJS-1 and inJS-a. that we

prove together with the rest, and in the definition of ap; s 2()/,,(a,)c)) we need to explic-
n+!

7(x)) with those equalities. For apiniﬂ(nn(x)) we also need a similar

equality corresponding to f3,(x). The code is shown in fragment [12]

itly compose ¥y (a,in

ind :(n:N)—=Jdn—JA
indS :(n:N)—J (Sn)—JA

indS-t :(n:N) (x:Jn) —indSn(nx)==ad A (ind nx)
indS-o : (n:N)(@:A) (x:Jn)—=indSn(anax)==ada(ind nx)
indS-B : (n:N) (x :J n) — Square (ap (indS n) (B n x)) (indS-o. n *A x) (indS-1 n x) idp

indO0e=¢d
ind (Sn)x=indSnx

indlS0a=oaJaed
indS (S n) = JSS-rec n1* a* B* ¥* n* module InJS where

:JSn—JA
U X = ad *A (indS n x)

o :A—=JSn—JA
o*ax=oda(indSnx)

B*:(x:JSn) — a* xA X ==1*X
B* x =idp

Y:i(@:A)(x:Jdn)—o*alnx)==1"(anax)
Y ax=ap(ada)(indS-1nx)eyJa(indnx)e!(ap (o +A) (indS-o n a x))

n*: (x:Jdn) — Square (y* xA x) idp (ap (o xA o indS n) (B n x)) (B* (1 n x))
n*x=&coh (md (ind nx))

(ap-square (ad +A) (indS-B n x))

(ap-o (ad *A) (indS n) _) module n* where

coh: Coh ({A:Typei}{ab:A}{p:a==Db}{c:A}{r:c==Db}
{q:b==b}(q=:q==idp) {t:c==a} (sq : Square trp idp)
{t:c==a}(t=:1==t)
— Square (peqge !r)idpt idp)
coh = path-induction

indS-10 e =idp
indS-1 (S n) x =idp

indS-o.0 a € =idp
indS-a (Sn) ax=idp

indS-B 0 e =ids
indS-B (S n) x = horiz-degen-square (push-f _)

pushd : (n:N) (x:Jdn)—indnx==ind (Sn) (1 nx)
pushd n x=38J (ind n x) e ! (indS-1n x)

Code fragment 12 The definition of in?, and push?,
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Structure on JoA The equivalent of & is the term €., := ing(€) of type JoA. We then define
the action of A on JwA as follows. In order to multiply by a : A an element of the form in, (x),
we use ¢, and then we use ¥, to show that it is compatible with i,.
Ooo : A = JA — JWA,
Ooo(@,iny (%)) := Nyt (0t (a,x)),

APa.(a,-) (pUShn('x)) = pUShn-H (an(avx)) *aPin,, . (yn(av'x))_l .
The equivalent of §; is 8. defined by

O (X1 JA) = X = Oloo (4, X),
8.c(iny (x)) := push,, (x) -apin, ., (Ba(x)) ",
apdg_(push, (x)) := 8PUM (x),
where 88" (x) is the composition of diagram [[4] where the lower right triangle is filled
using 1, (x) and the pentagon in the middle is filled using the naturality square of push,
on f,(x). The corresponding code is shown in fragment [T3
We finally define
Yoo o (@1 A) (21 JoA) = Oloo(@, Oloo(*4, X)) = Oluo (4, Aeo(a, X)),
Noo : (X1 JwA) = Yoo(*a,x) = idp

in the same way as we defined y; and 1), but using 0 and d. instead of oy and J;.
In the case of Y (a,in,(x)) we note that

Yoo (@, i (%)) = 3P (g, (8o (i (%)) "+ B (0tea (1,7 (1))
= ape. (a—) (PUSh, (x) -apin,  (Ba(x) ™) ™" - 8u(inny1 (0 (a,x)))
= (push,,.1 (u(a,x)) - apin, ., (%(a,x)) "
“aPin, .5 (3Pg. (am) (Ba(x)) )7
“(push, 1 (@a(a,x)) -apin,, ., (Bat1 (O(a,x))) ")
= aPin,., (@Pa,,  (a,-) (Bn(x))) - @Pin,, (Tn(a, X))
'apin,,+2(/3n+1(an(a»x)))_l~

Therefore Y..(a,in,(x)) fits in the square

aAPin,, ;> (a Po, . (a,—) (ﬁn (X)))
® " NANAAANANNANANY

Yo (@imn () %pi%2 ((a,x)) @
[

apm, 2 (B (n(a,)))

which we can see as a sort of reduction rule for ¥ (a,in,(x)). In the formalization, we simply
define a coherence operation combining all the ingredients of the equality reasoning above,
see fragment
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€00 JooA
€0 =iNco 0 €

0ot A — JooA — JooA
0o @ = JooA-rec Oleo-inee aieo-pushee module _ where

Qoo-ineo 1 (N 1 N) (X 1 J n) — JooA
Oleo-iNeo N X = iNee (S N) (0L N a X)

aeo-pusheo : (N1 N) (X :J N) — Olee-iNeo N X == Oteo-ince (S N) (1 N X)
Qeo-pushes N X = pushee (Sn) (wnax)e ! (ap (inee (S (Sn)))(ynax))

8o 1 (X 1 JooA) — X == Otoo kA X
8o = JooA-elim §eo-ineo (A N X — |-="-from-square (ap-idf (pusheo n X)) idp (8ee-pushee n x))
module _where

Jeo-ineo 2 (N 1 N) (X :J N) — iNco N X == Oleo A (iNco N X)
§eo-iNeo N X = pusheo N x o | (ap (ine= (S n)) (B n x))

Seo-pushee : (N : N) (x : J n) — Square (Jee-ineo n x)
(pushee n x)
(ap (oo xA) (pushee n x))
(800-ineo (S n) (1 n X))
Joo-pusheo = A n x —
& coh (pushes n x)
(ap-square (ine> (S (S n))) (N n X))
(natural-square (pushee (S n)) (B n x) idp (ap-o _ _ _))
(pushee-B n x)
module §<Pushe where

coh :Coh ({A:Typei}{ab:A}(p:a==b){d:A}{s:d==Db}
{c:A}{r:b==c}{f:A}{u:f==c}{e:A}{t:e==c}
{w:f==e} (eta: Square widp t u)
{v:d==¢e}(nat:Squarevstr)
fvw:d=="f} (vww=:vw==v e lw)
— Square (pe!s)pvw (re!u))

coh = path-induction

Code fragment 13 The structure on J..A

push,, (.

L]
push,,(x 7 %push,ﬁ»l in(x))
L]
L]

L]
L]
aPin,., (aP;
aPin,.., (Bn(x % e / aPin, ; (Bu+1(in(x)))
L[]
p

’\N\/\/vv\/\f\/\/v—} (] (—'\/vvv\/\f\/\/vv\/
ush,, 1 (0t (x4,x)) ap,nn+2 Y (*4,%))

Diagram 14 The square defining apdg_(push,(x))
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Yoo : (@1 A) (X :JooA) — 0o @ (0leo A X) == Otoo *A (0leo A X)
Yoo = y—ify Oleo oo

Yeo-in :(@:A)(n:N)(x:Jn)
— Square (yeo a (inee n X))

(
(ap (ine> (S (S n))) (ap (o (S n) @) (B n X))
(ap (ine (S (S n))) (B (S n) (anax)))

(ap (ine= (S (S rl))) (ynax))
Yeo-in =X @ n x — & coh (pusheo-B n x) (ap-e! __ ) (ap-ciee-inee (S n) @ (B n x))
module y~In where

coh:Coh ({A:Typei}{ad:A}{r:a==d}{b:A}{s:b==d}
{c:A}{t :c==Db}{e:A}{u:e==d}
{rs’:a==Db}(rs=:rs’==rels)
{frg:a==c} (fpg=:fpg==rs"e | t’)
{tic==b} (t=:t ==1)
— Square (! fpg e (re!u))tus)

coh = path-induction

Code fragment 15 The reduction rule for % (a,in,(x))

There is a similar reduction rule for Nw(in,(x)). The term 7w (in,(x)) is defined using
apd;_ (8w (in,(x))) and we have
apds_ (8« (ina(x))) = apds_ (push,(x) -apiy, ., (Bu(x) "))
— h, .
= op" (x) apdb@pushw,( )ap,nn_*_2 (Bp1(x (ﬁﬂ( ) )

The apdpush, ., (Bn (x)~!) part cancels with the naturality square of push,,; on B,(x) used
in GRUS (x) and the remaining part apd,, Bt (- 1y (Ba(x)~ 1) is the naturality square of
Bu+1 on B, (x). Therefore Neo(in,(x)) fits in the three dimensional diagram

ap|nn+2( Py, 1 (x4, )(ﬁn( )))
AN

§ §

idpg  Yeolxasina(x))  @Pin,, (Ta(xa.%))

¢

a?)mHz (Bt 1(06(%4,%)))

apin, 1, (But1(in(x)))
o 3

.MV

apin,., (ap;,,, (B.(x)))

where the half-disc on the left is 1. (in, (x)), the square in the middle is square (2)), the trian-
gle on the right is the application of in,» to 1, (x) and the outer diagram is the application
of in,12 to the naturality square of 3,11 on f3,(x), which is

apanﬂ(*m*)(ﬁ"(x))
® AN @

Ba+1 (06 (xa,x)) Br1(in(x))

[ AV ]

ap;, ., (Ba(x))
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As we see it as a reduction rule for Nw(in,(x)), in the formalization it is helpful to see it as a
cube, where the left face is 7. (in, (x)), the right face is ap;, (71,(x)), and the other faces are
what is needed to make the sides of the left and right face coincide. As before, it is defined
as a coherence operation combining all the ingredients described above.

The two maps We can now define the maps back and forth by

to 1 JA — JA, from: JA — J.A,
to(in, (x)) :==in’ (x), from(gy) 1= €,
apy, (push,(x)) := pushﬁ(}c)7 from(oy(a,x)) := O(a,from(x)),

aPfrom (97(x)) := 8w (from(x)).

The code, given in fragment[16] is straightforward.

t0 : JooA — JA
to = JeoA-rec ind pushd

from : JA — JooA
from = JA-rec geo 0ioo 80

Code fragment 16 The two maps

5 The two composites

We now prove that the two maps to and from are inverse to each other. We will stop giving
code fragments, as they would become too long, but we remind the reader that the full code
is available athttps://github.com/guillaumebrunerie/JamesConstruction.

First composite Let’s first prove that from(to(z)) = z for all z : J..A.

By induction on z, it is enough to show that for every n: N and x : J,A, we have

from(in (x)) = in,(x) and apg,om (push? (x)) = push,,(x) (in the appropriate dependent path

type). Let’s first do the case of in/ (x) by induction on n, and then by induction on x, using
the dependent elimination rule for J,A.

— For 0 and &, we have
from(in}(g)) = from(g;)
= 800

= ino(E).
— Forland a: A, we have

from(in{ (a)) = from(oy(a, &))
= Ok (a,from(gy))

:inl(a).
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— For n+2 and i, (x), we have

from(in; 5 (in1(x))) = from (ot (xa, iny 4 (x)))
= Ol (%4, from(in? | (x)))
= Ooo(*4,iNy+1(x)) by induction hypothesis
= inny2 (0611 (4, %))

—innsaing 1 (¥))  using B (1)
— For n+2 and a,41(a,x), we have
from(in/, 5 (t+1(a,x))) = from(oy (a,inl (x)))
= 0t (a, from(in; . (x)))
= Ol (a,iny41(x)) by induction hypothesis
X

=in2(011(a,x)).

— For n+2 and B+ (x), we have

anrom(aPinﬁ+z (Bu+1(x))) = aPfrom (idpaf(*A:i"ﬁ+1(")>)
= idpfrom(aj(*mi"ﬁﬂ(x)))
:idpaw(*A,from(inJ (*)))

n+1

hence it follows from the fact that the diagram

14 idpi”n+2(%+l (%A +Y))
IRV V VNV VIV VVVVVVIVENE RV VYV VYV VIV VYV VY 1

1P iy from(ind <x>>>§ 1P o (x4 iny (1) ;i ;idpin,l”(am (x4.9) éa Piny., (Br+1(x))

O N AAAAAANAAAANNANSS 8 AAAAAAAAAANANNNASS @
P apinmz(ﬁn-%—](x))

can be filled. Here the path p : O (%, from(ing_ | (x))) = Oo(%a, inyr1(x)) is the func-
tion O (*4,—) applied to the induction hypothesis, the two curved paths in the mid-
dle are definitionally equal, and the right square is a connection. The top and the bot-
tom side are the equalities between from(in/,,(x)) and in,;2(x) constructed above for

X := Qi1 (*a,x) and x := i, (x), which is what we want.
— For n+2 and 7, (a,x), we need to give a square

AN
apfrom(apiniJr2 (Y,,(a.x))) apin/,+2 (%1(a7x))
AN

[IRAVV VN
[ JRI VY )

where the top and bottom lines are the two equalities

from(inﬁ-»—z(an-%l (a,in(x)))) = inps2(0+1(a,in(x)))

and from(inﬁ_,_z (int1(0n(a,x)))) = inpi2 (ins1 (0 (a,x)))
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which have been constructed in the cases above. The idea is to consider the following
sequence of equalities

3Psrom (aPiyy , (14(a,%))) = aPprom (% (a,iny (x))) by definition of in”,
= % (a,from(in}(x))) by definition of from,
= Ye(a,iny(x)) by induction hypothesis,
—api, (@) by diagramD

The first, third and fourth of those equalities are actually squares, so the above equational
reasoning means that we consider a composition of squares as follows:

[ ] [ BV VAV VS )

ANANANANS @ ANAAANANS
apfrom(apinﬁﬂ(Yn(avx)))\% i \} é éapin””('}'n(‘l:x))
ANANANNS @ ANAAANANS

[ ] [ BV AV AV VS )

However, it turns out that the top and the bottom line of that composition of squares
are not definitionally equal to what we want. For instance the top lines both go from
from(in’ 5 (0ty+1(a,in(x)))) to inyi2(y+1(a,in(x))), but in two different ways, and we
have to prove that they are equal. This isn’t complicated, but it needs to be done, and it’s
not a priori obvious to see when just looking at the equational reasoning above.

— For n+2 and nj,(x), it is similar to the case of },. The core of the argument is the
sequence of equalities

3Pfrom (35 (M(x))) = aPfom (Ms(imy (x))) by definition of in’,
= Nw(from(in/(x))) by definition of from,

n

= Nea(inp (%)) by induction hypothesis,
2 .
= api, ., (Mn(x)) by diagram[3]
but the terms involved are squares which do not always have the same sides, therefore
in the formalization we need to consider a composition of cubes, and then as above we

need to prove that all four faces are equal to the ones required by the elimination rule of
Jut+2A, which isn’t a priori true.

We finally have to show that for every n : N and x : J,A, we have an equality between
aPfrom (Push? (x)) and push,,(x) along the equalities

from(in’ (x)) = in,(x)

and
ﬂ'om(inﬁ-o-l (in(x))) = inps1 (in(x))
that we have just constructed. We have
aPfrom (pushy (x)) = 8w(from(iny (x)))
= 0.(iny(x)) by induction hypothesis
= pUShn(x) *APin, 4 (ﬁn(x))_l7
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hence we have a filler of the square

p
.Wv\/\N\/\/\/v\/\N\/\/\N\/\/\/v\/v‘—).

apfrom(pUShﬁ(x)) pUShn<x)

where p is the equality from(in? (x)) = in,(x).

Second composite Let’s now prove that to(from(z)) = z, for all z: JA.

The idea is very similar, we proceed by induction on z and we have to prove that
to(€w) = €7 (which is true by definition), that for all a : A and x : J.A we have to( 0t (a, X)) =
oy (a,to(x)), and that for all x : J.A we have ap,, (0~ (x)) = 8;(to(x)) along the appropriate
equalities. Let’s first do the case of ot by induction on x. There are two cases.

— For an element of the form in,(x), we have
to(Oo(a,iny (x))) = to(ing41 (A (a,x)))

ay(a,in’ (x))

oy (a,to(ing(x))),

which is what we wanted.
— For a path of the form push,(x), we have
aPio(aPec, (a, ) (PUSH, (1)) = apyo (Push, 1 (0 (a,%)) -apin, ,, (Ta(a.x)) ")

= 8(iny1 (0 (a,x))) - Yy (a iy (x ))_1
= 8oy (a,iny (x))) -3 (a,in; (x)) ™"
= apg, (a,—) (0s(i n’(x))) by definition of y;
= apg () (pushy (x))
= AP, (4, (aPto (PUsh, (%)),

which is again what we wanted.

We now prove that the path ap,, (8w (x)) : to(x) = to(0(*4,x)) composed with the
path from to( 0t (*4,x)) to 0y(x4,to(x)) that we have just constructed is equal to the path

Oy (to(x)) : to(x) = oy (*4,t0(x)).

— For an element of the form in,(x), we have

apio (8 (ina(x))) = apyo (push,, (x) - apiy, ,, (Ba(x)) ")
= pushy (x)
= &(iny(x))
= 9;(to(in,(x))),

which proves the result, as the path from to(0ke(*4,in,(x))) to &y (*4,to(in,(x))) is the
constant path.
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— For a path of the form push,, (x), we have to compare the terms ap, (apd;_(push,(x)))
and apdg, (apy (push,(x))). For the first one, we just apply the function to to diagram
[[4l We obtain

push; (x)

push? (x) 870 (a,imy (x)))

p

w
@ "NNANNANNANNANANS @ NANANANNANANNNN @

idp idp

IRV VYV VIV 2V VY VPV V VI

5
el
(-

AMANAAAAAANS @
87(0y (kasimy () Yo (xa,inyy(x))

where the bottom right triangle is filled using 17 (inZ(x)) and the rest is degenerate. On
the other hand, we have

apds, (apyo(push, (x))) = apds, (pushy, (x))
= apds, (8;(iny (x)))

and n,(inj(x)) is defined from apdg,(8;(in;(x))) by a coherence operation. There-
fore some coherence operation proves that the two terms apZ (apds_(push,(x))) and
apds, (apy, (push,(x))) are equal.

This concludes the proof that J.A is equivalent to JA.

6 Equivalence between JA and QXA

We now prove that when A is O-connected, the type JA is equivalent to QXA. We recall that
QX is defined to be (xx = %y ), where X is a type pointed by xx : X, and that given a type A,
the type XA is the higher inductive type generated by the constructors

north : XA,
south : XA,

merid : A — north =y4 south,

and pointed by north. The function §; shows that the map o (%4, —) is homotopic to the
identity function, hence o (%4, —) is an equivalence. Given that A is O-connected, it follows
that o (a, —) is an equivalence for every a : A. We define F : LA — Type by

F(north) :=JA,
F(south) :=JA,

app(merid(a)) :=uva(ay(a,—)),
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where, at the last line, the function ua produces a path in the universe given an equivalence,
using the univalence axiom.

We now prove that the total space of F is contractible. According to the flattening lemma
(see [6, section 6.12]), the total space of F is equivalent to the type

T :=JALUAAJA,

where the two maps A x JA — JA are snd and oy respectively. In particular, given a : A and
x:JA, we have
push(a,x) : inl(x) = inr(a;(a,x)).

We want to construct, for every x : T, a path p(x) from x to inl(gy).

— For inl(g;), we take the constant path idp;p,)
- For an element of the form inl(0y (a,x)), we take the composition

push(xa,0y(a,x))

inl(aj(a,x)) inr(aj(*m(xj(a,x)))
é\apinr(éj(a](uvx)))
i push(a,x) .
inl(x) inr(ay(a,x))
p(inl(X))é
in|(8j).

— For a path of the form ap;,;(8;(x)), we need to fill the diagram

push (s, 2 (x:2)) inr(ay (x4, 07 (4,x)))

apinl(af(x))é\ /gapinr(a/(a./(*Asx)))
inl(x)

inl(aj(*A,x))

push(x4.1) inr(oy (xa,x))

By naturality of push(x4,—) on the path ;(x), we get a filler of the similar diagram

which has api(apg, (x,,—)(67(x))) on the right side. Moreover, we know that the paths

aPinr(aPg (x4,—) (67(x))) and apj, (87 (0t (4, x))) are equal via 1;(x), which concludes.
— For a point of the form inr(x), we take the composition

push (*Avx)

p(inl(x))

inl(x) ~~rniaransSanans inl(g)).

inr(x) aﬂ%@i@

inr(oty(xa,x))

— Finally for a path of the form push(a,x), it is enough to notice that the path from
inr(og(xa,x)) to inl(€;) constructed above (i.e. with x := @y (%4,x)) is equal to the com-
position

push(a,x) p(inl(x))

inr(ogy(a,x)) inl(x) ~~ s inl(gy).

This concludes the proof that T is contractible, and therefore QXA is equivalent to the
fiber F(north) of F (it follows from Theorem 4.7.7 and Corollary 8.1.13 of [6] applied to
F), which is equal to JA by definition.
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7 Connectivity of the maps i, and in,

In this section we compute the connectivity of the maps in, : J,A — J.A. It quantifies how
“close” J,A is to JoA, so it will be useful to study the first few homotopy groups of J..A by
studying those of J,A instead.

We recall that a type X is said to be n-connected if its n-truncation is contractible, and a
map f: X — Y is said to be n-connected if all of its (homotopy) fibers are n-connected. We
also recall the two following propositions.

Proposition 1 [cf [6| lemma 7.5.7]] For f : A — B and P : B — Type, consider the map

As.sof: gp(b) — gp(f(a))~

Then f is n-connected if and only if for every family of n-types P, the map (As.so f) has
a section.

Proposition 2 [cf [0l lemma 8.6.1]] If f : A — B is n-connected and P : B — Type is a
family of (n+k)-types, then the map

As.sof: gP(b) — HP(f(a))

a:A
is (k—2)-truncated (in the sense that all its fibers are (k — 2)-truncated).
Given two maps f : X — A and g : Y — B, the pushout-product of f and g is the map

fXg: (X xB)LXY (AxY) = (AxB),
b

(f X 8)(inl(x,b)) := (f(x),b),
(f % g)(inr(a,y)) := (a,8(y)),
apy ;o (push(x,y)) 1= idp(s(y) g(y)-
We have the commutative square
XxY Il AxY
inr
-
Ixxg (X x B)UXY (A xY) laxg
inl \\\\\fﬁg
XxB Al 3 AxB

We have the following proposition.

Proposition 3 [f f is m-connected and g is n-connected, then f X g is (m+n+2)-connected.

Proof We use proposition [Il We consider P : A x B — Type a family of (n+m+ 2)-types
together with

k:(u:(XxB) LY (AxY)) = P((fXg)(u)).

By splitting k in three parts and currying, it is enough to prove the following lemma.
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Lemma 1 Suppose we have P : A — B — Type a family of (n+ m+ 2)-types together with

u:(x:X)(b:B) = P(f(x),b),
vi(a:A)(y:Y) = Pla,g(y),
wi (X)) = ulx,8(y) =p(rx).g0)) V(X))

Then there exists a map

together with homotopies

p:(x:X)(b:B) = h(f(x),b) =u(x,b),
q:(a:A)(y:Y)— h(a,g(y) =v(a,y),
ro(x:X)(y:Y) = plxg() ' q(f(x),y) = wix,y)

Fla):== Y. ((b:Y) = k(g(y) =v(a,y)).

k:(b:B)—P(a,b)
For a given a : A, the type F(a) is the fiber of the map

As.sog: HP(d,b) — HP(aag()’))
b:B Y

at v(a, —). Given that g is n-connected and that P(a, —) is a family of (n+ m + 2)-truncated
types, proposition 2lshows that F(a) is m-truncated.

For every x : X we have an element of F(f(x)) given by (u(x, —),w(x, —)). Hence, using
the fact that f is m-connected and proposition[I] there is a map & : (a: A) — F(a) together
with a homotopy ¢ between ko f and Ax.(u(x,—),w(x,—)). We can now define A, p, ¢, and
r by

h(a,b) :=fst(k(a))(b),
px,b) :=fst(p(x))(b),
q(a,y) = snd(k(a))(y),
r(x,y) := snd(9(x))(y)
This concludes the proof that f X g is (n+ m +2)-connected. a

We can now compute the connectivity of the maps i,.

Proposition 4 If A is k-connected, then the map i, is (n(k+ 1) + (k — 1))-connected for
everyn:N.

Proof We proceed by induction on n. For 0, the map i is the inclusion of the basepoint of
A, hence iy is (k— 1)-connected because A is k-connected.

For n+ 1, the map f in the diagram defining J,1»A (page ) is the pushout-product of i,
and of the map 1 — A (which is (k — 1)-connected). Hence f is ((n+1)(k+ 1)+ (k—1))-
connected by proposition 3] Therefore the map in4 is ((n+1)(k+1) + (k— 1))-connected
as well, because a pushout of an ¢-connected map is /-connected. a
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In the following proposition, we consider an arbitrary family of types (A, ),.n and maps
(in : A = Ant1)n:N, With sequential colimit A.

Proposition 5 Given k : N, if all the maps iy, iy, ...are k-connected, then ing is also k-
connected.

Proof Let’s consider P : A.c — Type a family of k-truncated types and dp : (x : Ag) —
P(ino(x)). Using proposition [T} it is enough to construct a section d of P which is equal
to dp on A to conclude that ing is k-connected. We define a family of maps d, : (x: A,) —
P(in,(x)) by induction on n, starting with the given dy for n = 0, as follows. Let’s consider

Pn-H :An-‘rl — Type7
Poy1(x) := P(iny41(x)).
It is a family of k-truncated types, the map i, is k-connected, and we have
dy  (x 2 Ay) = Pugi (in (%)),
dy(x) := transport” (push, (x), d,(x)),

therefore, using proposition[Tlagain, there is a map dy+1 : (x: Apt1) = P(inp41(x)) satisfying

41 (in(x)) :5ush,, (x) dp (x).

The family (d,),.n together with those equalities gives a section of P which is equal to dj
on Ag. Therefore, the map ing is k-connected, which is what we wanted to prove. O

It follows that if the maps i,, iy, ...are k connected, then in, is also k-connected.
Therefore, in the case of the James construction, we have the following proposition.

Proposition 6 If A is k-connected, then the map in, : J,A — JoA is (n(k+1) + (k—1))-
connected for every n: N.

Combining this result with those of the previous sections, for n = 1 we obtain the
Freudenthal suspension theorem (a more direct proof was given in [6} section 8.6]).

Corollary 1 (Freudenthal suspension theorem) Given a k-connected pointed type A, the
map

Q4 A— QYA
@ (x) := merid(x) - merid(x4) !,
is 2k-connected.
For n = 2, we obtain the following corollary.
Corollary 2 Given a k-connected pointed type A, there is a (3k+ 1)-connected map
(AxA)LMYAA = QYA,

where the wedge sum AV B of two pointed types A and B is defined as the pushout of the
span
A<+—1—— B.

Note that both corollaries are also true in the case k = —1 because every map is (—2)-
connected.
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8 Whitehead products

In proposition [7]we give a decomposition of a product of spheres into a pushout of spheres.
This will allow us to define Whitehead products, which are used in the next section to define
the natural number 7 such that 74 (S®) ~ Z /nZ.

Given two pointed types A and B, their join A x B is defined as the pushout of the span

A fst AxB snd B.

If A and B are spheres, one can show that we have the equivalence
Sl gm-1 ~ gntm—1
Proposition 7 Given n,m : N*, there is a map Wy, , : S"7"~1 — §" V' S™ such that
S"x§"~ 105" (ST S™),
and such that the induced map S"V S™ — S™ x S™ is the canonical one.
We first prove the following more general version which isn’t more complicated to prove.
Proposition 8 Given two types A and B, there is a map Wa p : Ax B — YAV LB such that
YA x IB~ 1148 (ZAVIB)
and such that the induced map YAV XB — YA X ¥.B is the canonical one.

Proof We consider the following diagram

YA north

] 27 e

B+—AXB ——
snd fst

o " e

B - B

——— > > =

where o : A X B — north =54 south is defined by a(x,y) := merid(x), and we use the 3 x 3-
lemma (cf section VII of [5]) which states that the pushout of the pushouts of the rows is
equivalent to the pushout of the pushouts of the columns.

The pushout of the top row is equivalent to XA V XB, the pushout of the middle row is
equivalent to the join A * B and the pushout of the bottom row is contractible, so the pushout
of the pushouts of the rows is equivalent to 1L4*2 (£A vV XB) for the map Wyp: AxB —
YAV XB defined by

Wap:AxB—XAVIB,
Wy g(inl(a)) :=inr(north),
W g(inr(b)) := inl(north),
apy, , (push(a,b)) := apin, (@5(b)) - push(x1) - apini (@4 (a)).

The pushouts of the left and of the right columns are both equivalent to XA, and the
pushout of the middle column is equivalent to XA x B. Moreover, the horizontal map on the
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left between XA x B and XA is equal to fst, as can be proved by induction using the definition
of a. The horizontal map on the right is also equal to fst. Hence the pushout of the pushout
of the columns is equivalent to XA x XB. Therefore we have

YA x EB~ 1148 (£A v £B)
and it can be checked that the induced map XA VXB — YA x LB is the canonical one. a
Proof (of proposition[Z) We apply proposition[§]to A :=S"~! and B := §”~!, and we obtain
S x §™ ~ LSS (S v S,
Moreover, we have S"~! xS~ ~ §"+m=1 a9 mentioned earlier, which concludes. O

This allows us to define the following operation on homotopy groups.

Definition 1 Given a pointed type X and two positive integers n and m, the Whitehead
product is the function

[777} : ﬂn(x) X 7le(X) — Tntm—1 (X)

defined by composition with W,, ,, when representing elements of homotopy groups as maps
from the spheres.

9 Application to homotopy groups of spheres

The sphere S" is (n— 1)-connected, therefore by the Freudenthal suspension theorem (corol-
lary [T}, the map @gn : S" — QS"*! is (21 —2)-connected. On homotopy groups it gives the
following result.

Proposition 9 For k,n : N, the map m,,1(S") — Topix1(S™1) is an isomorphism if n >
k+2 and surjective if n = k+ 1.

This means that the groups 7,4 (S") (for a fixed k) stabilize for a large enough 7. In partic-
ular, for k = 1 we have the following result.

Corollary 3 For n >3 we have m,,1(S") ~ m4(S®) and the map m3(S?) — m4(S?) is sur-
Jective.

Note that even though we know that 73(S?) ~ Z (from the Hopf fibration), as we are
working constructively this does not imply that 74 (S?) is of the form Z/nZ for some n : N.
Indeed, it cannot be proved constructively that every subgroup of Z is of the form nZ, as
there is no way to compute this » in general. In this case, however, we can use the James con-
struction to give an explicit definition of the kernel of that map. We will need the Blakers—
Massey theorem (see [4]):

Proposition 10 (Blakers—-Massey theorem) Given two maps f :C — A and g: C — B, we
consider the types D := ALI° B,

E:=)"Y (inl(a) =p inr(b)),

a:Ab:B
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and the map h : C — E defined by h(c) := (f(c),g(c),push(c)).

If f is n-connected and g is m-connected, then h is (n+ m)-connected.
We now prove the following proposition.

Proposition 11 For n > 2, the kernel of the surjective map T, 1(S") — Mo, (S"+!) induced
by Qs is generated by the Whitehead product iy, i,], where iy is the generator of ,(S").

Proof Applying corollary 2l to S" which is (n — 1)-connected, we get a (3n — 2)-connected
map from J>(S") to QS"*!. In particular, given that 27— 1 < 3n — 2, it means that

Ton—1 (2(S")) = M1 (QS™1) =~ mp, (S,

so we now study the map 7,1 (S") — m,—1(J2(S")). We know from the James construction
that
D(S") ~ (8" x 8" LSV s,

hence using the decomposition of S” x S" given in proposition[7, we get
H(S") ~ A" (s Vs uSVE s

where the map from S" VS” to the pushout on the left is inr (i.e. it’s the identity on the
second component). This reduces to

H(S) ~ 105" s,

where the map S*"~! — S" is the Whitehead map W, , : S*"~! — S" V' S" composed with the
folding map Vg : S"VS" — §".

We now take the fiber P of the map S" — J>(S"), which is the pullback of the two maps
from S and 1 to J»(S")

SZ”*I VgnoW, ,

N
N
N
N
N
N
3

P

Sn

J

-

1 L(S")

The map from S~ ! to 1 is (21 — 2)-connected and the map from S*'~! to S" is (n —2)-
connected (indeed, every map between two (n — 1)-connected types is (n — 2)-connected),
hence using the Blakers-Massey theorem, the dashed map from S?'~! to P is (3n —4)-
connected. Given that 2n — 2 < 3n— 4, it follows that 7, »(P) =~ 7y, 2(S**~!) ~ 0.
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The long exact sequence of homotopy groups for P — S" — J,(S") is
Ton—t (P) —— mp_1(§") —— mp_1(/2(S")) —— mu—2(P) =0,

therefore mp,—1(J2(S")) is the quotient of m,—;(S") by the image of the map m,—1(P) —
n—1(S"). But the dashed map is surjective on 7,1, o it’s the same as the image of the
map 7,1 (S*"1) — mp,_1(S"), which is generated by [iy, i,], by definition of the White-
head product.

Therefore, the kernel of the map 75,1 (S") — 72,(S"*!) is generated by [iy, i) a

In particular, applying this result to #n = 2 and using the fact that 73 (S?) ~ Z, we get the
following corollary.

Corollary 4 We have
m4(S?) ~Z/nZ,

where n is the absolute value of the image of [ia,i»] by the equivalence 73(S*) — 7.
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