N
N

N

HAL

open science

The domination number of Cartesian product of two
directed paths
Michel Mollard

» To cite this version:

Michel Mollard. The domination number of Cartesian product of two directed paths. Journal of
Combinatorial Optimization, 2014, 27 (1), pp.144-151. hal-00655403

HAL Id: hal-00655403
https://hal.science/hal-00655403
Submitted on 29 Dec 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00655403
https://hal.archives-ouvertes.fr

10

12

14

16

18

20

22

24

26

28

The domination number of Cartesian product of two

directed paths

Michel Mollard*

Institut Fourier
100, rue des Maths
38402 St martin d’heéres Cedex FRANCE

michel.mollard@ujf-grenoble.fr

Abstract

Let v(P,0PF,) be the domination number of the Cartesian product of directed
paths P,,, and P, for m,n > 2. In [13] Liu and al. determined the value of v(P,,,0P,)
for arbitrary n and m < 6. In this work we give the exact value of v(P,,0P,) for
any m,n and exhibit minimum dominating sets.

AMS Classification[2010]:05C69,05C38.

Keywords: Directed graph, digraph, Cartesian product, Domination number,
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1 Introduction and definitions

Let G = (V, E) be a finite directed graph (digraph for short) without loops or
multiple arcs.

A vertex u dominates a vertex vifu =voruv € E. Aset S CV is a dominating
set of GG if any vertex of GG is dominated by at least a vertex of S. The domination
number of G, denoted by (G) is the minimum cardinality of a dominating set. The
set V' is a dominating set thus (G) is finite. These definitions extend to digraphs
the classical domination notion for undirected graphs.

The determination of domination number of a directed or undirected graph is, in
general, a difficult question in graph theory. Furthermore this problem has connec-
tions with information theory. For example the domination number of Hypercubes
is linked to error-correcting codes. Among the lot of related works ([7], [8]) mention
the special case of domination of Cartesian product of undirected paths or cycles
(1] to [6], [9], [10)).

*CNRS Université Joseph Fourier
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For two digraphs, G; = (V1,F1) and Gy = (Va, Es), the Cartesian product
G10Gs is the digraph with vertex set Vi x Va and (x1,x2)(y1,y2) € E(G10G2) if
and only if z1y7 € F7 and z9 = yo or zoy2 € Fo and 1 = y;. Note that GOH is
isomorphic to HOG.

The domination number of Cartesian product of two directed cycles have been
recently investigated ([11], [12], [14], [15]). Even more recently, Liu and al.([13])
began the study of the domination number of the Cartesian product of two directed
paths P,, and P,. They proved the following result

Theorem 1 Let n > 2. Then

o Y(P50P,) =n+ [7]

o Y(POP,) =n+ %]

o Y(Ps0OP,) =2n+1

o Y(PsOP,) = 2n + [%2]

In this paper we are able to give a complete solution of the problem. In Theorem
2 we determine the value of ~v(P,,0P,) for any m,n > 2. When m grows, the
cases approach appearing in the proof of Theorem 1 seems to be more and more
complicated. We proceed by a different and elementary method, but will assume
that Theorem 1 is already obtained (at least for m < 5 and arbitrary n). In the next
section we describe three dominating sets of P,,0P, corresponding to the different
values of m modulo 3. In the last section we prove that these dominating sets are
minimum and deduce our main result:

Theorem 2 Letn > 2. Then

o Y(P3k0OP,) =k(n+1)+ |%52] fork>2 and n # 3

o V(P3p10P,) =k(n+1) 4+ [253] fork>1 and n # 3

o V(Ps3y20P,) =k(n+1)+n fork>0 andn # 3

o V(P0P,) =y(P,0Ps) =n+ [%].

We will follow the notations used by Liu and al. and refer to their paper for a
more complete description of the motivations. Let us recall some of these notations.

We denote the vertices of a directed path P, by the integers {0,1,...,n — 1}.
For any i in {0,1,...,n — 1}, P!, is the subgraph of P,,0PF, induced by the vertices
{(k,i) / k €{0,1,...,m — 1}}. Note that P¢, is isomorphic to P,,. Notice also that

P,,0P, is isomorphic to P,,0P,, thus v(P,,,0F,) = v(P,0F,,). A vertex (a,b) € Pff1
can be dominated by (a,b), (a —1,b) € P (if a > 1), (a,b—1) € P21 (if b > 1).

2 Three Dominating sets

We will first study Psx0OF, for k > 1 and n > 2. Consider the following sets of
vertices of Psp.



66

68

70

72

74

76

78

82

84

86

X ={0,1,3,4,...,3k — 3,3k — 2} = {3i/i € {0,1,...k —1}} U{3i+1/i €
{0,1,...k—1}}

e Y ={2,5,8,....3k—1} ={3i+2/i € {0,1,... k —1}}

o 1={0,3,6,...,3k—3}={3i/ic{0,1,...k—1}}

o J={1,4,7,...,3k =2} = {3i+1/i € {0,1,...k — 1}}

o K=1{0,2,58....3k— 1} ={0}U{3i+2/i € {0,1,...k —1}}.

Let D,, (see Figure 1) be the set of vertices of P3;0FP, consisting of the vertices

3k-1

Figure 1: The dominating set D,

(a,0) forae X

(a,1) foraeY

e (a,b) forb=2mod3 (2<b<n)andacl
(a,b) forb=0mod3 (3<b<mn)andacJ
(a,b)

forb=1mod3 (4 <b<mn)andac K.

[ ] a,

® (a,

Lemma 3 For any k > 1, n > 2 the set D, is a dominating set of P3,0P, and
|Dy| = k(n+1) + [252].

Proof : It is immediate to verify that

e All vertices of P are dominated by the vertices of X

e The vertices of Ps; not dominated by some of Y are {0,1,4,...,3k —2} C X

e The vertices of Ps; not dominated by some of I are {2,5,...,3k—1} =Y C
K

e The vertices of P3; not dominated by some of J are {0,3,6,...,3k —3} C I

3
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e The vertices of P3; not dominated by some of K are {4,7,...,3k —2} C J.

~ Therefore any vertex of some ng is dominated by a vertex in ng N D, or in
Pi'n D, (ifi > 1). Furthermore |X| =2k, |Y| =|I| = |J| =k, and |[K| =k + 1
thus [Dy| = k(n+ 1) + | 2%52]. O

Let us study now Ps10P, for k > 1 and n > 2. Consider the following sets of
vertices of Psp1.

o X =1{0,2,4,578,...,3k— 2,3k —1} = {0} U {3i +2/i € {0,1,...k —1}} U
(Bi+1/ie{l,...k—1}}

o I=1{0,3,6,...,3k} = {3i/i € {0,1,...k}}

o J={1,4,7,...,3k =2} ={3i+1/i € {0,1,...k —1}}

e K=1{0,2,5,8,...,3k—1} = {0} U{3i +2/i € {0,1,...k — 1}}.

Figure 2: The dominating set F,,

Let E,, (see Figure 2) be the set of vertices of Ps;10P, consisting of the vertices

e (a,0) forae X
o (a,b) forb=1mod3 (1<b<n)andacl
*

(

a,b) forb=2mod3 (2<b<n)andacJ
a,b) forb=0mod3 (3<b<n)andac K.

Lemma 4 For any k > 1, n > 2 the set E, is a dominating set of P3p110PF, and
|En| = k(n+1) + [2%52].

Proof : It is immediate to verify that

e All vertices of P31 are dominated by the vertices of X
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e The vertices of Ps;11 not dominated by some of I are {2,5,...,3k —1} C K

c X
The vertices of Ps;11 not dominated by some of J are {0,3,6,...,3k} =1
The vertices of Psiy1 not dominated by some of K are {4,7,...,3k—2} C J.

Therefore any vertex of some ng 41 1s dominated by a vertex in ng 41 NEy or
in PP._ L. N E, (if i > 1). Furthermore |X| = 2k, |I| = |K| = k+ 1, and |J| = k

3k+1

thus [Ey| = k(n + 1) + [253]. 0

The last case will be P 20PF, for k > 0 and n > 2. Consider the following sets
of vertices of Psjo.

X ={0,1,3,4,...,3k,3k+1} = {3i/i € {0,1,... k}}U{3i+1/i € {0,1,...k}}
Y ={2,5,8,...,3k —1} = {3i+2/i € {0,1,...k — 1}}
I1=1{0,3,6,...,3k} = {3i/i € {0,1,...k}}
J={1,4,7,....3k+1} = {3i+ 1/i € {0,1,... k}}

K =1{0,2,5,8...,3k— 1} = {0} U {3i +2/i € {0,1,...k — 1}}.

Figure 3: The dominating set F,

Let F,, (see Figure 3) be the set of vertices of Ps;420P, consisting of the vertices

(a,0) forae X
(a,1) foraeY
(a,b) forb=2mod3 (2<b<n)anda€l
(a,b) forb=0mod3 (3<b<mn)andacJ
(a,b)

forb=1mod3 (4 <b<n)andac€ K.

a,

a,
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Lemma 5 For any k > 0, n > 2, the set F,, is a dominating set of Psp120PF, and
|Fn| = k(n+1)+n.

Proof : It is immediate to verify that

All vertices of P340 are dominated by the vertices of X

The vertices of Psiy2 not dominated by some of Y are {0,1,4,...,3k+ 1} C
X

The vertices of Psi19 not dominated by some of I are {2,5,...,3k—1} =Y C
K

e The vertices of Psiy9 not dominated by some of J are {0,3,...,3k}=I

e The vertices of P32 not dominated by some of K are {4,7,...,3k+ 1} C J.

Therefore any vertex of some ng 4o is dominated by a vertex in ng 19N Fyorin
Py LoNFy, (if i > 1). Furthermore |X| = 2k+2, |Y| =k and |I| = |J| = |K| = k+1,
thus |F,| = k(n+1) +n. O

3 Optimality of the three sets

The structure of P,,0F, implies the following strong property.

Proposition 6 Let S be a dominating set of P,,0PF,. For any n’ < n consider

Sw= |J PLns.

i=0,..,n"'—1
Then S, is a dominating set of P, 0P, .

Notice that the three sets D,,, E,, F, satisfy, for example, (D,,),»= D, therefore
we can use the same notation without ambiguity.

If S is a dominating set of P,,0P,, for any i in {0,1,... n-1} let s; = |P: N S|.
We have thus |S] = Y77 s;.

Proposition 7 Let S be a dominating set of P,,0OF,. Leti € {1,2,...,n—1} then
Si—1+28; > m.

Proof : Any vertex of P. must be dominated by some vertex of Pi NS or of
PN S. A vertex in P, NS dominates at most two vertices of P¢, and a vertex in
Pi~1 NS dominates a unique vertex of P¢ . |

Lemma 8 Let k>0 andn > 2, n # 3, then y(Psg420PF,) = k(n+ 1) + n.

Proof : The case n = 2 is immediate by Theorem 1.
Let S be a dominating set of Psp20PF, with n > 4.

By Proposition 7, s; < k implies s;_1 + s; > m — s; > 2k + 2. Therefore for any
ie{2,...,n—1} weget s, >k+1ors_1+s >2k+1).
Apply the following algorithm:
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I:=0;J:=0;i:=n—1;
while 7 > 5 do
if s; > k+1 then
=TU{i};i:=i—1
else
=JU{i,i—1};i:=7i—2
end if
end while

If n = 4 or n = 5 the algorithm only sets I and J to (). In the general case,
the algorithm stop when ¢ = 3 or ¢ = 4 and we get two disjoint sets I, J with
{0,1,...,n—1} ={0,1,2,3} UTU J or {0,1,...,n— 1} = {0,1,2,3,4} UT U J.
Furthermore ) ;. ;s; > |I|(k+ 1) and }_,.;s; > |J|(k + 1). We have thus one of
the two inequalities

‘S’—(So+81+82+83)Z(n—4)(k—|—1)

or
|S] — (so+ 81+ s2+s3+54) > (n—5)(k+1).

In the first case by Proposition 6 and Theorem 1 we get sg + s1 + 2 + s3 >
V(Psj20Py) = y(PyOPsy10) = 3k + 2+ [#54] = 5k + 4. Thus |S] > (n+ 1)k +n.
In the second case we get so + s1 + s2 + s3 + s4 > y(Ps0Ps42) = 6k + 5. Thus
again |S| > (n + 1)k + n.

Therefore for any n > 4 we have v(Psg420F,) > k(n + 1) + n and the equality
occurs by Lemma 5. a
Notice that, by Theorem 1, v(Psj20Ps) = 3k + 2 + [35E2] £ 4k + 3 for k > 1.

Lemma 9 Let k> 1 andn > 2, n # 3, then y(Pap410P,) = k(n + 1) + [2573].

Proof: Consider some fixed £ > 1. Notice first that by Theorem 1, v(Psp10P;) =
3k + 1, v(Ps+10Py) = 5k + 2 and 7y(Psg+10PF5) = 6k + 3 thus the result is true for
n < 5.

We knows, by Lemma 4, that for any n > 2 the set F, is a dominating set of
PSk—i-IDPn and ’En‘ = (TL + 1)]€ + [%w

We will prove now that E, is a minimum dominating set .

If this is not true consider n minimum, n > 2, such that there exists a dominating
set S of Psp10P, with |S| < |E,|. We knows that n > 6.
For n’ <nlet S,y = Ui:(),“’n/_lP?ka NS and s,y = ‘P?%H nsl.

Case 1 n=3p, p>2.
Notice first that |E,| — |[Ep—1| = k and |E,| — |En—2| = 2k + 1. We have also by
hypothesis |S| < |E,| — 1. By minimality of n, E,_1 is minimum thus |S,_1| >
|En—1|. Therefore s,,—1 = |S|—|Sn—1| < |En|—1—|En—1| = k—1. On the other hand,
by Proposition 7, s,,—2+2s,-1 > 3k+1 thus s,—o+s,-1 > (3k+1)—(k—1) = 2k+2.
This implies [Sp_s| < |Sn| — 2k — 2 < |Ep| — 2k — 3 < | Ey| — 2k — 1 = |E,,_s|, thus
FE,,_o is not minimum in contradiction with n minimum.
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Case2n=3p+1,p>2
In this case we have |Ey,| — |En—1| = k+ 1 and |E,| — |E,—2| = 2k + 1. We have
also by hypothesis |S| < |E,| — 1. By minimality of n, F,_; is minimum thus
|Sn—1] > |En—1|. Therefore s,—1 = |S| — |Sn—1| < |En| =1 — |Ep—1| = k. On the
other hand, by Proposition 7, s,—2 + 2s,—1 > 3k + 1 thus s,—2 + sp,—1 > 2k + 1.
This implies |S,—2| < |Sp| — 2k — 1 < |E,| — 2k — 1 = |E),_2|, thus E,_2 is not
minimum in contradiction with n minimum.

Case 3n=3p+2,p>2.
In this case, |E,| — |En—2| = 2k + 2 and we cannot proceed like case 1 and case 2.
Hopefully, by Lemma 8, v(P3;410Psp12) = Y(Ps3p120P3;41) = p(3k+2) +3k+1 =
kE(3p 4+ 3) + 2p + 1. Therefore, since n +1 = 3p + 3 and (%} =2+1, E, is
minimum. O

Lemma 10 Let k> 2 and n > 2, n # 3 then v(Py,0P,) = k(n+ 1) + | %52].
Proof :

Case 1n=3p+1,p>1.

By Lemma 9, ")/(P3k|:|P3p+1) = ’y(P3p+1DP3k> = p(3k‘+1)—|—2k—1 = k(3p+2) +p—1.
We obtain the conclusion since 3p+2=n+1 and |%52] =p— 1.

Case2n=3p+2,p>0.

By Lemma 8, y(Ps;0Pspt2) = 7(Papt20Ps;) = p(3k + 1) + 3k = k(3p+3) +p. We
obtain again the conclusion since 3p + 3 =n + 1 and | 252 = p.

Case 3 n=3p, p>2.

We knows, by Lemma 3, that the set D,, is a dominating set of P3,0PF, and |D,| =
k(n+1) 4+ [252].

If D,, is not a minimum dominating set let S be a dominating set with |S| < |D,,|.

For n/ <nlet Sy = Uj—g, nw—1P% NS and s, = \Pg}; nsS|.
Because n = 3p and p > 2 we get |D,,| — |Dp—1| = k and |Dy| —|Dp—2| = 2k+1. We
have also by hypothesis |S| < |D,,| — 1. Notice that, by Lemma 8, y(Psx0F,,—1) =
V(Psp—10Ps;) = (p—1)(3k+1) + 3k = kn+ | %52 | = |D,,—1| thus Dy, 1 is minimum
and ’Sn_1’ Z ’Dn—ll'

Therefore s,—1 = |S| — |[Sp—1| < |Dn| — 1 — |Dp—1] = k — 1. By Proposi-
tion 7, Sp—2 + 28,1 > 3k thus s,_2 + s,—1 > 2k + 1. This implies |S,,_2| <
S| — 2k —1 < |Dy| — 2k — 1 = |Dp—2|. On the other hand, by Lemma 9,
+(PyOPsy 2) = 1(Pyp20Pyp) = (p—1)(3k-+1)+2k—1 = k(n—1)+ | 25%] = | D, 5|
thus D,,_5 is minimum, a contradiction. O

Notice that, by Theorem 1, v(Ps,0Ps) = 3k + [3£] # 4k for k > 3.

4 Conclusions

Putting together Lemma 8, Lemma 9, Lemma 10 and the case m = 3 or n = 3,
we obtain v(P,,0P,) for any m,n (Theorem 2).
As a conclusion, notice that the minimum dominating sets we build for Ps0F,, and
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Ps0OP, are different than those proposed by Liu and al.([13]). An open problem
would be to characterize all minimum dominating sets of P,,0F,.
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