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THE BEST-OR-WORST AND THE POSTDOC PROBLEMS

L. BAYON, P. FORTUNY AYUSO, J.M. GRAU, A. M. OLLER-MARCEN, AND M.M. RUIZ

ABSTRACT. We consider two variants of the secretary problem, the Best-or-
Worst and the Postdoc problems, which are closely related. First, we prove
that both variants, in their standard form with binary payoff 1 or 0, share
the same optimal stopping rule. We also consider additional cost/perquisites
depending on the number of interviewed candidates. In these situations the op-
timal strategies are very different. Finally, we also focus on the Best-or-Worst
variant with different payments depending on whether the selected candidate
is the best or the worst.
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1. INTRODUCTION

The secretary problem is one of many names for a famous problem of optimal
stopping theory. This problem can be stated as follows: an employer is willing
to hire the best secretary out of n rankable candidates. These candidates are
interviewed one by one in random order. A decision about each particular candidate
is to be made immediately after the interview. Once rejected, a candidate cannot
be called back. During the interview, the employer can rank the candidate among
all the preceding ones, but he is unaware of the quality of yet unseen candidates.
The goal is then to determine the optimal strategy that maximizes the probability
of selecting the best candidate.

This problem has a very elegant solution. Dynkin [4] and Lindley [I3] inde-
pendently proved that the best strategy consists in a so-called threshold strategy.
Namely, in rejecting roughly the first n/e (cutoff value) interviewed candidates and
then choosing the first one that is better than all the preceding ones. Following this
strategy, the probability of selecting the best candidate is at least 1/e, this being
its approximate value for large values of n. This well-known solution was later
refined by Gilbert and Mosteller [11] showing that L(n — %)e’l + %J is a better
approximation than |n/e], although the difference is never greater than 1.

This secretary problem has been addressed by many authors in different fields
such as applied probability, statistics or decision theory. In [5], [7] or [I7] extensive
bibliographies on the topic can be found. On the other hand, different generaliza-
tions of this classical problem have been recently considered in the framework of
partially ordered objects [8, 9 [10] or matroids [I} 15]. It is also worth mentioning
the work of Bearden [2], where the author considers a situation where the employer
receives a payofl for selecting a candidate equal to the “score” of the candidate
(in the classical problem the payoff is 1 if the candidate is really the best and 0
otherwise). In this situation, the optimal cutoff value is roughly the square root of
the number of candidates.


http://arxiv.org/abs/1706.07185v1

2 L. BAYON, P. FORTUNY AYUSO, J.M. GRAU, A. M. OLLER-MARCEN, AND M.M. RUIZ

In this paper we focus on two closely related variants of the secretary problem.
The so-called Best-or-Worst and Postdoc variants. In the Best-or-Worst variant,
the classic secretary problem is modified so that the goal is to select either the best
or the worst candidate, indifferent between the two cases. This variant can only
be found on [6] as a multicriteria problem in the perfect negative dependence case.
Here we present it in greater detail. In the Postdoc variant, instead of selecting
the best candidate, the goal is to select the second best candidate. This problem
was proposed to Robert J. Vanderbei by Eugene Dynkin in 1980 with the following
motivating story that explains the name of the problem: we are trying to hire a
postdoc, since the best candidate will receive (and accept) an offer from Harvard,
we are interested in hiring the second best candidate. Vanderbei himself solved the
problem in 1983 using dynamic programming [18]. However, he never published his
work because he learned that Rose had already published his own solution using
different techniques [14]. Moreover, Szajowski had already solved the problem of
picking the k-th better candidate for 2 < k < 5 [16].

In the present paper, for these two variants, we study the standard problem
(binary payoff function 1 or 0), showing that both have the same optimal cutoff
rule strategy and also the problems considering payoff functions that depend on the
number of performed interviews, showing that in this case they have very different
optimal strategies.

The paper is organized as follows: in Section 2, we present some technical re-
sults, in Section 3, we revisit the classic secretary problem and also solve two new
situations with payoff functions that depend on the number of performed inter-
views. In Section 4 we focus on the Best-or-Worst variant, solving the problem for
three different payoff functions and also presenting a variant in which the choice of
the best or the worst candidate is no longer indifferent. In Section 5 we solve the
three versions of the Postdoc variant and, finally, we compare the obtained results
in Section 6.

2. TWO TECHNICAL RESULTS

The following result can be widely applied in different optimal stopping problems
and it will be extensively used throughout the paper. For a sequence of continuous
real functions {F),},en defined on a closed interval, it determines the asymptotic
behavior of the sequence {M(n)},en, where M(n) is the value for which the func-
tion F;, reaches its maximum.

Proposition 1. Let {F,} be a sequence of real functions with F,, € C[0,n] and let
M(n) be the value for which the function F), reaches its mazimum. Assume that
the sequence of functions {gn}nen given by gn(x) := F,(nz) converges uniformly
on [0,1] to a function g and that 0 is the only global mazimum of g in [0,1]. Then,

i) lim./\/l( )/n=296.
) T Fa (M(n)) = g(6).
i) Iff)ﬁ( ) ~ M(n) then hvrlnFn(i)ﬁ(n)) =g(0).

iii

Proof. i) Let us consider the sequence {M(n)/n} C [0,1] and assume that
{M(sn)/sn} is a subsequence that converges to a.. Then,

0o (6) = Fo, (30) < Fo (M(50)) = Fi, (M> = g <M) .

Sn Sn
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Consequently, since g, — ¢ uniformly on [0, 1], if we take limits we get

o(6) = timg.,0) < tmgi, (2150) — g(a)
and since € is the only global maximum of g, it follows that 6 = a.

Thus, we have proved that every convergent subsequence of {M(n)/n}
converges to the same limit 0. Since {M(n)/n} is defined on a compact set
this implies that {M(n)/n} itself must also converge to 6.

ii) It is enough to observe that

lim F, (M(n)) = lim F, (M(")n) = limg, (M£”)> = g(6),

n

where the last equality holds because g, — g uniformly on [0, 1].

iii) If M(n) ~ M(n), then it also holds that lim M(n) = 6 and we can reason
noon

as in the previous point.
O

Remark. The condition of uniform convergence is required to ensure, for instance,
. M(s

that lim g, (M
n S

n
Proposition [l if convergence is not uniform.

) = g(a). In fact, it is easy to give counterexamples to

Observe that Proposition [I] implies that that lim F,(nf) = ¢g(#). Moreover, it
also implies that lim F},(nf + o(n)) = ¢g(#). This means that nf is a good estimate

for M(n) and that, for large values of n, the maximum value of F,, approaches
9(0).

Proposition [I] admits the following two-variable version that can be proved in
the same way.

Proposition 2. Let {G,} be a sequence of two variable real functions with Gy, €
C({(z,y) € [0,n)? : & < y}) and let (My(n), Ma(n)) be a point for which G,
reaches its mazimum. Assume that the sequence {hn}nen given by hp(z,y) =
Gn(nz,ny) converges uniformly on T = {(z,y) € R? : 0 <z <y < 1} to a
function h and that (61,602) is the only global mazimum of h in T. Then,

i) limM;(n)/n=0; fori=1,2.

11) hrILn Gn(Ml(TL),MQ(TL)) = h(91,92)

iii) If Mi(n) ~ M;(n) fori=1,2, then lim G, (M1 (n), Ma(n)) = h(61,602).

3. A NEW LOOK AT THE CLASSIC SECRETARY PROBLEM

In the classical secretary problem, let n be the number of candidates and let

us consider a cutoff value r € (1,n). If k € (r,n] is an integer, the probability of
r 1

k-1
Thus, the probability function of succeeding in the classical secretary problem with
n candidates using r as cutoff value, is given by

Fa(r)i= 3 an(k:)_%kz ﬁ
=r+1

k=r+1

successfully selecting the best candidate in the k-th interview is P, (k)
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The goal is now to determine the value of r that maximizes this probability (i.e.,
to determine the optimal cutoff value) and to compute this maximum probability.
This can be done using Proposition [l in the following way. First, we extend F), to
a real variable function by

r
Falr) = = (6(n) = (),
where v is the so-called digamma function. Then, it can be seen with little effort
that the sequence of functions {g,,} defined by g, (z) := F), (nz) converges uniformly
on [0, 1] to the function g(z) := —x log(x) and the remaining is just some elementary
calculus.

Remark. In [5] the following rather lax reasoning showing that M(n)/n tends to
1/e is given. If we let n tend to infinity and write = as the limit of r/n, then using
t for j/n and dt for 1/n, the sum becomes a Riemann approximation to an integral

1
F.(r) — x/ % = —zlog(x).

Proposition 1 provides a more rigorous approach.

We introduce a more general situation. Let p : R — [0,+00) be a function
(payoff function) and assume that a payoff of p(k) is received if the k-th candidate
is selected. In this setting, the expected payoff is

n

B.) = Y pPu k) =1 3 K

k=r+1 k=r+1
Note that in the classical situation

{1, if the k-th candidate is the seeked candidate;

0, otherwise.

(1) pa(k) =
and the expected payoff coincides with the probability of successfully selecting the
best candidate.

Now, let us modify the classical situation considering that performing each in-
terview has a constant cost of 1/n. Clearly, in this situation the payoff function is
given by

1 —k/n, if the k-th candidate is the seeked candidate;
@ pam={ /

0, otherwise.

and the expected payoff is

n k

r =

Br) =1 3
k=r+4+1

The following result provides the optimal cutoff value and the maximum expected
payoff in this setting. In what follows, we denote by W the main branch of the
so-called Lambert-W function, defined by z = W (ze?).

Proposition 3. Given an integer n > 1, let us consider the function

n k
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defined for every integer 1 < r < n —1 and let M(n) be the value for which the
function ES reaches its mazimum. Then,

i) imM(n)/n = p:= —%W(—2e*2) =0.20318....
i) 1irrlnE,?(./\/l(n)) = lim ES(|pn]) = p(1 — p) = 0.16190. ...

Proof. First, we extend EC to a real variable function by
r(=n+r+(=1+n)Pm) - (=1+n) ¢(r))

n? '
Now, it can be seen that g,(z) := ES (nz) converges uniformly in [0, 1] to g(z) :=
x (=14 x —log(z)). To conclude the proof it is enough to apply Proposition [l
together with some straightforward computations. O

EZ(r) =

This result means that the optimal strategy in this setting consists in rejecting
roughly the first pn interviewed candidates and then accepting the first candidate
which is better than all the preceding ones. Following this strategy, the maximum
expected payoff is asymptotically equal to p% — p.

Remark. The constant p = —2W (—2e7%) = 0.20318786... (A106533 in OEIS)
appears in [7] (erroneously approximated as 0.20388) in the context of the Best-
Choice Duration Problem considering a payoff of (n — k + 1)/n. Furthermore, as
a noteworthy curiosity, it should be pointed out that this constant has appeared
in a completely different context from the one addressed here (the Daley-Kendall
model) and it is known as the rumour’s constant [3| [12].

Now, let us consider that performing each interview has an perquisite of 1/n.
Clearly, in this situation the payoff function is given by

1+ k/n, if the k-th candidate is the seeked candidate;
®)  pelk) = { /

0, otherwise.

and the expected payoff is

n k
P _T 1+ﬂ

The following result provides the optimal cutoff value and the maximum expected
payoff in this setting.

Proposition 4. Given an integer n > 1, let us consider the function

r e 14+ %
k=r+4+1

defined for every integer 1 < r < n —1 and let M(n) be the value for which the
function EL reaches its mazimum. Then,

i) hrrln./\/l(n)/n =p:= %W(Q) =0.42630....
ii) 1171111E5(./\/l(n)) = 1171111E5(Umj) = u(1+ p) =0.608037....

Proof. First, we extend E! to a real variable function by

By = T () $) — (4 ),
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Now it can be seen that g, (z) := EF (nz) converges uniformly in [0,1] to g(z) :=
—z (=14 z + log(x)). To conclude the proof it is enough to apply Proposition [II
together with some straightforward computations. (I

This result means that the optimal strategy in this setting consists in rejecting
roughly the first pun interviewed candidates and then accepting the first candidate
which is better than all the preceding ones. Following this strategy, the maximum
expected payoff is asymptotically equal to u? + u.

4. THE BEST-OR-WORST VARIANT

In this section we focus on the Best-or-Worst variant, as described in the in-
troduction, in which the goal is to select either the best or the worst candidate,
indifferent between the two cases. First of all we prove that, just like in the classic
problem, the optimal strategy is a threshold strategy.

Theorem 1. For the Best-or-Worst variant, if n is the number of objects, there
exists r(n) such that the following strategy is optimal:

(1) Reject the r(n) first interviewed candidates.
(2) After that, accept the first candidate which is either better or worse than
all the preceding ones.

Proof. For the sake of brevity, a candidate which is either better or worse than all
the preceding ones will be called a nice candidate.

Since the game under consideration is finite, there must exist an optimal strategy
(in the sense that it maximizes the probability of success). Hence, we can define
P,.;(k) as the probability of success following an optimal strategy when rejecting
a candidate in the k-th interview (regardless of its being a nice candidate or not).
We can also define P,..(k) as the probability of success accepting a nice candidate
in the k-th interview. Any optimal strategy will reject any non-nice candidate since
the probability of being a successful choice will be 0.

Probability P,..(k) is k/n, which increases with k. On the other hand, the
function Pr.;(k) is non-increasing because

Prej(k) = p- (max{Pocc(k + 1), Prej(k + 1)} + (1 = p)Prej(k + 1) = Prej(k +1).
Thus, since Py is increasing and Py; is non-increasing and given that Pyec(n) =1
and Py.j(n) = 0, there exists a natural number r(n) for which:

Pocc(k) < Prej(k) if k < r(n),
Pooe(k) > Prej(k) if k > r(n).
As a consequence of this fact, the following strategy must be optimal: for each
k-th interview with k € {1,...,n} do the following:

e Reject the k-th candidate if & < r(n) or if it is not a nice candidate.
o Accept the k-th candidate if £ > r(n) and it is a nice candidate.

Note that the optimality of this strategy follows from the fact that, in each inter-
view, we are choosing the action with greatest probability of success. O

Once that we have determined the optimal strategy, we focus on determining
the probability of success in the k-th interview. To do so, let n be the number of
candidates and let us consider a cutoff value r € (1,n). If k € (r,n] is an integer,
the probability of successfully selecting the best or the worst candidate in the k-th
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Thus, the probability function of succeeding in

interview is P, (k) = —TRTy

2
the Best-or-Worst variant with n candidates using r as cutoff value, is given by

FBW (1) i PEW () = 2r(r —1) i 1 _ 2r(n —r)

o n A o Dk-2)  an-1)

where the last equality follows using telescopic sums.

Remark. Note that for n > r € {0, 1}, it is straightforward to see that the proba-

bility of success is

FBW(0) = FEW (1) = 2.

n

The goal is now to determine the value of r that maximizes the probability
FBW (ie., to determine the optimal cutoff value) and to compute this maximum
probability. We do so in the following result.

Theorem 2. Given a positive integer n > 2, let us consider the function
2r(n —r
P () = 220

n(n—1)

defined for every integer 2 < r < n — 1 and let M(n) be the value for which the
function FBW reaches its mazimum. Then,

i) M(n) =|n/2].

ii) The mazimum value of EBW is:
|4 s, ifn is even;
FBW M(n)) = 2 — ) 2(n-1)" ’
no (Mn) 2L1+T”J—1 "2—“7'11, if m is odd.
Proof.
i) Since FEW (r) = —n(n271)7°2 + ﬁr is the equation of a parabola in the

variable 7, it is clear that

M(n) =min{r € 2,n—1]: EPV(r) > EPV(r + 1)}.

Now,
2
BW _pBW N _ o _
EV(r+1)—F. " (r) oy 1)(71 2r — 1)
so it follows that
-1
FBW(r+1) - FBW () <0 (n—2r—1) <0 > "2
Consequently,
. n—1

M(n) —mln{r e2,n—1]:r> ) } = |n/2]

as claimed.

ii) It is enough to apply the previous result.
If n is even, then n = 2N and

_2N(n—N) 2N? N

FHBW(M(TL)):FHBW(N) n(n—1) 2N(2N—1):2N—1'
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Moreover, in this case
1
+n _ 1+ 2N N
2 2

FBW (M(n)) = 152

so it follows that

as claimed.
Otherwise, if n is odd, then n = 2N + 1 and

_2N(n—N) 2N(2N+1-N) N-+1
~ n(n—-1)  (2N+1)2N 2N +1°

E7Y (M(n)) = F7Y(N)

In this case

1 1+2N +1
=)= [P

so we also have that

F7Y (M(n) = =

and the proof is complete.
O

This result means that, for n > 2, optimal strategy in this setting consists in
rejecting roughly the first |5 | interviewed candidates and then accepting the first
candidate which is either better or worse than all the preceding ones. Following this

5"
QLHT"J -1
it is evident that an optimal cutoff value is r = 0, i.e. to accept the first candidate

that we consider The probability of success is 1 in both cases according to the fact
that FEW(0) = EPY(0) = 1.

strategy, the maximum probability of success is . In the casesn € {1,2},

Remark. Unlike in the classic secretary problem, the probability of success in
the Best-or-Worst variant is not strictly increasing in n. In fact, we have that
ESV(M(2n)) = FEW, (M(2n — 1)) for every n.

We are now going to consider the Best-or-Worst variant with the payoff function
pc given in [@2)); i.e., we assume that performing each interview has a constant cost
of 1/n. Under this assumption it can be proved that the optimal strategy is the
same threshold strategy given in Theorem[Il Moreover, in this setting, the expected
payoff with n candidates and cutoff value r is given by

EPVO(r) = Y (1‘2) Pov =2y (k —z;(kk— 2)

k=r+4+1 k=r+4+1

As usual, the goal is to determine the optimal cutoff value that maximizes the
expected payoff EBW:C and to compute this maximum expected payoff. We do so
in the following result.



THE BEST-OR-WORST AND THE POSTDOC PROBLEMS 9

Theorem 3. Given an integer n > 1, let us consider the function EBW-C(r) defined
above for every integer 1 < r < mn and let M(n) be the value for which the function
EBW-C reaches its mazimum. Also, let

0:= __r 3t W-i(zz)

2W71 (_QL\/E>
be the solution to the equation 2xlog(x) = x — 1. Then, the following hold:
i) lim M(n)/n =0 = 0.284668....

i) 1171111E5W’C(M(n)) = 1171111E5W’C(Lm9j) =6(1 —6) =0.2036321 ...

Proof. First, observe that

EfW’C(T)Z2T(T_1) i : (n—k) :2T(r—1) ln—2 n—2_nzlll

n? Pl —1(k—-2) n? r—1 n-—1

n—1

T 2 T T 1 r(r 1 1
=2—|1—-—=]—-2- - —2—| === —.
n< n) n(n—l n—1> n(n n>§z

Now, we can extend EEW:C to a real variable function by

mpre =2t (1-2) ol (g - ) —ar (- D) i v,

n n n\n—1 n-1 n\n n

Furthermore, it can be seen that the sequence of functions g, (z) := EEZW:C(nx)
converges uniformly in [0, 1] to the function g(z) = 2z (1 — x + xlog z).

To conclude the proof it is enough to apply Proposition [I together with some
straightforward computations. (|
Remark. The constant 6 = —W = 0.284668 ... also appears related to

(e
rumour theory [3, 12] and to Gabriel’s Horn (see A101314 in OEIS).

Now, let us consider the Best-or-Worst variant with the payoff function pp given
in [@); i.e., we assume that performing each interview has an additional payoff
of 1/n. Under this assumption, since the payoff increases with the number of
interviews, it can be proved that the optimal strategy is again the same threshold
strategy given in Theorem [l Moreover, in this setting, the expected payoff with n
candidates and cutoff value r is given by

n n

i 0(r — 1 n+k
EJWE(r) = k;rl <1 * ﬁ) P (k) = (n2 )k;l (k=1)(k—2)

The optimal cutoff value that maximizes the expected payoff EZW-F and this max-
imum expected payoff are determined in following result.

Theorem 4. Given an integer n > 1, let us consider the function EBW-P(r) defined
above for every integer 1 < r < mn and let M(n) be the value for which the function

EBW.P reqches its mazimum. Also let
1
¥ = ———— = 0.552001...
2W ()

be the solution to the equation 1 —3x — 2x log(x) = 0. Then, the following hold:
i) imM(n)/n=19.
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i) lim EBW'P(M(n)) = lim EBWP(|nd]) = 9(1 +9) = 0.8567 . ..

Proof. First, observe that

pwp,  _ 2r(r—1) ~ (n+k) B
EnW (T‘)— Z (k; =

n? k=r+1 " Dk —-2)

r 2 rr—1 3 rr—1%31
=2—(14+—-)—2— 1+ —2— =.
n n n n n—1 nono =i

Now, we can extend EBW:F to a real variable function by

Evre) =2t (14 2) —2l Tt (10 ) ol Tyt (),

n n n n—1

Furthermore, it can be seen that the sequence of functions g, (z) := EEZW:F(nx)
converges uniformly on [0,1] to g(z) = =2z (—1 4+ z + xlog x).

To conclude the proof it is enough to apply Proposition [I together with some
straightforward computations. (I

So far, we have considered the Best-or-Worst variant in which the goal is to select
either the best or the worst candidate, indifferent between the two cases. To finish
this section we are going to further modify the Best-or-Worst variant. In particular
we are going to consider different payoff depending on whether we select the best
or the worst candidate. In paticular we are going to consider the following payoff
function, with m < M.

m, if the k-th candidate is the worst candidate;
4) pu(k) = ¢ M, if the k-th candidate is the best candidate;

0, otherwise.

In this new setting the optimal strategy has two thresholds, as stated in the
following result, whose proof is analogue to that of Theorem [I1

Theorem 5. For the Best-or- Worst variant, if n is the number of candidates and
the payments for selecting the worst and the best candidates are, respectively, m <
M, there exist r(n) < s(n), such that the following strategy is optimal:

(1) Reject the r(n) first interviewed candidates.

(2) Accept the first candidate which is better than all the preceding ones until
reaching the s(n)-th candidate.

(3) After that, accept the first candidate which is either better or worse than
all the preceding ones.

Now, let n be the number of candidates and let us consider cutoff values 1 < r <
s <mn. Then, if k € (r,n] is an integer, the probability of successfully selecting the
best candidate in the k-th interview is given by

PBWvU(k):{m lf’f’<k<8,

b
n,r,s r 11
i e if k>s.
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On the other hand, if ¥ € (r,n] is an integer, the probability of successfully
selecting the best or the worst candidate in the k-th interview is given by

P
n,r,s r s—11 :
i, ifk>s.

—BW,U 0, ifr<k<s;
(k) = {

Because, according to the optimal strategy we can only select the worst candidate
if k> s.
Consequently, the expected payoff with n candidates and cutoff values r < s is
given by
n
EBW.U (1 5) .= Z MPEWU (k) 4+ mﬁBW’U(k;) =

n,r,s n,r,s
k=r+1

- Mr - r(s—1)
= — M —_— .
2 Gt 2 MEm e,
k=r+1 k=s+1
The following result determines the cutoff values as well as the corresponding
maximum expected payoff.

Theorem 6. Given a positive integer n > 2, let us consider the function EBW-U(r, s)

defined above for every pair of integers in the set {(r,s) € Z*:0<r <s <n} and
let (M1(n), Ma(n)) be the point for which EEW.U reaches its mazimum. Then,

—142
i) i M) e” M

n Mn( ) m+M
LN e 2(n) M
ii) 117rln Sl 1 2
— +£M
i) lim B2V (M (n), Ma(n)) = ﬁ

Proof. Let us define the sequence of functions {h,} by h,(z,y) = E,?W(na:,:zry).
Then,

M - (M Mzl if 0:

hmhn(x,y) = h(aj,y) = ( +m):1c ( —l—m):vy—i— x Og(y/l'), 1 xuyi'jé ’

n 0 otherwise.

and the convergence is uniform on T := {(z,y) e R?: 0 <z <y < 1}.
Hence, we can apply Proposition[2l To do so, observe that h is a concave function
on the convex set T' with a negative definite hessian matrix. Since i has only one

critical point, namely
e MM M
M+m M+m

and
LM M e TR M
M+m M+m)  M+m
the result follows. O

This result means that the optimal strategy in this setting consists in rejecting
—14m
roughly the first niM n interviewed candidates, then accepting the first candi-
m

M

date which is better than all the preceding ones until reaching roughly the n T
m

candidate and, finally accepting the first candidate which is either better or worse
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than all the preceding ones. Following this strategy, the maximum expected payoff
-1+ 2
e ™M )N

is asymptotically equal to
ymp y eq Mtm

Remark. If m < M the cuttof values obtained in Theorem [0 are, approximately,
ne~! and n. This means that the optimal strategy ignores the objective of obtaining
the worst candidate and we recover the original secretary problem. In addition, if
m = M, then both cutoff values coincide with n/2 and we recover the original
Best-or-Worst, variant.

5. THE POSTDOC VARIANT

In this section we focus on the Postdoc variant, as described in the introduction,
in which the goal is to select the second best candidate. First of all we have to
prove that, just like in classic problem, the optimal strategy is a threshold strategy.

In this variant it is not obvious that the optimal strategy has only one threshold.
This is because the candidate considered in a given interview could be selected both
if it is better or the second better than all the preceding ones and in both cases it
could end up being the second best candidate. However, we are going to see that
selecting a candidate which is better than all the preceding ones is never preferable
to waiting for a candidate which is the second better than all the preceding ones.

Assume for a moment that we are following a threshold strategy. Let n be the
number of candidates and let us consider a cutoff value r € (1,n). If k € (r,n] is
an integer, the probability of successfully se}cecting the best or the worst candidate

in the k-th interview is PP (k) = = l%. Thus, the probability function of

E—1%(»

2
succeeding in the Postdoc variant with n candidates using r as cutoff value and
provided we are following a threshold strategy for the second best candidate, is

given by
FPP(; Z PPD i r (g)
k=r+1 k=r+1 (—=1+k) k (2)
Note that the following holds:

FPP(r) = = zn: r(3) _ ("3 + i r(5) _

(“14+k) k() (“1+r4+1) (r+1)( -1+k)

k=r+1

_ (7‘-51) . i (r+1)r (g) _
(

(r+1) (%) W —1+k) k(r+1)(3)

k= r+2

() roe (D (5)
N (r+1)(g)+r+1kZ (—1+k) k()

(Tgl) + r FPD( + 1)
= r
(r+1) (g) r+1"
On the other hand, let us denote by T,,(r) the probability of success after the r-th
interview provided we have already selected a candidate which is better than all the
preceding ones. Then, the probability of finding the second best candidate in the
(r+ 1)-th interview is —< and, furthermore, the probability of not finding a better

r+1
candidate among all the remaining interviews is ((2)) On the other hand, the

n
2

k(3)
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probability of not obtaining the second best candidate in the (r + 1)-th interview
n(r+1). Hence,

To(r) = ! (T—gl)—i— ! To(r+1).

r+1 (%) r+1

Thus, we have seen that T},(r) and F.F'P (r) both satisfy the same recurrence relation
in 7. Moreover, it holds that T},(n — 1) = FXP(n — 1) = 1/n so, consequently, we
obtain that T,,(r) = FF'P(r) for every r < n.

Note that this means that the optimal strategy can neglect if a given candidate
is better than all the preceding ones and focus only on whether the candidate is the
second better than all the preceding ones and thus the optimal strategy has only
one threshold.

Theorem 7. For the Postdoc variant, if n is the number of candidates, there exists
r(n) such that the following strategy is optimal:

(1) Reject the r(n) first interviewed candidates.
(2) After that, accept the first candidate which is the second best until then.

Proof. Just use the same ideas as in Theorem [I] (|

Thus, the probability function of succeeding in the Postdoc variant with n can-
didates using r as cutoff value, is given by

PD PD r(n—r)
F! Z PP = oD

nn-—1
k=r+1

1
Observe that we have obtained that FF'P(r) = §F5W(T). Consequently, if we

follow the previous strategy, the optimal cutoff value is the same as in the Best-or-
Worst, variant; i.e., [§]) and the maximum probability of success is one half of the
maximum probability of success in the Best-or-Worst variant (see Theorem [2]).

We are now going to consider the Postdoc variant with the payoff function po
given in ([2)); i.e., we assume that performing each interview has a constant cost of
1/n. Under this assumption it can be proved that the optimal strategy has two
thresholds.

Theorem 8. For the Postdoc variant, if n is the number of candidates and if the
payoff function is given by (3), there exist r(n) < s(n), such that the following
strategy is optimal:
(1) Reject the r(n) first interviewed candidates.
(2) Accept the first candidate which is better than all the preceding ones until
reaching the s(n)-th candidate.
(3) After that, accept the first candidate which is either better or second better
than all the preceding ones.

Proof. Proceed as in Theorem [Il with each threshold separately. O

Under this strategy, the probability of successfully selecting the second best
candidate in the k-th interview is given by the function

r(n—k) . )

PPDC () = T=DE=1)° ifr <k <s;
n,T,8 - r(s—1)(n—k) + r(s—1) HE> s
n(n—1)(k—1)(k—2) nn—1)(k—2)° Z S.
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Consequently, the expected payoff with n candidates and cutoff values r < s is
given by

n
k
EFPC(rs)= Y (1 - E) PrDC (k).
k=r+1
In the following result we determine the optimal cutoff values and the maximum
expected payoff.

Theorem 9. Given a positive integer n > 2 let us consider the function EXP:C (r, s)
defined above for every (r,s) € {(r,s) € Z? : 0 < r < s < n} and let (M1(n), Ma(n))
be the point for which EFPC reaches its mazimum. Then,

i) limMj(n)/n =0.17248...
i) lim Ma(n)/n = 0.39422. ..
iii) lim BEFPC (M (n), Ma(n)) = 0.11811 ...

Proof. First of all, observe that

-1 (s—r)(B—4n+r+s)
EPD.C _ n _
() 2\t 2 (n—1) +

+%((1—s) Y(=1+n)—(n—1) p(r) + (n—2+3s) P(s — 1)).

Thus, if we define the sequence of functions {h,} by h,(z,y) = EFP: (nz, ny), it
follows that

w(2—6y+y2+4m—m2+2(1+y) log y—2 log m) . .
hmhn(;v,y) = h(;[;’y) = 2 ) 1f €,y 7é O»
n 0, otherwise.

and the convergence is uniform on {(z,y) e R?: 0 <z <y < 1}.
Using elementary techniques we get that h reaches its absolute maximum at the
point (a, §) with § := 0.39422... is the solution to —2 + § + 8 + log(8) = 0 and

o :=0.1724844 ... is the solution to 1 — % —-28— %2 +4o— % —log(a) = 0.
The fact that h(ce, 8) = 0.11811... concludes the proof. O

Finally, let us consider the Postdoc variant with the payoff function pp given in
@); i.e., we assume that performing each interview has an additional payoff of 1/n.
Under this assumption, it is clear that no optimal strategy will accept a candidate
which is better than all the preceding ones because, if the search continues, the
probability of success is the same and the payoff will be greater. Hence, we must
only consider strategies with one threshold for the second best candidate, as in
Theorem[7] ignoring if the interviewed candidate in better than the preceding ones.
In this setting, the expected payoff with n candidates and cutoff value r is given by

Py N k _rn=r)Bn+1+7)
BP0 = 3 (1) P = T

PD,P
E’Il

The optimal cutoff value that maximizes the expected payoff and this max-

imum expected payoff are determined in the following result.

Theorem 10. Given an integer n > 1, let us consider the function EXP:-F(r)
defined above for every integer 1 < r < n and let M(n) be the value for which the
function EFPF reaches its mazimum. Then, the following hold:
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VI3 -2
i) 1im M0 _ ?;’ = 0.53518...
n n
13V13 —
i) lim EPPP(M(n)) = % =0.4397. ..

Proof. Since EFP-F is a degree 3 polynomial, we can explicitly obtain the exact
value of M(n) by elementary methods. Namely,

—1-2n4++V1+7n+13n2
M(n) = 3 .

The result follows immediately. (Il

Remark. Note that we can further refine the previous result by noting that

M(n) = @ n+ %ﬁ + o(n). In this case, [M(n)] is the optimal

cutoff value for all n up to 10000, without any exception.

6. CONCLUSIONS

In this paper, we have analyzed two variants of the secretary problem which
happen to be closely related: the Postdoc and the Best-or-Worst variants. Both of
them have the same optimal threshold strategy and the mean payoff for the first
one is twice as for the second one.

We now show a comparative table of the asymptotic optimal cutoff value (ACV)
given by li}ln./\/l(n) /m and the the asymptotic maximum expected payoff (AMP) in

the classical secretary problem, in the Best-or-Worst variant and in the Postdoc
variant with payoff functions pg, pc and pp. In the case of the Postdoc variant
with payoff function pp, in the cell corresponding to M(n)/n we show the two
thresholds related to the optimal strategy in that setting.

Payoff Classic Best-or-Worst Postdoc

ACV AMP ACV AMP ACV AMP

B e 1 e ! 1/2 1/2 1/2 1/4
) 2

p p—p° 0 ~ 0—0° ~ 0.1724,
pc 0.2031 0.1619 0.2846 0.2036 0.3942 0.1181

N~ n?+nc~ 9~ 9?2+ ~ —@*2 ~ 713@*35
pp 0.4263 0.6080 0.5520 0.8567 0.5351 ~ 0.4397
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