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History-dependent mixed variational problems
in contact mechanics

Mircea Sofonea - Andaluzia Matei

Abstract We consider a new class of mixed variational problems arising in Contact Mechan-
ics. The problems are formulated on the unbounded interval of time [0, 400) and involve
history-dependent operators. For such problems we prove existence, uniqueness and continu-
ous dependence results. The proofs are based on results on generalized saddle point problems
and various estimates, combined with a fixed point argument. Then, we apply the abstract
results in the study of a mathematical model which describes the frictionless contact between
a viscoplastic body and an obstacle, the so-called foundation. The process is quasistatic and
the contact is modelled with normal compliance and unilateral constraint, in such a way
that the stiffness coefficient depends on the history of the penetration. We prove the unique
weak solvability of the contact problem, as well as the continuous dependence of its weak
solution with respect to the viscoplastic constitutive function, the applied forces, the contact
conditions and the initial data.

Keywords History-dependent operator - Mixed variational problem - Lagrange multiplier -

Viscoplastic material - Frictionless contact - Normal compliance - History-dependent stiffness
coefficient - Unilateral constraint - Variational formulation - Weak solution

1 Introduction

Mixed variational problems involving Lagrange multipliers are used both in analysis and
mechanics, in the study of minimization problems. They provide a useful framework in
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which a large number of problems involving unilateral constraints can be cast and can be
solved numerically. Their study is based on arguments on duality, the saddle points theory
and fixed point. The literature in the field is extensive, see for instance [5,7,10,11,16] and
the references therein. There, existence and uniqueness results in the study of stationary
variational problems with Lagrange multipliers can be found, together with various appli-
cations in Solid Mechanics. A recent existence result in the study of evolutionary problems
with Lagrange multipliers was obtained in [20]. The analysis of various mixed variational
problems associated to contact models can be found in [12—15,21-23] and, more recently,
in [2,4,24], for instance.

In this paper we deal with a new class of mixed variational problems involving Lagrange
multipliers, which arise in the study of various quasistatic contact problems with elastic,
viscoelastic and viscoplastic bodies. The trait of novelty consists in the fact that the prob-
lems are evolutionary, are defined on an unbounded interval of time and involve history-
dependent operators. The statement of the problem is as follows. Let (X, (-, )x, || - llx)
and (Y, (-, )y, || - lly) be two real Hilbert spaces. We denote by R the set of nonegative
real numbers, i.e. R4 = [0, +00), and we use the notation C(R4; X) and C(R; Y) for the
space of continuous functions defined on R with values in X and Y, respectively. Also, we
consider two operators A : X — X andS : C(Ry; X) x C(R4; Y) - C(R4; X), abilinear
formb : X x Y — R, two functions f, h : Ry — X and a set A C Y. With these data we
introduce the following problem.

Problem 1 Find the functions u : Ry — X and A : Ry — A such that

(Au(t), v)x + (S(u, M) (1), V)x + b, A1) = (f(1), V)x YveEX, (1.1)
bu(r), pw — A1) = b(h(t), n — A1) Vi eA, (1.2)

forall t € Ry..

Our aim in this paper is threefold. The first one is to study the unique solvability of Problem
1. To this end, we use a result related to a generalized saddle point problem proved in [21],
combined with a fixed point result obtained in [27] and show that, under appropriate condi-
tions, Problem 1 has a unique solution («, A) suchthatu € C(R4+; X)and A € C(R4; Y). The
second aim is to study the behavior of the solution of Problem 1 with respect to a perturbation
of the data. To this end we use monotonicity properties and arguments of convergence in the
spaces C(R4; X) and C(R4; Y) which allow us to prove a convergence result. Finally, our
third aim is to show how our abstract results can be used in the analysis of mathematical mod-
els in Contact Mechanics. To this end we consider a quasistatic process of contact between
a viscoplastic body and a deformable foundation. The contact is with normal compliance
and finite penetration, in such a way that the stiffness coefficient depends on the history of
the penetration. Considering such kind of model leads to a new and interesting mathemati-
cal problem, governed by two history-dependent operators. We provide the analysis of this
problem, which includes its unique weak solvability and the continuous dependence of the
solution with respect to the data. The proofs are based on the abstract results obtained in the
study of Problem 1. In this way we fully exemplify the cross fertilization between the models
and applications, in one hand, and the nonlinear functional analysis, on the other hand.

The rest of the paper is structured as follows. In Sect. 2 we introduce the mixed variational
problem, list the assumptions on the data, then we state and prove our main abstract existence
and uniqueness result, Theorems 2.1. In Sect. 3 we introduce a perturbation of the problem,
then we state and prove a convergence result, Theorem 3.1. Then, in Sect. 4, we describe
our mathematical model of contact, list the assumptions on the data and derive its variational



formulation. In Sect. 5 we prove the unique weak solvability of the model. The proof is based
on the abstract result provided by Theorem 2.1. Finally, in Sect. 6 we prove the continuous
dependence of the weak solution of the contact problem with respect to the data. The proof
is based on the abstract result provided by Theorem 3.1.

We end this introduction with some notation and preliminaries. First, everywhere in this
paper we denote by N the set of positive integers. Given a normed space U and a subset
K C U we use the symbol C(R; K) for the set of continuous functions defined on R with
values in K. It is well known that, if U is a Banach space, then C (R4 ; U) can be organized in
a canonical way as a Fréchet space, i.e. a complete metric space in which the corresponding
topology is induced by a countable family of seminorms. Details can be found in [6] and
[19], for instance. Here we restrict ourselves to recall that the convergence of a sequence
(ug) to the element u, in the space C (R ; U), can be described as follows:

ur > u in CR4; U) as k — oo if and only if
rrng] lug(r) —u@)|ly — 0 ask — oo, forall n € N. (1.3)
rel|l,n

We also recall the following fixed point result.

Theorem 1.1 Let (X, |- || x) be a real Banach space and let L : C(Ry; X) — C(Ry; X) be
a nonlinear operator. Assume that there exists m € N with the following property: for each
n € N there exist two constants ¢, > 0 and k,, € [0, 1) such that

'
[ Lu(t) — Loy < Cn/ lu(s) —v() N ds + kyllu(®) — v(®) |l (1.4)
0
Jorallu, ve C(Ry; X) and for anyt € [0, n]. Then the operator L has a unique fixed point
n* € CRy; X).

Note that in (1.4) and below the notation £n(¢) represents the value of the function £ at
the point #, i.e. Ln(t) = (Ln)(¢). The proof of Theorem 1.1 can be found in [27]. We shall
use this fixed point result twice, in Sects. 2 and 5 of the paper.

2 An abstract existence and uniqueness result

In this section we prove the unique solvability of Problem 1. To this end we assume that the
data satisfy the following condition.

(a) There exists m 4 > 0 such that
(Au— Av, u —v)x =mallu —vl3 VYu,veX.

(b) There exists L4 > 0 such that 2D
|[Au — Av|lx < Lallu—vllx Yu,velX.
For each n € N there exist d,, > 0 and r,, > 0 such that
ISy, A)(2) — Suz, A2) (@) |l x
< dn(lur(t) —ua@llx + lIA1(s) — 22(s)ly)
(2.2)

1
+ rn/(llul(S) —ua(9)|Ix + 121(s) = Aa(s)lly) ds
0

Yup, uz € C(Ry; X), YA, Az € C(R4: Y), Y1 € [0, n].



b: X x Y — Ris a bilinear form such that
(a) There exists M > 0 such that
lb(v, W = Mpllvlixlinly YveX, pevy.

(b) There exists « > 0 such that (23)
. b(v, )
inf u — >
neY,u#0y yex voy IVIxInlly
feCRy; X), heCRy; X). 2.4)
A is a closed convex unbounded subset of Y that contains Oy . 2.5)

Our main result in this section is the following.

Theorem 2.1 Assume (2.1)—(2.5). There exists dy > 0 which depends only on A and b such
that, if d, < dy for all positive integers n, then Problem 1 has a unique solution (u, }.).
Moreover, the solution satisfies u € C(R4; X) and . € C(Ry; A).

The proof of Theorem 2.1 will be carried out in several steps. To this end, we assume in
what follows that (2.1)—(2.5) hold. The first step is given by the following result.

Lemma 2.2 Given g, k € X, there exists a unique pair (u, \) € X x A such that
(Au,v)x +b(v,2) = (g, v)x YveX, (2.6)
bu,u—2r) <blk,u —r) YueA. 2.7

In addition, if (uy, A1) and (u2, X2) are the solutions of the problem (2.6)—(2.7) correspond-
ing to the data g1, k1 € X and g, ko € X, respectively, then there exists co which depends
only on A and b such that

lur —uzllx + 141 — X2lly < co(llgr — g2llx + k1 — ka2 llx). (2.8)

Proof The existence and uniqueness part of the lemma corresponds to Theorem 5.2 in [21]
and, for this reason, we skip its proof. The estimate (2.8) shows the Lischitz continuous
dependence of the solution with respect to the data and corresponds to Theorem 5.8 in [21].
Nevertheless, since the size of the constant ¢ in this estimate will play an important role in
what follows, for the convenience of the reader, we present the proof of (2.8). Thus, consider
gi, ki € X and denote by (u;, A;), the solution of the problem (2.6)—(2.7), corresponding to
the data g;, k; € X, foreachi = 1, 2. Then, using (2.6) it follows that

(Aup — Aug, v)x +b(v, A1 —A2) = (g1 — g2, V)x YveX (2.9)

and, using (2.1)(b) we find that
b(v, A1 —A2) = lig1 — g2lixllvllx + Lallur —uzlixlivilx Vv e X.
We now use (2.3)(b) and the previous inequality to obtain that
allar —22lly = llg1 — g2llx + Lallur — uzllx. (2.10)
On the other hand, (2.7) yields
b(uy —uz, Ay — A1) < bk — ka, k2 — A1)

and, therefore, using condition (2.3)(a) we find that

b(uy —uz, Ay — M) < My |lky — k2llx 141 — A2y 2.11)



We now take v = u; — up in (2.9) and use (2.11) in the resulting inequality to deduce that
(Aur — Aup, uy —uz)x < (81 — g2, u1 —u2)x + Mp [lk1 — kallx |1 — A2]ly.
Therefore, using the assumption (2.1)(a) it follows that
mallur —ual% < llg1 — g2llxllur — uzllx + Mpllky — kallxllr1 — Aally. (2.12)
Inequalities (2.12) and (2.10) imply that

2 2
llgr — &21l% N crlluy —uzlly

_ 2 2.13
mallur —uzllx < 2 5 (2.13)
N M2|lky — k2|13 1 M3
2co 2 ’
2
1A —22l3 < —(llgr = 1% + Lillur — u2ll3) (2.14)

respectively, where c1, ¢, are arbitrary positive constants. We now choose ¢ and ¢, such that

Therefore, from (2.13) and (2.14) we deduce that there exists ¢3 > 0, which depends only
on A and b, such that

luy —uzly < e3(llgr — gallx + ki — kall%)- (2.15)

Finally, combining (2.14) and (2.15) we obtain (2.8) with co depending only on A and b,
which concludes the proof. O

The next step is given by the following result.

Lemma 2.3 Given n € C(Ry; X), there exists a unique couple of functions (uy, Ay) €
CR4; X) x C(R4; A) such that

(Auy (), v)x + (@), v)x + b, A1) = (f (@), vV)x VveEX, (2.16)

bluy (1), = h (D)) < b(A(D), 11— dy(1)) Y i € A, 2.17)
forallt € Ry. In addition, given 11, n2 € C(Ry; X) and denoting by uy,, uy, the corre-
sponding couples of functions which verify (2.16)—(2.17) at each t € R, then

oy, () — wny (Dl x + 1A, @) = Ay D lly =< collni (@) — n2()llx (2.18)
forallt € Ry.
Proof Lett € Ry be fixed. We use Lemma 2.2 with g = f(t) — n(¢) and k = h(t) to
obtain the existence of a unique couple (u, (), A,(t)) € X x A which satisfies (2.16)—(2.17).
Next, we consider #1, 1 € Ry and denote n(t;) = n;, u(t;) = u;, rA(t;) = A;, f(t) = fi,
h(t;) = h; and g; = fi — n;. Then, using inequality (2.8), it follows that

lur —uzllx + 141 — A2lly < co (I fi = f2llx + lIm = m2llx + [h1 — h2llx)-

Therefore, since f, n, h € C(Ry; X) weconclude thatu, € C(Ry; X)and X, € C(Ry; A).
Finally, the estimate (2.18) is obtained by using arguments similar to those used above, based
on inequality (2.8). O



We now use Lemma 2.3 to introduce the operator £ : C(Ry; X) — C(Ry; X) defined
by equality
Ly =8y, ky) ¥YneCR4;X). (2.19)

We have the following fixed-point result.

Lemma 2.4 There exists dy > 0 which depends only on A and b such that, if d,, < dy for
all positive integers n, then L has a unique fixed point n* € C(Ry; X).

Proof Let ni,m € CR4+; X),n € Nand let ¢t € [0, n]. Then, using (2.19) and (2.2) we
have

1£01(t) — L2l x < dp (i, (1) — g, (Ol x + [y, (1) = Ay (D ly)
t
+ rn/(””m () = un, (O)Ix + Ay, () = Any ()ly) ds.
0

Therefore, inequality (2.18) yields
t
1L (1) = L (Dllx = codnlini () —n2(0)llx + Corn/ lm(s) —m2(s)llx ds.  (2.20)
0

Letdy = ci and note that Lemma 2.2 shows that dy depends only on A and b. Assume
now that d,, < dop for all n € N. Then inequality (2.20) and Theorem 1.1 show that £ has a
unique fixed point, which concludes the proof. O

We now have all the ingredients to prove Theorem 2.1.

Proof Let dy > 0 be defined as above and recall that dy depends only on A and b. Assume
thatd, < dy for all positive integers n, and denote by * the unique fixed point of the operator
L provided in Lemma 2.4. Then, using (2.16), (2.17) and definition (2.19) of the operator £
it is easy to see that (u,x, A,+) is a solution of Problem | and, moreover, it has the regularity
(e, Agr) € C(R4; X) x C(Ry; A). This concludes the existence part of the theorem. The
uniqueness part follows from the uniqueness of the fixed point of the operator £, guaranteed
by Lemma 2.4. O

3 A convergence result

‘We now turn to the dependence of the solution with respect to the data. To this end, everywhere
in this section we assume that (2.1)—(2.5) hold and we denote by (u, A) the solution of
Problem 1 provided by Theorem 2.1. Moreover, we assume that for each p > 0 the operator
Sy C(Ry; X) x C(Ry,Y) — C(Ry; X), and the functions f,, h, : Ry — X are given,
and represent perturbations of the data S, f and A, respectively. With these data, for each
p > 0, we consider the following problem.

Problem 2 Find the functions u, : Ry — X and A, : Ry — A such that

(Aup (1), v)x + (Splup, 2p)(1), V)x + bW, Ap(1)) = (fp(1), v)x YveX, (G
b(up(t), k= 2p(1)) < bhp@), 0 —4p(1)) V€A, (3.2)

forall t € Ry



We assume that, for each p > 0, the following conditions hold.

For each n € N there exist dy, > 0 and r,, > 0 such that
1Sy (1, A1) (2) — Sp(ua, 22) (@)l x
< dpn(lur(t) —u2(llx + 1241() — 220 |ly)
t

3.3)
+rpn/(||u1(S) —uw()lx + 1110s) = A2()ly) ds
0
Yup, up € CRy; X), YA, A € CR,y; Y), Vi e[0,n].
fp € CRy, X), h, € C(Ry, X). (3.4)

Under these assumptions, if d,, < dp foralln € N, Theorem 2.1 guarantees the existence
of a unique solution (u,, A,) to Problem 2 such that u, € C(R4; X) and 1, € C(R4; A).
Our interest lies in the behavior of the solution of the perturbed problem as p tends to zero.
To this end we consider the following additional assumptions, in which dy represents the
constant in Theorem 2.1.

For each n € N there exist H, : Ry — Ry,
Jp i C(Ry; X) x C(Ry; Y) — Ry and R, > 0 such that
(@) IS u, 2)(@) = Su, M) ())llx < Hn(p)Jn(u, 1)
Y(u,1) € C(Ry; X x A), Yt €[0,n], Vp > 0. (3.5)
b)ron <R, Yp>0.
(¢) lim H,(p) = 0.
p—0

There exists 470 such that d,, < (70 <dy VneN, Vp>0. 3.6)
fo—f. hy—h in CRy;X) as p— 0. 3.7

We have the following convergence result.

Theorem 3.1 Assume (3.5)—(3.7). Then the solution (u,, A,) of Problem 2 converges to the
solution (u, \) of Problem 1 i.e.

up, > u in CRy;X), A, —> X1 in C(Ry;Y) asp— 0. (3.8)

Proof Let p > 0,n € Nand lett € [0, n]. We note that the system (3.1)—(3.2) represents a
system of the form (2.6)—(2.7) in which

g=fpt) —Sp(up, Ap)(t) and h =h,(1).
Also, the system (1.1)—(1.2) is a system of the form (2.6)—(2.7) in which
g=f@)—Sw, (@) and h=h(t).
Therefore, using the estimate (2.8) yields

llup (@) —u(@®llx + [14p(1) = A(D)]ly (3.9)
< colfp®) = fFOllx + 1Spup, 2p) (@) = S, V(D) lx + 1hp () = h(1)]Ix)-

Next, we remark that
/o) — FDlx < max, 1 fo(s) — f()lx = Spn, (3.10)
lhp() —h(Dlx < Sg%g);] lp(s) — h(s)lx = wpn 3.1D



and, in order to simplify the writing we denote

o) = llup(®) —u@llx + 12,@) = A(O]ly. (3.12)
Then, inequalities (3.9)—(3.11) imply that
Pp(t) < coBpn + wpn + 1Spp, 1)) — S, 1)(@) [ x). (3.13)

On the other hand

1Sp(up, 2p) (@) = S, (D lx = I1Sp(up, Ap)(#) — Splu, 1) (D)l x
+ 1Sy (u, M) — S, M) (@)l x,
and, therefore, assumptions (3.3) and (3.5)(a) combined with definition (3.12) show that
t
1Spp, 2p) (1) — S, M) (D)l x < dpnipp(t) + rpn/fﬂp(S) ds + Hy(p)Jn(u, ).
0

(3.14)

We now use (3.13) and (3.14) to see that
t
@p(t) < coBpn + wpn) + codpn®p () + corpn / @p(s)ds + coHn(p)Jn(u, 1).
0
Therefore, the hypothesis (3.6) allows us to write
t
(1 = codo)¢p (1) < copn + Wpn) + COFpn / @o(s)ds + coHp(p)Jn(u, 1).
0
Recall now that dy = ci’ as shown in the proof of Lemma 2.4. Thus, assumption (3.5)(b)
combined with inequalit(;/ do < do in (3.6) imply that
t
0o(0) = ¢ B+ ) +¢ B [ 05(6)ds + (o). 3)
0

where c is a positive constant independent of p and n. Using now a Gronwall argument we
obtain

0p(t) < ¢ (Spn + @pn + Hy(p) T (u, 1))e Rt

and, therefore,
tngng(pp(t) < c(8pn + wpn + Hy(p) Jn(u, )V))emR”~ (3.15)
€[0,n

We now use assumption (3.7), the equivalence (1.3) and the definitions (3.10), (3.11) to
see that
8on > 0, w,, >0 as p—0. (3.16)

Therefore, passing to the limit in (3.15) as p — 0 with a fixed positive integer n, using the
convergences (3.5)(c), (3.16) we deduce that

max ¢,(t) - 0 as p— 0.
te[0,n]



Using now notation (3.12) we obtain that

max _|lu,(t) —u(t)|lx — 0, max [[A,(1) —A()]ly -0 as p— 0. (3.17)
te[0,n] t€[0,n]

Finally, we use (3.17) and (1.3) to see that the convergences (3.8) hold, which concludes the

proof. O

4 A history-dependent contact problem

In this section we introduce a model of frictionless contact which can be studied by using the
abstract results presented in Section 2. The physical setting is as follows. A viscoplastic body
occupies the bounded domain  C R? (d = 2, 3), with the boundary dQ = T partitioned
into three disjoint measurable parts I'y, Iy and I'3, such that meas I'; > 0. We assume that
the boundary I' is Lipschitz continuous and we denote by v its unit outward normal, defined
almost everywhere. The body is clamped on I" and, therefore, the displacement field vanishes
there. A volume force of density f, acts in €2, surface tractions of density f, act on I'; and,
finally, we assume that the body is in contact with a deformable foundation on I'3. The contact
is frictionless and we model it with a normal compliance condition with unilateral constraint,
in which the stiffness coefficient depends on the history of the penetration. The process is
quasistatic and we study it in the unbounded interval of time [0, +0c). We denote by S¢ the
space of second order symmetric tensors on R and, in order to simplify the notation, we do
not indicate explicitly the dependence of various functions on the spatial variable. Then, the
classical formulation of the contact problem is the following.

Problem 3 Find a displacement field u:Q2 x [0, 400) — R? and a stress field o
Q x [0, +00) — $4 such that

(1) =Ce(t)) +G(o,e)) in Q, 4.1)
Dive(t) +fot) =0 in £, 4.2)

u(t) =0 on I'y, 4.3)

o(t)y =f,() on Iy, 4.4)

uy(t) = g(t), ov(t) + kGu(®) pu, (1)) =0,
(uy (1) — (1)) (0v(1) + k(Cu(®)) p(uy (1)) =0,
t

on I3, 4.5)
cu(t) = /uj(s) ds
0
o:(t)=0 on I, (4.6)
for all # € Ry and, moreover,
u(0) =ug, o(0)=0¢ in . 4.7

We now provide a brief description of the equations and conditions in Problem 3 and
refer the reader to [9,26,28] for details and additional comments on the classical formulation
of the contact problems. First, Eq. (4.1) represents the viscoplastic constitutive law of the
material, in which & (#) denotes the linearized stress tensor, £ is the elasticity tensor and G is
a given constitutive function. Moreover, the dot above represents the derivative with respect
to the time variable 7. Quasistatic frictionless and frictional contact problems for such kind



of materials were studied in various works, see for instance [3,4,9,26] and the references
therein.

Equation (4.2) is the equilibrium equation in which Div represents the divergence operator
for tensor-valued functions; we use it here since the process is assumed to be quasistatic.
Conditions (4.3) and (4.4) are the displacement and traction boundary conditions, respec-
tively, and condition (4.5) represents a new version of the normal compliance condition with
unilateral constraint; here «, and o, represent the normal component of the displacement
and the stress field, respectively; g > 0 is a time-dependent bound for the penetration, p
represents a given normal compliance function, k is a positive function and ¢u(t) represents
the accumulated contact penetration depth at time #, u" being the positive part of u,. We
interpret k = k(Zu) as a stiffness coefficient which, clearly, depends on the history of pene-
tration. Note that such kind of dependence models the surface hardening or softening which
appears in various applications, when cycles of contact and no contact arise. Details can be
found in [25]. Condition (4.5) was introduced for the first time in [18] in the case when g
is a constant and k = 1. In this particular form it was recently used in [3,4], in the study
of a quasistatic viscoplastic problem. Condition (4.6) shows that the tangential stress on the
contact surface, denoted o ;, vanishes. We use it here since we assume that the contact process
is frictionless. Finally, (4.7) represents the initial conditions in which ug and o denote the
initial displacement and the initial stress field, respectively.

We turn now to the variational formulation of Problem 3. To this end, we need further
notation and preliminaries. First, we use the notation x = (x;) for a typical point in Q U T’
and we denote by v; the components of v, i.e. v = (v;). Here and below the indices i, j, k, [
run between 1 and d and, unless stated otherwise, the summation convention over repeated
indices is used. An index that follows a comma represents the partial derivative with respect
to the corresponding component of the spatial variable, e.g. u; j = du;/0x ;. Recall that the
inner product and norm on R? and S¢ are defined by

1
u-v=ujv;, |v|l=w-v)?2 Yu,v e R,
1
o-17=07;, |tl=(F-1)2 VO’,TESd.

We use standard notation for the Lebesgue and Sobolev spaces associated to €2 and I and,
moreover, we consider the spaces

V={v=0)eH®@%:v=00nT,},
0={t=(m)el* " v =1}

These are real Hilbert spaces endowed with the inner products

w,v)y = /e(u) -e()dx, (0,7)9 = /0 -Tdx,

Q Q

and the associated norms || - [y and || - || o, respectively. Here & represents the deformation
operator given by

1
) = (eij (), & () =5 (ij+vj) VveH Q).
Completeness of the space (V, || - ||y) follows from the assumption meas "1 > 0, which
allows the use of Korn’s inequality.

For an element v € V we still write v for the trace of v on the boundary and we denote by
vy, and v; the normal and tangential components of v on I, given by v, = v-v,v; =v —v,v.

10



Let I'; be a measurable part of I'. Then, by the Sobolev trace theorem, there exists a positive
constant ¢;» which depends only on €2, I'{ and I'3 such that

IVllz2rye < cerllvlly  forall v e V. 4.8)

Inequality (4.8) represents a consequence of the Sobolev trace theorem. We also consider the
space

S={w=vyp,:veV}

where v|r, denotes the restriction of the trace of the element v € V to I's. Thus, S C
H'/2(I'3; RY) where H'/2(I'3; RY) is the space of the restrictions on I'3 of traces on I of
functions of H'(2)?. It is known that S can be organized as a Hilbert space, in a canonical
way, see for instance [1,8,17]. The dual of the space S will be denoted by D and the duality
paring between D and S will be denoted by (-, -)r;. Nevertheless, for simplicity, we write
(m,v)ry instead of (., v|r;)r;, when p € Dandv € V.

For a regular function & € Q we use the notation o0, and o, for the normal and the
tangential traces, i.e. 0, = (ov) -v and 6, = ov — o,v. Moreover, we recall that the
divergence operator is defined by the equality Div o = (0;;, ;) and, in addition, the following
Green’s formula holds:

/a-e(v)dx+/Diva~vdx:/av-vda VveV. 4.9

Q Q r

Finally, we denote by Q« the space of fourth order tensor fields given by
Qoo ={E=(Eji) : Eiju = Ejit = Enij € LX), 1=<i,j.k1=<d},
and we recall that Q« is a real Banach space with the norm

£ = max Eii 0 (Q)-
1€ Que % 1Eijrill Lo ()

1<i,j
Moreover, a simple calculation shows that
I€Tllg = dl€llQulltllo Y€ € Qs T € 0. 4.10)

In the study of the mechanical problem (4.1)-(4.7) we assume that the elasticity tensor
&, the nonlinear constitutive function G, the normal compliance function and the stiffness
function k satisfy the following conditions.

@) & = (Eiju) : @ xS — 4,
(®) Eiji = Eij = Ejit € L®(Q), 1 <, j, k1 <d.
(c) There exists mg > 0 such that
| froT> melT|? VT e S, ae. in Q.
[(2) G: Q@ xS? x 7 — s,
(b) There exists Lg > 0 such that
IG(x,01,€1) —G(x,02, &)
<Lg(lo1 — ozl + lle1 — ezl
Vai,00,61,61€8%, ae.xeQ.
(c) The mapping x — G(x, o, €) is measurable in €2,
for any o, & e s,
(d) The mapping x — G(x, 0, 0) belongs to Q.

(4.11)

4.12)
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[((a) p:R— R,.

(b) There exists L, > 0 such that @.13)
Ip(r1) — p(r2)| < Lplry —ra| Vry, 2 €R. '

(c) There exists pg > 0 such that |p(r)| < po Vr € R.

(@) k: Ry — Ry.

(b) There exists Ly > 0 such that (4.14)
|k(r1) — k(r2)| < Lglry —r2| Yrp, 2 €R. ’

(c) There exists kg > O such that |k(r)| < kg Vr eR.

We also assume that the densities of the body forces and surface tractions have the regularity

foe € (R L2@1). faeC (R L2027, (4.15)
the penetration bound satisfies
g € C(R+;Ry), (4.16)
and the initial data are such that
upeV, ooe 0. 4.17)
Finally, we assume that
there exists @ € V such that 51, =1 a.e.on I3 (4.18)

where, recall, 5,, =0 .v.
Next, we define the sets K C V and A C D, the bilinear form b : V x D — R and the
function f : R4 — V by equalities

K={veV :v,<0 ae.onlz}, 4.19)

A={peD : (n,vir, <0 VveK}, (4.20)

bv, u) =(m,v)r; YveV, peD, 4.21)

f@®),v)y = /fo(t) -vdx +/f2(t) -vda VveV,teRy. (4.22)
Q Iy

Assume now that u and o are regular functions which verify (4.1)-(4.7),t e Ry,v € V
and p € A. Then, we integrate (4.1) with the initial condition (4.7) to find that

t
o(t) =Ee(u()) + / G(o(s), e(u(s)))ds +o0 — Ee(up). (4.23)
0

Next, using Green’s formula (4.9) and the equation of equilibrium (4.2) we have

@ (1), e o = (Fo(t), V) 2iya + / o(t)v-vda. (4.24)
r

Then, since v = 0 on I'y, using (4.4), (4.6) and (4.22) we obtain that

(@), e)o = (). W)y + / o0 D)y da. 4.25)

I's
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Let A(z) € D be the Lagrange multiplier defined by

(A@), wir; = _/(Uv(t) + kCu@®) p(uy(@)wyda YweS. (4.26)
I's

Then, taking into account (4.21) we can write

/av(t)vv da = —b(v,A(1)) —/k({u(t))p(uv(t))vv da VYveV 4.27)

I's I'3

and, combining this equality with (4.25) we obtain that

(@ (1), e(n)o + b, A1) +/k(§u(t))P(uv(l))vu da = (f(1),v)v. (4.28)

I's

On the other hand, using (4.5), (4.19) and (4.20) we deduce that A(#) € A. Moreover,
using assumption (4.18) and the definition (4.21) of the bilinear form b it it is easy to see that

b(u(r), p = A1) = bu(r) — g0, p —AD) + b(g()f, p — A1)
= (= A(0), u(®) — g®)0)r; + b(g(1)0, p — A(1))

and, therefore,

b(t), p — A1) = (p, u(r) — g()0)r, — (A1), u(t) — g(1)0)r; + b(g()8, g — A(1)).

(4.29)
In addition, (4.5) and (4.18) imply that
u(t) — g0 € K. (A1), u)ry = (A(1), g(1)B)r.
which show that
(. u(t) — g(8)ry <0, (A1), u—g®)f)r, =0. (4.30)
We combine now (4.29) and (4.30) to deduce that
b(u(r), p — (1)) < b(g(NB, b — A(1)). 431)

We now gather equalities (4.23), (4.28) and inequality (4.31) to obtain the following
variational formulation of the mechanical problem P.

Problem 4 Find a displacement field u:R; — V, a stress field 0:Ry — Q and a Lagrange
multiplier A:R; — A such that

t
o(t) =Ee(u(t)) + / G(o(s),e(u(s)))ds +o9— Ee(ugp), (4.32)
0
(a(1), &) + b, A(1)) +/k(§u(t))p(uu(t))vv da=(f@),v)v VveV, (433)
I3
b(t), p — A1) < b8, p — A1) V€A, (4.34)

forall t € Ry
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Note that Problem 4 represents a mixed variational formulation which couples a nonlinear
implicit integral equation for the stress field, a history-dependent variational equation for the
displacement field, and a first-order time-dependent variational inequality for the Lagrange
multiplier. This formulation is quite different to that in Problem 1. Nevertheless, we shall see
in the next section that we can associate to Problem 4 a mixed variational formulation of the
form (1.1)—(1.2) and, therefore, the analysis of Problem (4.32)—(4.34) can be carried out by
using the abstract results we obtained in the previous two sections of this paper.

5 Weak solvability

In the study of Problem 4 we have the following existence and uniqueness result.

Theorem 5.1 Assume (4.11)—(4.18). There exists ey > 0 which depends only on &, Q, T';
and T'3 such that, if koL, < eq, then Problem 4 has a unique solution (u, o, L). Moreover,
the solution satisfies

ueCRy:X), oeCRy;0), AeCRy;A). (5.1)

The proof of Theorem 5.1 will be carried out in several steps. To this end, we assume in
what follows that (4.11)—(4.18) hold. The first step is given by the following result.

Lemma 5.2 For each function u € C(Ry; V) there exists a unique function o' (u) €
C(R4; Q) such that

t
ol @) = /Q(al(u)(s) + Ee(u(s)), e(s)))ds +o9—Ee(up) YteRy. (5.2)
0

Moreover, the operator 6’ : C(Ry; V) — C(Ry; Q) satisfies the following property: for
every n € N there exists 1, > 0 such that

t
ol @) (@) — o' W) (1)l < 7 /||u1(s> —uy(s)llv ds (5.3)
0

Yui, up € C(Ry; V), vVt € [0, n].

Proof Letu € C(R4; V) and consider the operator £ : C(R4; Q) — C(R4; Q) defined as
follows

t
LT(t) = /g(t(s) + Ee(u(s)), e(u(s)))ds + o9 — Ee(ug) 5.4
0

Vte C(R+, Q), t e R+.
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The operator £ depends on u but, for simplicity, we do not indicate explicitly this dependence.
Let Ty, T2 € C(R4+; Q) and lett € R,.. Then, using (5.4) and (4.12) we have

ILT1(t) — LT2() 0

1
5/IIQ(Tl(S)+5€(u(S)),€(u(S)))—Q(Tz(S)+5€(u(S)),€(u(S)))|IQdS
0

t
< Lg/ ITi(s) — T2(s)ll @ ds.
0

Next, we use Theorem 1.1 to see that £ has a unique fixed pointin C (R4 ; Q), denoted o I').
And, finally, we combine (5.4) with equality Lol (w) = 0! W) to see that (5.2) holds.

To proceed, letu;, uy € C(R4+; V),n € Nandlett € [0, n]. Then, using (5.2) and taking
into account (4.10)—(4.12) we write

ol @)(®) — " (@2) (1)l o

1 t

< Lg(/dllglloxllul(S)—uz(S)IlvdS+/IIOI(ul)(S)—OI(uz)(S)IIQ ds)
0

0
t t
_ w(/ 1 (s) — ua(s)ly ds +/ o @n)(s) — o' @)l ds),
0 0

where w = Lg(d ||€]lQ,, + 1). Using now a Gronwall argument we deduce that

t
ol @)(®) — o' @) (1)l < we"w/ lui(s) — ua(s)lly ds.
0

This inequality shows that (5.3) holds with 7, = w " “. O

We now use the Riesz’s representation theorem and Lemma 5.2 to define the operators
A:V—>VandR: CR4+; V) - C(R4; V) by equalities

(Av,w)y = (Ee(v),e(w))g Yv,weV, (5.9
(Ru(t),v)y = (e’ @)(t), e())o (5.6)
+/k(§u(t))p(u,,(t))vv da VveV,teRy.
I's

Then, we have the following equivalence result.

Lemma 5.3 Let (u, o, A) be a triple of functions with regularity (5.1). Then (u, o, L) is a
solution of Problem 4 if and only if

o (1) = Ee®) + o' @), (5.7)
(Au(t),v)y + (Ru(1),v)y + b, A(1)) = (f),v)y Vv eV, (5.8)
b@(®), k= () < b8, p —A(1) Vi€ A, (5.9)

forallt e Ry.
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Proof Assume that (u, o, X) is a solution of Problem 4 and let # € R.. Then, using (4.32)
we have

o (1) — Ee(u(t))

1
= /Q(G(S) —Ee(u(s)) + Eeu(s)), e(u(s))) ds + o9 — Ee(uo)
0

and, using the definition (5.2) of the operator o ! we obtain (5.7). Equality (5.8) follows from
(4.33) combined with (5.7) and the definition of the operators A and R and, finally, (5.9)
coincides with (4.34).

Conversely, assume that (u, o, L) satisfies (5.7)—(5.9). Then by (5.7) and the definition
(5.2) of 6! (1) we obtain (4.32). Moreover, using (5.7), (5.8) and the definition of the operators
A and S we obtain (4.33), which concludes the proof. ]

We now proceed with the following existence and uniqueness result.

Lemma 5.4 There exists eg > 0 which depends only on &, Q, 'y and T3 such that, if
koL, < eq, then there exists a unique couple of functions (u, L), which satisfies (5.8)~(5.9)
forallt € Ry. Moreover,u € C(R4; V) and L € C(R4; A).

Proof We shall apply Theorem 2.1, with X = V, Y = D, h = gf and S : C(R4; V) X
C(R4; D) - C(R4; V) given by

S, ) =R@m) Y@u,r) € CRy;V)x C(Ry; D). (5.10)

To this end, we use assumption (4.11) to see that the operator A defined by (5.5) verifies
condition (2.1). Moreover, the bilinear form b(, -) is continuous and satisfies the “inf-sup”
condition, i.e. there exists @ > 0 which depends only on €2, I} and I'; such that

b(v,
inf sup M > «,

reD. n#0p yey vzoy IVIvIelp —

see [21], for instance. We conclude from here that condition (2.3) holds. Also, taking into
account (4.15) and (4.22) it follows that f € C(Ry, V). Finally, since 4 = g#, it follows
from (4.16) that h € C(R4, V) and we conclude that condition (2.4) holds, too.

Let us now check (2.2). To this end, letn € N, ¢ € [0, n] and v € V. According to the
definition (5.6) of the operator R we have

(Rui (1) = Ruz (1), v)y = (o' ) (1) — o' 2) (1), €()
+/(k(;“u1(t))p(u1u(l)) — k(Cuz(1)) p(uz,(1)))vy da.
I3
Then, by a standard calculus based on the trace inequality (4.8) and the properties of the

functions p and k we deduce that

|(Ruy () — Rua (1), v)v| < llo’ @) (@) — o’ @) @)l olIvIlv
+epkoLpllur —wally Vil + cir poLicllur (8) — Suz () 2 gy Vv -
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Using now estimate (5.3) in Lemma 5.2 and the definition of the function ¢ we can write

1
[(Ruy(t) — Rux(t),v)v| SFn(/ luy(s) —uz(s)| dS)I|V||V
0

t
+cf (koLpllul —ullv + POLk/ lui(s) —uz(s)lly ds) Ivilv
0

and, therefore,

IRuy () — Rua(0)lly < cEkoLplluy —uzlly (5.11)
t
+ @+ CtzrpoLk)/ llee1 () —ua(s)|ly ds.
0

Inequality (5.11) combined with definition (5.10) shows that the operator S satisfies condition
(2.2) with dy, = c2.koL and r, = 7 + 2. poLy.

We are now in position to apply Theorem 2.1. According to this theorem there exists
do > 0 which depends only on A and b such that if d,, < dj for all positive integers n, then
there exists a unique couple of functions (u, L) which satisfies (5.8)—(5.9) for all ¥ € R,..
We now take

eo = doc;,? (5.12)

which, clearly, depends only on £, @2, I'y and I'3. We note that d, < do iff koL, < eg which
concludes the proof. O

We now have all the ingredients to prove Theorem 5.1.

Proof Let e be defined by (5.12) and assume that kgL, < ep. Under this condition, Lemma
5.4 implies that there exists a unique couple of functions (u, L), such that (5.8)—(5.9) hold,
for all t € R4. Define 0 = Ee(u) + o’ (u) and note that, obviously, 0 € C(R4; Q). Then
the triple (u, o, L) represents a solution to problem (5.7)—(5.9) with regularity (5.1). The
existence part of the theorem follows now from Lemma 5.3. The uniqueness part follows
from Lemma 5.3 combined with the uniqueness of the solution of the system (5.8)—(5.9)
guaranteed by Lemma 5.4. O

We end this section with the remark that the inequality koL, < ep, which guarantees
uniqueness solvability of Problem 4, represents a smallness condition on the normal compli-
ance function p and the stiffness function k. It is satisfied if, for instance, either the Lipschitz
constant L, or the bound ko is small enough.

6 Continuous dependence with respect to the data

In this section we study the behavior of the solution of Problem 4 with respect to a perturbation
of the data. To this end we assume in what follows that (4.11)—(4.18) hold and koL, < e,
where e is defined in Theorem 5.1. Also, we denote by (u, o, A) the solution of Problem 4
obtained in Theorem 5.1. In addition, for each p > 0 we denote by G,, p,, k,, fop, fzp,
&p> Uop, 00p a perturbation of G, p, k, f, f>, &, uo and o, respectively, which satisfies the
following conditions.
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(@) Gp: 2 xS xs? — s,
(b) There exists L’g’ > ( such that
G, (x, o1, €1) = Gp(x, 02, &)
=Lg o —02||+1|i€1 —e&2[) ©.1)
Yoi,07,€1,62€S%, ae.x € Q.
(c) The mapping x — G, (x, 0, €) is measurable in €2,
for any o, € € S“.
(d) The mapping x — G, (x, 0, 0) belongs to Q.
(@) pp : R — R4
(b) There exists L, > 0 such that 62)
|pp(r1) — pp(r2)| < Lhlri —ra| Yri, r eR. ’
(c) There exists pg > 0 such that [p,(r)| < pg Vr eR.
(@) kp : Ry — R4
(b) There exists L,f > ( such that (6.3)
lkp(r1) — ko(r2)l < L{Iri —ra| Vri, r2 €R. '
(c) There exists k§ > 0 such that |k,(r)| <k{ VreR.
fop € CRy; LAQ)Y), fa, € C(Ry; LA(T)Y), (6.4)
8p € C(RL;Ry) (6.5)
up €V, ooy € Q. (6.6)
With these data we define the function f, : R — V by equality
(o). v)y = /fop(t) -vdx +/f2p(t) -vda VveV,teRy 6.7)
Q Iy

and we consider the following problem.

Problem 5 Find a displacement field u, : Ry — V, astress field o6, : Ry — Q and a
Lagrange multiplier A, : Ry — A such that

t
o,(t) =Eey(t)) + / Gp(o,(s5),e(my(s)))ds + 00, — Ee(ugpy), (6.8)
0

(0,(1), €M) + b, A,(1)) +/kp(§up(t))pp(upu(t))vv da (6.9)
I3
=,y VveV,
by (1) = Ay (1) < b(gp(D0, = Ap(1)) Vi €A, (6.10)

forall t € Ry.

Note that, here and below, u,,, (t) represents the normal component of the function u, (¢),
e upy(t) =upy(t) -v,forallt € Ry.

Under the assumptions above, if kg Lf, < eg, Theorem 5.1 guarantees the existence of a
unique solution (u,, ¢, A,) to Problem 5 such that

u, e CRy; V), 0,€CRy;Q), A, € CRA). (6.11)
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Our interest in what follows lies in the behavior of the solution as p tends to zero. To this
end we consider the following additional assumptions.

There exist Lo > 0, po > 0, ko >0, ¢ > 0and Ky > 0 such that
(a) L? < Lg forall p > 0.

(b) pg < po forall p > 0.

(c) ki < ko forall p > 0.

(d) k§ L, <2y < ey forall p > 0.

(e) Ly < Ko forall p > 0.

There exist M, N, P : R,y — Ry such that
(@) [IGp(x,0,8) —G(x,0,8)| < M(E)(lo|l+ llell+ 1)
forallo, e €S9, ae.x € Q.
() [pp(r) — p(r)| < N(p)(Ir| + 1) forallr € R. 6.13)
©) lkp(r)y — k()| < P(p)(r| +1) forallr € R.
(d) lim M(p) =0, lim N(p) =0, lim P(p)=0.
p—0 p—0 p—0

(6.12)

@ fop, > fo in CRy:LAQY  as p—0.

(b) fa, > fr in CRy;L2T)Y)  as p— 0.

(© gp—>g in CRLR) as p — 0. (6.14)
(d) wop —>up in V as p — 0.

(e) opp >09 iInQ as p—0.

Our main result in this section is the following.

Theorem 6.1 Assume (6.12)—~(6.14). Then the solution (u,, o 5, ) of Problem 5 converges
to the solution (u, o, L) of Problem 4, i.e.

@ u,—u in CRy;V) as p— 0.
(b) 0p—>0 in C(Ry; Q) as p — 0. (6.15)
© Ap—>A in CRy; D) as p— 0.

Proof We use the operators A, 0!, R and S defined by (5.5), (5.2), (5.6) and (5.10), respec-
tively. Moreover, for each p > 0 we define the operators af) :CR4, V) > C(Ry, 0),
Rp:CR4; V) - CRy; Vyand S, : C(R1; V) x C(Ry; D) — C(Ry; V) by equalities

t
o (w)(1) =/Qp(6f7(u)(S)+€e(u(S)),6(u(S)))ds+aop — Ee(ugp),  (6.16)
0

(Rpu(t),v)y = (Gg(u)(t), e)o +/kp(§u(t))pp(uu(t))vv da, (6.17)
'3
Spu,A) =Ry (u) (6.18)

forallu € C(Ry;V),t € Ry,v € Vand A € C(R4; D). Then, Lemma 5.3 states that
(5.7)—(5.9) hold for all € Ry and, moreover,

0,(1) zﬁe(u/,(t))—i—af,(up)(t), (6.19)
(Aup (1), v)v + (Rpup@),v)v + b, X, (1)) = (f, (1), v)v Vv €V, (6.20)
by (1), o= Xp(1) < b(g, (0, —Xp(1)) Vi€ A, (6.21)

for all € R;. We note that the system (5.8)—(5.9) is of the form (1.1)—(1.2) with S given
by (5.10) while the system (6.20)—(6.21) is of the form (3.1)—(3.2) with S,, given by (6.18).
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Therefore, in order to apply Theorem 3.1, we check in what follows the validity of the
conditions (3.5)—(3.7).

To start, we fix p > 0,n e N, € [0O,n],u € CR;+; V), A € C(R4; D) andv € V. We
write

|(Ryu(t) — Ru(0), v)v| < llo),@) @) — o’ @®lolviv

+/ (kp(Cu(t))Pp(uu(t)) - k(fu(t))p(uv(t)))vu da. (6.22)

I'3

We now use (6.16), (5.2) to see that

t
lo @) @) — o’ @@l < / G, (o), ) (s) + Ee(u(s)), eu(s)))
0

— G @)(s) + Ee(s)), e@ ()l o ds + oo, — o0l + Ee(o,) — Eewo)llo

and, therefore, (4.10) yields
loh @) @) — o' @)@l

1
S/IIQp(Gf](u)(S)+5€(u(5)),€(u(S)))—gp(ﬂl(u)(S)+5€(u(S)),€(u(S)))|IQdS
0

+/ G, (@ ) (s) + Eeu(s)), e(s))) — G(o” @)(s) + Ee(u(s)), e@(s))ll o ds
0

+lloop —oollg +d€]lQu llto, — uollv.

Using now (6.1), (6.12)(a), (6.13)(a) and (4.10) we obtain

t
lo @) @) — o’ @)@l < Lo/ loh@)(s) —a’ @) (s)lgds
0

1
+CM(p)/(IIGI(u)(S)IIQ + lle@s)lo + D ds +c(loo, —oollo + lluoy —uollv)
0

where, here and below, ¢ is a positive constant which does not depend on p and n, and
whose value will change from line to line. Applying now a Gronwall argument and using the
inequality + < n we have

o}, @) @) — o' @)()lo < ¢ (IIGop —aollo + llwop —uollv

+M(p) / (le’ @) ()l + lu)lly + l)ds)eLO". (6.23)
0
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We turn now to the second term into the right side of the inequality (6.22). We write

/ (kp(fu(t))pp(uu([)) - k(fu(t))P(uv(t))) vy da

I's

< / (kp(iu(t))l?p(uv(t)) - kp(Cu(t))P(uu(t))) vy da

I's

+/ (kp(Cu(l))P(uu(t)) - k(é“u(t))P(uu(t)))vv da

I's

and, using (6.3)(c), (6.12)(c) and (4.13)(c) we find that

/ (kp (Cu(®) pp(uv(t)) = k(;“u(f))P(uu(l))) vy da

I'3
< C/ [pp(uy (1)) — pQuy(@)lvy|da + c‘/ lkp (Cu(t)) — k(Cu(®))llvv|da.
I3 I3
Then, using (6.13)(b),(c) and the trace inequality (4.8), after some algebra we obtain that
/ (kp(Cu(t))pp (uy(?)) — k(Cu(t))p(uv(t))) vy da (6.24)
I3

n
< C(N(p) + P(p) + N(p) ,max, lu(r)llv + P(p)/ Ilu(S)IlvdS)IIVIIV-
’ 0
We now combine the inequalities (6.22)—(6.24) to deduce that

[(Rou(t) — Ru(t),v)v| <c (|I00p —oollg + lluop —uollv

+M(p)/(||0'(u)(S)IIQ + lu()llv + 1)dS)eL°"|IVI|v
0

n
e (N(p) + P+ N(p) max ()l + Po) [ Il ds) Il
’ 0
Therefore, since v is an arbitrary element in V, we find that

Rpu() = Ru(®)lly =c (IIGOp —0ollg + lluop —uolly + N(p) + P(P))

+cM(p>(/(||a’(u>(s>||Q + lu()lly + 1)ds)eL°"
0

+e (V) max Wy + P [T ds).
0
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Denote

Ja(u) =1 +eL°"/<||a’(u)<s)||Q + lu()lly + 1) ds
0

n
+ max ||u(r>||v+/||u(s)||vds.
rel0,n]

Then, it follows from the previous inequality that

[Rou(t) — Ru(t)lly
c (Ilaop —oollg + llupp —uolly + M(p) + N(p) + P(p))fn(u).

Therefore, denoting

H(p)=c (IIGOp —oollo + llwop —uollv + M(p) + N(p) + P(P)), (6.25)

we deduce that o
IRpu(t) — Ru(t)llv < H(p)Jn(w). (6.26)

‘We now combine equahtles (6.18), (5.10) and 1nequahty (6.26) to conclude that condition
(3.5)(a) holds with H,(p) = H(p) and J,,(u, \) = J,, ().
Also, the proofs of Lemmas 5.4 and 5.2 show that the operator S, satisfies condition (3.3)
with
dpn = kLY and  rpp =TFpu + ¢S ph LY (6.27)

where
Fon = LE(d |€llqn + De" 6@ 110 +D)
Therefore, using assumption (6.12)(a),(b) and (e) it follows that
ron < Lo(d [I€llQu, + De" 0@ 1¥lextD 1 2 5y K.
We conclude from above that condition (3.5)(b) holds with
Ry = Lo(d |EllQy + De 0@ 1Eloxt 4 F By Ko,

In addition, using assumptions (6.13)(d), (6.14)(d), (e), we deduce that the function
H,(p) = H(p) defined by (6.25) is such that

lim H,(p) =0.
p—0
Therefore, condition (3.5)(c) is satisfied, too.
Moreover, using assumption (6.12)(d) and equality (5.12) we deduce that
crkgLh < chéy <dy YneN, Vp>0
and, using the first equality in (6.27) we obtain that
dpn < ctéy <dy YneN, Vp>0.

We conclude from here that (3.6) holds with 470 = ctzréf).
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Finally, we note that assumption (6.14)(a)—(c) imply that
fo—f in CR4V), gpa — gbv in CRy; V)

as p — 0 and, therefore, (3.7) holds.

The convergence (6.15)(a) and (c) represent now a direct consequence of Theorem 3.1,
applied for the systems (6.20)—(6.21) and (5.8)—(5.9).

Next, to provide the convergence (6.15)(b) we use equalities (6.16), (5.2), assumptions
(6.1)(b), (6.12)(a) and arguments similar to those used in the proof of (6.23) to find that

IIUf)(up)(f) —a'W@)llg <c (IIGOp —0ollg + lluwop —uolly +/ luy(s) —uls)llv ds
0

+M(p>/(||a’<u)<s)||g + llu)llv + l)ds)eLO".
0

Then, using (6.19), (5.7) and (4.10) we deduce that

lop(®) —allo < clluy(®) —u@®lv

n
b (naop —oollp + luop — uolly +/ i (s) — u(s) v ds
0

+M(p)/ (lo" @) (s)lo + llu()llv + 1)dS)€L°”- (6.28)
0

We now combine inequality (6.28) with assumptions (6.14)(d), (e), (6.13)(d) and the
convergence (6.15)(a). As a result we obtain that

- 0 0. 6.29
é?&’,i] lo,(@) —o®)lo — as p— (6.29)

Finally, we use (6.29) and (1.3) to deduce that (6.15)(b) holds, which concludes the
proof. O

In addition to the mathematical interest in the convergence result (6.15) it is of importance
from mechanical point of view, since it states that the weak solution of the problem (4.1)—
(4.7) depends continuously on the viscoplastic function, the normal compliance function, the
stiffness coefficient, the penetration bound, the densities of body forces and surface tractions,
and the initial data, as well.
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