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Abstract

In this paper, we study the generalized Douglas-Rachford algorithm and its cyclic variants which
include many projection-type methods such as the classical Douglas—Rachford algorithm and the
alternating projection algorithm. Specifically, we establish several local linear convergence results
for the algorithm in solving feasibility problems with finitely many closed possibly nonconvex sets
under different assumptions. Our findings not only relax some regularity conditions but also improve
linear convergence rates in the literature. In the presence of convexity, the linear convergence is

global.
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1. Introduction

The feasibility problem of finding a point in the intersection of closed constraint sets is of central
importance in diverse areas of mathematics and engineering. Many methods have been proposed for
this problem, and most of them naturally involve nearest point projectors and their variants with
respect to underlying sets. We refer the readers to [3] and the references therein for more reviews and
discussions on projection-type methods and applications.

Among methods for feasibility problems, the Douglas—Rachford (DR) algorithm has recently drawn
much attention due to its interesting features which mysteriously allow for its success in both convex
and nonconvex settings. The DR algorithm was first formulated in [21] for solving nonlinear heat flow
problems numerically. Since then, it has been emerged in optimization theory and applications thanks
to the seminal work [27]; more specifically, the DR algorithm was extended to the problem of finding
a zero of the sum of two maximally monotone operators. When specialized to normal cone operators,
the DR algorithm can be used for solving feasibility problems.

In the convex case, the convergence theory of the DR algorithm is well developed. In particular,
weak convergence of the DR sequence to a fixed point was proved in [27] while that of the shadow
sequence to a solution was proved in [37]. When the problem is infeasible, it was shown in [6] that the
shadow sequence is bounded with cluster points solving a best approximation problem, in [8] that the
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entire shadow sequence is weakly convergent if one set is an affine subspace, and in [13] that the affine
subspace condition can be removed. For nonconvex problems, the DR algorithm enjoys successful
applications including, notably, phase retrieval, protein folding, and Sudoku, see, e.g., [23] (in which
the DR algorithm is referred to as a special case of the difference map) and the references therein,
even though the supporting theory is far from being complete.

Regarding convergence rate analysis of the DR algorithm, various results have been obtained, some
of which even apply to certain nonconvex settings. For example, [1] proved linear convergence for two
subspaces, [7, 9] proved several finite convergence results, in particular, when the sets involved are
subspaces, halfspaces, epigraphs of convex functions, and finite sets, while [20, 24, 32] proved the
linear convergence rate under some regularity conditions, see also [14]. However, it was observed in
[10] that without regularity assumptions, linear convergence of the DR algorithm may fail even for
simple cases in the Euclidean plane. Recently, linear convergence was studied in [19] for the so-called
generalized Douglas—Rachford algorithm, which is a generalization of several projection-type methods
including the DR algorithm and the alternating projection algorithm. Although the generalized DR
algorithm in fact appeared earlier in [16, Example 3.5], little is known about its rate of convergence.

The goal of this paper is to provide linear convergence results for the generalized DR algorithm
and its cyclic variants. To obtain linear convergence, the essential assumptions employed in recent
works are superreqularity of sets, linear reqularity, strong reqularity, and affine-hull regqularity of the
system of constraint sets. Indeed, these concepts were previously utilized in [11, 12, 15, 22, 24, 26,
29, 31] to prove linear convergence for the alternating projection algorithm. In the literature, linear
regularity and strong regularly are also known as subtransversality and transversality, respectively.
Our main contributions include various improvements in this direction. Precisely, in one of the new
results, we obtain better linear convergence rate under the same assumptions used in recent studies
(see Theorem 5.4 and Remark 5.5). In another new result, we lessen the assumptions required for
linear convergence by exploiting the flexibility of generalized DR operators (see Theorem 5.8 and
Corollary 5.9). To the best of our knowledge, the latter is the first result that puts together linear
regularity and operator parameters to obtain linear convergence for variants of the DR algorithm. In
the convex case, we show that the linear convergence is global (see Theorem 5.11 and Corollary 5.12).
On the one hand, the linear convergence results in this work can be seen as a continuation of [19].
On the other hand, it is also worth noting that the generalized DR algorithm involving at most
one reflection is convergent in convex case even when the problem is infeasible (see Theorem 2.14).
Moreover, we present several new features of the generalized DR algorithm, for example, the parameters
may decide whether the iterations converge to the set of fixed points or to the intersection. Our results
provide another step toward understanding the behavior of the celebrated DR algorithm.

The remainder of the paper is organized as follows. Section 2 contains preliminary materials
needed for our analysis. While part of Section 2 was previously presented in [19], we include it here
for completeness. In Sections 3 and 4, we provide some improvements and new results on quasi
firm Fejér monotonicity and quasi coercivity which are key ingredients in convergence rate analysis.
Section 5 presents our main results on linear convergence for the generalized DR algorithm. Finally,
the conclusion is given in Section 6.

2. Auxiliary results

Unless otherwise stated, X is a Euclidean space with inner product (-,-) and induced norm | - |.
The nonnegative integers are N, the real numbers are R, while R} := {z € R | z > 0} and Ry, :=
{reR|z>0} Ifwe X and p € Ry, then B(w;p) := {z € X | ||z —w| < p} is the closed ball
centered at w with radius p, and B simply stands for the unit ball B(0;1). The set of fixed points of



a set-valued operator 7' : X = X is FixT := {z € X | # € Tz}. Also, aff A represents the affine hull
of aset A and Lt :={u € X | Vz € L, (u,z) = 0} is the orthogonal complementary subspace of L.

2.1. Distance function and relaxed projectors

Let C' be a nonempty subset of X. The distance function to C' is defined by
dc:X—>R::Er—>Ci££||x—cH (1)
and the projector onto C' is
Po: X=Cixw argergin lz—c||={ceC||z—c|=dc(z)} (2)
c
The relaxed projector for C' with parameter A € R, is defined by
PA = (1 -\ Id+\Pe. (3)

Note that Pg = Id is the identity operator, Pé = P is the projector onto C, and Pg = Ro :=2Pc—1d
is the so-called reflector across C.

We now collect some useful properties of relaxed projectors.

Lemma 2.1. Let L be an affine subspace of X. Then the following hold:

(i) Pr is an affine operator, and for every x € X, x — Ppx € (L — L)* .
(i) Vo € X, Vz€ X, |z — 2|2 = | Ppz — Pra|® 4+ |z — Prz) — (= — Pre)|%
(iii) Ve € X,Vw € L, |z —w|* = ||Prx — w|? + ||z — Ppx||?. Consequently, |Prz —w|| < ||z —w]|.

Proof. (i): This follows from [5, Corollary 3.22].

(ii): Let x € X and let z € X. Then (i) implies that (Prx — Prz,x — Prx) = 0 and
(Ppx — Ppz,z — Prz) = 0, which yields

|z = 2)1* = [|(Pre — Pr2) + [(z — Pra) — (2 — P2)]| (4a)
= ||Prz — Ppz||? + ||(z — Prz) — (z — Pp2)|°. (4b)
(iii): Apply (ii) to z =w € L. |

Lemma 2.2. Let C be a nonempty closed subset of X, let L be an affine subspace of X containing C,
and let A € R. Then the following hold:
(i) PA(L) C L.
(ii) PcPp = Pc = PLPc and PP} = PAPy.
(iii) (Id —Pr)PA = (1 — A)(Id —Pp).
(iv) Vo € X, d%(Ppx) = d%(Prz) + (1 — \)2d2(x). In particular, d%(z) = d%(Ppx) + d2 (z).
(v) If Q is a nonempty closed subset of X such that Q C (L — L)*, then

Vye L, VqeQ, Pcyqly+q)=q+ Porqy =q+ Pey, (5a)
doto(y+q) = doto(y) = de(y). (5b)

Proof. (i): Let x € L. Since Pocx C C C L and L is an affine subspace, we have that PAzr =
I—=Nz+APcx C(1—-—ANL+LCL.



(ii): It follows from Fact 2.1(i) that Pp is an affine operator, and from [11, Lemma 3.3] that
PcoPp, = Po = P, Po. Thus,

PLPA = Pr((1 =M\ Id+APc) = (1 = NP+ APLPc = (1 — \)Pp, + APo P, = PAPy. (6)
(iii): Using (ii), we obtain that

(Id —Pp)PA = PA — PLPA = P) — PAPy (7a)
=1 —-XNId4+APc— (1 = X\)PL, — APcPr, = (1 —\)(Id —Prp). (7b)

(iv): In Lemma 2.1(iii), substituting = by Pz and using (iii), we get
1Ppz — wl|* = || Pra — w|? + | 1d —Po) Ppe|® = | Pra — w||* + (1 = X)?[|lz — Pra|®. (8)

Taking the infimum over w € C yields

d(Ppe) = di(Ppw) + (1= X)? e — Prall?. 9)

For the second conclusion, we apply (9) with A = 0.

(v): Let y € L and let ¢ € Q. It is straightforward to see that Poig(y + ¢) = Poyo+q(y +¢q) =
q+ Pcygy. Now for all c € C, since ¢ —y € L — L, we have

e +a) =yl = lle = yl* +2 (g ¢ — y) + llalI* = lle = ylI* + [la]® (10a)

> [le —ylI* = d&(y) = diyq(y). (10b)

So ¢+ q € Potquy if and only if ¢ = 0 and ¢ € Poy. Therefore, Poygy = Pcy, which completes the
proof. [ |

2.2. Normal cones and regularity of sets

Let C' be a nonempty subset of X and let z € C. The proxzimal normal cone to C at z (see [30,
Section 2.5.2, D] and [35, Example 6.16]) is defined by
NZ(x) == {\(z — ) | z € P5'(z), A € Ry}, (11)

and the limiting normal cone to C' at x (see [30, Definition 1.1(ii) and Theorem 1.6]) can be given by
Ne(z) :={u e X | 3z, — &, u, — u with ,, € C,u,, € NZ™ ()} (12)

Let we X, e € Ry, and 6 € Ry . We recall from [11, Definition 8.1] and [24, Definition 2.9] that
C is (g,6)-reqular at w if
z,y € C'N B(w; ),
= (u,r —y) > —€||lul| - ||z — 13
P (.~ 3) = ~<llul -1z ] (13)

and (g, 00)-reqular at w if it is (g,0)-regular for all 6 € R, . The set C is superregular at w if for all
e € Ry, there exists § € Ry such that C' is (g, 0)-regular at w.

Fact 2.3. Let C be a nonempty closed subset of X, w e C, A€ Ry, and § € Ryy. Then the following
hold:

(i) PA(B(w;6/2)) € B(w; (1 +\)§/2). In particular, Po(B(w;d/2)) € C N B(w; ).
(i) If A €]0,2] and C is (e,0)-reqular at w with € € [0,1/3], then PA(B(w;3/2)) C B(w;d/V2).

Proof. This follows from [19, Lemma 3.4(i) and Proposition 3.5]. [



2.3. Regularity of set systems

In this section, m is a positive integer, I := {1,...,m}, and {C;}¢; is a system of closed subsets of X.
Recall that {C;}¢r is linearly reqular with modulus k € R4 (or k-linearly reqular) on a subset U of
X if

Ve eU, do(z)< /ﬁr];lealxdci(a:), where C := ﬂ C;. (14)

el

We say that {C;}ier is linearly reqular around w € X if there exist 6 € Ry and k € Ry such that
{C;}ier is k-linearly regular on B(w;0). The system {C;}¢s is said to be boundedly linearly regular
if for every bounded set S of X, there exists kg € Ry such that {C;};er is x-linearly regular on S.
Interested readers can find more discussion on linear regularity in [3, 4, 14, 19].

The following is a generalization of strong regularity, see, e.g., [19, Definition 2.3], and affine-hull
regularity [32, Definition 2.1].

Definition 2.4 (L-regularity of set systems). Let w € (;c; C; and let L be an affine subspace of
X that contains w. The system {C;}¢; is said to be L-regular at w if

Zui:0 and w; € No,(w)N (L —w) = Viel, u; =0. (15)
i€l
We simply say that {C;}ier is strongly reqular at w when L = X, and say that {C;}icr is affine-

hull regular at w when L = aff J;c; C;. In the case I = {1,2}, condition (15) can be rewritten as
Ney (w) 0 (=Ney (w) 0 (L — w) = {0}

By definition, if the system {C;};cs is L-regular at w, then so are all the subsystems. As shown in
[19], strong regularity in Definition 2.4 is equivalent to [25, Definition 1(vi)] and [24, Definition 3.2].

In what follows, || denotes the number of elements in the set I.

Proposition 2.5 (L-regularity implies linear regularity). Let w € C :=(;c; C; and let L be an
affine subspace of X containing U;c; Ci. Suppose that {Ci}ter is L-reqular at w. Then the following
hold:

(i) {Citier is linearly regular around w.
(ii) If m =|I| > 2, then L = aff U,c; C; whenever J C I and |J| > 2.
(iii) Ewvery subsystem of {C;}icr, including itself, is affine-hull regular at w.

Consequently, if {C;}ier is strongly reqular at w, then X = aff U;c; C;.

Proof. (i): Consider the system {C;};c; within L, then it is strongly regular at w within L. So we
learn from [25, Theorem 1(ii)] that {C;}ics is linearly regular around w within L, i.e., there exist
0,k € Ry such that

vy € Bw;d)N L, de(y) < nmaxde,(y). (16)

Let x € B(w;d) and y = Prx € L. By Lemma 2.1(iii), y € B(w;d) N L. Now by Lemma 2.2(iv),
d(x) = d(y) + di (z) and d, (z) = dg, (y) + di (z) for every i € I. Combining with (16), we obtain

de(w) < W max df; (y) + di (v) < max{x?, 1} max d¢, (v), (17)
and so {C;}ier is max{x, 1}-linearly regular at w on B(w;?).

(ii): Take two distinct indices ¢,j € J. By assumption, {C;,C;} is L-regular at w. Suppose that
L strictly contains aff(C; U Cj). Then aff(C; U Cj) — w is a proper subspace of L —w. So there exists



a unit vector u € L — w such that u is perpendicular to aff(C; U C;) — w. Now define y; = w + u
and y; = w — u. On the one hand, by [11, Lemma 3.2], Pc,y; = Po,w = w and Pg,y; = Po,w = w,
which yield u € N&” (w) N (L — w) and —u € Ngjox(w) N (L — w), respectively. On the other hand,
u+ (—u) = 0 while w # 0. This contradicts the L-regularity of {C;,C;}. We must therefore have
L = aff(C; U Cj). Since aff(C; U C;) C aff U, ; C; C L, it follows that L = aff J;c; C;.

(iii): Let {C;}ies be a subsystem of {C;}ier. If |J| = 1, then {C;}ics is automatically affine-hull
regular at w. If |J| > 2, then from (ii), we have L = aff | J;c; C;, which implies affine-hull regularity of
{Ci}ie 7 at w. |

Remark 2.6 (linear regularity does not imply affine-hull regularity). Proposition 2.5 has
shown that affine-hull regularity implies linear regularity. However, it is known that the reverse is not
true, for example, in R2, the system {R%,R%} is linear regular, but not affine-hull regular at (0,0).

Remark 2.7 (affine-hull regularity of subsystems). Affine-hull regularity of every proper sub-
system {Cj}ics with J & I and linear regularity of the entire system {C;}ic; do not imply affine-hull
regularity of {C;}ies. For example, in R?, consider Cy = {(£,¢) | £+ ¢ <0}, Co = {(£,¢) | £ — ¢ <0},
Cs ={(&¢) | £ >0}, and w = (0,0) € C1NC2NC3. Then one can check that {C;}ies with J & {1,2,3}
is affine-hull regular at w, and that {C7,C5, Cs} is linearly regular around w, but {C7,Cy, Cs} is not
affine-hull regular at w.

Let A and B be nonempty subsets of X and let L be an affine subspace of X containing A U B.
We recall from [11, Definiton 6.1] that the CQ-number at a point w € X associated with (A, B, L)
and 0 € R4 is defined by

04,5, (w,0) :=sup{ (u,v) |[ue NY*(a)N (L —a)N B, a € AN B(w;J),

18
ve-N(b)N(L-b)NB, be BN B(w;d)} (18)

and that the limiting CQ-number at w associated with (A, B, L) is defined by
§A7B7L(w) = l(SiJI,IOleAB,L(w,(s). (19)

Clearly, 04 p r(w,0) =0p a,r(w,06) <1. When L = X, we simply write (A, B) for (A, B, L).

We end this section with a connection between the CQ-number and L-regularity for two sets.

Proposition 2.8 (L-regularity for two sets). Let A and B be two nonempty subsets of X, let
w € AN B, and let L be an affine subspace of X containing AU B. Then the following are equivalent:
(i) {A, B} is L-reqular at w.
(ii) The CQ-number 64, p (w,0) <1 for some § € Ry,
(ili) The limiting CQ-number 04 g 1(w) < 1.

Proof. By [11, Example 7.2], it suffices to show the equivalence of (ii) and (iii). In fact, if (ii) holds,
then by the definition of the CQ-number, 04 g 1(w,0") < 04 p(w,0) < 1 for all ¢ € ]0,4], which
implies that 04 p 1, (w) = lims|o 04 p,(w,d) < 1. The converse is obvious. |

2.4. Generalized Douglas—Rachford operator

Let A and B be nonempty closed subsets of X, let A\, € ]0,2], and let @« € R;;. The general-
ized Douglas—Rachford (¢DR) operator for the pair (A, B) with parameters (\, p, ), which was also
considered in [19], is defined by

T¢, == (1 — a)Id +aPLP). (20)

6



It is worth mentioning that T° 1171 = PpP, is the classical alternating projection operator [18], that
T217/22 = 1(Id+RpRa) is the classical DR operator [21, 27], and that

Tyl = (1 - @)Pa + 2(Id+RpRa) 21)

is the relazed averaged alternating reflection operator [28]. In addition, if B is an affine subspace of
X, then by Lemma 2.1(i), Pp is an affine operator, and therefore

T — (1 - a)PpPa + 2(Id+RpRa) (22)

is an affine combination of the classical alternating projection and DR operators.
It is interesting to see that the shadow of any gDR step on certain affine subspaces is again a gDR
step. This phenomenon is referred to as affine reduction in [32, Section 3.

Lemma 2.9 (shadows of gDR steps). Let L be an affine subspace of X containing AU B, x € X,
and x4 € T} ,x. Definey = Prz, y1 = Pray, and setn:=1 —a+a(l=XN)(1—p). Then the following
hold:

(ii) o4 =y =n(x —y). Consequently, dp(z4) = |n|dL(z).
(i) flz — 241 = ly — v+ + (1 = n)*|lz — y|*.
Proof. Since . € T} x, there exist r € Piz and s € Phr such that 2 = (1 — a)z + as.

(i): Using Lemma 2.2(ii), we have Pps € P, PhPix = PP} Pz = P4Ply. By Lemma 2.1(i), P,
is an affine operator, and hence
yy = Proy = (1 —)Prr+aPrs € (1 — ay)y + aPhPly = 15,y (23)

(ii): It follows from Lemma 2.2(iii) that

s—Prs=(1—p)(r—Prr)=(1-p)(1—A(zr— Prx). (24)

Combining with (23) yields
xy —yr =1 —a)(x— Prx)+ a(s — Prs) =n(x — Ppx) = n(x —y). (25)

(iii): Apply Lemma 2.1(ii) to z = x4 and take (ii) into account. |
Next, we study the fixed points of gDR operators.

Lemma 2.10 (fixed points of gDR operators). Suppose that AN B # & and let L be an affine
subspace of X containing AU B. Setn:=1—a+ a(l —\)(1 — u). Then the following hold:
(i) Vo € X, Yu € (L — L), Pz +u) = Pz + (1 — Nu, Ph(z +u) = Pha + (1 — p)u, and
T, (x +u) =13,z + nu.
(ii) Ve € ANB, Yu € (L — L)', Pie = Phc = ¢, Pa(c+u) = Pglc+u) = c € AN B, and
Ty, (c+u) = c+nu.
(i) AN B C FixTy, and, moreover, if (1 —A)(1 —p) =1, then (AN B) + (L — L)+ C FixTy,. In
particular, (AN B) 4 (L — L)+ C Fix TyY.



Proof. (i): Letz € X, u € (L—L)*, andw € ANB. Then (L—L)* = (L—w)", hence u € (aff A—w)=*
and also u € (aff B — w)*. Applying [11, Lemma 3.2] implies that

Pz +u) =1 =N (z+u) + A\Pa(z+u) = (1 = \)(z +u) + A\Paz = Piz + (1 — Nu. (26)
Similarly, Pf(z +u) = Pz + (1 — p)u and the rest follows.

(ii): Let c € AN B and u € (L — L)*. Since Pac = Ppc = ¢, we derive that Pic = Phc = c,
which yields T} ¢ = ¢. Combining with (i), Pa(c +u) = Pp(c+u) =c€ ANB and T}, (c + u) =
Tﬁf“c—knu = ¢+ nu.

(iii): It follows from (ii) that 7% ,c = c for all ¢ € AN B, which gives AN B C FixTY,. Now if
(1 = A)(1 — u) = 1, then n = 1, which leads to (AN B) + (L — L)+ C Fix Ty, due to (i). [

In the rest of this section, we assume that X is a real Hilbert space and that A and B are convex
but need not intersect. Then B — A is convex, hence we can take g := P5—0 and set

E:=AN(B—-g) and F:=(A+g)NB. (27)
It is clear that if AN B # @, then g =0 and £ = F = AN B. We also note that

gEB—A <= FEF+#0 < F+#+g (28)
and from [2, Lemma 2.2(i)&(iv)] that

a=Pyband b=Pga — g=b—a. (29)

Recall from [5, Definition 4.1 and 4.33] that a single-valued operator T: X — X is nonexpansive
if it is Lipschitz continuous with constant 1, i.e.,

Ve,ye X, ||Tz =Tyl < [lz -yl (30)

and is a-averaged if a € ]0,1[ and T' = (1 — ) Id +«R for some nonexpansive operator R: X — X.
Fact 2.11. Let C' be a nonempty closed convexr subset of X, let x € X and p = Pox. Then the
following hold:

(i) For every A€ Ry, Po(p+ Az —p)) = Po((1 = Np + Az) = p.

(ii) For every X €10, 2], Pé\ is \/2-averaged. Consequently, for every A € 10,2], Pé 18 monexpansive.
Proof. (i): See [5, Proposition 3.21]. (ii): Combine Proposition 4.16, Corollary 4.41, Remark 4.34(i),
and Corollary 4.18 in [5]. |

Hereafter, whenever dealing with the harmonic-like quantity 5 := (% + % + o+ B—lk)_l of non-

negative numbers 5; € R, we make a convention that g = 0 if at least one ; equals 0.

Lemma 2.12. Let A\, € ]0,2]. Then the following hold:
(i) For every a € Ry, Ty, is continuous and single-valued.
ii) For every a € 10,1+ B[ where B := (525 + £ _1, T s /(1 + B)-averaged.
2-X T2, bW

Proof. By Fact 2.11(ii), P2 and PJ is nonexpansive, hence, continuous and single-valued. Thus, (i)
follows. To prove (ii), we first have that Png“ is nonexpansive. If A = 2 or p = 2, then 3 = 0 and
a € 1]0,1], so T3¢, =(1—-a)ld +aPh Py is a-averaged. If A, i < 2, then P} and P} are respectively
A/2- and p/2-averaged due to Fact 2.11(ii). We derive from [5, Proposition 4.44] that PhP} is &-
averaged with & := 2(A + 1 — M) /(4 — M) = 1/(1 + B3), and then from [5, Proposition 4.40] that Ty,
is /(1 4 B)-averaged. [ |



Lemma 2.13 (fixed points of convex gDR operators). Let A\, € ]0,2] and o € Ry . Then the
following hold:

(i) If E # @ when min{\, u} <2, and AN B # & when A = p =2, then PAFixT{, C E and

E+ ﬁg if min{\, u} <2,

. (31)
ANB+ Nao_p(0) ifA=p=2.

Fifoﬁu:{
(i) If AN B # @ when min{\, u} <2, and 0 € int(B — A) when A = p =2, then FixTY, = AN B.
(iii) IfriANTiB # @, then Fix T Naff(AUB) = AN B.

1/2

Proof. (i): First, it is straightforward to see that Fix 1y, = Fix P”PA =FixT\'. If A = p =2, then

the conclusion follows from [6, Corollary 3.9].

Now assume that min{\, u} < 2. Since A, € ]0,2], we have A +pu —Ap=1— (1 —X)(1 —pu) > 0.
Let = € Fix PgPﬁ, that is, z = PgPﬁ‘:n Set a = Paz, r = (1 — A\)z + Aa, and b = Pgr. It follows that
= (1 — p)r + pb and hence

a:—l_T“r:ﬁx—l_T“((l—)\)a:—i-)\a):Q+W(a:—a). (32)

Since w > 0, Fact 2.11(i) implies that P4b = a. Similarly, Pga = b. We then use (29) to deduce
g = b— a. Combining with (32) yields

v=a+ 55, 0—a) € B+ 500 (33)
Conversely, take x € E + ﬁg. It suffices to show that z € Fix Png and Pqx € E. By

assumption, there exist a € A and b € B such that a = b—g¢g € E, a = Pab, b = Pga, and that
T =a+ 5t5.9 = Peb+ 5t (b — Pab). Again, Fact 2.11(i) yields Pz = Pab=a € E. In turn,

r::P;\xa::(1—/\)(a+m9)+/\a:b—mg:b+m)‘_w(a—b) (34)

and, by Fact 2.11(i), Pgr = b. It follows that

PhPx = Plhr = (1— i) (b~ xyp0) +1b = a+ g — 472500 = =, (35)

which completes the proof.
(ii): This follows from (i) by noting that if AN B # &, then g =0 and E = AN B, and from, e.g.,
[9, Proposition 2.10(ii)] that if 0 € int(B — A), then N4_p(0) = 0.

(iii): If min{\, u} < 2, then the conclusion follows from (ii). If A = p = 2, then the conclusion
follows from [14, Proposition 4.1(iii)]. [

Theorem 2.14 (convex possibly inconsistent case). Let A\, € ]0,2] and « € 0,1 + B[ where
B = (ﬁ + ﬁ)_l. Suppose that E # @ when min{\, u} < 2, and ANB # & when A\ = pu = 2. Then
the gDR sequence (x,)nen generated by 1y, weakly converges to a point T € Fix 1y, with PoT € F.

Proof. According to Lemma 2.12(ii), 7%, = (1 — a)Id +aPhPY is af(1 + B)-averaged. Now use
Lemma 2.13(i) and apply [5, Proposition 5.16] with all A, = 1. |

In the light of Theorem 2.14, if the gDR algorithm involves at most one reflection, then it is weakly
convergent even in the inconsistent case.



3. Quasi firm Fejér monotonicity

In this section, we further refine some results on quasi firm Fejér monotonicity, which were partly
developed in [19]. Let C' and U be nonempty subsets of X, let v € [1,4o00], and let 5 € R;. Recall
from [19, Definition 3.1] that a set-valued operator T: X = X is (C,~, 8)-quasi firmly Fejér monotone
on U if

Ve €U, Yoy €Tz, VT € C, |ogr —Z|> + Bllz — 24 |* < vllz — 7| (36)

Here, when 8 = 0, we simply say that T is (C,~)-quasi Fejér monotone on U.

Lemma 3.1 (averaged quasi firmly Fejér monotone operators). Let C and U be nonempty
subsets of X, v € [1,+o00[, B € R4, A€]0,1+ 3], and let T: X = X be a set-valued operator. Then
the following are equivalent:

(i) T is (C,~, B)-quasi firmly Fejér monotone on U.
(ii) TA := (1 = \)Id+AT is (C, 1 — XA+ \v, #)—quasi firmly Fejér monotone on U.
(iii) T = % Id +ﬁT1+B with T'P .= (14 )T — B1d being (C,~+ B(y —1))-quasi Fejér monotone
on U.
Proof. If (i) holds, then so does (ii) due to [19, Lemma 3.2]. Conversely, if (ii) holds, applying [19,
Lemma 3.2] to T = (1 — })Id —3+7* and noting that 0 < + < 1+ 1_§+’8, we get (i). So (i) and (ii)
are equivalent, which implies the equivalence of (i) and (iii) by taking A =1+ 5. [ |

Lemma 3.2 (composition of quasi firmly Fejér monotone operators). Let m be a positive
integer, set I := {1,...,m}, and for every i € I, let C; and U; be a nonempty subset of X, ~; €
(1,400, i € Ry, and T; a (Cj, i, Bi)-quasi firmly Fejér monotone operator on U;. Set C :=(;c; Ci,
V=V Y

ﬁ,::( 1 1 1 1 1

1 _1
6172-"%+ﬁ273~-7m+m+m+v_m) ’ andﬁ::(;E) ' (87)

Let xg,x1,...,%, be such that for every i € I, x; € Tyw;—1. Then B > 3 > 0 and, if x;_1 € U; for
every i € I, it holds that

2
vz e C, qllwo — 7 > llam — 712 + B (D lwior — i) (382)
el
> || — T + 8|0 — 2| (38b)

Consequently, if T;U; C U;1q for every i € I~{m}, then T,,---Ty is (C,~, 3')- and also (C,~, 3)-quasi
firmly Fejér monotone on U;.

Proof. Because v; > 1 and 3; > 0 for every i € I, we have 8/ > 8 > 0. Next, let T € C. For every
i €1, since x;—1 € U; and T is (C,~;, 5;)-quasi firmly Fejér monotone on U;, we derive that

21 = Z|* + Billzo — z1]* < mllzo — Z|?, (39a)
w2 = Z|* + Ballar — za]|* < 2l — |2, (39b)
(39¢)
Zm = Z1* + Bmllzm—1 — Zml* < YmllTm—1 — Z||*. (39d)
Using telescoping techniques yields
(1 vm)llzo — I = Nlzm — T2+ (Biv2 - Ymllzo — z1||* + Bovs - Ymllz1 — 222 (40)

4ot Bt | Zme2 — Tmt [+ Bon | Tt — Zm %)
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By the coordinate version of Cauchy—Schwarz inequality,

1
oot ) (Burae it — 1l + -+ Blltmos — 2l

Gowm * Y B
> (X e i)
il
Combining with (40), we obtain (38).
Now assume that T;U; C U;4q for every i € I ~ {m}. Let € Uy and x4 € (T},,---T1)x. Then

there exist xg,x1,...,Zm such that zg = x, x,, = x4, and x; € Tx;_1 for every ¢ € I. We derive that
x;—1 € U; for every i € I and, by (38),

Ve O, Allz—Z|* > et —Z|? + Blle — 24?2 ot — T + Bllz — 24| (42)
The proof is complete. u

Lemma 3.3 (quasi firm Fejér monotonicity of relaxed projectors). Let C' be a nonempty
subset of X and L be an affine subspace of X containing C. Let also w € C, € € [0,1], 6 € Ry, and
A €]0,2]. Set

Q:=CnN B(w;0), 7_1+157 and ﬂ:z?. (43)

Suppose that C is (g,8)-regular at w. Then P} is (Q + (L — L)*,~, 3)-quasi firmly Fejér monotone
and, in particular, Ro is (0 + (L — L)+, 322)-quasi Fejér monotone on B(w;§/2) N L.

) 1—¢

Proof. Let z € B(w;§/2) N L C B(w;d/2), let p € Pox, and let T € Q + (L — L)*. By Fact 2.3(i),
p € Q. Writing T = u+v with u € Qand v € (L — L)+, we note that z,p,u € L, so (x — p,v) = 0 and
lp =% = |lp — ul®> + [|v]|* > |[p — ul|*. Since C is (e, §)-regular at w and z — p € NZ(p), we have

(x—p,p—7) =(x—p,p—u) = —¢llz—pllllp — ul (44a)
> —5(llz = pll* +llp — ul?) = =5« = pl* + [lp — 7[?). (44b)
Therefore,

lz = Z|* = [lz = plI* + lp = Z|* +2(z — p,p — T) (45a)
> |lz = p|* + llp — Z)* = e(lle — pl* + llp — ZII*) (45b)
= (1 =&)(llz = pl* + llp — =), (45¢)

which yields
=llz = 2|* > [l& = pl* + [Ip — 7|, (46)

ie., Pois (Q+ (L — L)t 1 -, 1)-quasi firmly Fejér monotone on B(w;¢/2) N L. In turn, Lemma 3.1

1mphes that P2 is (Q+ (L — L)*,~, 8)-quasi firmly Fejér monotone on B(w;§/2) N L with v and S as

n (43). In the case when A = 2, since v = 1—2 and 8 = 0, the conclusion follows. |

Proposition 3.4 (quasi firm Fejér monotonicity of gDR operators). Let A and B be closed
subsets of X such that ANB # @ and L be an affine subspace of X containing AUB Let alsow € ANB,
€1 €10,1/3), e2 € [0,1[, § € Ry, A, pr €10,2), and o € 0,1 + B] where § = (525 + 5£,) 7. Set
Q:=AnNn BN B(w;d),

yzzl—a—l—a(l—l— )‘51)(14—"82), and ﬁ::l_%—kg. (47)

1—e1 1—eo

Suppose that A and B are (1,6)- and (g2,v/26)-reqular at w, respectively. Then the following hold:
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T is (4 (L — L)+, v, B)-quasi firmly Fejér monotone on B(w;d/2) N L
(ii) T/\ is (Q,~, B)-quasi firmly Fejér monotone on B(w;d/2).
(iii) T2,2 is (Q+ (L — L)+, v, B)-quasi firmly Fejér monotone on B(w;d/2).

Proof. (i): We first derive from Lemma 3.3 that P} is (Q+(L—L)*, 1, 1)-quasi firmly Fejér monotone
on B(w;d/2)N L and that Ph is (24 (L — L)+, 72, f2)-quasi firmly Fejér monotone on B(w;d/v/2)N L,
where

=1+ 1/\_55117 vo =14+ {5, fii= 52, and f = uu (48)

Now let € B(w;6/2) N L. On the one hand, Fact 2.3(ii) yields P}z C B(w;d/+/2). On the other
hand, P}z = (1 — ANz + APax C L since # € L, Par C A C L, and L is an affine subspace.
We deduce that P}(B(w;8/2) N L) € B(w;d/v/2) N L. Noting that § = ( + E)_l, we apply
Lemma 3.2 to (P}, P) to obtain the ( + (L — L)+ Y172, B)-quasi firm Fejér monotomcity of PLP
on B(w;d/2) N L. The conclusion follows from Lemma 3.1(i)—(ii) applied to the operators P4 P} and
Tg, = (1 —a)ld+aPpPy.

(ii): Apply (i) with L = X.

(iii): Let x € B(w;0/2) and x4 € T5'x. Define y = Prx and yy = Ppry. Then by Lemma 2.1(iii),
y € B(w;6/2) N L and by Lemma 2.9(i)—(ii), y+ € T8y and v := x4 — y4+ = v —y. Applying (i) to
T3 yields

vy e Q-+ (L—L)", s =91+ Bly — v+l < lly — 7l (49)
Now let T € Q+(L—L)*. From Lemma 2.1(i), we observe that v € (L—L)*, hence T—v € Q+(L—L)*.
Substituting y =7 —v =7 — (x4 —y4+) =T — (x — y) into (49) completes the proof. [

4. Quasi coercivity

Let C and U be nonempty subsets of X and let v € Ry;. Recall from [19, Definition 3.3] that an
operator T: X = X is (C,v)-quasi coercive on U if

Ve e U, Vo, € Tz, ||z — 24| > vde(x), (50)

and C-quasi coercive around w € X if it is (C,v)-quasi coercive on B(w;d) for some v € R4 and
0eRi,.

In this section, we show quasi coercivity of gDR operators under different assumptions on the
system of sets. In particular, under affine-hull regularity assumption, Proposition 4.5 improves some
existing results on quasi coercivity (see Remark 4.8), while under linear regularity assumption and
some parameter restriction, Proposition 4.12 proves the quasi coercivity of gDR operators.

Lemma 4.1 (averaged quasi coercive operators). Let C' and U be nonempty subsets of X,
veER i, NeR 4, and let T: X = X be a set-valued operator. Then T is (C,v)-quasi coercive on U
if and only if T* := (1 — \)Id 4+ AT is (C, \v)-quasi coercive on U.

Proof. Assume that T is (C,v)-quasi coercive on U. Let 2 € U and let . € T*z. Then there exists
s € Tz such that ;. = (1 — \)z + As. We obtain that ||z — 2, || = A||z — s|| > Avdc(x), and T is thus
(C, \v)-quasi coercive on U. Conversely, note that 7' = (1 — %) Id +%T)‘. |

Lemma 4.2 (global quasi coercivity). Let C' be a nonempty subset of X, L a closed subset of X,
and T: X — X a continuous single-valued operator. Suppose that FixT N L C C and that, for every
w e C, T is C-quasi coercive on B(w;d) N L for some 6 € Ryi. Then T is C-quasi coercive on SN L
for every bounded set S of X.
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Proof. Let S be a bounded set of X and suppose on the contrary that T is not C-quasi coercive on
S N L. Then there exist sequences ¢, | 0 and z,, € S N L such that

VneN, 0< |z, =Tz, <endo(zn). (51)

Since (2, )nen is bounded, so is (do(xy))nen, and hence x, — Tz, — 0. Extracting a convergent
subsequence without relabeling, we can assume x,, — Z. It follows from the continuity of 7" and the
closedness of L that T € FixT N L C C. In turn, there exist v € R4y and § € Ry such that T is
(C,v)-quasi coercive on B(Z;d) N L. Thus, for all n sufficiently large,

endc(my) > ||xn — Tyl > vde(z,), (52)

which is a contradiction since €, | 0 and d¢(x,,) > 0. |

4.1. In the presence of affine-hull regularity

In this section, we aim to improve the estimate for quasi coercivity constant previously obtained in
[19]. To proceed, we need the following technical lemma.
Lemma 4.3. Let 0 € [0,1[, 1 € ]0,2], and let u,v € X be such that (u,v) > —0|ul|||v]. Then

47 (1 - 6%)
(11—l + V(T = )2+ 4p(1 - 62))
Proof. First, it follows from (u,v) > —0||u||||v|| that

lu+ pol|? > max {p2(1 — 6%)]Jv]2, slle+of?h (53)

lu+ poll* = [l + 1 |[ol* = 2u6]|ull|v] (hda)
= (l[ull = ubol)* + p(1 = 62)|jol* > p?(1 - 6%)]jv]|. (54b)
Next, we show that

47 (1 - 6%)

Ju+ pol* > €|lu+v[|?,  where £ := . (55)
(11— pl + (T = @) + 4p(1 — 02))°
Observe that |1 — p| + /(1 — p)2 +4p(1 — 02) > /4u(1 — 6%) > 0, so
4p2(1 — 62 Ap?(1 — 62
(1L = pl + VT =7 F AT = 0%)" ~ 4l = 0%)
Now (55) is equivalent to
(1= lull® + (1 = Olloll* + 2(n = €) (u,v) > 0. (57)
Since p — & > 0 and (u,v) > —0]u||||v||, it suffices to prove that
Vue X, Yoe X, (1—&lull®+ (1? = Ollvl* —20(n — &) lullllv]] = 0. (58)
The latter one can be written as
[l ; 1-¢  0(§—n)
YVu e X, Yv e X, U ||| M >0 ith M = , 59
[ell el A =0 w Oe—n) bt (59)

which is equivalent to positive semidefiniteness of M. Because M is a symmetric 2 x 2 matrix whose
trace (1—&)+(u2—&) = (1—p)? +2(u—¢€) > 0, it is positive semidefinite if and only if its determinant

(L= =€) = 0%(n =€) = (1= 0°)& — (1 + * — 2u6%)& + p*(1 — 6%) > 0. (60)
Finally, one can directly check that £ in (55) is a solution of (60). The proof is complete. [
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Lemma 4.4. Let A and B be closed subsets of X with AN B # &, U a nonempty subset of X,
A €102, « € Riy, and v € Ryy. Suppose that Tﬁu is (AN B,v)-quasi coercive on U N L with

L= aff(AUB). Then Ty, is (AN B) + (L — L)%, v)-quasi coercive on P; (U NL). Moreover, if
min{A, u} < 2, then T, is also (AN B,v')-quasi coercive on PrHUNL) with v = min{v, a(\ + pu —
Ap)}.

Proof. Let x € PL_I(U NL) and x4 € T\, x. Define y = Prz and y; = Pry, then y € UN L and, by
Lemma 2.9(i), y+ € T3,y - By assumption,

ly = y+ll = vdans(y). (61)

Setting 7 := (1 — @) + (1 — \)(1 — p), we obtain from Lemma 2.9(iii) that

Iz — 24 |* = lly — y+ >+ X =)z — ylI* > ly — v+ (62)

By Lemma 2.1(i), * —y = 2 — Prz € (L — L)* and then, by Lemma 2.2(v),

danB(Y) = dianp)+-0)r V) = dan)+-)+ W + (@ = Y) = dianp)+-1) (@). (63)

This together with (61) and (62) yields

|z —z4ll = lly — y+ |l = vdans(y) = vdanp)+ -1y (), (64)

ie, Ty, is (ANB) + (L - L)*, v)-quasi coercive on Py (U N L).
Now assume that min{\, u} < 2. Then n < 1. Combining (61), (62), and Lemma 2.2(iv), we
deduce that

le — 2 |? > v p(y) + (1 - n)*di (2) (65a)
> min{v?, (1 —n)*}(dinp(y) +di(2) = (/) dinp(@), (65b)
which means that 7%, is (AN B, v')-quasi coercive on P UNL). [

Proposition 4.5 (quasi coercivity of gDR operators under affine-hull regularity). Let A and
B be closed subsets of X such that AN B # &. Let alsow € ANB,e€[0,1/3], 0 e R4y, k€ Ry,
A €10,2], and o € Ry. Suppose that A is (g,0)-reqular at w, that {A, B} is k-linearly regular on
B(w;6/2), and that the CQ-number 0 := 04 p 1(w,v/28) <1 with L := aff(AU B). Define

vi= Mmin {/\ 2 } (66)

K =l 4 V(T = )+ Al - 67)

Then the following hold:
(i) T3, is (AN B,v)-quasi coercive on B(w;d/2) N L.
(ii) T, is (AN B) + (L — L)*,v)-quasi coercive on B(w;/2).
(it) If min{\, u} < 2, then TY, is (AN B,V')-quasi coercive on B(w;d/2) with v' := min{v, a(\ +
= Ap)}.
Additionally, if X\ # 1, A is an affine subspace of X, and {A, B} is k-linearly reqular on B(w;/25/2),

then we can choose
V1 — 62
= O‘T min{\, p|1 — A[}. (67)
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Proof. First, it follows from the definition of the CQ-number 6 that

a € AN B(w;V/26), b€ BN B(w;V20),

= NerX(a) N (L . CL), vE NgrOX(b) N (L . b)} = <u,v> = _HHU’”HUH (68)

To prove (i), in view of Lemma 4.1, it suffices to prove that Png‘ is (AN B,v/a)-quasi coercive on
B(w;§/2) N L. Let * € B(w;§/2) N L and s € P4Pyx. Then there exist a € Pax, r € Pjz, and
b € Pgr such that
r—r=XNzr—a) and r—s=pu(r—>n). (69)
We note that » € P}(L) C L due to Lemma 2.2(i). By Fact 2.3(i), a € Pax C AN B(w;§). Since
e € [0,1/3], Fact 2.3(ii) yields r € B(w;/2§/2). Again by Fact 2.3(i), b € Pgr C BN B(w;/25). Now
asz—r=ANz—a) € Ny (a)N(L—a)and r —s = pu(r —b) € N (b) N (L —b), it follows from (68)
that
(x —a,r —s) > 0|z —all[|[r —s|]| and (z—r,r—0) > —0|x—r||r— 0. (70)

Applying Lemma 4.3 with (u,v) = (r — s,z — a), we obtain

lz = s]* = I(z =) + (r = s)|I” = [IAN(z — a) + (r = 9)|” (Tla)
>N (1 = 6%)|x —a|* = N*(1 - 0*)d4(x); (71b)
and with (u,v) = (x — r,r — b), we obtain

lz = s)1? = (& — ) + u(r = b)|* = max{p®(1 — 62)||r — b|*, &[l= — b][*} (72a)
> max{p?(1 - 6%)dg(r), £dp ()}, (72b)

where £ := 42 (1-6%) >. Combining with the k-linear regularity of {A, B} yields

(I1=pl+y/A=p)2+au(1-02))
|z — s|| > min {/\\/ 1—62 \/E} max{ds(x),dp(z)} (73a)
V1 - 62 20 v

> in< A\, d =—d , 73b
= - mln{ \1—M’+\/(1—M)2+4N(1_92)} AnB () o AnB(T) (73b)

and (i) is proved. Now applying Lemma 4.4 and noting from Lemma 2.1(iii) that B(w;0/2) C
P (B(w;6/2) N L), we get (i) and (ii).

In addition, suppose that A\ # 1, that A is an affine subspace of X, and that {A, B} is k-linearly
regular on B(w;+/26/2). Then z — a = 2 (r — a) and, by (71),

AN (1 — 02 N (1—62
o sl 2 (1 = )l -l = 2 - al? 2 ST ) (74)
Together with (72) and the x-linear regularity of {A, B} on B(w;/25/2), we get

, A

lz—s|| > V1— 62 mm{m,u}ma}({dA(r),dB(r)} (75a)
V1= 62 A

> i _
> mln{|1 — /\|,N}dAnB(7’)- (75b)

By applying Lemma 2.2(iv) (with C' = AN B and L = A),

donp(r) = danp(Paz) + (1 — A\)*d% () (76a)
> (1= A2 (d%np(Paz) + di () = (1 = A)>d%np(), (76b)
and the conclusion follows. [ |
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Corollary 4.6. Let A and B be closed subsets of X such that AN B # @. Let also w € AN B,
A €1]0,2], and o € Ry 4. Suppose that A is superreqular at w and {A, B} is affine-hull reqular at w.
Define L := aff(AU B). Then the following hold:

(i) Ty, is (AN B)-quasi coercive on B(w;d) N L for some 6 € Ryy.
(ii) 7%, is (AN B)+ (L - L)1) -quasi coercive around w.
(iif) If min{A, p} <2, then TY', is (A N B)-quasi coercive around w.

Proof. By superregularity, affine-hull regularity, Proposition 2.5(i), and Proposition 2.8, we can find
e €10,1/3], 6 € Ryy, and k € Ry such that A is (g,0)-regular at w, that {A, B} is k-linearly
regular on B(w;§/2), and that the CQ-number 04 p 1(w,/26) < 1. The conclusion then follows from
Proposition 4.5. |

Remark 4.7. In Proposition 4.5 and Corollary 4.6, the term (L — L)l is indeed indispensable when
A = u = 2. For instance, suppose A and B are two arbitrary closed sets in X = R? with w € AN B
and L = aff(AU B) = R? x {0}. Then (L — L)* = {(0,0,¢) | ¢ € R}. For any v,0 € R4, taking
r=w+ (0,0,6), we have x = x = T5%x due to Lemma 2.10(ii), and danp(r) = dr(r) = 6. Hence,
0= llzy — 2| <vdanp(z) = vd, ie., T5 fails to be (AN B, v)-quasi coercive on B(w; ).

Remark 4.8 (improved quasi coercivity constant for DR operator). As we will see in the
next part (see Remark 5.5), larger quasi coercivity constant will improve the linear convergence rate.
In this aspect, Proposition 4.5 indeed subsumes [32, Lemma 4.2] and [24, Lemma 3.14]; and moreover,
provides larger (local) quasi coercivity constant for the classical DR operator (A = p = 2 and o = 1/2).
To see this, we consider the DR operator T := T21’/22 for the pair (A, B) of closed subsets of X and
w € AN B. Assume that A is superregular at w and that {A, B} is strongly regular at w, i.e.,
the limiting CQ-number 04 p(w) < 1 (due to Proposition 2.8). Then for any 6 € |, 1[, there exist
e€[0,1/4], 6 € R4, and k € R, such that

(i) Ais (e,20)-regular at w;

(ii) 6 is the CQ-number at w associated with (A, B) and 36, which implies that
a € AN B(w;30),b € BN B(w;39),
{u NIy v € NE = {u,0) = Ol ol ()

(iii) {A, B} is k-linearly regular on B(w;24).
Now, on the one hand, [32, Lemma 4.2] derives that T is (A N B, ¥)-quasi coercive on B(w;d) with
U= %. On the other hand, Proposition 4.5 derives that T is (A N B, v)-quasi coercive on B(w; )
with v = \/1;7 1+\/1+28(1_62). It is clear that v > \/1;7 1+2\/§ > \/?% = U regardless of 6 € 0, 1].
In addition, if A is an affine subspace, then Proposition 4.5 also improves the estimate in [24,
Lemma 3.14]. Indeed, under the assumptions made, on the one hand, [24, Lemma 3.14] implies that
T is (AN B, ¥)-quasi coercive on B(w;0) with 0 = @. On the other hand, Proposition 4.5 yields

that T is (AN B,v)-quasi coercive on B(w;d) with v = —VIK_GQ > 0.

Similarly, we can show that Proposition 4.5 also improves quasi coercivity constant derived in [19,
Proposition 3.8] for gDR operators.

The following global version of Proposition 4.5 is an extension of [14, Lemma 4.3].

Proposition 4.9 (global quasi coercivity of convex gDR operators). Let \,u € ]0,2] and
a € Ryy. Then the following hold:
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(i) If A and B are closed convex subsets of X such that fiANtiB # &, then T}, is (AN B) +
(L — L)1) -quasi coercive on every bounded set S of X with L := aff(AU B), and if additionally
min{A, p} <2, then Y, is (AN B)-quasi coercive on every bounded set S of X.

(ii) If A and B are polyhedral subsets of X such that AN B # &, then 1y, is Fix T} -quasi coercive
on every bounded set S of X.

Proof. First, by Lemma 2.12(i), Ty , is continuous and single-valued.

(i): Set L := aff(AU B). Since A and B are convex with riANriB # @, Lemma 2.13(iii) yields
FixTy, N L = AN B. Now for every w € AN B, we derive from [11, Remark 8.2(v)] that A is
superregular at w, from [11, Example 7.2(i)—(ii) and Proposition 7.5] that {A, B} is affine-hull regular
at w, and then from Corollary 4.6 that T}, is (AN B)-quasi coercive on B(w;§) N L for some § € R 4.
In turn, Lemma 4.2 implies that T 18 (A N B)-quasi coercive on S N L for every bounded set S of

X. Finally, apply Lemma 4.4 and note from Lemma 2.1(ii) that B(0;6) C P;*(B(0;6) N L).

(ii): By [35, Example 12.31(a)&(d)], P4 and Pp are piecewise linear in the sense of [35, Defini-
tion 2.47(a)]. Notice that compositions of piecewise linear operators are also piecewise linear (see [36,
Corollary 2.3]), and that linear combinations of piecewise linear operators are also piecewise linear.
Thus, @ :=1d =T}, = a(ld —PEP}K‘) is piecewise linear. By [35, Example 2.48], @ is also polyhedral
(i.e., the graph of @) is a union of finitely many polyhedral sets). Noting that Q~1(0) = Fix 1y, and
d@(0) = ||Qz|| = |lz — T} ,z(|, and using [33, Corollary of Proposition 1], there exists v € Ry and
€ € R4y such that

|z = T3 ,z| > VdFiXTAau(x) whenever [z —TY 2| <e. (78)

Now for every w € Fix Ty, since T}, is continuous, there exists § € Ry such that [z — T} x| <e
for all z € B(w;0). It follows that 7%, is (Fix T}, v)-quasi coercive on B(w;d). Applying Lemma 4.2
with €' = FixT}, and L = X completes the proof. |

4.2. In the presence of linear regularity

Corollary 4.6 shows that superregularity and affine-hull regularity assumption is sufficient for quasi
coercivity of gDR operators. We will show in Proposition 4.12 that if min{\, u} < 2, then affine-hull
regularity can be replaced by linear regularity, a milder assumption (see Remark 2.6). This is a new
result that obtains quasi coercivity for gDR operators via linear regularity and operator parameters.

For x,y,z € X, we denote Tyz the angle between two vectors x — y and z — y, i.e.,

<‘f17 —y,z—y>
, 79
e =yl -Tz =yl (79)

7yz € [0,71] such that coszyz =

with the convention that ryz = 0 if x = y or z = y. The following two lemmas are crucial for our
analysis.

Lemma 4.10. Let (g,,)nen be a sequence in Ry convergent to 0. Let (zp)nen, ("n)neN, (Sn)nen and
(Pn)nen be sequences in X such that, for alln € N, r,, & {xy, sp,pn}, and that

|20 — snll < en(llzn — roll + [Isn — rall)- (80)

—_— —_— —_—
Then x,7,5, — 0 and cos Tn,T,Py — COS SpTnpPn — 0 as n — +o00.
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Proof. By assumption and Cauchy—Schwarz inequality,

2(xn — 1y, 80 — o) = [0 — ?“nHz + llsn — ?“nHz — |z — 3n||2 (81a)
> lzn — TnH2 + [Isn — TnH2 - E%(Hxn — 7ol + 80 — Tn”)z (81b)
>(2- 45%)“xn —rallllsn — 7ol (81c)

It follows that

(T = Tn S0 = ) >1-22 =1 asn— +oo, (82)

COS TpTnSy =
e lZn = rollllsn —rall —

—_— —_—
hence cos z,,1,5, — 1 and 2,7r,5, — 0 as n = +o0. Now we compute

2

‘ Tn —Tn . Sp — Tn —9_9 <$n—rn73n_7‘n> :2(1—C08$ﬁn\8n)—>0, (83)
|Zn — 7all l[$n — 7all Zn — rallllsn = rall
and again by Cauchy—Schwarz inequality,
‘Cosxmn—cosswn’:’< In — Tn - Sp — Tn 7 Pn —Tn >’ (84&)
|2 = 7ol Nsn = 7nll’ [IPn — 7nll
g‘ Tn"Tn_ Sn7Tn ’-1—>0, (84b)
|Zn — Tl [sn — 72l
which completes the proof. |

Lemma 4.11. Let z,7,s and p be in X and set u := Pr,p and v := Pr,p with Ly := aff{x,r} and
Lo := aff{s,r}. Suppose that v ¢ {z,s,u,v}. Then |[u—v|| < ||p —r|sinurv = ||p — r| sin z7s.

Proof. First, since u € aff{x,r} and v € aff{s,r}, we have

== B =i R

lw =7l flv =] [z =7 s =]

which yields sin urv = sin Zrs.

Set ¢ == 2(p + 7). Then ||¢ — r|| = &||p — r||. Using Lemma 2.1(i), (p —u,r —u) = 0 and
(p —v,7 —v) =0. We compute

lg =l = ZI(p —w) + (r —w)|* = Z(p —w) = (r =) > = fllp —7|? (86)
and get [|¢ — u|| = 3|lp — 7. By the same argument for ||g — v||?, we obtain
lg = rll = llg = ull = g — vl = 3llp =7l (87)

Now define ¢ := Prq with L := aff{r,u,v}. By Lemma 2.1(iii),
lg=rll =1llg—rll=1d—ul=lg—l, (88)
i.e., g is the center of the circumcircle passing r, u, and v. Applying the law of sines, we get
|u =l =2[§ —r|sinarv < 2[q — r||sinarv = ||p — r| sin uro. (89)

The lemma is proved. u
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We now ready to prove our new result on quasi coercivity of gDR operators under linear regularity
assumption.

Proposition 4.12 (quasi coercivity of gDR operators under linear regularity). Let A and B
be closed subsets of X such that AN B # &. Let alsow € AN B, \,u €1]0,2], and o € Ry . Suppose
that {A, B} is superreqular at w and linearly reqular around w and that min{\, u} < 2. Then T N ls
(AN B)-quasi coercive around w.

Proof. By assumption, there exist kK € Ry, and 0 € Ry such that

Ve € B(w;d), danp(r) < rxmax{da(z),dp(x)}. (90)

Now suppose on the contrary that Ty ;. 1s not (AN B)-quasi coercive around w. By Lemma 4.1, Png
is not (A N B)-quasi coercive around w, which means that there exist sequences ¢, | 0, x, — w,
Sp € Png‘:nn such that

0 < ||z, — sl < Cndanp(xn). (91)
We find a,, € Paxy, ry € Pj{:ﬂn, and b,, € Pgr,, such that
T —Tn = Nzp —an) and s, — 1y = p(by — 70). (92)

Without loss of generality, we assume that ¢, < min{1, 2, £} and z,, € B(w;6/(1+ \)) C B(w; ) for
all n € N. It then follows from (90) and (91) that

VneN, |z, — snl| < (ndanp(zn) < Gurmax{da(x,),dp(x,)}. (93)

Let n € N. Since a, € A and b, € B, we have da(z,) < |2, — an|| = }|lzn — ra|| and

dp(@p) < [|zn = bnl < ll2n = roll + [|bn — ol = 20 — rall + %Hsn — - (94)
Therefore,
vneN, |z, — snll <en(|lzn — rall + |50 — rall),  where &, := (,xmax{1, 3, %} — 0. (95)
Noting that ||z, — sp|| > ||xn — || — ||sn — ru|| and that &, < 1, we obtain
|27 — 7l < }f—ZZHSn—TnH, (96)

which combined with (92) yields
A—1 A—1
VneN, |la, — 7o) = 52|20 = roll < 0ullbn — )],  where oy, := “AZL . Ltea, (97)
Next, let p, € Panprs. Since x, — w, Fact 2.3(i) implies that ay, 7y, by, Sp, P — w. In turn,
T, —a, € NY(a,) and r, — b, € N”(b,). By the superregularity of A and B at w, taking

subsequences if necessary and without relabeling, we can assume that

(T — an,pn — an) < enllvn — an|l|pn — anll, and (98a)
<Tn - bn,pn - bn> < €nH'r'n - anHpn - bn” (98b)

Now we divide the proof into several parts.
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Part 1: We claim that

VneN, x, ¢ {rn,a,} and 71, ¢ {sn,bn,pn} (99)
and that
SntnZn — 0 and  COSZprnpn — COS Snmpn — 0 as n — +oo. (100)

Indeed, if x,, = r, or x, = a, for some n, then z,, = a, = r, € A and, by (91),

Cndans(Tn) > ||Tn — sull = llrn — sall = pllrn — bnl| (101a)
= NdB(Tn) = NdB (xn) = umax{dA(xn), dB(xn)} > %dAﬁB (xn)a (101b)

which contradicts the fact that ¢, < % Similarly, if r,, = s,, or r,, = b, for some n, then r, = b, =
sn € B and, by (91),

Cndans(Tn) > ||Tn — sall = |77 — 1ull = Alzn — as| (102a)
= Mda(zyp) = Amax{da(z,),dp(z,)} > %dAnB(:En), (102b)

which contradicts the fact that ¢, < 2. So we complete (99) due to [|p, — 7|l > d(ry) = ||bn — 10| =
%Hsn — 7y]|. Now combining (95) and Lemma 4.10, we arrive at (100).

Part 2: Let 7,, := max{1,0,}. Since €, — 0, the sequence (0, )nen is bounded, and so is (7, )nen-
We claim that

Vn e N, |pn —rall < Tnkllbn — 0l (103a)

max{|[pn = anll, [lpn = bnll} < Tn(k +1)[by — 7. (103b)

Let n € N. Since z,, € B(w;6/(1 + \)) and 7, € P}z, Fact 2.3(i) yields 7, € B(w;§). Using linear
regularity and (97), we estimate

lpr, — rnll = danp(rn) < kmax{da(r,),dp(ry)} (104a)
< “maX{Han _TnH,an _TnH} (104b)
< kmax{oy||bn — mlls |bn — Tull} = KTR||bn — Tl (104c)

So (103a) holds. Combining with (97) gives
1Pn = anll < P = rll + llan — ol < (5T + o) b — 72, (105a)
[P = bnll < [[pn = rall + [bn = | < (kG5 4+ 1)[|bp — |- (105b)
Thus, (103b) holds.
Part 3: We claim that A > 1 and that there exists o € |0, 1] satisfying
on<o<1l and &, =1 forall n sufficiently large. (106)

Let @ be an upper bound of the bounded sequence (7;,)nen. Using (98b) and (103b), we have

COS $pTnDn = {8n = Tn, Pn — Tn) — {bn = T, — ) (107a)
[sn = ralllpn =l llon = rallllpn — 7ol
_ (bu =7y P = by) + [[by — T ? (107b)
b = rallllpn — 72l
—&nllbn = rallllpn = ball + b = al? (107c)
o 16 = rallllpn — ol
>lzendletl) 1 (107d)

RO RO
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It follows that

COS SpTmPn > %L_ > 0 for all n sufficiently large. (108)
ol

Combining with (100) yields
. 1
COS TpTnPn > = >0 for all n sufficiently large. (109)
KO

Suppose that A < 1. Using (98a), (103b) and noting that ||p, — || = danp(rn) = dp(ry) = ||ra — byl
we obtain that

— <xn —TnyPn — Tn> (xn — Qpn,Pn — Tn>
COS Ty TyPn = = 110a
e Zn — rallllpn — Tall |20 — anlllpn — 7all ( )
_ (xn — Qn,Pn — an> + ()\ - 1)”1'71 - an”2 (110b)
|20 — anll[lpn — 72l
<o pnmanll oyl anll gy o, (110c)
[P — 7l [P — 7l

which contradicts (109). We must therefore have A > 1. Now notice that ‘)‘—;1' = % < % and p < 2,

where only one equality can happen. Thus,

o = A Ltew  #OSD) (111)
The claim then follows.

Part 4: Define lines Ly, = aff{z,,r.}, Lo, := aff{r,,s,} and projections u, := Pr, ,pn,
Up := Pp,, pn. We have that

Tn — <xn — Qp,Pn — an>

Uy = Qp + N1 with 7y := < Eann - anH (112)
|20 — an| lZn — an|
and that
- —b -b
v = bk O ity gy e S bl b gy (113)
70 — bnll [7n — ba|

where the upper bound for 7; and 72 follows from (98). By using (97), (103b), and (106), for all n
sufficiently large,

un — 7ol < llan —roll + 11 < lan — 7all + enllpn — anll < (U +éen(k + 1)) 1bn — 7all, (114a)
lvn = ol = [|br — Tl = 02| > |br — 7m0l — nllpn — bnll > (1 —en(k + 1))an — Tl (114b)

and so
lun = vnll > |lvn = 70l = ltn — rall > 1_To||bn — Tl (115)

which together with (99), (103a), and (106) yields

lun = vall 2 FZ P — rall > 0. (116)

On the other hand, for all n sufficiently large, r, ¢ {u,,v,} due to (108) and (109). Noting also from
(99) that r,, ¢ {x,,5s,}, we then apply Lemma 4.11 to get ||u, — v,|| < ||pn — 7l sin 2,775, hence

0< 12_—,f||pn — 7|l < |lpn — ol Sin 2708, (117)

Using (100), we derive that
0 < 52 <sinznr,s, — 0, (118)
which is a contradiction. |
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Remark 4.13. In Proposition 4.12, the parameter condition min{\, u} < 2 cannot be removed. For
example, we consider two convex (hence, superregular) sets A := epi|-| = {(s,t) € R? | s <|t|} and
B =R x {0} in R% Clearly, {4, B} is linearly regular at (0,0) € AN B. Consider the DR operator
T = T for some a € |0,1] and z = (0,t) for t < 0. In this case A = p = 2, and we check that
x = Tz, while dgnp(x) = |t|. Therefore, T' is not (A N B)-quasi coercive at (0,0).

We also obtain a global version of Proposition 4.12.

Proposition 4.14 (global quasi coercivity of convex gDR operators). Let A and B be closed
convez subsets of X such that ANB # & and that {A, B} is boundedly linearly reqular. Let A\, u € 10, 2]
be such that min{A, p} < 2, and let o« € Ryy. Then T3, is (AN B)-quasi coercive on every bounded
set S of X.

Proof. On the one hand, by assumption, T N Is a continuous single-valued operator and Fix T)\
AN B due to Lemma 2.12(i) and Lemma 2. 13(11) On the other hand, for every w € AN B, {A, B} is
superregular at w (see [11, Remark 8.2(v)]) and linearly regular around w, hence, by Proposition 4.12,
Ty, is (A N B)-quasi coercive around w. Applying Lemma 4.2 with L = X, we obtain that Ty, is
(AN B)-quasi coercive on every bounded set S of X.

As a supplement for the above result, we refer to [4, Corollary 5] for the most common sufficient
condition that guarantees bounded linear regularity for finite systems of convex sets.

5. Convergence rate analysis

In this section, let m be a positive integer, set [ := {1,...,m}, and let {C;};cr be a system of closed
(possibly nonconvex) subsets of X with C' := (;c; C; # @. Given an ordered tuple (7;);es of set-valued
operators from X to X, the cyclic algorithm associated with (7;);er generates cyclic sequences (xy,)nen
by

VYneN, xp,11€ Thi1x,, where zg€ X. (119)

Here we adopt the convention that
VneN, Viel, Thnwi:="1;. (120)

Recall that a sequence (x,,)nen is said to converge to a point T with R-linear rate p € [0, 1] if there
exists a constant ¢ € Ry such that
VneN, |z, —T| <op". (121)
In what follows, we denote [p]+ := max{0, p} for p € R.

Theorem 5.1 (sufficient condition for linear convergence). Letw € C, 6 € R4, and v €0, 1].
For everyi € I, let v; € [1,+00[ and B; € Ryy. Let (xn)nen be a cyclic sequence generated by (T;)icr-
Suppose that

(a) {Citier is k-linearly regular on B(w;d/2) for some k € Ry 4.
(b) For everyi € I, T; is (C; N\ B(w;d),v;, B;)-quasi firmly Fejér monotone and (Cy, v)-quasi coercive
on B(w;d/2).
Set I' := (’Yl te "Ym)l/z; 50 : 21"7342; and
2
2 14 1 -1
pi= [T -5 =
k (iel /8’)

1/2

(122)
N

Then the following hold:
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(i) Vzo € B(w;do), dc(zm) < pde(wo).

(ii) If p < 1, then whenever (Tpmn)nen C B(w;dy) or zy € B(w; ‘;Oﬁf_pg), the sequence (Tp)nen

converges R-linearly to a point T € C with rate p*/™.
(i) If vi = 1 for every i € I, then whenever xo € B(w;d/2), the sequence (xp)nen converges R-
linearly to a point T € C' with rate

2 1.1 1/2m
1-=(> = (123)
2 .
Proof. (1)&(ii): This follows from [19, Theorem 4.5].
(iii): Assume that «; = 1 for every i € I. Then I' =1, 9 = /2, and
2 11 1/2m
. [1 (st <1 (124)

Let xy € B(w;d/2). Since for every i € I, T; is (C; N B(w;0), 1, B;)-quasi firmly Fejér monotone and
hence (C; N B(w;d),1)-quasi Fejér monotone on B(w;d/2), we obtain from [19, Lemma 3.4(ii)] that

(Zn)nen C B(w;6/2). Now apply (ii). [ |
From now on, let ¢ be a positive integer and set J := {1,...,¢}. For every j € J, let
Ny €10,2], B = (QijAj + 3 fjuj)_l, aj €]0,1+ B;[, and (125a)
sj,t; € I such that s; # t; and {s;}jes U{t;j}jes = 1. (125b)
Setting
Vi€, Tji=(1-a)ld+a;P Pol (126)

we study the cyclic generalized Douglas—Rachford algorithm defined by (7});e.s, which includes several
algorithms in the literature, for example, the cyclically anchored DR algorithm [14] and the cyclic DR
algorithm [17]; see [19, Section 5.3] for more details. We also say that the cyclic gDR algorithm is
connected if for every ¢,k € I, there exists a path

{(i1,42), (i2,43), ..., (ig—1,9q) } € {(55.t5), (tj,55)}jes such that iy =i, iy = k; (127)

in other words, I = {1,...,m} and {(s;,t;)}jes respectively represent the vertices and edges of a
connected undirected graph. Here, a graph is undirected if every edge is bidirectional, and is connected
if every two vertices can be linked by some path composed by the edges. It is clear that the cyclically
anchored DR algorithm and the cyclic DR algorithm are connected.

Next, for every j € J, we define

(Csj N Otj) + (LJ — Lj)J‘ if >\j =l = 2,

| (128)
Cs; NGy, otherwise

Lj:=aff(Cs; UCy;) and Zj:= {

and note from Lemma 2.10(iii) that Z; C Fix Tj. A relationship between {Z;};cs and {C;}cr is given
as follows.

Lemma 5.2 ({Z;}jes vs. {Ci}ier). Let w € ey Ci. Suppose that {Cs,, Cy, } is strongly regular at
w whenever \j = p; = 2. Then

Nz =¢. (129)

jeJ il

If, in addition, {C;}icr is k-linearly reqular around w, then so is {Z;}je.
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Proof. By assumption and Proposition 2.5, L; = X whenever \; = p; = 2. Thus, (128) implies that
Zj = Cs; N Cy; for every i € J. So it follows from (125b) that

N Zi=()(Cs;nCy,) =) Ci (130)

jed jed el

Next, we note that
VjeJ, Ve e X, max{dcsj (x),dctj (z)} <dz,(x). (131)

Taking the maximum over all j € J and using (125b) yield

Vo e X, max de,(x) < HleaJ}( dz; (). (132)
Now suppose in addition that {C;}ics is x-linearly regular around w. Then combining with (130) and
(132), we deduce that {Z;};es is also s-linearly regular around w. [

Lemma 5.3 (shadows of common fixed points). Suppose that the cyclic gDR algorithm is con-
nected. Then
vze ()%, Po,z=---=PT=PFPszeCl. (133)
JjeJ
Proof. Let T € (;c; Z;. By Lemma 2.10(ii), PCSJ_E = Pctjf € Cs; N Gy, for every j € J. Since the
algorithm is connected, in view of (125b) and (127), we conclude that Po,T = - -+ = P, T € C, which
also implies that Po, 7 = Pcx for every i € I. [ |

We note from Propositions 2.5 and 2.8 that {Cj;, Cy, } is affine-hull regular at w if and only if the
CQ-number ¢, ¢, .1, (w,d) < 1 for some § € Ry, in which case {Cs;,Cy,} is linearly regular around
w. This perspective supports the use of our assumptions in the following.

Theorem 5.4 (linear convergence under affine-hull regularity). Let w € C = ;¢;C;, € €
[0,1/3], 6 e Ryy, k € Ryy, and k; € Ry for every j € J. Suppose that

(a) {Zj}jes is k-linearly regular on B(w;6/2) and for every j € J, {Cs;, Cy, } is kj-linearly regular
on B(w;d/2).
(b) For everyi € I, C; is (g,v/20)-regular at w.
(c) For every j € J, the CQ-number ; := Oc.,.c, L (w,v/20) < 1.
(d) Setting for every j € J,
v = 1=y 4 aj (14 252) (1 + 42, (134a)

1—¢

s JT0% ,
v = VI in {/\ 2145 }, and (134b)

B I 1= py /(=) 2 +4p;(1-6%)

, {I/j zf)\j:,uj:2 OTL]':X,

(134c)

V=
/ min{v;, o;(Aj + pj — Ajuj)}  otherwise,

it holds that

1
20

p = [r2 - :—z(z L)_l <1, (135)
+

jerl—aj+p;

1/2

where T := (y1 ) "/* and v := min{%w 1}.
jed
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Then if either (xem)nen C B(w;dg) or xg € B(w; %__pp)), where 8y = %%}/2, the cyclic sequence

(zn)nen generated by (T;);cy converges R-linearly with rate p to a point

Te () Z C()FixT;. (136)
JjeJ JjeJ

Additionally, if the cyclic gDR algorithm is connected, then Po,T = --- = P¢, T € C.

Proof. Let j € J. We have that w € Cs; NCy; and, by Proposition 4.5, that Tj is (Zj, 1/]’-)— and therefore
(Zj,v)-quasi coercive on B(w;d/2). Noting that

(Cs, N Cy, + (Lj — Lj)") N B(w;6) € (Cs, N Cy, N B(w;6)) + (L — Lj)* (137)

and using Proposition 3.4(ii)—(iii), we derive that T} is (Z; N B(w;6),7;, -quasi firmly Fejér

1—ay +Ej )
aj

monotone on B(w;0/2). Thus, applying Theorem 5.1(ii) to (7})jes and the corresponding sets (Z;) e,

we obtain R-linear convergence of the cyclic sequence (x,)nen to a point T satisfying (136). Now

Lemma 5.3 completes the proof. |

Remark 5.5 (sharper convergence rate). Theorem 5.4 indeed generalizes [19, Theorem 5.21], and
moreover, provides sharper convergence rate under the same assumptions. To see this, let w € (;c; C;
and suppose all assumptions [19, Theorem 5.21] are fulfilled. By Proposition 2.5, Proposition 2.8, and
Lemma 5.2, all assumptions in Theorem 5.4 are also satisfied on some neighborhood of w. It can be
seen that the linear convergence rate p in Theorem 5.4 is smaller than the one obtained in the proof of
[19, Theorem 5.21] because its corresponding quasi coercivity constant v is better (see Remark 4.8).

Remark 5.6 (shadows of common fixed points). As shown in Theorem 5.4, the cyclic gDR algo-
rithm converges (locally) to the set of common fixed points. However, without additional conditions,
one shoud not expect the limit points or their projections (or “shadows”) onto C;’s to lie in the inter-
section C' := (;c; C;, which means that those points might not solve the feasibility problem! We will
illustrate this phenomenon in the following example.

Suppose that C; = Ry x R x {0}, Co = Rx Ry x {0}, C3 = {(£,¢,() | £, ¢ € R}, and Cy = Ry x R?
in X = R3. Consider J = {1,2}, \; = p1 = 2, min{Ay, 2} < 2, (s1,t1) = (1,2), and (s9,12) = (3,4).
So T} := TQO% and Ty := T2  are the gDR operators for (Cq,C5) and (Cs,Cy), respectively. Then

A2, 142
Ly = aff(Cy U Cy) = R? x {0}, Zy=(C1NCy) + (L1 — L)t =R% xR, (138a)
L2 = a,ff(03 @] 04) - Rsy Z2 = (03 N 04) = {(57 ga C) ‘ g?( € R+} (138b)

Now take T = (1,1,1) € Z1 N Zy C FixTy N FixTy. Then Po,T = Pe,T = (1,1,0) # (1,1,1) =
Pc,© = Pc,T. So these projections are not identical and neither of them lies in the intersection
CiNConNC3NCy =Ry x {0} X {0}

Remark 5.7 (on linear regularity moduli). To the best of our knowledge, there is no known
results on the relationship between the linear regularity modulus  of the entire system {C;};c; and
those of its subsystems. So we present here two simple examples showing that one modulus can be
arbitrarily large while others remain bounded.

We will need the following formula whose proof is elementary: For two intersecting hyperplanes A
and B of X with two nonparallel unit normal vectors n4 and np, the system {A, B} is linearly regular

on X with modulus
2 (139)
1 —[(na,np)|
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(i) Arbitrarily large linear regularity modulus for subsystem: Let ¢ € Ry, and suppose

that C1 = Rx {0}, Co = {¢{(1,¢) | € € R}, C5 = {0} xR are lines in X = R?. One can check that

3 ,C; = {(0,0)} and that {Ci}tieq1,2,3) 1s r-linearly regular on X with x = V2. As noticed,
{C1,C5} is linearly regular on X. Let &’ be a linear regularity modulus of {Cy,Cs} around
w = (0,0) and take x = (g,€2) € Cy. Then, as ¢ is sufficiently small, Ve2 + &% = do,ne, (1) <
k' max{dc, (z),dc,(z)} = K'e2. We deduce that ' > /1 + 1/e2 and so ' can be arbitrarily
large while x remains constant.

(ii) Arbitrarily large linear regularity modulus for entire system: Let ¢ € R, and suppose
that X = R3. Consider the planes C; = R? x {0}, Cy = {0} x R?, C3 being the plane defined by
{(0,0,0), (&,1,0),(0,1,¢)}, and let w = (0,0,0) € C := C1y N Cy N C5 = {(0,0,0)}. We see that
C1, C5, and (5 respectively have unit normal vectors

n1 = (0,0,1), ny = (1,0,0), and n3 = ﬁu, —&,1). (140)

So {C;,C;} is k; j-linearly regular on X, where r;; is computed by (139) as k12 = V2 and

K13 = ko3 =+2/\/1—-1/V2+e2¢€ ]\/5, 2[. Now assume that {C7, Cs, C3} is k-linearly regular
around w for some k € Ry and let z = (¢2,£,0) € C; N C3. Then, as ¢ is sufficiently small,

vez+et =do(zr) <k Iglla2x3} de,(z) = ke, (141)
1e11,2,

which yields £ > /14 1/e2. Hence, k can be arbitrarily large while &; ; remains bounded.

We note from Proposition 2.8(i)—(ii) that assumption (¢) in Theorem 5.4 means that for every
jeJ, {C;s j,Ctj} is affine-hull regular ar w. Nevertheless, in the following linear convergence result,
we only require linear regularity for pairs {Cs,, C, } corresponding to min{\;, u;} < 2.

Theorem 5.8 (linear convergence under linear regularity). Let w € C := (;c; C;. Suppose
that {Z;} e is linearly regular around w, that {C;}icr is superregular at w, and that for every j € J,
{Cs;, Gy, } is linearly regular around w if min{\;, u;} < 2 and affine-hull regular at w otherwise. Then
the cyclic gDR algorithm converges R-linearly locally to a point

Te () Z C()FixT;. (142)
jedJ jeJ
Moreover, Pc,@ = -+ = Pc,, @ € C provided that the cyclic gDR algorithm is connected.

Proof. Combining Corollary 4.6(ii) and Proposition 4.12, there exist v € ]0,1] and § € Ry such that,
for every j € J, T} is (Z;, v)-quasi coercive on B(w;d/2). Let € €]0,1/3]. Since {C;}icr is superregular
at w, we shrink § if necessary so that C; is (g, v/26)-regular at w for every i € I. Now let j € .J. Then
Cs, and Cy; are respectively (e, d)- and (e, v/26)-regular at w. Using Proposition 3.4(ii)—(iii) and noting
that

(Cs; N Cyy + (Lj = L)) N B(w; 6) € (Cy; N Cyy N B(w; ) + (Lj — L), (143)

we have that T; is (Z; N B(w;9),7;, I_%ﬁ)—quasi firmly Fejér monotone on B(w;d/2), where v; :=
1—oj+a;(1+ 1/\%56) (1+4£). Since y; — 1T as e — 07, we can choose ¢ sufficiently small so that
1/2

o<1 (144)
N

14 (6 7]
pi= | = 5 (D /

jerl—o+ 5

Now R-linear convergence of the cyclic sequence (zy,)nen is obtained by applying Theorem 5.1(ii) to
(Tj)jes and the corresponding sets (Z;);cs. The rest then follows from Lemma 5.3. [
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In Theorem 5.8, if {Cs,, Cy, } is strongly regular instead of affine-hull regular at w whenever \; =
pj = 2, then the limit point T € C. In this case, by Lemma 5.2, the linear regularity of {Z;};c is
a consequence of that of {C;};c;. We summarize this observation in the following corollary, which
indeed extends [19, Theorem 5.21].

Corollary 5.9 (linear convergence to a common point). Let w € C := ();c; C;. Suppose that
{Ci}ier is superregular at w and linearly regular around w, and that for every j € J, {Cs,,Cy,} is
linearly regular around w if min{\;, u;} < 2 and strongly reqular at w otherwise. Then the cyclic gDR
algorithm converges R-linearly locally to a point T € C.

Proof. Since strong regularity implies affine-hull regularity, the conclusion follows from Theorem 5.8
and Lemma 5.2. [ |

We say that the cyclic gDR algorithm is fully connected if there exist positive integers r,q such
that 1 < r < ¢ < ¢ and (not necessarily distinct) indices i1, ...,47, € I such that {i1,...,i;} = I and
that

{(i17i2)7 (i27i3)7 SRR (iT—17iT)7 (iT7i1)} U {(ilair+l)7 EERE) (i17iQ)} - {(Sj7tj)}j€J' (145)

Here we adopt the following convention. If » = 1, then (145) reads as

{(i1,i2), ..., (i1,i)} € {(s5.tj)}jes, i, {(i1, k) bker gy © {(s),t5)}jer, (146)

which is a generalization of the cyclically anchored DR algorithm. If r» = ¢, then (145) reads as

{(i1,42), (i2,83), -+ s (Gr—1,8r), (ir,i1) } € {(85,8)) }jes, (147)
which is a generalization of the cyclic DR algorithm.

Lemma 5.10 (shadows of common fixed points under convexity). Suppose that C; is convex
for every i € I. Let Tc,c; denote a gDR operator for the pair (C;,Cj). Let iy,...,i, € I (not
necessarily distinct). Then the following hold:

(i) If T € Nj—s Fix Tcil Ciy, 7 then PCZ.IT € NMr=1Ci, -
(ii) IfT e ﬂzzl Fix Tcik7cik+1, where i,41 =11, then Pcilf =...= Pcirf S mz:l Czk .
(iii) If the cyclic gDR algorithm is fully connected and T € Njes FixTj, then there exists k € I such

that Pckf S miEI OZ

Proof. (i): For every k € {2,...,r}, since C;; NC;, # @, Lemma 2.13(i) implies that Fe, m e C3 NGy,
Hence, P¢, T € Ni=1 Ci, -

(ii): This is basically similar to the argument of [17, Theorem 3.1]. For every k €

{1,....,r}, by Lemma 2.13(i), Fc, T € C; N Cy,, S Cj,,, and then, by [5, Theorem 3.16],
(z—Pe,,, Po, — P, ) <0. Tt follows that
2
0< > (1P, — Pe,, IP=2>" <—Pcik+1,Pci - Pcik+1> (148a)
k=1 k=1
—9 kz_:l (z—Po,,, Po, —Pe, ) <0, (148D)
which yields Po; = Po;, | forall k € {1,...,r}
(iii): Combine (i) and (ii). |

27



As one would hope for, the linear convergence of the cyclic gDR algorithm is global in the convex
case. The next result encompasses [14, Corollary 8.2 and Theorem 8.5].

Theorem 5.11 (global linear convergence under convexity). Suppose that for every i € I, C;
is convex and that (Nier, Ci Nier g, T1Ci # D, where Iy is the set of all i € I such that C; and Cj, are
polyhedral whenever (i,k) € {(s},t;),(t;,s;)}jes. Set

Cs; NCy, if min{\j, p;} < 2,
Vied, Yj=3(C,NCy)+ (Lj—Lj)t if\j=p;=2and riCs, N1iCy, # @, (149)
Fix T} otherwise.

Then the following hold:

(i) Regardless of the starting point xq, the cyclic gDR sequence (xy)nen generated by (T})jes con-
verges R-linearly to a point
Te ()Y C () FixTy, (150)
jeJ jedJ
while the “shadow sequence” (Po,xy)nen also converges R-linearly to Po, T for every i € I.
(ii) If 0 € int(Cy; — Cy;) whenever \j = uj = 2, then the limit point T in (i) even satisfies T € C.
(iii) If the cyclic gDR algorithm is connected and riCs, N1iCy; # @ whenever \j = p; = 2, then the
limit point T in (i) satisfies Po,@ = --- = Pc,, T € C.
(iv) If the cyclic gDR algorithm is fully connected, then the limit point T in (i) satisfies P, T € C
for some k € 1.

Proof. First, it follows from Lemma 2.10(iii) that
VjeJ, C,NC, CY;CFixT,. (151)

(i): For every j € J, by the convexity of Uy, and C;; and by noting from Lemma 2.13(i) that
FixT; = Cy; N Cy + Ne, —a, (0) whenever \; = u; = 2, we have that Y; is convex. Set J, :=
{j € J | Cs, and Cy; are polyhedral}. Then Yj is polyhedral for every j € J,,.

Let j € J ~\ Jp. Since j ¢ J,, we must have s;,t; ¢ I, and, by assumption, 1i Cs, NriCy;, # &,
so Y; = Cs, N Cy, if min{Aj,p;} < 2, and Y; = (C;, N Cy,) 4+ (Lj — L;)* otherwise. Using [34,
Corollary 6.6.2],

HY; O 1i(Cs; N Cy;) if min{\;, p;} <2,
ri(Cs, N Cy,) +1i(L; — Lj)=  otherwise,

thus 1iY; 2 1i(Cs, N Cy;) = 1iCs, N1iCy; due to [34, Theorem 6.5]. By combining with (125b) and

noting that if ¢ € I,,, then ¢ € {s;,t;} for some j € J,,

(152)

YN () 1Y;2 ((C,nC,)Nn [ GiC,;NriCy,) 2 (Cin () riCi#@. (153)

jedp je~Jp jedp je~Jp icly icI~I,

Let 29 € X and let (z,,)nen be the cyclic sequence generated by (7)) e with starting point 2. Choose
0 € Ryt and w € C such that 6 > 2|zg — w|| > 2dc(xp). Then z¢p € B(w;d/2). From (153) and
[4, Corollary 5], there is k € R4 such that {Y]};c; is s-linearly regular on B(w;d/2). Let j € J.
By assumption, either riCs, N1iCy; # @ or Cs; and Cy; are polyhedral with Cs; N Cy, # &, so we
derive from Proposition 4.9 that T} is (Y}, v;)-quasi coercive on B(w;d/2) for some v; € Ryy. By

convexity and Lemma 2.12(ii), T} is aj/(1+ j3;)-averaged, which implies that T} is (Fix T}, 1, #)—
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and hence (Y}, 1, 1_0;4';_53')—quasi firmly Fejér monotone on X. Now Theorem 5.1(iii) yields the R-linear
convergence of the sequence (x,)nen to a point T € ﬂjeJ Y;.

Next, for every i € I, by Fact 2.11(ii), P¢, is nonexpansive, so || Pc,x, — Po,Z|| < ||z, — T|| for all
n, and we deduce that Pg,x, converges R-linearly to Pg,T.

(ii): In the case where \; = p; = 2, since 0 € int(Cy; —Cs; ), Lemma 2.13(ii) yields Fix T} = C,;NCy,
and then, by (151), Y; = Cs; N Cy;. We deduce that Y; = Cy, N Cy; for every j € J, which together

(iii): Combine (i) and Lemma 5.3.

(iv): This follows from (i) and Lemma 5.10(iii). [

When specialized to the case of two sets, our results cover Theorems 4.3, 4.7, and 4.14 in [32] where
R-linear convergence is proved for the classical DR algorithm.

Corollary 5.12 (linear convergence of gDR algorithm). Let A and B be closed subsets of X,
L:=aff(AUB), andw € ANB #@. Let \,p €10,2], B = (325 + 5%) ", a €]0,1+ B[, and T the
gDR operator for (A, B) with parameters (X, p, ). Then the gDR algorithm generated by T

(i) locally converges with R-linear rate to a point T in each of the following cases:
(a) {A, B} is superreqular and affine-hull reqular at w, in which case T € AN B+ (L — L) with
P,z = PpT € AN B, and if additionally {A, B} is strongly regqular at w, then T € AN B.
(b) min{\, u} < 2 and {A, B} is superregular at w and linearly regular around w, in which case
TeANB.
(ii) globally converges with R-linear rate to a point T in each of the following cases:
(a) A and B are conver and iAN1iB # @, in which case T € AN B + (L — L)% with
Ps7T = PpT € AN B, and if additionally 0 € int(B — A), then T € AN B.
(b) A and B are polyhedral, in which case T € FixT C AN B + N4_p(0) with P4T € AN B.
(¢) min{\, u} <2, A and B are convex and {A, B} is boundedly linearly reqular, in which case
TeANB.

Proof. Applying Theorem 5.8 (noting that affine-hull regularity implies linear regularity due to Propo-
sition 2.5) and Theorem 5.11 with m =2, £ =1, and (s1,¢1) = (1,2), we get (i) and (ii)(a)—(ii)(b).

We now prove (ii)(c). Let 29 € X and let (z,)nen be the cyclic sequence generated by (T});es
with starting point xy. Take § € R4 and w € AN B such that 6 > 2||xg — w|| > 2danp(zo). Then

-~

xo € B(w;d/2). Since A and B are convex, Lemma 2.12(ii) implies that T is «/(1 + )-averaged,
hence it is (Fix 7', 1, #)— and also (AN B, 1, #)—quasi firmly Fejér monotone on X. According

to Proposition 4.14, T is (A N B,v)-quasi coercive on B(w;d/2) for some v € Ry;. Now apply
Theorem 5.1(iii) to 7" and the corresponding set AN B. |

6. Conclusion

In this paper, we have presented a diverse collection of improvements on the linear convergence of the
(cyclic) generalized Douglas—Rachford algorithm for solving feasibility problems. Our results indicate
that one has great flexibility in choosing suitable parameters and still achieve convergence with linear
rate. For instance, we have proved that the generalized DR algorithm involving at most one reflection
converges R-linearly locally assuming only that the system of superregular sets {A, B} is linearly
regular around the reference point. Interestingly, it remains open even in the convex case whether the
classical DR algorithm (i.e., A = p = 2 and o = 1/2) converges with R-linear rate under the same
assumption.
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