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LINEAR CONVERGENCE OF INEXACT DESCENT METHOD AND INEXACT
PROXIMAL GRADIENT ALGORITHMS FOR LOWER-ORDER
REGULARIZATION PROBLEMS

YAOHUA HU*, CHONG LI', KAIWEN MENG!, AND XIAOQI YANGE

Abstract. The /), regularization problem with 0 < p < 1 has been widely studied for finding sparse solutions
of linear inverse problems and gained successful applications in various mathematics and applied science fields. In
the present paper, we investigate the linear convergence issue of one inexact descent method and particularly two
inexact proximal gradient algorithms (PGA), the latter is one of the most popular algorithms for solving the ¢,
regularization problem. For this purpose, an optimality condition theorem is explored to provide the equivalences
among a local minimum, second-order optimality condition and second-order growth property of the ¢, regularization
problem. By virtue of the second-order optimality condition and second-order growth property, we establish the
linear convergence properties of the inexact descent method and inexact PGAs under some simple assumptions.
Both linear convergence to a local minimal value and linear convergence to a local minimum are provided. Finally,
the linear convergence results of the inexact numerical methods are extended to the infinite-dimensional Hilbert
spaces.
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linear convergence.
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1. Introduction. The following linear inverse problem is at the core of many problems in
various areas of mathematics and applied sciences: finding x € R™ such that

Ar =0,

where A € R™*"™ and b € R™ are known, and an unknown noise is included in b. If m < n,
the above linear inverse problem is seriously ill-conditioned and has infinitely many solutions, and
researchers are interested in finding solutions with certain structures, e.g., the sparsity structure.
A popular technique for approaching a sparse solution of the linear inverse problem is to solve the
¢ regularization problem

min || Az — b||* + All|ls,
reR®
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where ||-|| denotes the Euclidean norm, ||z||y := ", |z;| is a sparsity promoting norm, and A > 0 is
a regularization parameter providing a tradeoff between accuracy and sparsity. In the past decade,
the ¢; regularization problem has been extensively investigated (see, e.g., [4, 17, 18, 35, 51, 54])
and gained successful applications in a wide range of fields, such as compressive sensing [12, 19],
image science [4, 20], systems biology [44, 48] and machine learning [3, 33].

However, in recent years, it has been revealed by extensive empirical studies that the solutions
obtained from the ¢; regularization may be much less sparse than the true sparse solution, and
that the ¢, regularization cannot recover a signal or an image with the least measurements when
applied to compressive sensing; see, e.g., [14, 53, 58]. To overcome these drawbacks, the following
¢, regularization problem (0 < p < 1) was introduced in [14, 53] to improve the performance of
sparsity recovery:

in ||Az —b|* b 1.1
min Az —b[|" + Allzl3, (L.1)
where |jz]l, = 1, |xi|p)1/p is the ¢, quasi-norm. It was shown in [14] that the ¢, regular-

ization requires a weaker restricted isometry property to guarantee perfect sparsity recovery and
allows to obtain a more sparse solution from fewer linear measurements than that required by the
¢y regularization; and it was illustrated in [23, 53] that the ¢, regularization has a significantly
stronger capability in obtaining a sparse solution than the ¢; regularization. Benefitting from these
advantages, the £, regularization technique has been applied in many fields; see [23, 34, 38, 39]
and references therein. It is worth noting that the ¢, regularization problem (1.1) is a variant of
lower-order penalty problems, investigated in [11, 25, 31], for a constrained optimization problem.
The main advantage of the lower-order penalty functions over the classical ¢; penalty function
in the context of constrained optimization is that they require weaker conditions to guarantee an
exact penalization property and that their least exact penalty parameter is smaller.

Motivated by these significant advantages and successful applications of the ¢, regularization,
tremendous efforts have been devoted to the study of optimization algorithms for the ¢, regu-
larization problem. Many practical algorithms have been investigated for solving problem (1.1),
such as an interior-point potential reduction algorithm [22], smoothing methods [15, 16], splitting
methods [27, 28] and iterative reweighted minimization methods [26, 29]. In particular, Xu et
al. [53] proposed an iterative half thresholding algorithm, which is efficient in signal recovery and
image deconvolution. In the present paper, we are particularly interested in the proximal gradient
algorithm (in short, PGA) for solving problem (1.1), which is reduced to the algorithm proposed
in [53] when p = 1.

ALGORITHM PGA. Given an initial point 2° € R™ and a sequence of stepsizes {v;} C R,.

For each k € N, having ¥, we determine 21 as follows:

2F=ak — 20, AT (AxR — D),

1
ko in Az 4+ =—|lz — 2" . 1.2
o1 € ang mig { Aol + 5o 42 (12

The PGA is one of the most widely studied first-order iterative algorithms for solving regularization
problems, and a special case of several iterative methods (see [1, 2, 8, 47, 40]) for solving the
composite minimization problem

;rel]iRI}L F(z) := H(z) + ®(x), (1.3)
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where H : R® — R := RU {+o0} is smooth and convex, and ® : R® — R is nonsmooth and
possibly nonconvex. The convergence properties of these iterative methods have been explored
under the framework of so-call Kurdyka-Lojasiewicz (in short, KL) theory. In particular, Attouch
et al. [2] established the global convergence of abstract descent methods for minimizing a KL
function F' : R® — R (see [2, Definition 2.4] for the definition of a KL function), in which the
sequence {z} satisfies the following hypotheses for two positive constants a and :

(H1) (Sufficient decrease condition). For each k € N,
F(mk+1) _ F(xk) < 7a||1.k+1 _ CEkH?;
(H2) (Relative error condition). For each k € N, there exists w**! € 9F(x**1) such that

[ < Blla* — 2

)

(H3) (Continuity condition)*. There exist a subsequence {*} and a point 2* such that

lim % — 2* and  lim F(z") — F(z¥).
j—o0 j—o0o

The global convergence of Algorithm PGA follows from the established convergence results of [2].

The study of convergence rates of optimization algorithms is an important issue of numerical
optimization, and much attention has been paid to establish the convergence rates of relevant
iterative algorithms for solving the structured optimization problem (1.3); see [1, 7, 24, 27, 36, 46,
47, 50, 52] and references therein. For example, the linear convergence of the PGA for solving the
classical ¢ (convex) regularization problem has been well investigated; see, e.g., [9, 45, 56, 57] and
references therein. Under the general framework of the KL (possibly nonconvex) functions, the
linear convergence of several iterative algorithms for solving problem (1.3), including the PGA as
a special case, have been established in [1, 8, 47, 52] under the assumption that the KL exponent
of the objective function is % However, the KL exponent of the ¢; regularized function is still
unknown, and thus, the linear convergence result in these references cannot be directly applied
to the ¢, regularization problem (1.1). On the other hand, Zeng et al. [55] obtained the linear
convergence of the PGA for problem (1.1) with an upper bound on p, which may be less than 1,
and a lower bound on the stepsizes {v;}, and Hu et al. [23] established the linear convergence of
the PGA for the group-wised ¢, regularization problem under the assumption that the limiting
point is a local minimum.

Another important issue is the practicability of the PGA for solving the ¢, regularization
problem (1.1). It is worth noting that the main computation of the PGA is the calculation of the
proximity operator of the ¢, regularizer (1.2). The analytical solutions of the proximity operator
of the ¢, regularizer (1.2) when p = 1 (resp. 2, 3, 0) were provided in [18] (resp. [13], [53],
[6]); see also [23, Proposition 18] for the group-wised ¢, regularizer. However, in the scenario of
general p, the proximity operator of the ¢, regularizer may not have an analytic solution (see [23,
Remark 21]), and it could be computationally expensive to solve subproblem (1.2) exactly at each
iteration. Although some recent works showed impressive empirical performance of the inexact
versions of the PGA that use an approximate proximity operator (see, e.g., [23, 32] and references

*This condition is satisfied automatically for the ¢, regularization problem (1.1).
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therein), there is few theoretical analysis, to the best of our knowledge, on how the error in the
calculation of the proximity operator affects the convergence rate of the inexact PGA for solving
the ¢, regularization problem (1.1). Two relevant papers on the linear convergence study of the
inexact PGA should be mentioned: (a) Schmidt et al. [43] proved the linear convergence of the
inexact PGA for solving the convex composite problem (1.3), in which H is strongly convex and
® is convex; (b) Frankel et al. [21] provided a framework of establishing the linear convergence for
descent methods satisfying (H1)-(H3), where (H2) is replaced by inexact form (H2°), see section
4. However, the convergence analysis in [21] was based on the assumption that the KL exponent
of Fis % and the inexact version would be not convenient to implement for applications; see the
explanation in Remark 5.2 below. Therefore, neither of the convergence analysis in [21, 43] can
be applied to establish the linear convergence of the inexact PGA for solving the ¢, regularization
problem. Thus, a clear analysis of the convergence rate of the inexact PGA is required to advance

our understanding of its strength for solving the £, regularization problem (1.1).

The aim of the present paper is to investigate the linear convergence issue of an inexact descent
method and inexact PGAs for solving the ¢, regularization problem (1.1). For this purpose, we first
investigate an optimality condition theorem for the local minima of the ¢, regularization problem
(1.1), in which we establish the equivalences among a local minimum, second-order optimality
condition and second-order growth property of the ¢, regularization problem (1.1). The established
optimality conditions are not only of independent interest in investigating the structure of local
minima, but also provide a crucial tool for establishing the linear convergence of the inexact descent
method and inexact PGAs for solving the /£, regularization problem in sections 4 and 5.

We then consider a general framework of an inexact descent method, in which both (H1) and
(H2) are relaxed to inexact forms (see (H1°) and (H2°) in section 4), for solving the ¢, regularization
problem. Correspondingly, the solution sequence does not satisfy the descent property. This is
an essential difference from the extensive studies in descent methods and the work of Frankel et
al. [21]. Under some mild assumptions on the limiting points and inexact terms, we establish
the linear convergence of the inexact descent method by virtue of both second-order optimality
condition and second-order growth property (see Theorem 4.2), where the former guarantees that
the ¢, regularized function is convex near the local minimum and the latter is used to ensure the
linear convergence.

The convergence theorem for the inexact descent method further provides a useful tool for
establishing the linear convergence of the inexact PGAs in section 5. Our convergence analysis
deviates significantly from that of [21] and relevant works in descent methods, where the KL
inequality is used as a standard technique. Indeed, we investigate the inexact versions of the PGA
for solving the /£, regularization problem (1.1), in which the proximity operator of the ¢, regularizer
(1.2) is approximately solved at each iteration (with progressively better accuracy). Inspired by
the ideas in the seminal work of Rockafellar [41], we consider two types of inexact PGAs: one
measures the inexact term by the approximation of proximal regularized function value, and the
other is measured by the distance of the iterate to the exact proximal operator (see Algorithms
IPGA-TI and IPGA-II). Under some suitable assumptions on the inexact terms, we establish the
linear convergence of these two inexact PGAs to a local minimum of problem (1.1); see Theorems
5.3 and 5.4. It is worth noting that neither of these inexact PGAs satisfies the conditions of
the inexact descent method mentioned earlier. In our analysis in this part, Theorem 4.2 plays



YAOHUA HU, CHONG LI, KAIWEN MENG AND XIAOQI YANG )

an important role in such a way that we are able to show that the components sequence on the
support of the limiting point satisfies the conditions of Theorem 4.2. We further propose two
implementable inexact PGAs that satisfy the assumptions made in the convergence theorems and
thus share the linear convergence property.

Moreover, Bredies et al. [10] investigated the PGA for solving the ¢, regularization problem in
infinite-dimensional Hilbert spaces and proved its global convergence to a critical point under some
technical assumptions and using dedicated tools from algebraic geometry. Motivated by this work,
the results obtained above are extended to the infinite-dimensional Hilbert spaces. Improving
[10, Theorem 5.1], we prove the global convergence of the PGA under a simple assumption (see
Theorem 6.4), and further establish the linear convergence of descent method and PGAs, as well
as their inexact versions, for solving the £, regularization problem in infinite-dimensional Hilbert
spaces.

The paper is organized as follows. In section 2, we present the notations and preliminary
results to be used in the present paper. In section 3, we establish the equivalences among a
local minimum, second-order optimality condition and second-order growth property of the £,
regularization problem (1.1), as well as some interesting corollaries. By virtue of the second-order
optimality condition and second-order growth property, the linear convergence of an inexact descent
method and inexact PGAs for solving problem (1.1) are established in sections 4 and 5, respectively.
Finally, the convergence properties of relevant algorithms are extended to the infinite-dimensional
Hilbert spaces in section 6.

2. Notation and preliminary results. We consider the n-dimensional Euclidean space R™
with inner product (-,-) and Euclidean norm || - ||. For 0 < p < 1 and « € R", the £, “norm” on
R™ is denoted by || - ||, and defined as follows:

1
llzllp == <Z |mi|p> for each = € R™;
i=1
while ||z||p denotes the number of nonzero components of z. It is well-known (see, e.g., [23, Eq.
(7)]) that
llzll, > |lz|l; for each x € R™ and 0 < p < g. (2.1)

We write supp : R” — R and sign : R — R to denote the support function and signum function,
respectively. For an integer [ < n, fixing x € R! and 6§ € Ry, we use B(z,d) to denote the open
ball of radius § centered at z (in the Euclidean norm). Moreover, we write

R; ={zecR':2; #0 foreachi=1,...,1}.

Let R denote the space of all I x | matrices. We endow R‘*! with the partial orders > and >,
which are defined for any Y, Z € R**! by

Y > (resp.,,»=)Z <= Y — Z is positive definite (resp., positive semi-definite).

Thus, for Z € R™*! Z = 0 (resp., Z = 0, Z < 0) means that Z is positive definite (resp., positive
semi-definite, negative definite). In particular, we use diag(z) to denote a square diagonal matrix
with the components of vector x on its main diagonal.
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For simplicity, associated with problem (1.1), we use F': R™ — R to denote the ¢, regularized
function, and H : R™ — R and ® : R®” — R are the functions defined by

F():=H()+®(), H():=[A -b]* and @():=A]-[l}. (2.2)
Letting 2* € R™ \ {0}, we write
s:=|z*|lo and I :=supp(z*), (2.3)

We write A; to denote the i-th column of A, Ay := (A;)icr and z; := (2;);er- Let f: R — R,
h:R®* — R and ¢ : R® — R be the functions defined by

FO =h()+ @), h()=[Ar-=blI* and ()=} (2.4)

Obviously, ¢ is smooth (of arbitrary order) on R%, and so is f. The first- and second-order
derivatives of ¢ at each y € RZ are respectively given by

Veoly) = xp (" 'sign(y)) ) and - V2p(y) = Ap(p — Ddiag (5l 2),.,) . (25)
Since 0 < p < 1, it is clear that V?p(y) < 0 for any y € RS. By (2.2) and (2.4), one sees that
®(z) = p(xr) and F(z) = f(xs) for each z satistying supp(x) = I. (2.6)

The point z* is called a critical point of problem (1.1) if it satisfies that V f(z%) = 0. The following
elementary equality is repeatedly used in our convergence analysis:

1Ay —bl* — || Az —b]|* = {y — 2,247 (Ax — b)) + [|A(y — 2)|? (2.7)

(by Taylor’s formula applied to the function ||A - —b||?). We end this section by providing the
following lemma, which is useful to establish the linear convergence of inexact decent methods.

LEMMA 2.1. Let n € (0,1), and let {ar} and {0k} be two sequences of nonnegative scalars
such that

]
a1 < agpn + 6k for each k € N and limsup ML <. (2.8)
k— o0 51@
Then there exist 6 € (0,1) and K > 0 such that
ap < K0*  for each k € N. (2.9)

Proof. We first claim that there exist § € (0,1) and a sequence of nonnegative scalars {cj}
such that

apy1 < axd + cx0* for each k € N and Z ¢ < +oo. (2.10)
k=0
Indeed, by the second inequality of (2.8), there exist 7 € (0,1) and N € N such that §x11 < 726%
for each k > N. Letting ¢; := 7°"2Néy when i > N and ¢; := f— otherwise, this shows that

6k < ¢7"  for each k € N. (2.11)
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Consequently, we check that Y7 cp = Zk 0 Ck+ g (5N < +o00. Letting 6 := max{n, 7} and
combining (2.8) and (2.11), we arrive at (2.10), as desued.

Next, we show by mathematical induction that the following relation holds for each k € N:

k—1
ai
ax §max{1,co+e}g(q+9). (2.12)

Clearly, (2.12) holds for £ = 1. Assuming that (2.12) holds for each k < N, we estimate ayy; in
the following two cases.
Case 1. If ay < 0V, it follows from the first inequality of (2.10) that

N
ant1 < (0 +cn)o < H(Q +6) < max {17
i=0

N

‘19} [Tt +o).

¢
0 i=0

Case 2. If ay > 0V, one sees by (2.10) and (2.12) (when k = N) that

N

an+1 < (0 +cy)any < max {1’ coa_'l_ Q}E(Ci +0).

Hence, for both cases, (2.12) holds for k = N + 1, and so, it holds for each k € N by mathematical
induction. Clearly, (2.12) can be reformulated as

k—1
ak<max{1 o io}ekexp (Zln (1—1— 9>) (2.13)

=0

Note that In(1 +¢) < ¢ for any ¢ > 0. It follows that

., .1 1
Zz;lnu-g)gg; 5;

(by (2.10)). Letting K := max{lw(?ﬁ}exp(

proof is complete. O

Yo ¢i), we conclude (2.9) by (2.13), and the

SN

3. Characterizations of local minima. Optimality condition is a crucial tool for optimiza-
tion problems, either providing the useful characterizations of (local) minima or designing effective
optimization algorithms. Some sufficient or necessary optimality conditions for the £, regulariza-
tion problem (1.1) have been developed in the literature; see [16, 23, 30, 37] and references therein.
In particular, Chen et al. [16] established the following first- and second-order necessary optimality
conditions for a local minimum z* of problem (1.1), i.e

247 (Agz; = b) + X ((ji1P sign(a7), ., ) =0, (3.1)
and
247 Ap + \plp — 1)diag ((121"),;) = 0, (3.2)

where I = supp(z*) is defined by (2.3). These necessary conditions were used to estimate the
(lower /upper) bounds for the absolute values and the number of nonzero components of local



8 LINEAR CONVERGENCE OF INEXACT DESCENT METHODS

minima. However, it seems that a complete optimality condition that is both necessary and
sufficient for the local minima of the £, regularization problem has not been established yet in the
literature. To remedy this gap, this section is devoted to providing some necessary and sufficient
characterizations for the local minima of problem (1.1).

To begin with, the following lemma (i.e., [23, Lemma 10]) illustrates that the ¢, regularized
function satisfies a first-order growth property at 0, which is useful for proving the equivalent
characterizations of its local minima. This property also indicates a significant advantage of the £,
regularization over the ¢; regularization that the ¢, regularization has a strong sparsity promoting
capability.

LEMMA 3.1. Let h: R™ — R be a continuously differentiable function. Then there exist € > 0
and § > 0 such that

h(z) + /\||:v|\§ > h(0) +€||z|| for any xz € B(0,9).

The main result of this section is presented in the following theorem, in which we establish the
equivalences among a local minimum, second-order optimality condition and second-order growth
property of the ¢, regularization problem (1.1). Note that the latter two conditions were provided
in [23] as necessary conditions for the group-wised £, regularization problem, while the second-order
optimality condition is an improvement of the result in [16] in that the matrix in the left-hand side
of (3.2) is indeed positive definite. Recall that F' : R" — R is the ¢, regularized function defined
by (2.2) and I = supp(z*) is defined by (2.3).

THEOREM 3.2. Let a* € R™\ {0}. Then the following assertions are equivalent:

(1) z* is a local minimum of problem (1.1).
(ii) (3.1) and the following condition hold:

2AT A + Mp(p — 1)diag ((\m;‘w*?)iel) = 0. (3.3)

(iii) Problem (1.1) satisfies the second-order growth property at x*, i.e., there exist € > 0 and
0 > 0 such that

F(z) > F(2*) + ¢||lz — 2*||*  for any x € B(z*, ). (3.4)

Proof. Without loss of generality, we assume that I = {1,...,s}.

(i) = (ii). Suppose that (i) holds. Then z7 is a local minimum of f (by (2.6)), and (3.1) and
(3.2) hold by [16, pp. 76] (they can also be checked directly by the optimality condition for smooth
optimization in [5, Proposition 1.1.1]): Vf(z}) = 0 and V?f(x%) = 0. Thus, it remains to prove
(3.3), i.e., V2f(x}) = 0. To do this, suppose on the contrary that (3.3) does not hold. Then, by
(3.2), there exists w # 0 such that (w, V2f(z})w) = 0. Let ¢ : R — R be defined by

Y(t) := f(a] +tw) for each t € R.

Then one sees that 1'(0) = (w, Vf(x})) = 0 and " (0) = (w, V2f(z})w) = 0, and 0 is a local
minimum of ¢ (as 2% is a local minimum of f). Therefore, 1/*)(0) = 0 and () (0) > 0. However,
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by the elementary calculus, one can check that

$W0) = plp—1)(p—2)(p—3) > (w}lz;P~) <0,
el

which yields a contradiction. Hence, assertion (ii) holds.
(i) = (iii). Suppose that assertion (ii) of this theorem holds. Then
Vf(z})=0 and V2f(z}) > 0. (3.5)

By Taylor’s formula, we have that

1 * * * * S
Ay — a7,V f(@7)(y — =7)) + o(|ly — 7||*) for each y € R®.

Fly) = flap) + Vf@n)(y —27) + 5

This, together with (3.5), implies that there exist ¢; > 0 and §; > 0 such that
F) > F@}) + 26ty —a3|? for any y € Bz}, 6). (3.6)
Let 7 > 0 be such that \/e;7 > ||Af||||Ar<||, and define g : R"™* — R by
g(2) == ||Arez||* + 2(Arx} — b, Apez) — 27|2||* for each z € R" 5. (3.7)

Clearly, g is continuously differentiable on R"~* with g(0) = 0. Then, by Lemma 3.1, there exist
€2 > 0 and do > 0 such that

9(2) + Allzl[; = 9(0) + e2]|z]| = e2][2]| = 0 for any z € B(0, d2). (3.8)

Fix  := (;I ) with z; € B(27,d1) and zre € B(0,d2). Then it follows from the definitions of the
IC

functions F', f and g (see (2.2), (2.4) and (3.7)) that

F(x) = ||AI$[ + Arexre — b”2 + /\HZ‘IHg + )\H.I‘IC
= |Arxr — b||? + ||Arexre||* + 2(Aszr — b, Arexye) + Mzrl[h + Mz b
= f(x1) + glare) + 27| ||? + /\||x1c||§ +2(Ar(xr — %), Arexpe).

p
p

Applying (3.6) (to z; in place of y) and (3.8) (to xy. in place of z), we have that
F(z) > f(x3) + 2e1||lzr — 23?4+ 27||@re || + 2(As(x) — 2%), Apexye).
By the definition of 7, we have that
2[(Ar(zr — @), Arewre)| < 2vertllar — ailllore |l < edller — 27)? + 7llare|?,
and then, it follows that

F(a) > f(a}) + elller — 2|2 + 7llere|? > £(@7) +minfer, 7}l — 2]

(noting that xjc = zye — 2%.). Hence F(z) > F(2*) + min{ey, 7}||z — 2*||?, as f(z}) = F(z*)
by (2.6). This means that (3.4) holds with € := min{e;, 7} and § := min{d;, 2}, and so (iii) is
verified.
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(iii) = (i). It is trivial. The proof is complete. O

REMARK 3.1. As shown in Lemma 3.1, for the case when x* = 0, the equivalence between
assertions (i) and (i) in Theorem 8.2 is true, while assertion (ii) is not well defined (as I =10).

The structure of local minima is a useful property for the numerical study of the ¢, regular-
ization problem; see, e.g., [16, 53]. As a byproduct of Theorem 3.2, we will prove that the number
of local minima of problem (1.1) is finite, which was claimed in [16, Corollary 2.2] but with an
incomplete proof (because their proof is based on the fact that f has at most one local minimum
whenever A] Ay is of full rank, which is unclear).

COROLLARY 3.3. The ¢, regularization problem (1.1) has only a finite number of local min-
ma.

Proof. Let I C {1,...,n}. We use LM(F,R™;I) to denote the set of local minima z* of
problem (1.1) with supp(z*) = I, and set

O(I) :={xy: z € LM(F,R™;1)}. (3.9)

Then the set of local minima of problem (1.1) can be expressed as the union of LM(F,R™; I) over
all subsets I C {1,...,n}. Clearly, LM(F,R™;I) and ©(I) have the same cardinality. Thus, to
complete the proof, it suffices to show that ©(I) is finite. To do this, we may assume that, without
loss of generality, I = {1, ..., s}, and write

O:={yeR%:V’f(y) - 0}, (3.10)

where f : R® — R is defined by (2.4). Clearly, O is open in R*, and ©(/) C O by Theorem 3.2.
Thus, it follows from (3.9) that

O(I) C LM(f,R*)n O (3.11)

(we indeed can show an equality), where, for an open subset U of R®*, LM(f,U) stands for the set
of local minima of f over U. For simplicity, we set

S={yeR’:y;,>0forjeJ y; <0forjel\J}

and Oy := ONRY for any J C I. Then each O; is open in R® (as so are O and R%). This
particularly implies that

LM(f,R*)NO; =LM(f,0;) foreach JCI. (3.12)
Moreover, it is clear that O = U;c;O;. Hence
() CLM(f,R*)NO =Uycr (LM(f,R*)NO,) = Uycr LM(f,0,) (3.13)
(thanks to (3.11) and (3.12)). Below we show that
Oy is convex for each J C I. (3.14)

Granting this, one concludes that each LM(f,O;) is at most a singleton, because V2f = 0 on
Oy by (3.10) and then f is strictly convex on O; by the higher-dimensional derivative tests for
convexity (see, e.g., [42, Theorem 2.14]); hence ©(I) is finite by (3.13), completing the proof.
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To show (3.14), fix J C I, and let y, 2 € O;. Then, by definition, one has that
V2f(y) =0 and VZ2f(z) = 0. (3.15)

By elementary calculus, the map ¢ — t?~2 is convex on (0, +00), and so

il P2 4 P2 (lyil + |zl

p—2
5 5 ) for each i € I.

Consequently, we have

|p—2 .|p—2 ) N\ P2
diag(<yz| + |2l > )tdmg <y1|+zz|> |
2 i€l 2 .
el

This, together with (2.5) and (3.15), implies that

v/ (y + Z) . V) + V3 £(2)

0.
2 )= 2 ~

Since 2 € RY C R, it follows that 2 e ONRY = 0, and (3.14) is proved. O

Another byproduct of Theorem 3.2 is the following corollary, in which we show the isolation
of a local minimum of problem (1.1) in the sense of critical points. This property is useful for
establishing the global convergence of the inexact descent method and inexact PGA.

COROLLARY 3.4. Let z* be a local minimum of the £, regularization problem (1.1). Then z*
is an isolated critical point of problem (1.1).

Proof. Recall that I = supp(z*) and f are defined by (2.3) and (2.4), respectively. Since z* is
a local minimum of problem (1.1), it follows from (2.6) that z7} is a local minimum of f and from
Theorem 3.2 (cf. (3.3)) that V2f(x}) = 0. By the fact that a3 € R and by the smoothness of f
at x7, we can find a constant 7 with

_1_
-1

4 T * v
0<r< <)\p|A (Az b)||oo> (3.16)

such that
B(z},7) CRLN{y € R*: V*f(y) = 0}. (3.17)

We aim to show that B(z*, 7) includes only one critical point of problem (1.1), that is 2*. To do
this, let © € B(z*,7) be a critical point of problem (1.1). We first claim that supp(z) = I. Tt is
clear by (3.17) that

x; 70 when i € I, and |z;| < 7 otherwise. (3.18)

If i € supp(z), by the definition of critical point, it follows that 2A; (Az—b)+Ap|x;|P~!sign(x;) = 0;
consequently, by the fact that x is closed to x*, we obtain that

AT (Ax —B)\ 7T [4|AT (Ax* — )|\ 7T _ (4] AT (Azx* —b)[|loc \ 7
|e;| = | ———+ > —— 7 > >
Ap Ap Ap




12 LINEAR CONVERGENCE OF INEXACT DESCENT METHODS

(due to (3.16)). This, together with (3.18), shows that supp(x) = I, as desired.

Finally, we show that z = z*. By (3.17), one has that f is strongly convex on B(z7}, 7). Since
x is a critical point of problem (1.1), one has by the definition of critical point that V f(z;) = 0,
and so zy is a minimum of f on B(z}, 7). By the strongly convexity of f on B(x},7), we obtain
x; = x7, and hence that z = * (since supp(x) = I). The proof is complete. O

4. Linear convergence of inexact descent method. In order to investigate the linear
convergence issue of descent methods (satisfying (H1) and (H2)) and inexact PGAs for solving
the ¢, regularization problem (1.1), this section aims to establish the linear convergence of an
inexact version of descent methods in a general framework. In our analysis, we will employ both
second-order optimality condition and second-order growth property, established in Theorem 3.2.

Let o and S be fixed positive constants and {e;} C R, be a sequence of nonnegative scalars,
and recall that F' : R™ — R is the ¢, regularized function defined by (2.2). We consider a sequence
{x*} that satisfies the following relaxed conditions of (H1) and (H2).

(H1°) For each k € N,
F(z") — F(z") < —alla™* —2"|? + €; (4.1)
(H2°) For each k € N, there exists w**! € 9F(x**1) such that
[ < Bllat+ — aF|| + ey

Frankel et al. [21] proposed an inexact version of descent methods, in which only (H2) is relaxed
to the inexact form (H2°) while the exact form (H1) is maintained; consequently, the sequence
{x*} satisfies a descent property. However, in our framework, note by (4.1) that the sequence {z*}
does not satisfy a descent property. This is an essential difference from [21] and extensive studies
in descent methods.

We begin with the following useful properties of the inexact descent method; in particular, a
consistent property that z* has the same support as #* when k is large (assertion (ii)) is useful for
providing a uniform decomposition of {xk} in convergence analysis.

PROPOSITION 4.1. (i) Let {2*} be a sequence satisfying (H1°) with
> & < foo. (4.2)
k=0

Then Y p o l2*Tt — 212 < 400.
(ii) Let {x*} be a sequence satisfying (H2°) with limy,_, o €x = 0. Suppose that {x*} converges
to x*. Then there exists N € N such that
supp(z”) = supp(z*) for each k > N. (4.3)

Proof. Assertion (i) of this theorem is trivial by the assumption and the fact that F > 0.
Below, we prove assertion (ii). Write

1

.7 Ap
= (m T AT (Az — b>||oo) ' 4
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By the assumption that {z*} converges to 2*, there exists N € N such that for each k > N
x¥ #£0 when i € supp(z*), and |zF| < v otherwise. (4.5)

Fix k > N and i € supp(z"*). By the assumption (H2°), there exists w* € OF(x*) such that
[ || < Blla® — 2" + e < B+1 (4.6)

(by the assumptions that limg_ o €, = 0 and limy_,o, ¥ = 2*). Noting that i € supp(z¥), we
obtain by (2.5) that

wi| = |24] (Az® —b) + Apla] [P~ sign(af)| > Aplaf [P — 4|AT (A2 — ).

This, together with (4.6) and (4.4), shows that |2¥| > v when i € supp(z*). This, together with
(4.5), shows that supp(z*) = supp(x*) for each k > N. The proof is complete. O

The main theorem of this section is as follows. The convergence theorem is not only of
independent interest in establishing the linear convergence of inexact descent method, but also
provides a useful approach for the linear convergence study of the inexact PGA in the next section.
Recall that functions F and f are defined by (2.2) and (2.4), respectively.

THEOREM 4.2. Let {2*} be a sequence satisfying (H1°) and {€*} satisfy (4.2). Suppose one
of limiting points of {x*}, denoted by x*, is a local minimum of problem (1.1). Then the following
assertions are true.

(i) {z*} converges to z*.
(i) Suppose further that {z*} satisfies (H2°) and

limsup L < 1. (4.7)
k—o0 €k

Then {x*} converges linearly to x*, that is, there exist C > 0 and n € (0,1) such that

F(z*) - F(z*) < Cnp¥ and |jz* —2*|| < Cn* for each k € N. (4.8)

k+1 _ zk|| = 0. By the assumption

Proof. (i) It follows from Proposition 4.1(i) that limy_ ||
that z* is a local minimum of problem (1.1), it follows from Lemma 3.4 that z* is an isolated critical
point of problem (1.1). Then, we can prove that {z*} converges to z* (the proof is standard; see,

e.g., the proof of [10, Proposition 2.3]).

(ii) If 2* = 0, it follows from Proposition 4.1(ii) that there exists N € N such that z* = 0 for
each k > N, and so the conclusion holds. Then it remains to prove (4.8) for the case when x* # 0.

Suppose that 2* # 0. Recall that I = supp(«*) is defined by (2.3). By the assumption that x*
is a local minimum of problem (1.1), assertions (ii) and (iii) of Theorem 3.2 are satisfied; hence, it
follows from (3.3) and (2.5) that 2A] A; + V2p(2%) = V2f(2%) = 0. This, together with 2% € RS,
(cf. (2.3)) and the smoothness of ¢ at z7j, implies that there exist € > 0, 6 > 0 and L, > 0 such
that (3.4) holds and

B(a},5) CRL N {y € R* : V2p(y) = —24] Ar}, (4.9)

[Ve(y) = Ve(2)|| < Lylly — 2| for any y, z € B(27,9).
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By assertion (i) of this theorem that {*} converges to x*, there exists N € N such that (4.3) holds
(by Proposition 4.1(ii)) and z% € B(z%,d) for each k > N. In particular, the following relations

hold for each k > N:
F(a*h) > F(a*) + el|la™* — 2*|]?,
and
IVe(aF) = V(aF Il < Lyllzf — 27
Noting by (2.5) and (4.9) that
VZp(w) <0 and V?f(w) =0 for any w € B(x},0),
it follows that ¢ is concave and f is convex on B(xz7,d). Fix k > N. Then one has that
(Veolah), o} — ™) < p(af) — o(af*h)
and
Fap) = @) < V() o7 = a7)
(as ¥, 281 € B(x%,6)). To proceed, we define
ry := F(z¥) — F(z*) for each k € N,
and then it follows from (4.3) and (2.6) that
e = f(af) = f(a7).
Hence, using (4.13), we obtain that
e < (Vf(@h), 2} —27) = (Vf(a]), af — 2f ™) + (Vf(af), 27" — 7).
By (2.4) and (4.12), it follows that

(Vf(ah),2f —a7™) = (Vh(z}), o} —af ™) + (Vo(ah), af —af )

— k
- I
< (Vh(ah), 2§ — 27 + o(2f) — o(27™).

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Recall from (2.4) that Vh(z}) = 247 (Arz% —b). Then, by (2.7) (with A, 25, 2% in place of

A, y, x), we have that

(Viah)af —of*) < f(ah) = FE) + A = ah)?
< = rga + APl — P

(due to (4.15)). On the other hand, one has that
(VF(h), 27t = af) = (V27 ™), 27" = af) + (Vf(}) = V), 27 —a7).
By the assumption (H2°), we obtain that

(VIS5 —ap) <V aE ekt - )
< ) o — o)
< Bt = T — o) + e b o

(4.17)

(4.18)
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while by (2.4) and (4.11), we conclude that

(Vf(af) = V™), 2™ —a7)

= (Vh(z}) = Vh(z§ ™) + Ve(a§) = Vo(ai ™), af ! —ap)
< AP + L) et — 2|2 — a3

< (21412 + L) 2+ — a®[l||lz*+ — 27,

Combining the above two inequalities, it follows from (4.18) that

(V). 2f ™ —ap) < (B+20AI° + Ly) l2" — a® | [la" — 2] + e[l — 2]

Let
o:=B+2|A*+ L, and 7€ (0,€).
Then one has that
2
L " o T . 1 T "
I A B e AL~ R el
o’ k41 k2 k41 |2 L,
= Tttt — b 7t — P 4 e
This, together with (4.16) and (4.17), shows that

o2 1
<=+ (A4 5 ) 14— a2 et = o+ ol

Recalling (4.14), we obtain by the assumption (H1°) that

1 1
2 2
€ = —(Tk — Tk4+1) + —€
k ( ) k>

1
”karl _ ka2 < a (F(xk) _ F(xk+1)) +
and by (4.10) that
1
Jah ! a2 < L (F@h*Y) = Fla®)) = Zreps.
€ €

Hence, (4.20) reduces to

27| A||? + o2 27| Al + o2 T

1
P _ 2rfjAlT+o” 5 T )
T < Tk = Tht1 + o (T k1) + 9 Gk T Tkt o6k
that is,
1- 27| A2 + 0% + @ 2
T <[1- < rE + €}
kLS ( 1+ 2P+ r> g (27&+2T|AH2 +02—2r2l) "
Let
1-1 27| A2 + 0% + «
j:=1-— £ and ¢:= .
K |y 2P+ T 27a + 27(|A||2 + 02 — 2720

Then (4.21) reduces to

Ter1 < 7ry + cex  for each k > N.

15

(4.19)

(4.20)

(4.21)
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One can check that 0 <77 < 1 and ¢ > 0 by (4.19), and note (4.7). Applying Lemma 2.1 (with 7,
7 and ¢e7 in place of ay, n and &), there exist 6 € (0,1) and K > 0 such that

F(2*) — F(z*) =, < K#* for each k > N

(by (4.14)). Furthermore, using (4.10), we have that

Izt — 27| < (M) < (K)é (\/é)k for each k > N.

€

1
This shows that (4.8) holds with C' := max {K} (£)2 } and 7 := V0. The proof is complete. O

REMARK 4.1. It is worth noting in (4.8) that the linear convergence of {F(z*)} to F(x*) is a
direct consequence of that of {z*} to 2*. Indeed, recalling from [23, Lemma 2] that [|z|[5 — [y} <
|z — y|b for any x,y € R", we obtain by (2.2) that

F(a*) = F(2*) < [JA[Pa* = 2*|* + Alla* — 2" .

As an application of Theorem 4.2 for the case when ¢, = 0, the linear convergence of the
descent methods investigated in [1, 2] for solving the ¢, regularization problem (1.1) is presented
in the following theorem.

THEOREM 4.3. Let {z*} be a sequence satisfying (H1) and (H2). Then {x*} converges to a
critical point x* of problem (1.1). Suppose that x* is a local minimum of problem (1.1). Then
{x*} converges linearly to x*.

5. Linear convergence of inexact proximal gradient algorithms. The linear conver-
gence of the (inexact) proximal gradient algorithms (in short, PGA) is an important issue in the
development of numerical optimization and relevant application fields. In the scenario of the gen-
eral £, regularization problem, the proximal operator of the £, regularizer (1.2) may not have an
analytic solution and it could be computationally expensive to solve subproblem (1.2) exactly at
each iteration, except when p = 1, %, %, 0 (see [18, 13, 53, 6])). Due to the impressive empirical
performance of the inexact versions of the PGA (see, e.g., [23, 32]), there is a great demand for
investigating their convergence properties, although the linear convergence of the exact PGA has
been established in [23, 55]. The main interest of this section is to investigate the linear convergence
issue of the inexact PGA for solving the ¢, regularization problem (1.1).

Associated to problem (1.2), we denote the (inexact) proximal operator of the ¢, regularizer
by

1
v = e i Myll? + —|ly — =]/ 5. 1
Pucle) = cang i Al + 5l 12} 6.

In the special case when € = 0, we write P, (z) for P, o(x) for simplicity. Recall that functions F
and H are defined by (2.2). It is clear that the iterative formula of Algorithm PGA is

oFtl e P, (mk — v, VH (mk)) .
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Some useful properties of the proximal operator of the ¢, regularizer are presented as follows.

PROPOSITION 5.1. Letv > 0, ¢ > 0, z € R*, £ € R", y € P,(x —vVH(z)) and z €
Po.(x —v(VH(z)+&)). Then the following assertions are true.

(i) F(z) = F(z) < = (35 = [A%) lz = 2> = (z = 2,6) +«.
(ii) For each i € N, the following implication holds
yi #0 = |yl > (vAp(l—p))=7.
Proof. (i) Recall that H and ® are defined by (2.2), that is, H(-) = [|A-—b[|* and ®(-) = A||- |3
It follows from (5.1) that
1 1
O(2) + 5Nz = (z = o(VH(@) + O)II” < ®(2) + S-[lo(VH(@) + * + ¢

that is,

D(z) — D(x) < —%Hz —z|? = (z — $,2AT(AJJ b)) —(z—z,& +e

Combining this with (2.7), we prove assertion (i) of this theorem.

(ii) Let 4 € N be such that y; # 0. Then, by (5.1) (with € = 0), one has that
1 2
: i Py (t— (z—oVHx))) .
Yi € argmin {)\|t| + o (t— (xr —vVH(z));) }

Thus, using its second-order necessary condition, we obtain that Ap(p — 1)]y;|P~2 + % > 0; conse-

quently, |y;| > (vAp(1l — QD))ﬁ The proof is complete. O

Inspired by the ideas in the seminal work of Rockafellar [41], we propose the following two
types of inexact PGAs.

ALGORITHM IPGA-I. Given an initial point 2° € R, a sequence of stepsizes {vy} C R, and
a sequence of inexact terms {e,} C R,. For each k € N, having z¥, we determine 2**! by

"€ Py, e, (28 — 0 VH (%)) (5.2)

ALGORITHM IPGA-II. Given an initial point 20 € R™, a sequence of stepsizes {vi} C Ry and

a sequence of inexact terms {e} C R,. For each k € N, having 2, we determine z**1 satisfying

dist (211, Py, (2% — v, VH (2%))) < €. (5.3)

REMARK 5.1. Algorithms IPGA-I and IPGA-II adopts two popular inexact schemes in the
calculation of proximal operators, respectively: Algorithm IPGA-I (resp., Algorithm IPGA-II)
measures the inexact term by the approximation of proximal regularized function value (resp., by
the distance of the iterate to the exact proximal operator). The latter type of inexact scheme is
commonly considered in theoretical analysis, while the former one is more attractive to implement
in practical applications. Recently, Frankel et al. [21] proposed an inexact PGA (based on a similar
inexact scheme to Algorithm IPGA-II) for solving the general problem (1.3).
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Using Theorem 4.2, the global convergence result of Algorithm IPGA-I is presented in the
following theorem. However, we are not able to prove the global convergence of Algorithm IPGA-
IT at this moment.

THEOREM 5.2. Let {x*} be a sequence generated by Algorithm IPGA-I with {v} satisfying

0

N

1
v<v, <v< §||A||_2 for each k € N. (5.4)

and {ex} satisfying (4.2). Suppose that one of limiting points of {x*}, denoted by x*, is a local
minimum of problem (1.1). Then {x*} converges to z*.

Proof. In view of Algorithm IPGA-I (cf. (5.2)) and by Proposition 5.1(i) (with z**1, 2% vy,
0, € in place of z, z, v, &, €), we obtain that

1 1
) = Pty < (5o — AR ) a5 =82 4 < — (50— 1417 4+ = 28] 4 e
2vy, 20
(by (5.4)). Note also by (5.4) that 5= — [|A[|?> > 0. This shows that {z*} satisfies (H1°) with
% — ||A||* and /e in place of o and e, respectively. Then the conclusion directly follows from

Theorem 4.2(i). The proof is complete. O

Recall that, for the inexact proximal point algorithm (see, e.g., [41, 49]), the inexact term
is assumed to have progressively better accuracy to investigate its convergence rate; specifically,
it is assumed that z*t1 € P, ., (z*) with €, = o(||z*** — 2*||?) or that dist ("1, Py, (2F)) <
o(||x**+1—z*||). However, we are not able to prove the linear convergence of the inexact PGAs under
this assumption of inexact term yet (due to the nonconvexity of the ¢, regularized function), and
we need some additional assumptions to ensure the linear convergence. Recall that I = supp(z*) is
defined by (2.3). Let {tx} C Ry and {73} € R;. For Algorithms IPGA-I and IPGA-II, we assume

it e Py e (2" - kaH(xk))I) with e < 73 llzh Tt — 2¥)2, (5.5)

it € Py, ((a% — o VH(2F)) ) with e < 72}l — 2 |?, (5.6)

and
dist (z’f“, (Po, (z% — v VH (a:k)))l) <ty — 2k (5.7)
dist (25, (P, (2% — 0 VH (xk)))lc) <ty |kt — 2k, (5.8)

respectively. Note that (5.5)-(5.6) and (5.7)-(5.8) are sufficient conditions for guaranteeing (5.2)
with e = tg||zFT! — 2% and (5.3) with e = t||z*T! — 2|, respectively. (The implementable
strategy of inexact PGAs that conditions (5.5)-(5.6) or (5.7)-(5.8) are satisfied will be proposed at
the end of this section.) Now, we establish the linear convergence of the above two inexact PGAs
for solving the £, regularization problem under the additional assumptions, respectively. Recall
that f, h and ¢ are defined by (2.4).

THEOREM 5.3. Let {xF} be a sequence generated by Algorithm IPGA-IT with {v.} satisfying
(5.4). Suppose that {x*} converges to a local minimum x* of problem (1.1) and that (5.7) and
(5.8) are satisfied for each k € N with limy_,o t, = 0. Then {z*} converges linearly to x*.

Proof. Note that P, (z* — v, VH (2*)) is closed for each k € N. Then, by (5.7) and (5.8),
one can choose

y* € Py, (a¥ — v VH (2%)) (5.9)
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such that
bt — gk < tpllah T —2¥) and  |l2bF — k|| < tpflahFt — 2k for each k € N. (5.10)

Noting that 27 € R, (cf. (2.3)) and recalling that f, h and ¢ are defined by (2.4), there exists
0<d < (vap(1 —p))ﬁ such that B(xz7,d) C RS, and

IV(y) = Ve(2)|| < Lylly — 2| for any y, z € B(x7, 6). (5.11)

By the assumption that limg_,. 2% = 2* and I = supp(z*) (cf. (2.3)), we have by (5.10) that
limy o0 y’f =27 and limy_, y'fc = 7. = 0. Then there exists N € N such that

|zh — 23| <6, |lyf —a3| <6 and |Jyk|| <6 for each k > N.
Consequently, one sees that
¥ yk € B(2},0) C R and yr. =0 foreach k>N (5.12)
(by Proposition 5.1(ii)), and by (5.11) that
IV(ah™h) = Ve(yh)ll < Ly||zi™ — yf|| for each k > N. (5.13)

We first provide an estimate on {x’}c}kzN. By the assumption that limg .tz = 0, we can
assume, without loss of generality, that ¢ < % for each k > N. By (5.12), we obtain from the
second inequality of (5.10) that

ek < bl — bl < il + b2kl

and so,
|krt) < T e Hx[cH < 2t||zh.|| for each k > N. (5.14)
Below, we estimate {xl}k>N To do this, we fix k > N and let 7 be a constant such that
0 <7< ;= — 3[|A||? (recalling (5.4)). By (5.10) and using the triangle inequality, one has that
|| T =2l < U= t)llaT = 2| < v - 2F) < (U )|l -2l < *H 7T =2l (5.15)

(by tx < 3). By (5.9), (2.2) and (2.4), we check that y} € P,, (2§ — vp (VR(zF) + 241 A1c2k.)),
and so, we obtain from Proposition 5.1(i) (with f, h, A7, y¥, o%, vy, 2A] Area®., 0 in place of F,
H, A z x50, &, ¢) that

1

P = £a8) < = (5o = 1Al ) I = 17 = (of 5,247 Apeat)

IN

1 1
- (2 - ||A||2) ok — 12+ gk — AP+ LAk (5.06)
Vk T

1/1 i 1
<1 (g5 - 1P = ) It = 12 4 ZAlh 2

(by (5.4) and (5.15)). By the smoothness of f on B(27,0)(C R%) and (5.12), there exists L > 0
such that

Fai™) = F@D) < IVF@DIT = yil + Lll2F ™ =il (5.17)
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(by Taylors formula). The first-order optimality condition of (5.9) says that
Viluf) + - (v ot + 2047 (e ) =0, (5.18)
Then we obtain by (2.4) that
VI(yr) = 241 (Ary; —b) + Vely) = - (vlk - 2AITA1> (i — @) = 2A] Apeafe;

consequently,
1
Vg

1
(5 = 201 ) e = b+ 20415,

IVF@DIl < — - 2|A|2) Iy = 2F 1+ 21 AP [l |

W —/—

<

(due to (5.4) and (5.15)). Combing this with (5.17), we conclude by the first inequality of (5.10)
that

P )
3 /1
2 (5 - 21412 ) el = 1P + 21 APtk

IN

|t — || + Lo — 2} )? (5.19)

2

IN

3/1 1
(2 (1_) - 2A|2) th + t2(L + 7')) ™ = 2f I + Al g |-

Recalling that limy_, o tx = 0, we can assume, without loss of generality, that

1 1
g < - 2||A||2> te +ta(L+7) < d for each k > N.
v

This, together with (5.16) and (5.19), yields that

1 1 2
Pkt~ flaty < -1 (2 e 2T> e — b+ 2JAI b2 (5.20)

On the other hand, by the smoothness of f on B(z},d), we obtain by (5.12) and (2.4) that
IVF (7™ DI < IVR(E) + Vel + VR ™) = Vh)I + Ve ™) = Vo). (5.21)

Note by (5.18), (5.15) and (5.4) that

1 3
IVh(z}) + Vo(yp)| = IIE(%’Ic = yr) = 247 Arealpel| < ooy = 21+ 21 AP 2k,

IVA(F) = Vh)I < 20 Al |27 — 2],
and by (5.13) and (5.10) that

V(a7 ™) = VoD < Lollag™ = yill < Lotelat" — .
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Hence, (5.21) implies that

3
IV f(7 ™I < (2 + 2| Al* + Ldk) 25 =} + 201 A7 2 .

v

This and (5.20) show that {z¥};>n satisfies (H1°) and (H2°) with f, o%, 1 (% — ||A]* —27),
(2—1 +2|| A2 +L¢,tk) and max{\/g,Q} | Al]2||z%.|| in place of F, z¥ «a, B and e, respectively.
o
I

c
k
I

ll=

Furthermore, it follows from (5.14) that limg_, o < limg o0 2t = 0. This verifies (4.7)
assumed in Theorem 4.2(ii). Therefore, the assumptions of Theorem 4.2(ii) are satisfied, and so it
follows that {z¥} converges linearly to x%. Recall from (5.14) that {z¥.} converges linearly to 7.

(=0). Therefore, {z*} converges linearly to x*. The proof is complete. O

[

REMARK 5.2. Frankel et al. [21] considered an inexact PGA similar to Algorithm IPGA-IT
with the inexact control being given by

€, =ty dist (’ka (xk — v, VH (xk)) s P (xk_l —vg_1VH (xk_l))) .

However, this inexact control would be not convenient to implement for applications because €
is expressed in terms of P,(-) that is usually expensive to calculate exactly. In Theorem 5.3, we
established the linear convergence of Algorithm IPGA-II with the inexact control being given by
(5.7) and (5.8). Our convergence analysis deviates significantly from that of [21], in which the KL
inequality is used as a standard technique.

THEOREM 5.4. Let {x*} be a sequence generated by Algorithm IPGA-I with {vi} satisfying
(5.4). Suppose that {x*} converges to a global minimum x* of problem (1.1) and that (5.5) and
(5.6) are satisfied for each k € N with limg_,oo 7 = 0. Then {z*} converges linearly to z*.

Proof. For simplicity, we write y* € P, (2% — v, VH(2*)) for each k € N. By Proposition
5.1(i) (with y*, 2% vy, 0, 0 in place of 2, x, v, &, €) and by (5.4), one has that

1 2 k k|2 k k k .
A < F — F < F — min F .

Then, by the assumption that {z*} converges to a global minimum z* of F', we have that {y*} also
converges to this z*. By Theorem 3.2, it follows from (3.3) that 24] A; +V2p(z}) = V2f(x%) = 0.
This, together with 27 € RS, (cf. (2.3)) and the smoothness of ¢ at z7, implies that there exists

0<d < (vAp(l— p))ﬁ such that
B(z},8) CRLN{y € R®: Vp(y) = —24] Ar}. (5.22)

By the convergence of {z*} and {y*} to z*, there exists N € N such that

% g% e B(x},0), zh. € B(0,6) and ¢k =0 foreach k>N (5.23)
(by Proposition 5.1(ii)). Fix k > N. Then, by (5.6) and (5.1), we have that

1 1

(b 4+ — ||kt — b + 20 AL (AzF — b)|)2 < e + =— || — 2Fe + 205 A (Az® — b))

2’Uk 2Uk

This implies that

1
plafd!) < e+ 2o (l2Fell? = llafe = 275%) — (a3, 247 (Az" —b)). (5.24)
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Note that limg_,o, % = 0 and limy_, 7 = 0. By (5.24) and (5.6), there exists K > 0 such that
25D < K(l258 )] + ll2Fe])-
Then it follows from (2.1) (as p < 1) that
(1= Kl 1P) 5P < g s = Klla7H | < K]

Since limy_, o z%. = 0, we assume, without loss of generality, that ||z, | < (2K)~7=7. Hence,

k —
23517 < 2K [l |l = (2K l2ge |'77) ke |17

Let ay, := (2K||2%.||'"?) . Then it follows that
27t = @fell > afe |l = 2| > 7” - (5.25)
ag
On the other hand, let fi : R® — R be an auxiliary function defined by
1
fe(y) == o(y) + Eﬂy - (x’} — 20, A] (AzF — b)) |> for each y € R®. (5.26)
Obviously, fi is smooth on R% and note by Taylor’s formula of fi at y¥ that
1
Fily) = Fulul) + VWD 0 =y + 5l — i, VA WH W — D) + ollly — vF [*), vy € R*. (5.27)
By (5.26), it is clear that y§¥ € argminyegs fi(y). Its first-order necessary optimality condition
says that V£, (yF) = 0, and its second-order derivative is V2fy(y¥) = V2p(y¥) + iIS’ where I
denotes the identical matrix in R***. Note by (5.22) and (5.23) that V2@ (y¥) = —2A] A;. Then
2 k 1 T 1 T
\Y% fk(yl) - ;Is — 2AI Ar = 513 — ZAI Ar =0
k
(by (5.4)). Hence, letting o be the smallest eigenvalue of 1I, — 2A] A7, we obtain by (5.27) that
Fe) = fuh) + Sy = yf|* for any y € B(y}, 26) (5.28)
(otherwise we can select a smaller §). By (5.23), one observes that
27 = g7l < af ™ =gl + lyf — 27 < 26,
and so, (5.28) and (5.5) imply that
2 2
e — g1 < 2 (et ™) — o) < 2l 2k

Note that y* € P, («*) is arbitrary. This, together with (5.25), shows that {z*} can be seen as a
special sequence generated by Algorithm TPGA-II that satisfies (5.7) and (5.8) with max{ 72— 27}

1— oz ‘o Tk
in place of tg. Since limg_, 0o 7 = 0 and limyg_,oo o = 0 (by the definition of «y), one has that

limg_, oo max{ = Tk} = 0, and so, the conclusion directly follows from Theorem 5.3. O

1— ak70'
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It is a natural question how to design the inexact PGA that satisfies (5.5)-(5.6) or (5.7)-(5.8).
Note that both functions || - ||2 and || - —z||* in the proximal operator are separable (see (5.1)). We
can propose two implementable inexact PGAs, Algorithms IPGA-Ip and IPGA-IIp, which are the
parallel versions of Algorithms IPGA-I and IPGA-II, respectively.

ALGORITHM IPGA-IP. Given an initial point 2 € R", a sequence of stepsizes {vx} C Ry
and a sequence of nonnegative scalars {e;} C R,. For each k € N, having z¥, we determine 2**!
by

it e Py e ((2F — UkVH(xk))Z) with e, = 75 ||z¥*t — ¥ foreachi=1,...,n.

%

ALGORITHM IPGA-IIP. Given an initial point 2° € R", a sequence of stepsizes {vy} C Ry
and a sequence of nonnegative scalars {t;} C R,. For each k € N, having z*, we determine z**!
satisfying

dist (2}, (P, (2% —0x VH (2%))) ) < tpllaft! —2F| foreachi=1,...,n.

i

It is easy to verify that Algorithms IPGA-Ip and IPGA-IIp satisfy conditions (5.5)-(5.6) and
(5.7)-(5.8) respectively, and so, their linear convergence properties follow directly from Theorems
5.3 and 5.4.

6. Extension to infinite dimensional cases. This section extends the results in preceding
sections to the infinite-dimensional Hilbert spaces. In this section, we adopt the following notations.
Let H be a Hilbert space, and let ¢? denote the Hilbert space consisting of all square-summable
sequences. We consider the following ¢, regularized least squares problem in infinite-dimensional
Hilbert spaces

min F(z) == |[Az — bl + ) Aila[?, (6.1)

z€l? Py
where A : (2> — H is a bounded linear operator, and \ := ()\;) is a sequence of weights satisfying

Ai >A>0 foreachieN. (6.2)

We start from some useful properties of the (inexact) descent methods and then present the
linear convergence of (inexact) descent methods and PGA for solving problem (6.1).

PROPOSITION 6.1. Let {z*} C (% be a sequence satisfying (H1°) and (H2°), and {*} satisfy
(4.2). Then there exist N € N and a finite index set J C N such that

supp(z¥) = J  for each k > N. (6.3)

Proof. Fix k € N. By (H1°), one has that

o0
Pa*) < F@* ") —afla =t 24 &, < Pab ) + &, < ) + 3 & < 4o
1=0
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(due to (4.2)). Then, it follows from (2.1) and (6.2) that
DAl <
i=1

Then {z*} is bounded, denoting the upper bound of their norms by M. Let

i d L oY,
T mm{ﬂ’ (s e } =0 (4

Note by Proposition 4.1(i) that limy_,o ||25T* — 2¥|| = 0, which, together with (4.2), shows that
there exists IV € N such that

¥ |P < HI’“II,@ < F(2*) < 400.

[>] =
[>] =

[|#**1 —2*| <7 and e <1 foreach k > N. (6.5)
We claim that the following implication is true for for each k > N and i € N
A0 = 2F > (6.6)
hence, this, together with (6.5), implies (6.3), as desired.

Finally, we complete the proof by showing (6.6). Fix k¥ > N and ¢ € N, and suppose that
ok #£ 0. Then, it follows from (6.2) and (H2°) that

Aplaf [Pt + 247 (A2® = b) < [JwP]| < Blla® — 2t + e < 2

(due to (6.5) and 7 < % by (6.4)). Noting that ||z*|| < M, we obtain from the above relation that

Ap o
| > ( ) >7
2+ 2||Al[>M + 2[| Al o
(by (6.4)), which verifies (6.6), as desired. O

REMARK 6.1. (i) Problem (6.1) for the n-dimensional Euclidean space has an equivalent

. 1
formula to that of problem (1.1). Indeed, let u; := (%)5 z; and K; := (%) "Afori=1,...,n.
Then, problem (6.1) is reformulated to min,egn ||[Ku—b|[* + Xul|b that is (1.1) with K and w in

place of A and x.

(ii) It is easy to verify by the similar proofs that Theorem 3.2 and Corollary 3.4 are also true
for problem (6.1) in the infinite-dimensional Hilbert spaces.

THEOREM 6.2. Let {2*} C ¢2 be a sequence satisfying (H1) and (H2). Then {z*} converges
to a critical point ©* of problem (6.1). Suppose that x* is a local minimum of problem (6.1). Then
{2*} converges linearly to x*.

Proof. By the assumptions, it follows from Proposition 6.1 that there exist N € N and a finite
index set J such that (6.3) is satisfied. Let f; : R/l — R be a function denoted by

fr(y) == ||Asy — b||* + Z)\i|yi|p for any y € R,
ieJ
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By the assumptions and (6.3), we can check that {z%};> y satisfies (H1) and (H2) with 2% and f;
in place of ¥ and F. Hence, the convergence of {xﬁ} to a critical point x% of f; directly follows
Theorem 4.3. Let x%; = 0. Then, by (6.3), it follows that {x*} converges to this #*, which is a
critical point of problem (6.1). Furthermore, suppose that z* is a local minimum of problem (6.1).
Then 2% is also a local minimum of f;, and so, the linear convergence of {z%} to z* also follows
from Theorem 4.3. Then, by (6.3), we conclude that {z*} converges linearly to this z*. O

THEOREM 6.3. Let {z*} C (2 be a sequence satisfying (H1°) and {€*} satisfy (4.2). Suppose
one of limiting points of {x*}, denoted by x*, is a local minimum of problem (6.1). Then the
following assertions are true.

(i) {z*} converges to z*.
(ii) Suppose further that {z*} satisfies (H2°) and {€*} satisfies (4.7). Then {x*} converges
linearly to x*.

Proof. The proofs of assertions (i) and (ii) of this theorem use the lines of analysis similar to
that of assertion (i) of Theorem 4.2 (recalling from Remark 6.1(ii) that Corollary 3.4 is true for
the infinite-dimensional cases) and that of Theorem 6.2, respectively. The details are omitted. O

Bredies et al. [10] investigated the PGA for solving problem (6.1) in infinite-dimensional
Hilbert spaces and proved that the generated sequence converges to a critical point under the
following additional assumptions: (a) {z € ¢* : ATAx = ||AT Az} is finite dimensional, (b)
AT Al is not an accumulation point of the eigenvalues of AT A, (c) A satisfies a finite basis
injectivity property, and (d) p is a rational. Improving [10, Theorem 5.1], we prove the global
convergence of the PGA under a simple assumption, and further establish its linear convergence in
the following theorem. Recall from [2, Theorem 5.1] that the sequence {z*} generated by Algorithm
PGA satisfies conditions (H1) and (H2) under the assumption (5.4). Hence, as an application of
Theorem 6.2, the results in the following theorem directly follow.

THEOREM 6.4. Let {z*} C 2 be a sequence generated by Algorithm PGA with {vy} satisfying
(5.4). Then {x*} converges to a critical point x* of problem (6.1). Furthermore, suppose that x*
is a local minimum of problem (6.1). Then {x*} converges linearly to x*.

Let * be a local minimum of problem (6.1). It was reported in [16, Theorem 2.1(i)] that

* Ap(l - p) ﬁ . *
|xf| > ( for each i € supp(z”).
2[|Aq]?
This indicates that supp(z*) is a finite index set. Then, following the proof lines of Theorems 5.2-
5.4, we can obtain the linear convergence of inexact PGAs for infinite-dimensional Hilbert spaces,
which are provided as follows.

THEOREM 6.5. Let {z*F} C % be a sequence generated by Algorithm IPGA-I with {vy} satis-
fying (5.4). Then the following assertions are true.

(i) Suppose that (4.2) is satisfied, and that one of limiting points of {z*}, denoted by z*, is a
local minimum of problem (6.1). Then {z*} converges to z*.

(ii) Suppose that {x*} converges to a global minimum x* of problem (6.1) and that (5.5) and
(5.6) are satisfied for each k € N with limg_,o0 7 = 0. Then {z*} converges linearly to z*.
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THEOREM 6.6. Let {2*} C (2 be a sequence generated by Algorithm IPGA-II with {vy}
satisfying (5.4). Suppose that {x*} converges to a local minimum x* of problem (6.1) and that
(5.7) and (5.8) are satisfied for each k € N with limj_,, tx = 0. Then {2*} converges linearly to

*

xT.

REMARK 6.2. Algorithms IPGA-Ip and IPGA-IIp, the parallel versions of Algorithms IPGA-
I and IPGA-II, are implementable for solving problem (6.1) in the infinite-dimensional Hilbert
spaces, and the generated sequences share the same linear convergence properties as shown in
Theorems 6.5 and 6.6, respectively.
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