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0 Abstract

Let O be a set of k orientations in the plane, and let P be a simple polygon in the plane.
Given two points p, ¢ inside P, we say that p O-sees q if there is an O-staircase contained
in P that connects p and ¢. The O-Kernel of the polygon P, denoted by O-Kernel(P), is
the subset of points which O-see all the other points in P. This work initiates the study
of the computation and maintenance of O-Kernel(P) as we rotate the set O by an angle
0, denoted O-Kernelp(P). In particular, we consider the case when the set O is formed by
either one or two orthogonal orientations, O = {0°} or O = {0°,90°}. For these cases and
P being a simple polygon, we design efficient algorithms for computing and maintaining

the O-Kernely(P) while § varies in [~7, ), obtaining the angular intervals where: (i) O-

Kernely(P) is not empty, (ii) O-Kernelg(P) optimizes area or perimeter. Further, we show
how the algorithms can be improved when P is a simple orthogonal polygon.

1 Introduction

The problem of computing the kernel of a polygon is a well-known visibility problem in compu-
tational geometry [8 (10, [13], closely related to the problem of guarding a polygon [12] [15] [16],
and also to robot navigation inside a polygon with the restriction that the robot path must
be monotone in some predefined set of orientations [7, [I8]. The present contribution goes a
step further in the latter setting, allowing the polygon or, equivalently, the set of predefined
orientations to rotate. In particular, we show how to compute the orientations that maximize
the region from which every point can be reached following a monotone path.

A curve C is 0°-convez if its intersection with any 0°-line (a line parallel to the z-axis) is
connected or, equivalently, if the curve C is y-monotone. Extending this definition, a curve C
is a-convez if the intersection of C with any a-line (a line forming a counterclockwise angle o
with the positive z-axis) is connected or, equivalently, if the curve C is monotone with respect
to the direction perpendicular to such a line.
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Let us now consider a set O = {aq,...,ax} of k orientations in the plane, each of them
given by an oriented line ¢;, 1 <1 < k, through the origin of the coordinate system, and forming
a counterclockwise angle a; with the positive z-axis (hereafter, all the angles will be measured
in this way). Then, a curve is O-convez if it is aj-convex for all i, 1 < ¢ < k or, equivalently,
if it is O--monotone, i.e., its intersection with a line perpendicular to any of the orientations
in O is connected. From now on, an O-convex curve will be called an O-staircase. See Figure

Figure 1: Examples of a {0°}-staircase which is not a {0°,90° }-staircase (left) and of a {0°,90°}-
staircase (right).

Notice the difference with the notion of O-convez region [5], for which the intersection with
a line parallel to any of the orientations in O has to be connected. Also, observe that the
orientations in O are between 0° and 180°. Moreover, the only [0°,360°)-convex curves are
lines, rays or segments. Throughout this paper, the angles of orientations in O will be written
in degrees, while the rest of angles will be measured in radians.

Definition 1. Let p and q be two points inside a simple polygon P. We say that p and q O-see
each other or, equivalently, that they are O-visible from each other, if there is an O-staircase
contained in P that connects p and q.

From the example in Figure [1} p and ¢ are {0°}-visible, while p’ and ¢’ are in addition
{0°,90°}-visible. It is easy to see that p and ¢ are not {90°}-visible.

Definition 2. The O-Kernel of P, denoted O-Kernel(P), is the subset of points in P which
O-see all the other points in P. The O-kernel of P when the set O is rotated by an angle 0 will
be denoted by O-Kernely(P).

1.1 Previous related work

Let us first present some previous works on the concepts of the O-visibility and on the O-Kernel
of a simple polygon P. Schuierer, Rawlins, and Wood [15] defined the restricted orientation
visibility or O-wisibility in a simple polygon P with n vertices, giving an algorithm to compute
the O-Kernel(P) in time O(k 4 nlog k) with O(klog k) preprocessing time to sort the set O of
k orientations. In order to do so, they used the following observation.

Observation 3. For any simple polygon P, the O-Kernel(P) is O-convex, connected, and

O-Kernel(P) = ﬂ a;-Kernel(P).
a; €O



Later, Schuierer and Wood [16] defined the external O-Kernel of a polygon, which can be
used to compute the O-Kernel of a simple polygon with holes. The O-kernel(P) of a simple
polygon with holes is neither necessarily connected nor O-convex. The authors showed that
if Hy,...,H,, are the holes of the simple polygon P, () is the enclosing polygon of P, and
O-Kernel,.(H;) is the external O-Kernel of a polygon H;, then

Observation 4.

m
O-Kernel(P) = O-Kernel(Q) N ﬂ O-Kernel, (H;).
i=1

The external O-Kernel of a simple polygon with n vertices can be computed in O(n+k)-time
with an O(klogk) preprocessing time to sort the elements in O. Then, using Observation
we can compute the O-Kernel of a multiply connected polygon with n vertices and m holes in
O(n(logk + logn) + m(k +m)) time.

The computation of the O-Kernel has been considered by Gewali [4] as well, who described
an O(n)-time algorithm for orthogonal polygons without holes and an O(n?)-time algorithm
for orthogonal polygons with holes. The problem is a special case of the one considered by
Schuierer and Wood [17] whose work implies an O(n)-time algorithm for orthogonal polygons
without holes and an O(n log n+m?)-time algorithm for orthogonal polygons with m > 1 holes.
More recently, Palios [I12] gave an output-sensitive algorithm for computing the O-Kernel of
an n-vertex orthogonal polygon P with m holes, for O = {0°,90°}; his algorithm runs in
O(n + mlogm + /) time where ¢ € O(1 + m?) is the number of connected components of
{0°,90°}-Kernel(P). Additionally, a modified version of this algorithm computes the number ¢
of connected components of the {0°,90°}-Kernel in O(n + mlogm) time [12].

1.2 Our contribution

We consider the problem of computing and maintaining the O-kernel of P while the set O
rotates, that is, computing and maintaining O-Kernely(P) under variation of 6. For a simple
polygon P and 6 varying in [-3, § ), we propose algorithms achieving the complexities in Table
where «(n) is the extremely-slowly-growing inverse of Ackermann’s function [1].

Get intervals of § where Is non-empty Has max/min area Has max/min perimeter

Time Space Time Space Time Space

O(nlogn) O(n) O(n%a(n)) O(na(n)) || O(na(n)) O(na(n))

{0°}-Kernely (P) (SectiOH (Section [2.3.1]) (Section [2.3.2])

10°.90°) -Kernely(P)_| O0200) Oma(n)) [ O(wPa(m)  Olna(m) | Oa(n)  Ofna(n)

(Section ) (Section D (Section )
O-Kernely(P) O(kna(n)) O(kna(n)) || O(kn?a(n)) O(kna(n)) || O(kn?a(n)) O(kna(n))

Table 1: Results for P a simple polygon.

In addition, for the case of a simple orthogonal polygon P, we show improved algorithms to
achieve the complexities in Table

2 The rotated {0°}-Kernely(P) of simple polygons

Let (p1,...,pn) be the counterclockwise sequence of vertices of a simple polygon P, which is
considered to include its interior (sometimes called the body). In this section we deal with the
rotation of the set O = {0°} by an angle 6 € [~7, §) and the computation of the corresponding
O-Kernely(P), proving the results in the first row of Table



Get intervals of 8 where Is non-empty || Has max/min area || Has max/min perimeter

Time  Space Time Space Time Space

O(n)  On) || O(n) O(n) O(n) O(n)

°}-K lo(P
{0°}-Kernely(P) (Section (Section (Section
O(n) O(n) O(n) O(n) O(n) O(n)
°,90°}-K lo(P

{0°,90°}-Kernely (P) (Sectionlﬁb (Sectionlﬁb (Sectionlﬁ‘)
O-Kernely (P) O(kn) O(kn) || O(kn) O(kn) O(kn) O(kn)

Table 2: Results for P a simple orthogonal polygon.

2.1 About the {0°}-Kernel(P), its area, and its perimeter

For the case O = {0°} and § = 0, i.e., for the {0°}-Kernelp(P) or, more simply {0°}-Kernel(P),
the kernel is composed by the points inside P which see every point in P via a y-monotone
curve. Note that if P is a convex polygon, then the {0°}-Kernel(P) is the whole P. Schuierer,
Rawlins, and Wood [15] presented the following definitions, observations, and results.

Definition 5. A reflex vertex p; € P is a reflex maximum (respectively reflex minimum) if
pi—1 and pi41 are both below (resp. above) p;. Analogously, a horizontal edge with two reflex
vertices is a reflex maximum (resp. minimum) when its two neighbors are below (resp. above).

Note that, throughout this work, the edges are considered to be closed and, therefore,
containing their endpoints. Let S(P) be the strip defined by the horizontal lines hy and hg
passing through a lowest reflex minimum py and a highest reflex mazimum pg of P; if P does not
have a reflex maximum (resp. minimum), we take as a highest (resp. lowest) reflex maximum
(resp. minimum) a lowest (resp. highest) vertex of P. It is clear that there are neither reflex
minima nor reflex maxima inside S(P). See Figure

Lemma 6. [I5] The {0°}-Kernel(P) is the region defined by the intersection S(P) N P.
Corollary 7. [15] The {0°}-Kernel(P) can be computed in O(n) time.

Moreover, the horizontal lines hy and hg contain the segments of the north boundary and
of the south boundary of the {0°}-Kernel(P). See again Figure 2] Lemma [f]is straightforward
and Corollary [7] is trivial by computing both the lowest reflex minimum and the highest reflex
maximum in linear time and then computing S(P) N P in extra linear time.

Figure 2: A {0°}-Kernelp(P) for 6 = 0.

Now, let ¢! and ¢ denote the left and the right polygonal chains defined, respectively, by
those parts of the boundary of P which are inside S(P). Let |¢!| and |¢"| denote their number of



segments. It follows from the definition of S(P) and Lemma [6] that both chains are 0°-convex
curves, i.e., y-monotone chains. See Figure [2| once more.

Corollary 8. The area and the perimeter of the {0°}-Kernel(P) can be computed in O(n) time.

Proof. To compute the area of the {0°}-Kernel(P) = S(P) NP we proceed as follows. This area
can be decomposed into (a finite number of) horizontal trapezoids defined by pairs of vertices in
A Uc" with consecutive y-coordinate. The area of these trapezoids can be computed in constant
time, so the area of {0°}-Kernel(P) = S(P)N P can be computed in O(|c!| + |c"|) time.
Computing the perimeter is even simpler, because we only need the addition of the lengths
of ¢! and ¢ plus the lengths of the north and south boundaries of the {0°}-Kernel(P), which
can also be done in O(|c!| + |c"|) time. O

2.2 Computing and maintaining the {0°}-Kernely(P) of simple polygons

In this subsection, we show how to compute and maintain the {0°}-Kernelg(P) as € varies in
[—5, %), obtaining the intervals where it is non-empty, with the complexities in the first cell
of the first row of Table It is clear that we do not need a complete rotation, since {0°}-
Kernel = (P) = {0°}-Kernelz (P). Also, observe that Deﬁnition for reflex maxima/minima
with respect to the horizontal orientation, can be easily extended to any orientation 6 € [~F, 5)
as follows.

Definition 9. A reflex vertex p; in a simple polygon P where p;—1 and p;+1 are both below
(respectively above) p; with respect to a given orientation 6 is a reflex maximum (resp. reflex
minimum ) with respect to 0. Analogously, an edge of angle 0 with two reflex vertices is a reflex
mazximum (resp. minimum) when its two neighbors are below (resp. above) with respect to the
orientation 6.

In order to know the intervals for § such that the {0°}-Kernelp(P) is not empty, we need to
maintain the boundary of the rotation by angle 6 of the strip S(P) previously defined, which
will be denoted as Sp(P). It is straightforward to extend Lemma [f] to any orientation 6. See

Figure

Lemma 10. The {0°}-Kernely(P) is the region defined by the intersection Sg(P) N P.

Figure 3: A rotating {0°}-Kernelg(P) for 6 = 0 (left), 6 =

% (middle), and 6 = 7 (right).

Thus, in order to know when the {0°}-Kernelp(P) is non-empty, we first need to maintain
the equations of the two lines hx(6) and hg(6) passing through the lowest reflex minimum and
the highest reflex maximum with respect to the current orientation 6. Second, if we want to
compute and maintain the boundary of {0°}-Kernelp(P), we also need to maintain the set of
vertices of the current left and right boundary chains, respectively denoted by cle and cp, of
{0°}-Kernely(P). See again Figure



Now, we sketch an algorithm to compute the intervals of the values of # within [—7, §) such
that Sp(P) # 0 and therefore, such that {0°}-Kernelp(P) # 0.

ALGORITHM FOR COMPUTING THE INTERVALS WITH {0°}-Kernely(P) # ()

1. For each vertex p; € P, check whether p; is reflex. If it is, compute the angular intervals
[0%,0%) and [0¢ + 7,05 + 7) of orientations # for which p; is reflex, and the corresponding
reflex slope intervals defined when rotating with pivot p; the line containing the edge
Pi—1p; up to the line containing the edge p;p;+1. Then, the vertex p; is a candidate to be
a reflex maximum/minimum only for the orientations in the interval [m¢, m}). Note that
a reflex slope interval may be split into two, in case it contains the orientation /2.

2. From the information of Step |1, compute the sequence of event intervals, each of which is
defined by a pair of orientation values [01,62) C [~7, §) such that for any value 6 € (01, 02)
the strip Syp(P) is supported by the same pair of vertices of P. In other words, such that the
pair of vertices of P defining the lowest reflex minimum and the highest reflex maximum
does not change for 6 € (61,603). Recall Figure Note that, by Lemma [6 the strip
Sp(P) is empty if, with respect to €, the lowest reflex minimum is below the highest reflex
maximum. In order to compute the sequence of event intervals:

Take the dual of the set of vertices p; € P, getting for each of them the line D(p;). On
each of these lines, mark the segment corresponding to the reflex slope interval of its
primal point p;. See Figure [d Mark also all the line segments of the two polygonal chains
corresponding to the dualization of the vertices of the upper and lower hulls of CH(P).

cc \es D
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Figure 4: Dualization of a reflex slope interval.

In this way, we get the set D with a linear number of straight-line segments in the dual
plane, together with two polygonal chains. Now, sweeping a vertical line from left to
right in the dual, the vertical corresponding to a value 6 intersects some segments of the
arrangement, which correspond to the reflex vertices in the primal. Since the dualization
preserves the above-below relations between lines and/or points, the uppermost and the
lowest segments intersected in the dual correspond in the primal to the lowest reflex
minimum and the highest reflex maximum.

3. In O(nlogn) time, compute the lower envelope of D, denoted by Lp, and the upper
envelope of D, denoted by Up [6]. Sweeping in O(nlogn) time the arrangement Lp UUp

we obtain the sequence of pairs “lowest reflex minimum and highest reflex maximum”

for all the event intervals [f1,602), as @ varies in [~F, 5 ). Since the upper envelope and

the lower envelope of a set of n possibly-intersecting straight-line segments in the plane



have worst-case size O(na(n)), where a(n) is the extremely-slowly-growing inverse of
Ackermann’s function [I], the number of pairs obtained is in O(na(n)).

4. Update an event interval [01,62) C [~F, §) if, for the corresponding pair, the lowest reflex

minimum is above the the highest reflex maximum.

5. Additionally, to maintain the polygonal chains ¢} and ¢} of the {0°}-Kernely(P), we com-
pute the intersections of the lines hy(f) and hg(0) with the boundary of P, maintaining
the information of the first and the last vertices of clg and cj in the current interval [0, 62).

From the discussion above, we get the following result.

Theorem 11. For an n-vertex simple polygon P, there are O(na(n)) angular intervals [61,602) C
(5, %) such that {0°}-Kernelg(P) # 0 for all the values of 6 € [01,02), and the set of such
intervals together with the boundary of {0°}-Kernelp(P) can be computed and maintained in
O(nlogn) time and O(na(n)) space.

2.3 Optimizing the area and perimeter of the {0°}-Kernely(P) of simple
polygons

2.3.1 Optimizing the area of the {0°}-Kernely(P)

Let us consider the problem of optimizing the area of the {0°}-Kernely(P), i.e., computing the
value(s) of € such that the area of {0°}-Kernelg(P) is maximum or minimum. We will prove
the complexities in the second cell of the first row of Table

First, subdivide the previous angular intervals [f1,603) every time that, as 6 varies, a new
vertex of the polygon P enters the strip Sy(P). Notice that this can be done in constant time,
using the circular order of the vertices of P and taking the smallest among the angles defined
by the current points py(0), hy(0) (respectively ps(0), hs(0)) and the next two vertices of P in
the counterclockwise rotation of hy () (resp. hs(f)). With a slight abuse of the notation, we
will denote the angular intervals obtained after the subdivision with the same terminology as
above, i.e., as [0;,0;+1).

Then, at every step, the differential in the area can be decomposed into triangles, as shown
in Figure 5, In particular, for each of these intervals [6;,6;+1), within which the highest reflex
maximum and the lowest reflex minimum do not change:

Area({0°}-Kernely,, , (P)) = Area({0°}-Kernely, (P)) + A1 + A2 — B1 — Bs. (1)

Figure 5: The four triangles A;, Az (in green), and By, By (in red).

Thus, the area of the {0°}-Kernely(P) can be expressed, using simple trigonometric relations,
as a function A(f) of the angle of rotation 3 € [0, 0;41), see Section[A.1]in the appendix. Then,



it only remains to obtain the maximum value of that function in the interval. As detailed in
Section this amounts to finding the real solutions of a polynomial equation in ¢ of degree 6.

Before stating the algorithm to compute the optimal area, let us discuss the possible number
of event intervals. Observe that events arise not only at changes of the lowest reflex minimum
and the highest reflex maximum, but also when a new vertex of the polygon enters the strip,
i.e., at changes in the polygonal chains cle and ¢ of {0°}-Kernelg(P). Surprisingly enough,
there can be a ©(n?) number of these changes as shown in Figure @ Thus, the number of event
intervals is in O(n?a(n)).

O(n) vertices ©
in the corner

Figure 6: A point configuration such that for each vertex p;, 1 <1i < 4, all the ©(n) vertices in
the corner will be scanned again.

ALGORITHM FOR COMPUTING THE OPTIMAL AREA:

1. Let [f1,62) be the first event interval of the sequence of at most O(n2a(n)) event intervals.
Let py and pg be the corresponding lowest reflex minimum and highest reflex maximum.
By Corollary [8] we can compute the value of the area A(6;) of {0°}-Kernely, (P) for the
fixed orientation #; in O(n) time and space. Then, we assign it as the first current area
value.

2. According to the discussion above, compute the function A(f3), where 8 € [f1,62), and in
constant time determine the value of 8 corresponding to the optimal area and update the
maximum (and the minimum).

3. Proceed analogously with the next event interval, computing and updating in constant
time the current optimal values for the area.

2.3.2 Optimizing the perimeter of {0°}-Kernely(P)

Second, we consider the problem of optimizing the perimeter of {0°}-Kernely(P), denoted by
I1(0). We will prove the complexities in the third cell of the first row of Table

The goal is to compute the value(s) of 6 such that the perimeter of the {0°}-Kernelg(P) is
maximum (or minimum). The differential in the perimeter can be decomposed as adding two
segments and subtracting two other segments, see Figure

Again, the perimeter then can be expressed, using simple trigonometric relations, as a
function II(8) of the angle of rotation 8 € [0;,6;+1), see Section in the appendix. Then,



Figure 7: The relevant points for the computation of the optimal perimeter.

it only remains to obtain the maximum value of that function in the interval. As detailed in
Section[A.2] this amounts to finding the real solutions of a polynomial equation in ¢ of degree 35.

Thus, an ALGORITHM FOR COMPUTING THE OPTIMAL PERIMETER analo-
gous to the one proposed for the area at the end of Section leads to the following result.

Theorem 12. Given a simple polygon P with n vertices, the value of the angle 6 € [~5, %) such
that the {0°}-Kernelyg(P) has mazimum (and minimum) area and/or perimeter can be computed

in O(n2a(n)) time and O(na(n)) space.

3 The rotated {0°,90°}-Kernely(P) of simple polygons

Next, we will study the problem of computing the O-Kernel of P when O is given by two
rotating perpendicular orientations, proving the results in the second row of Table Notice
that the two orientations do not need to be perpendicular for the proofs nor the algorithm in
this section, because we are using Observation [3] Moreover, since the problem for a set O with
k orientations reduces to computing and maintaining the intersection of k different kernels, the
results in the third row of Table [[] will follow as well.

3.1 Computing and maintaining the {0°, 90° }-Kernely(P) of simple polygons

From Observation |3, we can compute the {0°,90°}-Kernelyp(P) by computing the intersection
of the two kernels {0°}-Kernelg(P) and {90°}-Kernelp(P). Note that, in fact, the latter equals
{0°}-Kernelg; z (P). In the following, the points pw and pg for the {90°}-Kernely(P) are
analogous to the points py and pg previously defined for the {0°}-Kernely(P), recall Figure

The possible intersection shapes that arise during rotations are illustrated in Figures[8 and [9]
In particular, notice the case in the right picture of the latter figure, where the intersection is
just a rectangle.

Observe also that the kernel might be empty if: (i) one of the two kernels {0°}-Kernely(P)
or {90°}-Kernelp(P) is empty (then their intersection is also empty), or (ii) the intersection
of both kernels is a rectangle lying outside the polygon P (see Figure [0 left). The case (i)
is easy to manage once we have computed the set of event intervals where each of the two
kernels is non-empty. For the case (ii), assuming that we are working with event intervals where
both {0°}-Kernely(P) and {90°}-Kernelg(P) are non-empty, the following observation allows to
check whether the intersection {0°}-Kernely(P) N {90°}-Kernely(P) = {0°,90°}-Kernely(P) is
non-empty.



Figure 8: A general kernel and the rotated kernel in the next event.

Figure 9: Three types of kernel.

Observation 13. The {0°,90°}-Kernely, (P) is non-empty in the following cases: (a) At least
one point among the current py(60;) or ps(6;) is inside the kernel defined by pg(6;) and py (6;),
or vice versa (see Figure . (b) The polygon P contains at least one of the corners of the
rectangle given as the intersection of the (vertical) strip defined by two parallel lines vy (/)
passing through py (6;) with slope tan(6; + ), and vg(8) passing through pg(6;) with slope
tan(6; + (), and the (horizontal) strip defined by the two parallel lines hy () passing through
pn (0;) with slope tan(6;+m/2+ ), and hs(8) passing through ps(6;) with slope tan(6;+m/2+3)
(see Figure [9).

Thus, to compute and maintain the set of event intervals where {0°,90°}-Kernelg(P) # ()
as 0 € [—%, %) we proceed with the following algorithm.

ALGORITHM FOR COMPUTING THE INTERVALS WITH {0°,90°}-Kernely(P) #
0:

1. Compute, in O(nlogn) time and O(na(n)) space, the sequence of (at most O(na(n)))
event intervals, say [0;,0;41) C [—%,5) where {0°}-Kernelp(P) # (). Proceed analo-
gously to compute the sequence of event intervals, say [0;,0;11) C [~3, §) where {90°}-
Kernely(P) # 0, in O(nlogn) time and O(na(n)) space. In O(na(n)) time and space,

merge these two event sequences into a sequence with complexity O(na(n) of the event

10



intervals corresponding to the simultaneous rotation of both kernels. Notice that, in fact,
the second sequence is just the first one shifted by 5

2. We only have to care about the complexity of computing the intersection of both kernels
at each event interval. For such an interval of a kernel, we compute and maintain the
corresponding lowest reflex minimum and highest reflex maximum (py and pg for the
{0°}-kernel, pg and py for the {90°}-kernel) and also the, at most four, points of P
which are the endpoints of the polygonal chains Clei and cj say Pk, Dkys Phks, and py, for
the {0°}-Kernel and p), , py,, pj,, and pj, for the {90°}-Kernel. The set of all these 12
points does not change in the current event interval of both kernels.

3. From Observation to determine the intervals where {0°,90°}-Kernelyp(P) # 0 we do
the following for each of the intervals [0;,60;11) computed in the step

(a) Check whether at least one point, px or pg, is inside the other kernel, defined by pg
and py (it is enough to check that it is inside the strip containing the other kernel),
or vice versa. Notice that the situation of these four points cannot change during
the event interval [0;,6;11). This can be checked in constant time, by an orientation
test with the point considered and the two lines forming the strip.

(b) On the other case, we compute the four arcs of circles described by the four corners
of the intersection rectangle of the two strips. See Figure [9] noting that each arc is
defined by a corner of the rectangle and the two points among {py, pw, ps, P} corre-
sponding to the two lines which define that corner. The corner ¢;; is the intersection
point of the vertical line v; with the horizontal line hj, i € {N, S}, j € {W, E}. No-
tice that vy passes through pyw, vg passes through pg, hy passes through py, and
hg passes through pg, respectively. For example, the point corner ¢y g describes the
semicircle having as diameter the segment pypg; from this semicircle we compute
the arc ayg corresponding to the current event interval [6;,0;41).

Compute the intersection of each of the arcs a;; with the polygon P, splitting a;;
into the sub-arcs which are inside P in at most O(n) time. Maintain the information
of the sub-arcs or intervals while the corresponding pair does not change. Compute
the union of the sub-arcs or its translation to event intervals where at least a corner
is inside the current rectangle. Recall Figure [0} Because there are at most O(na(n))
pairs of lowest reflex minimum and highest reflex maximum (recall Section , the
total complexity for this step will be O(n?a(n)).

The next result follows.

Theorem 14. Given a simple polygon P with n vertices, there are at most O(n? a(n)) angular
event intervals of the type [0;,0;41] C [=5,5) such that {0°,90°}-Kernelg(P) # 0 for all the
values of 0 € [0;,0;41). Moreover, the sequence of these intervals can be computed in O(n?a(n))

time and space.

It is clear that in case we have a set O = {aq,...,ax} of k orientations, we can extend
Theorem Notice that Observation [13] can be extended as follows: Instead of the four points
PN, Ps, PE, and py, we have 2k highest/lowest reflex maxima/minima according to the k
different orientations. The extended version of condition (a) requires at least one of them to
be inside the convex polygon defined by the intersection of the k strips, what can be checked
in O(k) time and space, and condition (b) holds if at least a vertex of this convex polygon is
inside P, what can be checked in O(kn?a(n)). Thus, we get the following.
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Theorem 15. Given a simple polygon with n vertices, there are at most O(kn?a(n)) angular
event intervals of the type [0;,0;41) C [, 5) such that {aq, ..., o }-Kernelg(P) # 0 for all the
values of 0 € [0;,0;4+1). Moreover, the sequence of these intervals can be computed in O(kn?a(n))
time and space.

3.2 Optimizing the area and perimeter of {0°,90°}-Kernely(P) of simple
polygons

To compute and maintain the optimal values for the area and perimeter of the {0°,90°}-
Kernely(P), we can use the data computed above about the event intervals where this kernel is
non-empty. Moreover, we can assume that in each of these intervals there are neither changes
in the points of P defining the kernel, nor changes in the vertices of the intersection rectangle
of the two kernel strips. That is, following Observation we compute different event intervals
for the cases when one, two, three, or the four vertices of the rectangle lie inside the kernel.
This only implies a multiplicative constant factor in the number of event intervals. Thus, again
a total of O(n?a(n)) event intervals arise.

Next, we can analyze the method and formulas to compute the area or the perimeter ac-
cording to the different types of event intervals. We can always assume that we have computed
the area or the perimeter of the previous interval, i.e., if we are going to analyze the interval
[0;,0i+1) we know the values of the area and the perimeter for [0;_1,6;).

Thus, for the area or perimeter in the case (a) of Observation if these four points are
inside the kernel, as in Figure [8] then we have to consider the 8 triangles involved with the
formulas for area or perimeter, in an analogous way as for the case of one orientation {0°}-
Kernely(P) in Section If there are three, two, or only one of the points inside the kernel, it
is enough to incorporate the corresponding new formulas for these cases. For the sake of easier
reading, and since the complexity of the algorithm does not increase, the details for those cases
are omitted.

An analogous situation arises for the case (b) of Observation If the rectangle contains
the four corners inside the polygon P, then it is easy to describe the formulas for the area and
perimeter. We would have to add new formulas for the cases where there are three, two, or
only one corner of the rectangle, but again the complexity of the algorithm does not change
and details are omitted.

Thus, it is clear that the relevant issue for the algorithms optimizing area or perimeter is
the number O(n?a(n)) of event intervals, because the computations in each interval will be of
constant time. Therefore, we have the following result.

Theorem 16. Given a simple polygon with n vertices, the values of 6 € [—5,5) such that the
area or the perimeter of the {0°,90°}-Kernelp(P) are maximum/minimum can be computed in

O(na(n)) time and space.

4 Simple orthogonal polygons

In this section, we confine our study to simple orthogonal polygons, showing how the results in
Table [I] can be improved to those in Table [2] for this case.

Each edge of an orthogonal polygon is a N-edge, S-edge, E-edge, or W-edge depending on
whether it bounds the polygon from the north, south, east, or west, respectively. We call
a sequence of alternating N- and E-edges a NE-staircase, and similarly we define the NW-
staircase, SE-staircase, and SW-staircase. Clearly, each of these staircases is both z- and y-
monotone (recall Figure . In addition, for D € {N,S,E, W}, a D-dent is a D-edge whose
both endpoints are reflex vertices of the polygon.
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Similarly, we can characterize the reflex vertices of an orthogonal polygon based on the type
of incident edges. More specifically, each reflex vertex incident on a N-edge and an E-edge is
called a NE-reflex vertexr, and analogously we have the NW-, SE- and SW-refiex vertices. See
Figure left. This figure directly implies the following observation.

Observation 17. With respect to the orientation 6, for 6 € (0, 5), every SE-reflex vertex of
an orthogonal polygon is a reflex maximum and every NW-reflex vertex is a reflex minimum,
whereas for 6 € (5, 7), every SW-reflex vertex is a reflex maximum and every NE-reflex vertex
is a reflex minimum. Analogously, with respect to the orientation 6 + 7, for 6 € (0, 5), every
SW-reflex vertex is a reflex maximum and every NE-reflex vertex is a reflex minimum, whereas
for § € (5, ), every SE-reflex vertex is a reflex maximum and every NW-reflex vertex is a reflex

minimum.

Observation [17] indicates a crucial advantage of the orthogonal polygons over simple polygons.
In an orthogonal polygon P, for any 6 € (0, %) (and similarly for any 6 € (5,7)), the set of
reflex minima/maxima does not change, and thus the lines bounding the strip Sp(P) rotate in
a continuous fashion, which directly implies that a situation like the one depicted in Figure [6]
cannot occur. Additionally, since for a non-empty {0°}-Kernelg(P), the lowest reflex minimum
with respect to the orientation 8 cannot be below the highest reflex maximum with respect to 6,
the observation implies the following corollary.

Corollary 18. Let P be a simple orthogonal polygon. If there are a SE-reflex vertex u = (x4, yy,)
and a NW-reflex vertex v = (zy,yy) of P such that x, < x, and y, > Yo, then the {0°}-
Kernely(P) is empty for each 6 € (0, 5); see Figure right. Similarly, if there are a SW-refiex
verter u = (Ty,yy) and a NE-reflex vertex v = (xy,Yyy) of P such that x, > x, and Yy > Yy,
then the {0°}-Kernelg(P) is empty for each § € (5, ).

o B L 4

Figure 10: Left: The NW-reflex vertex b and the SE-reflex vertex d are a reflex minimum and a
reflex maximum with respect to the orientation 6, respectively, whereas the NE-reflex vertex a
and the SW-reflex vertex ¢ are a reflex minimum and a reflex maximum with respect to the
orientation ¢ + 7, respectively. Right: Illustration for Corollary

Notation. We denote by Jp(a,b) the counterclockwise (CCW) boundary chain of polygon P
from point a to point b where a, b are located on the boundary of P.

4.1 The rotated {0°}-Kernely(P) of simple orthogonal polygons

We now prove the results in the first row of Table [2, focusing on the case for 6 € [0, T) since

the case for 0 € [-3,0) is similar. Observation [17|implies that for 6 € (0, ), only the SE-reflex
(respectively NW-reflex) vertices contribute reflex maxima (resp. minima). We note that for
0 =0 (resp. § = 7), the definition of {0°}-visibility implies that only the S- and N-dents (resp.
W- and E-dents) contribute reflex minima and maxima, respectively. As not all SE-reflex and
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NWe-reflex vertices are corners of dents, there may be a discontinuity in the area or perimeter
of the {0°}-Kernely(P) at 6 = 0 and 6 = 7; these two cases need to be treated separately.

Let P be a simple orthogonal polygon. Let u be the leftmost SE-reflex vertex of P (in
case of ties, take the topmost such vertex). Consider the downward-pointing ray 7 emanating
from u and, among its intersections with S-edges of P extending to the left of 7, let sgg be the
closest one to w. Similarly, let u’ be the topmost SE-reflex vertex of P (in case of ties, take
the leftmost such vertex) and let tgr be, among the points of intersection of the rightward-
pointing 7/ emanating from v’ with an E-edge extending above 7/, the one closest to u/; see

Figure [11], left.

tnw

* U

SSE

Figure 11: Left: An orthogonal polygon and the corresponding convex chains Csp and Cyy.
Right: An orthogonal polygon without SE-reflex vertices in which we can consider that the
convex chain Cgg degenerates to vertex v.

Next, let Csg be the upper hull of the CCW boundary chain dp(ssg,tsg); see the blue
dashed line in Figure left. Similarly, by working with the NW-reflex vertices, we locate the
(in case of ties, topmost) rightmost and the (in case of ties, leftmost) bottom-most NW-reflex
vertices and we define the points syw and ¢y, and the lower hull Cyy of the CCW boundary
chain 9p(syw,tnw). The chains Csg and Cnw provide, respectively, the reflex maxima and
minima during the rotation; the vertex of Csp (resp. Cnyw ) through which a tangent line to
Cgsg (resp. Cnw) at an angle 0 passes is precisely the reflex maximum (resp. minimum) with
respect to the angle 6. Thus, the bounding lines of the rotating strip Sp(P) will be tangents to
these hulls; see again Figure left. We can also show the following result.

Lemma 19. Let P be a simple orthogonal polygon and let ssg, tsg, Csg, snw, tnw, and
Cnw be as defined earlier.

(i) Let Qsg be the convex part of the plane bounded from the left and above by Csp, the
downward-pointing ray emanating from ssg, and the rightward-pointing ray emanating
from tgg. Similarly, let Qnw be the convex part of the plane bounded from the right and
below by Cnw, the upward-pointing ray emanating from syw, and the leftward-pointing
ray emanating from tyw .

(a) If the interiors of Qsg and Qnw intersect, then the {0°}-Kernely(P) is empty for
each 0 € [0, 7).

(b) If the interiors of Qsg and Qnw do not intersect but Qsg and Qnw touch at a
common point z, then the {0°}-Kernely(P) degenerates to a line segment for each
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equal to the angle of each common interior tangent of Csg and Cyw at z, and is
empty for all other values of 6.

(ii) If there exists a SE-reflex vertex not belonging to the CCW boundary chain ¥p(ssg,tsg)
or a NW-reflex vertex not belonging to the CCW boundary chain ¥p(ssg,tsg), then
the {0°}-Kernely(P) is empty for each 6 € (0, 7).

Proof. (i) Let us concentrate on the case of a SE-reflex vertex of P, say v, not belonging to
the CCW boundary chain 6p(ssg,tsg). (The case of a NW-reflex vertex not belonging to the
CCW boundary chain ¥p(syw,tnw) is similar.) Since the chain 9p(ssg,tsg) is determined
by the leftmost and the topmost SE-reflex vertices, the z-coordinate of v is larger than the z-
coordinate of sgg and the y-coordinate of v is smaller than the y-coordinate of tgg. Moreover,
if the bottom endpoint of the E-edge incident on v is w and the right endpoint of the S-edge
incident on v is w’, then the order of these vertices along a CCW traversal of the boundary of
Pistgg,w,v,w, ssg.

It is important to note that the CCW boundary chain ¥p(tgg, w) of P does not cross the
upward-pointing vertical ray 7" emanating from tgg, otherwise the leftmost vertex of the topmost
edge of the CCW chain from tgg up to the first encountered crossing point to 7 is a SE-reflex
vertex that is above tgp, in contradiction to tgg’s definition. Now, let 7, be the rightward-
pointing horizontal ray emanating from w. Assume first that the chain ¥p(tsg,w) intersects
the ray 7, at a point other than w; see Figure left. Then, the right vertex of the bottommost
horizontal edge (in 9p(tsg,w)) whose closure intersects the quadrant to the right and not above
w is a NW-reflex vertex (e.g., vertex z in Figure left). Since this vertex is below and to the
right of the SE-reflex vertex v, Corollary |18 implies that the {0°}-Kernely(P) is empty for each
¢ € (0, 5). Now, assume that the chain ¥p(tsg,w) does not intersect the ray 7, at a point other
than w. If ¢ is the closest to w intersection of 7, with the CCW boundary chain 9p(ssg,tsE),
then the closed polygonal line consisting of the CCW boundary chain ¥p(g,w) and the line
segment wq form a Jordan curve isolating vertex v from sgp. Hence, the ray 7, has to intersect
the CCW boundary chain dp(w’, sgg) and let p be the closest to w such point of intersection;
see Figure right. Then, the bottom vertex of the rightmost vertical edge (in Jp(w', ssg))
whose closure intersects the quadrant below and not to the left of p is a NW-reflex vertex (e.g.,
vertex z in Figure right). Again, this vertex is below and to the right of the SE-reflex
vertex v and Corollary (18| implies that the {0°}-Kernely(P) is empty for each 6 € (0, 7).

tse tsE

e | [

Figure 12: Figures for the proof of Lemma (1)

(ii.a) Let p be a point in the intersection of the interiors of the unbounded convex polygons Qsg
and Qnw. Then, for any angle 6 € [0, 7), p lies below the tangent to Csg at angle § and above
the tangent to Cyy at angle 6 and thus the strip Sy(P) is empty. Therefore, by Lemma6] the
{0°}-Kernely(P) is empty for each 6 € [0, 7).
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(ii.b) If Qsg and Qnw touch along their horizontal rays, then the {0°}-Kernelp(P) is a hori-
zontal line segment if § = 0, otherwise it is empty. Similarly, if they touch along their vertical
rays, then the {0°}-Kernely(P) is a vertical line segment if § = 7, otherwise it is empty. Next,
assume that Qgg and Qnw touch at a point of Csg and Cny. Then, because Qgg and Qnw
are convex, they touch at a connected portion of Csgp and Cnyy, that is, they touch at a point
or a line segment. In either case, for any angle # of any common interior tangent to Csg and
Cnw, the {0°}-Kernely(P) is a line segment, otherwise it is empty. O

So, assume that none of the cases of Lemma [19| holds. Let ¢, and ¢2 be the angles with
respect to the positive z-axis of the common internal tangents to Csg and Cnw, with ¢1 < ¢s.
If the y-coordinate of tyy is greater than the y-coordinate of tgg, then we set 0, = 0,
otherwise 0, = ¢1. Similarly, we define 0,4, to be equal to 7 if the x-coordinate of sgp is
greater than the z-coordinate of sy, otherwise 6,0 = ¢2. For example, in Figure left,
Omin = 0 and Oqe < 5. Then, since for 6 € [0, §), the strip Sp(P) is non-empty if and only if

0 € [Omin, Omaz), by Lemma |§|7 we have:

Lemma 20. Let P be a simple orthogonal polygon and assume that none of the cases of
Lemma holds for P. Then, for 6 € (0,%) the {0°}-Kernely(P) is non-empty if and only
lfe c [emzna emam)-

Additionally, we can show:

Lemma 21. Let P be a simple orthogonal polygon, let ssg, tsg, sSnw, and tyw be as defined
earlier, and suppose that there is an angle 0 € (0, %) such that the {0°}-Kernely(P) is neither
empty nor a line segment. Then, the CCW boundary chain Yp(tnw,ssg) of P from tyw
to ssg is a SW-staircase and the CCW boundary chain Op(tsg, sSnw) from tsg to syw is a
NE-staircase.

Proof. Let us consider the case of the CCW boundary chain 9p(tnw, ssg) (see Figure[11] left);
the proof for the chain ¥p(tsg, syw) is symmetric. Since there exist values of 6 such that the
{0°}-Kernely(P) is neither empty nor a line segment, Lemma [19(i) implies that no SE-reflex
vertex exists that does not belong to the CCW boundary chain ¥p(ssg, tsg), and no NW-reflex
vertex exists that does not belong to the CCW boundary chain dp(syw,tnw). Thus, the
chain 9p(tyw, ssg) contains neither SE-reflex nor NW-reflex vertices.

Suppose that we start at the W-edge to which ¢y belongs (let this edge be uv with v below u)
and proceed in CCW order. The edge following the W-edge uv is not a N-edge, otherwise the
vertex v would be a NW-reflex vertex, a contradiction. Thus, the edge following the W-edge uv
is a S-edge, let it be vw. If sgg € vw, then we are done and the lemma holds. Otherwise, if
the edge following the edge vw was an E-edge, then the top vertex of the leftmost edge in the
CCW boundary chain dp(w, ssg) would be a SE-reflex vertex (note that the E-edge incident
on w belongs to this chain), a contradiction. Therefore, the edge following the S-edge vw is a
W-edge. Then, the above argument can be repeated until we reach the point sgg, implying
that the CCW boundary chain 9p(tnw, ssg) is a NW-staircase. O

Lemma implies that if the given polygon P has no SE-reflex vertices, then the CCW
boundary chain Jp(tyw, snw) consists of a SW-staircase followed by a NE-staircase; see Fig-
ure right.

Based on Lemmas and we now outline the algorithm to compute an angle 6 €
[0,5) such that the area (or perimeter) of the {0°}-Kernely(P) is maximized; minimization
works similarly.

We start by computing points ssg, tsg, svw, tnyw and convex chains Csg and Cny. We

check whether the conditions of Lemma [19| hold and if they do, we handle these special cases
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as the lemma indicates. Otherwise, from the common internal tangents of Csg and Cnyw, we
compute Op,ipn and Op,q,. We start at @ = 0,,;, and we explicitly compute the {0°}-Kernely P)
and its area (perimeter), which is the current area (perimeter) maximum.

min(

Figure 13: Left: {0°}-Kernelp(P) for 6 = ¢. Right: Computing the {0°}-Kernely(P) for § €
[, 0").

As in Section [2.3.1] we break the rotation into intervals, in each of which the kernel involves
the same reflex minimum and maximum and the same edges of the polygon. Such an interval
ends at the minimum angle in which either the current reflex maximum or minimum changes
(i.e., it moves to the next vertex of the chains Cgr or Cnyw, respectively) or a vertex is en-
countered by one of the rotating parallel lines bounding the strip Sg(P). In each such interval
[0;,0;+1), we maximize the area (perimeter) as a function of an angle 5 € [6;,0;+1) by taking
into account the corresponding quantities of {0°}-Kernely, (P) and of the two green triangles
and the two red triangles in the spirit of Equation [I} as shown in Figure right. The area
(respectively perimeter) of each of these four triangles depends linearly on tan 3 or cot 8 (resp.
linearly on (1 +sin3)/ cos 8 or (1 — cos 3)/sin 3); see Section in the appendix.

Computing the chains Csg and Cw can be done in O(n) time [I1]. Checking the conditions
of Lemma [19| can also be done in O(n) time (by traversing in lockstep fashion the chains Cgp
and Cyw, which are z-monotone), as can be done the computation of the angles 0.in, Omaz-
Computing the area (perimeter) of the kernel at the minimum angle 6,,,;,, takes O(n) time. Now,
suppose that we have 8 = 6;. Computing the angle 6,1 as well as doing the maximization for
the rotation interval [;, 6;11) takes constant time. Moreover, because the lines bounding Sy(P)
rotate in a continuous fashion, they slide monotonically along Csr and Cyw and finish at
points of the staircases from tyw to sgg and from tgg to sy, the number of such intervals is
O(n). Therefore:

Theorem 22. Given a simple orthogonal polygon P, computing the {0°}-Kernely(P) as well
as finding an angle 0 such that its area (perimeter) is mazimized or minimized can be done in
linear time and space.

4.2 The rotated {0°,90°}-Kernely(P) of simple orthogonal polygons

We now extend our study to O = {0°,90°} for the particular case of a simple orthogonal
polygon P, proving the results in the second row of Table[2] Observe that it suffices to consider
6 € [0,7) and note that {0°,90°}-Kernelo(P) = {0° 90°}-Kernelz (P). The case for § = 0
is treated as a special case and can be handled in linear time, and thus below we consider
0 < (0,3).
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The case is an extension of the {0°}-Kernelp(P), now with two strips Sp(P) and So+z(P),
that are perpendicular to each other, and the {0°,90°}-Kernelp(P) is the intersection P N
So(P) N Sptz(P). For 6 € (0,7F), in accordance with Observation all reflex vertices are
reflex maxima or minima with respect to one of the orientations in Oy. Now, the definition of
the {0°,90°}-Kernely(P) implies that:

Observation 23. For 6 € (0, 7), the {0°,90°}-Kernely(P) is a convex polygon.

We note that for § = 0, the {0°,90°}-Kernelg(P) is not necessarily convex, but it is or-
thogonally convex. Since the kernel in this case is the intersection of the polygon P with the
horizontal strip determined above by the lowest N-dent and below by the topmost S-dent, and
with the vertical strip determined to the left by the rightmost W-dent and to the right by the
leftmost E-dent, there may be reflex vertices (but no dents) at the top left, top right, bottom
left or bottom right corners.

. -9

Figure 14: Left: A simple orthogonal polygon P and the convex chains Csp, Cng, Cnyw; no
SW-reflex vertices exist. Right: The {0°,90°}-Kernely(P) for § = 7 is shown darker.

As in the case of the {0°}-Kernely(P), we start by computing the convex chains Csg, Cng,
Cnw and Cgyy of the four types of reflex vertices (see Figure left). Then, Lemmaimplies:

Lemma 24. If the conditions of Lemma[19 hold for either the pair Csg and Cnw, or the pair
Csw and Cng, then the {0°,90°}-Kernely(P) either is empty or degenerates to a line segment.

Thus, next we check whether the conditions of Lemma [19] hold for the pair Csg and Cyw,
or the pair Cgw and Cyg; if they do for at least one of these pairs, we handle this special
case based on what the lemma suggests. Otherwise, from the common internal tangents of Csg
and Cyw and of Cgy and Cng, we compute 0,,;, and 0,,4,. We start at 6 = 6,,;, and we
explicitly compute the {0°,90°}-Kernely . (P) and its area (perimeter), which is the current
area (perimeter) maximum.

We proceed by considering angular intervals, so that in each of them (1) each of the strips
Sp(P) and Spiz(P) is determined by the same reflex minimum and maximum and (2) each
endpoint of the segments bounding the strips does not move across a polygon vertex. So, at
angle ¢, we determine the maximal such intervals [¢, ¢1) and [¢, ¢2) for the two strips and we
consider the interval [¢, min{¢1, ¢2}). Moreover, this angular interval may need to be further
broken into (as we shall see, a constant number of) subintervals as the segments bounding the
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strips may intersect inside the polygon (defining a vertex of the kernel) or not (in which case, an
edge of the polygon contributes an edge of the kernel between the endpoints of the segments);
see Figure right.

To see this, consider an angle 6 € (0, §) such that there is at least one reflex maximum in the
orientation ¢ and at least one reflex minimum in the orientation 6 + 5. Then, the strip Sp(P)
is bounded from below and the strip Sy, z (P) is bounded from above; let ly,| (resp. looet,1)
be the bottom (resp. top) segment bounding Sp(P) (resp. Sz (P)) and let p (resp. g) be the
right endpoint of g | (resp. fgpo4¢4). Clearly p belongs to a N- or an E-edge, and similarly,
q belongs to a S- or an E-edge. Each of the above possibilities for p and ¢ may well arise if
the segments g | and fgpo¢ 4 intersect (see Figure left); the point of intersection lies in the
polygon P and, as the strips rotate, it moves along an arc of a circle whose diameter is the line
segment connecting the reflex maximum and the reflex minimum about which ¢4 | and 99044 1,
respectively, rotate. However, if these two segments do not intersect, then only one case for the
relative location of p and ¢ is possible, as we show in the following lemma.
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Figure 15: Left: The segments ¢ | and g0 ¢+ intersect. Middle: For Lemma Right: As the
angle 6 increases, the segments fp | and lgpo4 ¢+ intersect, later they stop doing so, and later
they intersect again.

Lemma 25. Let P be a simple orthogonal polygon and suppose that the conditions of Lemma[l9
hold neither for the pair Csg and Cnw, nor for the pair Csw and Cyg. Let segments £y | and
Logo 40,4 and points p,q be defined as above. If Ly | and lyporg+ do not intersect, then p and q
belong to the same E-edge of P.

Proof. The tangency of the segments £y | and fgpo g+ to the chains Csg and Cvg, respectively,
implies that p, ¢ belong (in fact, in that order) to the CCW boundary chain 9p(tsg, syg) of P.
Suppose, for contradiction, that the point p belongs to a N-edge. Then, no matter whether ¢
belongs to an E-edge or a S-edge, the left vertex of the topmost edge of the CCW boundary chain
from p to ¢ is a SE-reflex vertex that is higher than p and thus higher than tgp (see vertex z
in Figure middle), in contradiction to the assumption that Lemma statement (ii), does
not hold for the chain C'sg. Thus, p belongs to an E-edge. The exact same argument enables
us to show that ¢ belongs to an E-edge, and in fact that p, ¢ belong to the same E-edge. ]

Since a circular arc (the locus of the intersection points of the lines supporting the rotating
segments ¢ | and Loy +) and a line segment (e.g., an E-edge) intersect in at most two points,
the above lemma implies that an angular interval [¢, ¢'), in which each of the strips Sp(P)
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and Sg+g (P) is determined by the same reflex minima and maxima and the same edges of the
polygon P, may need to be broken into at most 12 subintervals; indeed, it may be the case that
in the interval [¢, ¢'), a pair of segments bounding the strips start by intersecting each other,
then they stop doing so and later they start intersecting again (see Figure right), and this
may happen for all 4 such pairs of bounding segments. Each of these subintervals is processed
as explained in Section for the case of the {0°}-Kernelyg(P); each case in which a pair of
segments bounding the strips intersect each other contributes a term proportional to sin 26 in
the area differential and a term proportional to (cos@ + sin#) in the perimeter differential as
we show in Section in the appendix, whereas the contribution of the non-intersecting cases
to the area and perimeter differential are as for the {0°}-Kernely(P).

The above discussion and the fact that the algorithm for the {0°,90°}-Kernely(P) is very
similar to that for the {0°}-Kernelp(P) lead to the following result.

Theorem 26. Given a simple orthogonal polygon P, computing the {0°,90°}-Kernely(P) as
well as finding an angle 6 such that its area (perimeter) is mazximized or minimized can be done
in linear time and space.

Additionally, Lemmareadily implies that if the segments /g | and 90019+ do not intersect,
then in the boundary of the {0°,90°}-Kernelg(P) there exits a part of an edge of P between p
and ¢. Note that the kernel has one fewer edge if /y | and 9019+ intersect or if exactly one of
these segments is missing leaving the corresponding strip unbounded at one side; similar results
hold for the remaining 4 pairs of “consecutive” segments and more occurrences of the above
cases result into a kernel of even fewer edges. Therefore:

Corollary 27. For § # 0, 3, the rotated {0°,90°}-Kernely(P) of an orthogonal polygon P has
at most 8 edges.

Finally, since the problem for a set O with k orientations is reduced to computing and
maintaining the intersection of k different kernels, the results in the third row of Table [2] follow.
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A Appendix

A.1 Trigonometric formulas for Section [2.3.1

We label by A; and As the areas of the two triangles given by the increase in the area produced
by the variation of § in [0;,0;+1), depicted in green in Figure [51 Analogously, we label by By
and Bs the areas of the two triangles we have to subtract to the current area, depicted in red
in Figure

We now deduce a formula for A;. The other formulas for Ay, By, and By can be obtained
analogously. The coordinates of a point p; are denoted by (z,,, yp,). The segment with endpoints
p and ¢ is denoted by pg, its length is denoted by |pg|, and the function d(.,.) denotes the
Euclidean distance between a point and a line. The area A; is

h
Al == 5‘@’7

where h can be calculated as the distance between the point py and the line ¢; passing through
the vertices px and pg41, see Figure

A

Figure 16: The triangle A; and the corresponding terminology.

The slope m of this line /; is given by the formula

m— Ypre1 — Yo :
Tpry1 — Tpy
and the height h is given by the formula

|mx’p1\7 — Ypn + Yo — mxpk| )
m2+1

h =d(pn,Lly) =

Notice that the value % is a constant, with respect to 3, once we know m and the coordinates of
the points py and pg. Now we want to express the distance |pg| as a function of 8 € [0;,6; 4+ 1),
what can be done using some simple trigonometric relations, see again Figure Note that
from the picture, |pg| holds the relation cos 1 = %, where hy = d(g,¢). The point ¢ = (z4,y,)
is known from the given value ;. The line ¢ is determined by the point py and the slope
tan(s + 0;), so it satisfies the equation

Y= Ypy = tan<5 + 91)(.% - Q:PN)'
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Therefore,
_ |tan(8 + 0;)zq — yq + ypy — tan(B + 6;)xpy )|

Vitan?(B+6;) + 1

h1

By the trigonometric relation tan?(3 + ;) + 1 , we get that

_ 1
~ cos?2(B+6;)

hi1 = +[C'sin 8 + D cos ff],

where C' and D are constants in the current event interval: C' = (xq—xp, ) cos 0;—(ypy —Yq) sinb;
and D = (zq — zpy) sinb; + (ypy — Yq) cos b;.
On the other hand, from the relation a; — 1 + 8 = § (see Figure [16]) we derive that

cosffi = cosl(aq — 5)+ f]
= sinay cos B + cos aq sin 5.

Next, let us denote ¥ = sin a; and F' = cos a1 and notice that this values are constants because
the angle o is computed from the points py, ¢, and pg. Thus,

+[C'sin 5 + D cos ]

o P
Pa sin a cos 8 4 cos aq sin (2)
and then
s h(C'sin 8+ D cos f3)
' T 2(Ecosf+ FsinfB)’

Now, we will use the length of the segment pq for the computation of both the area and the
perimeter. Namely, using Equation [1| and the computations above, we can write

4

A(B) = A(0;) + (A1 + Ay — By — By) = A(01) + Z C;sin 8+ D; cos B
i=1

E;sin 3+ F;cos 3’

where A(0;) (the value of the current area), C;, D;, E;, and F; are all constants for every
i =1,...,4. Then, doing the derivatives equal to zero, we get

4
CiF; — D;E;
/ _ 1Lg [t o
A= Z Esinf+ Ficosp)?

implying that

4 4
> |(CiF; — DiE;) [[(E;sin B+ Fj cos )| = 0.
i=1 j=1
i

Expanding the product, we find three types of terms depending on sin? 3, cos? 3, and sin 3 cos 3.
Now using the trigonometric transformations

B tan?
1+ tan?2p’

1 tan 3
-2 2 .
sin os“*f=———-—, and sinfcosf=+———,

p g 1+ tan? 8 Peosp 1+ tan? 8

and making the change tan 8 = t we get a rational function in ¢. Then, the derivative function
for the area is now a function on the variable ¢, A’(t), and it is a rational function having as
numerator a polynomial in ¢ of degree 6 and as denominator a polynomial of degree 12. So we

can compute the real solutions of a polynomial equation in ¢ of degree 6.
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A.2 Trigonometric formulas for Section [2.3.2

We shall make use of some of the previous formulas. In the next formulas the points ¢, g9,
g3, and g4 are the intersection points of the lines hy(6;) and hg(6;) with the polygon P (whose
coordinates have been computed in the previous event interval), and the points p1, p2, p3, and
p4 are the intersection points of the lines hy(6; + 8) and hg(6; + §) with the polygon P in the
event interval [0;,0;11), see Figure

4 2
(8) :=T1(6;) + Y (=) il + Y _(Ipipw] — [@pw]) + D _(Ipips| — |@ips))

2 4
> [pipnl + Y Ipipsl
i=1 =3

i=1 i=

=1
2 4
= [11(6;) — Z [@pN| — Z @psl| + | > (=) Pl

=1

(3)

In the formula above, the first term between brackets is a constant since the values of [g;pn|
and |g;pg| can be obtained in constant time from the former event interval, or computed also in
constant time for the initial event interval; for the second term between brackets, the four values
of |pigi|, i € {1,2,3,4}, can be computed analogously to the formula for |pg| in Equation [2} the
third term between brackets involves the values of [p;pny| and |p;pg|, whose computations are
clearly similar to the computation of |[ppy| (see Figure [L6)), that we do next.

From Figure ppN| = |pH|+ |Hpn|, where [pH| and |Hpy/| hold the relations sin 8 = ;I;H

Hp NI‘ , respectively. Therefore

and cos 8 = |

PPN | = |pg| sin B1 + [gpN | cos B.

Now, using the expression for [pg| in Equation |2/ and the fact that G = gpy is a constant in the
current interval, we can write

Csing+ D COSB
cos 31

PPN | = in 31 + Gcos 8= (Csinp + Dcosf)tan 51 + G cos 3.

Then, since 81 = a1 — 5 + 3, we get

J+tan g

PPN | = (Csmﬂ—i—Dcosﬁ)lthanB

+ G cos 3,

where J = tan (oq — %) is a constant.

Thus, |pipn|, for i = 1,2, and |p;pg|, for i = 3,4, admit analogous expressions
J; +tan
1— J;tan 8

Putting all the former observations together, we obtain from Equation [3| the following for-
mula for the perimeter as a function of the rotation angle 3:

(Cisin B+ D;cos fB) + G, cos 3.

Cosm Dycosi | o it
I1(3) +Z[Eismﬁ+FicosB (Czs1n,8+chobﬁ)1_JitanB+Glcos,8. (4)

In order to simplify the next computations, we make the change of variables tang =t in

Equation It is straightforward to see that sin 8 = 1;; and tan 8 = 2 == and
then

2t
T4z Cosf =
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() = 0(1) + > +G

(20t + Di(1—1%) | 2Ct + D(1 —#2) 2t + J(1—2) 11
— 2Bt + F(1-1?) 1+ t2 1—2J;t —t2 1427

The derivative function of the perimeter, II'(3), is now a rational function in ¢ whose nu-
merator is a polynomial in ¢ of degree 35.
A.3 Trigonometric formulas for Section [4.1

We only need to compute the area and the perimeter of a triangle with a horizontal or a vertical
base in terms of 8 € [0;,0;11] C (0, T).

Figure 17: For the formulas of the area and perimeter of the {0°}-Kernely of orthogonal poly-
gons.

From Figure[17| (left), the area of a triangle with edges at angles 0 (horizontal edge), 6;, and
B(0<0; <B<0;41<7)is equal to

1 1 1
A = Sdlpgl = Sd(dcotf; —deot§) = 5d2 (cot B; — cot B).
In turn, no matter whether the kernel increases or decreases by such a triangle, the absolute
value of the differential AII in the perimeter is equal to the sum of the lengths of the triangle
sides at angles 0 and 8 minus the length of the side at angle 6;. Thus:

d d
Al = |ug|+ |pg| — |up| = @+(d00t9i_d00t5)_sin9,

_ d( 1 +C089i cos 3 1 )Zd(l—cosﬁ_l—cos&).

sinf  sinb;  sin 154  sin6; sin 3 sin 6;

™

Analogously (see Figure right), the area of a triangle with edges at angles 5 (vertical
edge), 0;, and B (0 < 0; < B < 0;41 < §) is equal to

1 1
A = 5cz’ pg| = 5d’ (d'tan 8 — d'tan ;) = = (d')* (tan B — tan6;).

1
2
For the differential AII in the perimeter, we have:

d/ , , d/
0s + (d'tan — d tanb;) — s

_ d'( 1 +sinﬂ sin 6; 1 ) _ d,(l—i—sinﬁl—l—sin&).

cosf  cospf "~ cosf; cosb; cos 3 cos 0;

ANl =[] + lpa| - [up] = -

Thus, the area A(f) of the {0°}-Kernelp(P) in terms of 8 € [0;,0;41) is equal to
A(B) = A(6;) + C (cot §; — cot B) + C’ (tan B — tan ;)
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for appropriate constants C, C’. Since 0; is fixed, we need to maximize/minimize an expression
of the form

fa(B) =citan S+ cacot 5+ c3

for 5 € [0;,0;+1) and constants ¢y, ¢, c3.
Similarly, the perimeter II(3) of the {0°}-Kernelyg(P) in terms of 3 € [0;,6,41) is equal to

l—cosf 1—00891-) LD <1+sinﬁ B 1+sin9i>

sin 3 sin 6; cos 3 cos 0;

(3) = 1(6;) + D <

for appropriate constants D, D’. Since 6; is fixed, we need to maximize/minimize an expression
of the form . 5 1+ sin g
, 1 —cos , sin ,
fulB) =< sin 8 ta cos (3 s
for 8 € [0;,60;+1) and constants ¢}, ¢, c5.
The maximization/minimization of f4(8) and fr1(8) can be done with standard techniques
using the derivative of these functions.

A.4 Trigonometric formulas for Section

If the segments bounding the two strips do not intersect, then we get triangles as those in
Section contributing terms proportional to tan 3, cot 8, and constant for the area, and to

1;?10;;37 ljossi%ﬁ, and constant for the perimeter, where 3 € [6;,6;41] € (0, 7).

Figure 18: For the formulas of the area and perimeter of the {0°,90°}-Kernely(P) of orthogonal
polygons.

Let us now consider the case in which the kernel is bounded by intersecting segments s,
and s, through pivoting vertices u and v, respectively; hence, the point of intersection lies in
P and if this is so for all the angles 5 € [0;,6;11), then the corner of the kernel moves along a
circular arc with diameter the length of the segment wv; see Figure Then, the differential
in the area is

A A 1 1
AA = A(uvq) — A(uvp) = 3 1aq| |og| — 5 [up| [vp|
1
= 3 (|uv| cos B) ([uv| sin B) — B (|uv| cosb;) (|uv| sinb;)
1 1
Y |m‘2 sin 3 cos 3 — 3 ]W\z sin 0; cos8;
1

= |ww|? (sin 28 — sin 26;).

In a similar fashion, the differential in the perimeter is

Al = ([ug| + [vql) — ([up| + [vp])
= (|uv| cos B + |uv| sin B) — (|uv| cosb; + |uv| sin b;)
= |uv|(cos B + sin ) — |[uv| (cos §; + sin ;).
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