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Abstract While second order methods for computational simulations of fluid flow provide
the basis of widely used commercial software, there is a need for higher order methods
for more accurate simulations of turbulent and vortex dominated flows. The discontinuous
Galerkin (DG) method is the subject of much current research toward this goal. The spectral
difference (SD) method has recently emerged as a promising alternative which can reduce
the computational costs of higher order simulations. There remains some questions, how-
ever, about the stability of the SD method. This paper presents a proof that for the case of
one dimensional linear advection the SD method is stable for all orders of accuracy in a
norm of Sobolev type, provided that the interior fluxes collocation points are placed at the
zeros of the corresponding Legendre polynomial.

Keywords High order methods - Discontinuous Galerkin - Spectral difference - Stability
proof

1 Introduction

While second order methods for computational simulations of fluid flow are by now quite
mature and reliable, providing the basis of widely used commercial software, the develop-
ment of higher order methods that could potentially yield better accuracy or reduced compu-
tational costs is a subject of ongoing research. One of the most promising approaches is the
discontinuous Galerkin (DG) method, for which the theoretical basis has been provided in a
series of papers by Cockburn et al. [1-4]. The rapid growth of the computational complexity
of DG methods with increasing order has spurred the search for more efficient variants or
alternatives. One approach is the nodal DG scheme in which the solution is represented by
Lagrange interpolation at a set of collocation points in each element, and the quadratures
required by the DG method are pre-integrated to produce local mass and stiffness matrices.
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An exposition of the nodal DG method can be found in the recent book by Hesthaven and
‘Warburton [5].

The spectral difference (SD) method has recently emerged as a promising alternative. The
basic idea of the SD method was first put forward by Kopriva and Kolias [6] under the name
“staggered grid Chebyshev multidomain” method. In order to discretize the conservation
law

ou 0] _0 L1

atJraxf(u)— (1.1)
they proposed to represent the solution by polynomials of degree p in each element and the
flux by polynomials of degree p + 1 with interlocking collocation points for the solution and
the flux. The flux collocation points include the element boundaries, where a single valued
numerical flux is imposed which is common to each element and its neighbors on the left or
right. Then the value of ‘;—Ll‘ at each solution point is obtained directly as the derivative of the
flux polynomial. Kopriva and Kolias used Chebyshev and Chebyshev-Lobatto points as the
solution and flux collocation points, and it remains unclear whether the SD scheme is stable
with this choice, although they did prove the scheme to be conservative. Some years later
Liu, Wang and Vinokur presented a general formulation of SD methods on both quadrilateral
and triangular elements [7]. The SD method seems considerably simpler to implement than
the DG method, and it has been observed by May [8] that it may be regarded as a variant of
a pre-integrated nodal DG method. While the SD method has proved robust and productive
in a variety of applications [9-15], doubts have been raised about its stability. In particular
it has been suggested that the SD scheme is not stable for higher order triangular elements
[16], and sometimes weakly unstable in one dimension depending on the choice of flux
collocation points.

The purpose of this note is to present a proof of the stability of the SD method for the
one dimensional linear advection equation for all orders of accuracy in an energy norm of
Sobolev type. Specifically using solution polynomials of degree p, which are expected to
yield accuracy of order p + 1. The norm is

|hd|:‘/ku24—cuWﬁ)dx

where the coefficient ¢ must be determined to cause a cancellation of terms as will appear
in the derivation. Because the proof rests on a comparison of the SD method with the nodal
DG method, the proof that the DG method is stable is reviewed in Sect. 2, as a precursor to
the proof that the SD method is stable, which is presented in Sect. 3.

2 Stability of the Nodal Discontinuous Galerkin Method

Consider a scalar conservation law of the form (1.1). We shall generally restrict our attention
to the linear advection equation

ou du
— — =0 2.1
o T Yox @D

for which the flux is f = au, and we assume a > 0, corresponding to a right running wave.
In the DG method (1.1) or (2.1) is discretized by representing the discrete solution u; in
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each element as an expansion in a set of basis functions ®; defined within the element.
n
= u;® 22)

Then we require the residual

R —a””+ — )
h_at up

to be orthogonal to a set of test functions which are taken to be the basis functions. Thus,
integrating by parts, we require

XR k XR
/ %dex—/ f(u)8 ’d + fo; k=0 (2.3)

, 0t XL

to hold for j =1 to n, where u! is the discrete solution in element k and x; and xx are
the left and right boundaries of the element, while f is the single valued numerical flux at
the interface which is also used in corresponding equations for the neighboring elements.
The weak form (2.3) can be converted to the corresponding strong form by integrating the
middle term back by parts.

R Juk R ] .
—Lidx+ | @;— f(uf)dx+ (f — f(uf))®;1F =0 (2.4)
v, Ot L T ox
Inserting the expansion (2.2) into (2.3) and (2.4) we obtain the equations
du A
K KT —
ME—S f+ foF=0 (2.5)
and
d k X
M= S (f — @IE =0 (2.6)
in weak and strong form for the local solution vectors
u' =[up, ... u,]
f=au 2.7
=[Py, ..., Pyl

where M¥ and S¥ are the local mass and stiffness matrices

XR
M :/ ;P dx
XL

(2.8)
XR
S¥ = / ®; P dx

L

In the nonlinear case, if we replace f (uﬁ) by a local expansion in the basis functions
f= Z fi®;
j=1
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we obtain the same equations with

1 =[fi..... ful
In this case, however, % f (uﬁ) is not exactly equal to Z'l’z i CD’J., so (2.5) and (2.6) involve
a further approximation.
In the foregoing the coefficients u; do not correspond to the value of the solution at

any particular location. In the nodal DG method we introduce collocation points x; in each
element and define the local solution by the Lagrange polynomial of degree p =n — 1.

why = usl;(x)
j=1
where
lj(xi) =0, i#j
i) =1
and u ; is now the solution value at x;
uj = uj(x))

It is also convenient to make a local transformation of each element to a reference element
covering the interval [—1, 1]. Then the mass and stiffness matrices in the k™ element become

MY = (xR _XL>MH'
ij 2 ¥

2.9
S} =Sy
where M and S are the reference mass and stiffness matrices
1
M;; = / il dx
- (2.10)

1
S[J' = / l,l/] dx
—1 ;

and ®; =; in the weak and strong equations (2.5) and (2.6). Also, multiplying by M, the
strong form (2.6) can be expressed as

du 1y, 7 1
E+Df+M I(f = HIL, =0 (2.11)
where D is the differentiation matrix
D=M"!S (2.12)

Multiplying the linear advection equation (2.1) by u and integrating over x,

b b b u?
ad 0 (%

/ u—udx=—a/ u—udx=—a/ de
. Ot . 0x . 0X
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Thus it satisfies the energy estimate

d [ u? 1
7 > dx = Ea(ui — uz) (2.13)

In order to prove the stability of the nodal DG scheme we wish to prove that the discrete
solution satisfies a similar estimate. For this purpose we can take the local solution, which
is a linear combination of the basis polynomials, as the test function. Using the strong form,
this yields

k@Y 7k Ty £ x
uME—I—qu—i—ul(f—f)lR:O (2.14)

XL

Using the fact that M¥ and S¥ have been pre-integrated exactly, this is equivalent to

d [*®ul TR Quy, 2
d ["u, oun —auy)|'* =0 2.15
), 2 x+a/n Ui 4 Fun(f —aunly @13

where the middle term can be integrated and combined with the last term to give

d (*Ru; A u;
— —dx=—\upf —a—=-
dt J,, 2 2

XR

(2.16)

XL

Let u; and ug be values of u; on the left and right sides of a cell interface. For the
numerical flux we now take

~ 1 1
f= Ea(uR +ur) — 505|a|(MR —uy), 0<acx<l

where if « =0 we have a central flux, and if « = 1 we have the upwind flux. Now on

2
summing (2.16) over the elements, the left side yields % f[ lb ”7’1 dx, while at each interior
interface, collecting the contributions from the elements on the left and right sides, there is
a total contribution

A u’ A u? 1 1 1
ugf —a— - (uLf —a7> = Ea(u%e — u%) — §a|a|(uR —up)? — Ea(u%e — ui)

=—: lal( )?
=—=Ula —
B Uugr ur,

If we set the numerical flux to the true value au, at the inflow boundary, and to the extrap-
olated upwind value au;, at the outflow boundary, it now follows that there is a negative
contribution at every element boundary except the inflow boundary, where the contribution
is
L, » 1 2
auguy — —au, = —au, — —a(u, —u
ath ) h ) a ) ( a h)
2
which is strictly less than the boundary contribution a “7“ in the true solution. This completes
the proof that the DG scheme is energy stable for the linear advection equation.
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3 Stability of the Spectral Difference Method

As in the case of the DG scheme, it is convenient to represent the SD scheme in terms of
a reference element covering [—1, 1]. Then the discrete solution is locally represented by
Lagrange interpolation on the solution collocation points x; as

n

wi(x) =Y u;l;(x) 3.1

j=1

where for polynomials of degree p, n = p + 1. Correspondingly the flux is represented by a
polynomial of degree p + 1,

n+1

H) =" filix0) 3.2)

j=1

where [ ;(x) are the Lagrange polynomials defined by the n + 1 flux collocation points %},
which include the element boundaries. At the interior flux collocation points f; is set equal
to f(u;(X;)) where u,(%;) is interpolated from u,(x). At the element boundaries f(—1)
and f (1) are defined to be the single valued numerical flux f which is common to the ele-
ment and its left or right neighbor. Then we differentiate the flux polynomial at the solution
collocation points to obtain

n+l1
du,-

=—Y filj(x) (3.3)
j=1

dr

Restricting our attention to the case of linear advection, f = au, the first step is to rewrite
the flux at each boundary as

fED=aun =D+ fo,  fD)=au, (D) + fer
where fcp and fcg are boundary corrections

foo=fED —aun (=D, fer = f(1) —auy (1) (3:4)
This follows the flux reconstruction procedure proposed by Huynh [17]. Now

n+1

Fr() = ferli(0) + ferbusr (0) +a Y un @) (x)

j=1
But since u;, (x) is a polynomial of degree p, it is exactly represented by the sum. Hence
Fi(0) = ferli () + ferbuir (0) + auy (x) (3.5)

‘We can now rewrite the SD scheme as

Buh Buh
- =—qa —
ot ox

feuly = ferly gy
Evaluating this at the solution points

dui
dt

=—a) Dyu;— foli(x) = ferly (i) (3.6)
j=1
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where D is the differentiation matrix associated with the solution collocation points, and is
uniquely determined by the location of these points and the polynomial degree p. Thus D is
represented by (2.12). In the case of an upwind numerical flux there will only be a correction
from the left boundary, and in order to simplify the analysis this will now be assumed.

Equation (3.6) can be converted to a form which resembles the nodal DG method by
multiplying it by the mass matrix to produce

du ; N
D oMy ay Syuy=—foy Myl () 3.7)
J J J
Now since /;(—=1) = 1 and /(1) = 0,

n 1 n 1
Xﬁhﬂu»=/‘MME:MMM@MM=/’Mmﬂ@Mx
j=1 -1 j=1 -1

1

1
— 0, —f l;(x)il(x)dxz—l,(—l)—/ Lol () dx
—1 —1

Thus

du: e
;Mi,d—t’ +a;sl-,u,- = fCL<l,-<—1) + / RASUICY dx) (3.8)

This differs from the corresponding nodal DG equation only in the last term. In order to
compensate for this we can replace the mass matrix M by a matrix Q > 0 such that

QD =S (3.9)
Q must have the form M + C where
CD=0

Thus each row of C must be orthogonal to every column of D. Because DR, = R;] for any
polynomial R, (x) of degree p, the coefficients of each row of D must sum to zero, so the
rank of D is no greater than n — 1. In order to find a row vector which is orthogonal to every
column of D, consider the p'" difference operator d” which gives

> diR,(x)) =RV
=1

for any polynomial of degree p. Then
Y diy DijRy(x;) =Ry =0
i J

Thus the matrix
Q=M +cdd"

where c is an arbitrary parameter, satisfies (3.9). Also since any polynomial R, (x) of degree
p can be represented exactly as

Rp= R,(x)li(x)
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it follows that if /; (x) is expanded as
li(x)=a;x" +---
where g; is the leading coefficient, then
d; = ll-(p) = pla;
Now on multiplying (3.6) by Q instead of M we obtain the extra term
—cferd; Zdjii (xj) = —CfCLlAfp+l)l;p)
J

on the right, so that (3.8) is replaced by
du; Lo Fp+1),(p)
ZQ,, +aZs,,u, fe =D+ | Lohx)dx —c 1PV (3.10)
-1

Now if we can choose ¢ so that the last two terms on the right cancel, we can attain an
energy estimate with the norm u” Qu replacing u’ Mu in each element. For this purpose
we can choose the interior flux collocation points as the zeros of the Legendre polynomial
L, (x) of degree p. Then

A 1
Lx) = (—1)”5(1 —x)L,(x)

and
1 R l 1
/ Bl dx = (=" f XLy ()l (x) dx
-1 -1

since [{(x) is a polynomial of degree p — 1 and L ,(x) is orthogonal to all polynomials of
degree < p. Moreover only the leading term in x/;(x) contributes to the integral for the same
reason. Let

L,(x)=cpx?4---
where the leading coefficient ¢, can be evaluated from Rodrigues formula

1

Ly = g5 = 1 = 0 S )

_|
_ 1 12 1 1)x?
2 pl pCp—1)---(p+Dx"+
1(2p)'
~ 2 (p2”
1-3-5----- 2p—1
@p )Xer

Also

xll(x) = pa;x? + - -+
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where g; is the leading coefficient in /; (x). Noting that

1 5 2
L dx =
—1 P 2p+1

we obtain
! 2p  q;
L, (x)dx = -
Also
l(P+l) (— 1)p+l (]7-}-1)‘0,,
and

l,‘ ») = p!a,-
Thus the desired cancellation is obtained by setting

2p 1 1
= — >0
2p+1c pl(p+ D!

In the case that the interface flux is not fully upwind, a similar calculation shows that the
convection from the right boundary is correspondingly reduced, so that finally

d
ZQU ”’+a2s,ju, feuli(=1) = ferli(1) @3.11)

Since u, is a polynomial of degree p
Z diu; = u,(f' )

and in each element, allowing for the scaling factor 8 = % in the transformation from
the reference element

1 [*R 2
DD wiQuu, = B / (up + B eu;”") dx
f j xL

Now the same argument that was used to prove the energy stability of the nodal DG
scheme establishes the energy stability of the SD scheme with the norm

b
/ (uh + ﬂz”cu<p> )dx

with the piecewise constant scaling factor B, for the case of solution polynomials of de-
gree p, provided that the interior flux collocation points are the zeros of L, (x). It can be
seen that ¢ decreases very rapidly with increasing p, as is illustrated by the following table
of values of c.

p C
1
L5
4
2 13
1
3 1050
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4 Conclusion

The result is consistent with the conclusion of Van den Abeele, Lacor and Wang [16] that
the stability of the spectral difference method depends only on the location of the flux col-
location points. While it establishes the stability of the SD scheme when the interior flux
collocation points are the zeros of the Legendre polynomial L ,(x), it does not preclude the
stability of the SD scheme with other choices of the flux collocation points, possibly in a
different norm. However, extensive calculations for the second, third and fourth order cases
(not included here) have indicated that the conditions for the cancellation of the last two
terms of the boundary correction in (3.10) can only be satisfied by choosing the interior flux
collocation points as the zeros of L, (x).

It is also interesting that as the order of accuracy is increased the norm in which the
SD method has been shown to be stable asymptotically approaches the usual energy norm.
Moreover, in light of the theorem that all norms are equivalent in a finite dimensional space,
the proof also establishes the stability of the SD schemes in any norm. Whether a similar
proof of stability for all orders of accuracy can be established for the multidimensional case
with either tensor product or simplex elements remains a subject for future research.

5 Dedication

This paper is dedicated to the memory of David Gottlieb, a man of extraordinary honor,
integrity and generosity, whose seminal contributions throughout his career have laid the
foundation for the emergence of practically useful higher order methods in scientific com-
puting.
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