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A WEAK GALERKIN FINITE ELEMENT METHOD FOR THE
MAXWELL EQUATIONS

LIN MU*, JUNPING WANG', XIU YEf, AND SHANGYOU ZHANGS$

Abstract. This paper introduces a numerical scheme for time harmonic Maxwell’s equations by
using weak Galerkin (WG) finite element methods. The WG finite element method is based on two
operators: discrete weak curl and discrete weak gradient, with appropriately defined stabilizations
that enforce a weak continuity of the approximating functions. This WG method is highly flexible by
allowing the use of discontinuous approximating functions on arbitrary shape of polyhedra and, at
the same time, is parameter free. Optimal-order of convergence is established for the weak Galerkin
approximations in various discrete norms which are either Hl-like or L? and L?-like. An effective
implementation of the WG method is developed through variable reduction by following a Schur-
complement approach, yielding a system of linear equations involving unknowns associated with
element boundaries only. Numerical results are presented to confirm the theory of convergence.

Key words. weak Galerkin, finite element methods, weak curl, weak gradient, Maxwell equa-
tions, polyhedral meshes
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1. Introduction. In this paper, we are concerned with new developments of nu-
merical methods for the time-harmonic Maxwell equations in a heterogeneous medium
Q) C R3. The model problem seeks unknown functions u and p satisfying

(1.1) V x (uV xu)—eVp=1£ inQ,
(1.2) V-(eu)=g; inQ,
(1.3) uxn=g¢ ondf,
(1.4) p=0 onodf,

where the coefficients © > 0 and € > 0 are the magnetic permeability and the electric
permittivity of the medium, respectively.

A weak formulation for (1.1)-(1.4) seeks (u,p) € H(curl; Q) x Hg(£2) such that
u x n= ¢ on JN and

(1.5) vV xu, Vxv)—(v,Vp)=(f, v), Vve Hy(curl;Q)
(1.6) (u,Va) = ~(9.0), Yaq € Hg(9),

where v = p/e, f = f1 /e and g = g1 /e.
The Maxwell equations have been studied extensively in literature by using various
numerical methodologies including H (curl; 2)-conforming edge element approaches
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[1, i, [8, 10 [I1] and discontinuous Galerkin methods [2} [3] (4, B, [12] [13]. Particularly in
[6], a mixed DG formulation for the problem — was introduced and analyzed.
In this DG formulation, both u and p are approximated by piecewise [Py(T)]* and
Py(T) functions if T is a tetrahedron and by piecewise [Qx(T)]> and Qx(T) if T is
a parallelepiped, where Py (T) denotes the set of polynomials of total degree k and
Qr(T) the set of polynomials of degree k in each variable.

The weak Galerkin (WG) finite element method refers to a general finite element
technique for partial differential equations where differential operators are approxi-
mated as discrete distributions or discrete weak derivatives. The method was first
introduced in [I5] [16] for second order elliptic equations, and was later extended to
other partial differential equations including the Stokes equations [I7] and the bihar-
monic equation [9, 14]. The current research indicates that the concept of discrete
weak differential operators offers a new paradigm in numerical methods for partial
differential equations.

In this paper, we apply the idea of weak Galerkin to the problem —.
In essence, this procedure shall introduce a discrete curl operator, which shall be
combined with the discrete weak gradient as introduced in [I5] to yield a finite element
scheme for the Maxwell equations. In this WG method, two types of weak functions
are used: u;, = {ug,up} € [Ps(T)]? x [Pi(e)]® and pr, = {po,pp} € Pu(T) x P,(e),
with u, = up and pp = pg inside of each element and u, = u, and py = p, on the
boundary of the element. Error estimates of optimal order are established for the WG
approximations in appropriate norms for the case of s=t=kand { =k —1, 1=k
with k£ > 1. For the case of s =t =k and £ = ¢ =k — 1, only numerical experiments
are conducted to illustrate the performance of the corresponding WG finite element
scheme; a theoretical study of this WG method is left to interested readers for an
investigation.

The use of weak functions and weak derivatives makes the WG method highly
flexible on the construction of finite element functions on partitions with arbitrary
polygons or polyhedrons. Compared with the DG method in [6], our WG methods
make use of additional variables u, and p; defined on the boundary of the elements.
However, the variables ug and pg defined on each element can be eliminated through
a local process/computation, yielding a system of linear equations involving only the
variables u; and p,. Consequently, the WG method has much less number of globally
coupled unknowns than DG methods. In addition, the weak Galerkin finite element
method is parameter independent in its stability and convergence.

The paper is organized as follows. In Section [2] we introduce some basic nota-
tions. In Section [3] we discuss some discrete weak differential operators, particularly
a discrete weak curl. Section[d]is devoted to a presentation of the weak Galerkin finite
element scheme for the problem —. In Section [5| we derive an error equation
for the WG finite element approximation. In Section |§|, we introduce two types of L?
projection operators and derive some estimates for them. Sections[7]and [8|are devoted
to an error analysis for the WG finite element approximations. In Section[J] we discuss
an efficient implementation method by using variable reductions/elimination. Finally
in Section we present some numerical results that verify the theory established in
the previous sections.

2. Preliminaries and Notations. Let D be any open bounded domain with
Lipschitz continuous boundary in R?. We use the standard definition for the Sobolev
space H*(D) and their associated inner products (-,-)s p, norms | - ||s,p, and semi-
norms | - |5 p for any s > 0. For example, for any integer s > 0, the seminorm |- |5 p
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is given by

1
2

|v

= /D|6%|2dD

loe|=s

with the usual notation
3
a=(a1,...,aq), la|=a1+...4+aq 0%= H@;)‘JJ
j=1

The Sobolev norm || - ||, p is given by

m

ollm.p = | D 10l b

Jj=0

The space H°(D) coincides with L?(D), for which the norm and the inner product
are denoted by ||-||p and (-, -) p, respectively. When D = €2, we shall drop the subscript
D in the norm and inner product notation.

The space H(curl; D) is defined as the set of vector-valued functions on D which,
together with their curl, are square integrable; i.e.,

H(cur; D) = {v: v € [L*(D)}>,V x v € [L*(D)]*}.

3. Weak Derivatives. The two differential operators used in and
are curl and gradient operators. The goal of this section is to introduce an analogy of
the curl and gradient operator, called weak curl and weak gradient operators, when
the applied functions are discontinuous.

3.1. Weak gradient and discrete weak gradient. The concept of weak gra-
dient and its discrete analogue was introduced in [I5]. This subsection is presented
for the sake of completeness of presentation.

Let K be any polyhedral domain with boundary 0K. A weak function on the
region K refers to a function v = {vg, vy} such that vy € L?(K) and v, € L?(0K).
The first component vy can be understood as the value of v in K, and the second
component v represents v on the boundary of K. Note that v, may not necessarily
be related to the trace of vo on K should a trace be well-defined. Denote by W(K)
the space of weak functions on K i.e.,

(3.1) W(K) := {v = {vo, v} : vo € L*(K), v, € L*(OK)}.

The weak gradient operator is defined as follows.

DEFINITION 3.1. (Weak Gradient) The dual of L*(K) can be identified with itself
by using the standard L? inner product as the action of linear functionals. With a
similar interpretation, for any v € W(K), the weak gradient of v is defined as a linear
functional Vv in the dual space of [H'(K)]> whose action on each q € [HY(K)]? is
given by

(3.2) (Vuwv, @)k = —(v0, V- @)k + (0, ¢ - Mo,
3



where n is the outward normal direction to 0K, (vo,V - q)x = [ vo(V - q)dK s the
L? inner product of vg and V - q, and (vy, q-n)gx is the L? inner product of ¢-n and
vp in L2(0K).

The Sobolev space H!(K) can be embedded into the space W(K) by an inclusion
map iy : H'(K) — W(K) defined as follows

iw(0) ={dlk. dlox}, ¢ € H'(K).

With the help of the inclusion map iy, the Sobolev space H!(K) can be viewed as a
subspace of W(K) by identifying each ¢ € H(K) with iy (¢).
Let P.(K) be the set of polynomials on K with degree no more than r.
DEFINITION 3.2. (Discrete Weak Gradient) The discrete weak gradient opera-
tor, denoted by V., r, is defined as the unique polynomial (V. xv) € [Pr(K)J?
satisfying the following equation

(33) (vw,r,KU7 Q)K = _(UOa = Q)K + <Ub7 q- n>3K7 Vg € [PT(K)}d

3.2. Weak curl and discrete weak curl. To define weak curl, we require weak
functions v = {vg, v} such that vo € [L*(K)]® and v;, x n € [L?(0K)]3. The first
component vg can be understood as the value of v in K. The second component vy
represents the value of v on the boundary of K.

Denote by V(K) the space of vector-valued weak functions on K i.e.,

(3.4) V(K) = {v = {vo,vs} : vo € [L*(K)]?, vi x n € [L*(0K)]*}.
Then, we define a weak curl operator as follows.

DEFINITION 3.3. (Weak Curl) The dual of [L?>(K)]® can be identified with itself
by using the standard L? inner product as the action of linear functionals. With a
sitmilar interpretation, for any v € V(K), the weak curl of v is defined as a linear
functional V,, x v in the dual space of [H'(K)]* whose action on each ¢ € [H'(K)]?
is given by

(35) (vw X V,CP)K = (Vo,v X QD)K + <Vb X n790>3K7

where n is the outward normal direction to 0K, (vo,V X ¢)x = [} Vo -V X pdK
is the L? inner product of vo and V X ¢, and (vy, X n,@)ax is the inner product in
L?(0K).

The Sobolev space [H*(K)]? can be embedded into the space V(K ) by an inclusion
map iy : [H*(K)]? = V(K) defined as follows

ZV(¢) = {¢‘K’¢|6K}’ ¢ € [Hl(K)P

Let K be any polyhedral domain with boundary 0K . For each face e € 0K, let t; and
to be two assigned unit vectors on the face e such that t;, to and n are orthogonal
each other. Thus, we have vy|. = vit; + vate + v,n. Define v, = vit1 + vats.
Obviously,vy X n = v; X n. Since the quantity of interest is not v, but v, X n, we
will let v = v in order to reduce the number of the unknowns.

DEFINITION 3.4. (Discrete Weak Curl) For a given K, a discrete weak curl
operator, denoted by V., k%, is defined as the unique polynomial (V. x X V) €
[P.(K)]? that satisfies the following equation

(3.6) (Vwrk XV, 0k = (vo, VX @)k + (Vi X 0, ©)aK, Yo € [P.(K)]3.



4. Numerical Algorithms. Let 7; be a partition of the domain © with mesh
size h that consists of polyhedra of arbitrary shape. Assume that the partition 7 is
shape regular in the sense as defined in [16]; i.e. T, satisfies a set of conditions given
in [16]. Denote by &, the set of all faces in Ty, and let £ = &£,\0N be the set of all
interior faces.

Let e € 5,? be shared by two elements 77 and T5. Let t; and t2 be two tangential
unit vectors on face e € &,. For k > 1, define a weak Galerkin finite element spaces
associated with 7, as

(4.1) Vi, = {v = {vo, vy = vit1 + vt} : vo|r € [Pu(T)],
vy, v € Pi(e), e C 8T},
and
(42) W= {w={wo,w}: {wo,wllr € Pesr(T) x Pele), e C O,
wp, = 0 on 8(2}.
We also introduce the following subspace of V},,
Vo ={v={vo,vs} €V}, v, xn|c =0, e C IN}.

The discrete weak gradient V,, 1 and the discrete weak curl V,, ;X on the finite
element spaces Wy, and V}, can be computed by using (3.3) and (3.6]) on each element
T respectively; i.e.,

(Vuw,x0)|r = Vi, (0|7), Yv € Wy,
(Vwk—1 X V)|lT = Vyr_1,1 X (V|T), Vv € V.

For simplicity of notation, from now on we shall drop the subscript k in V,,; and
k —1in Vy, 1 X for the discrete weak gradient and the discrete weak curl.

Corresponding to the bilinear forms in —, we introduce the following
bilinear forms:

(va XV, Vy X W)h = Z (va XV, Vi X W)T
TETh

(V, qu)h = Z (qu, V)T.
T€7—h

Furthermore, we stabilize the first one by adding an appropriate stabilization term as
follows:

(4.3) a(v, w) = WV XV, Vi X W) + 51(V, W),

where

(4.4) s1(v, w) = Z h™H{(vo —vp) xn, (Wo— W) X n)yp.
TE€Th

For simplicity of notation, we introduce the following notation

(4.5) b(v, q) = (vo, Vuw@)n
5



and a second stabilization term

(4.6) s2(p, @) = D h{po—Po: G0 — D)o
TeT

WEAK GALERKIN ALGORITHM 1. Find up = {ug,up} € Vi, and pp, = {po,pp} €
Wh, satisfying up X n = Q¢ on 0 and

(47) a(uh, V) - b(V, ph) = (f7 VO); Vv= {V07 Vb} € Vh,O,
(4.8) b(un, q) + s2(pn.q) = —(9.q0), Y q¢={q0, @} € Wh,

where Qp is an approzimation of the boundary value in the polynomial space [Py (0T N
O0)]3. For simplicity, one may take Qy¢ as the standard L? projection of the boundary
value ¢ on each boundary segment.

LEMMA 4.1. The weak Galerkin finite element algorithm -(@ has a unique
solution.
Proof. 1t suffices to show that zero is the only solution of (4.7)-(4.8) if f = 0,¢ = 0,

and g = 0. To this end, assume that the homogeneous conditions are given. Take
v =uy, and ¢ = py, in (4.7)-(4.8). By adding the two resulting equations, we obtain

WV xuy, Vexug), + Z h_1<(u0 —w) Xn, (ug—uy) X n)y,
TET

+ Z h(po — pv, Po — Db)or =0,
TETh

which implies V,, x up, = 0 on each T', ug x n = up x n and pg = pp on 1. Note that
the boundary condition implies up X n = 0 on each e C 9. Then, it follows from
(3.6) and the integration by parts that for any v € [Py_1(T)]3

Vw XWp,, V)T

0=(

= (ug, Vxv)r + (uy X n, v)yp

= (Vxug, v)r + ((up —ug) X n, V>6T
= (

Vxug, V)T,

which gives Vxug = 0 on each T € Tp,. Using (4.8), (3.3) and the integration by
parts, we have

0= Z (wo, Vuwq)r = — Z (V-uo, q)r + Z (ug - n, Qb>3T-

TeTh TETh TeTh

Letting gg = V -ug and ¢, = 0 in the above equation yield V-ug = 0 on each T' € Tj,.
Next, by letting gg = 0 and ¢, be the jump of ug-n on each interior face e, we conclude
that ug is continuous across each interior face e in the normal direction.

Note that V x ug = 0. Thus, there exists a potential function ¢ such that
ug = V¢ on Q. It follows from V - uy = 0 and the fact that ug - n is continuous
that A¢ = 0 is strongly satisfied in 2. The boundary condition of implies that
ug xn = V¢ xn =0 on JQ. Therefore, ¢ must be a constant on 9. The uniqueness
of the solution of the Laplace equation implies that ¢ = const is the only solution
of A¢ = 0 if Q is simply connected. Then we must have ug = V¢ = 0. Since
u, X n =ug X n =0, we have u, = 0.



Since uj, = 0, we then have b(v,py) = 0 for any v € Vj,o. It follows from the
definition of b(-,-) and V,, that

(49) 0= b(vv ph) = (VOa vah)h
==Y (V-vo, po)r+ Y (Vom, pp)or

TeTh TETh

= Y (vo, Vpo)r,

TETh

where we have used the fact that pg = p, on T. Letting v = {vo, vy} = {Vpg, 0} in
(4.9) gives Vpg = 0 on each T' € Ty, i.e. po is a constant on T' € 7. Using the facts
po = pp and pp = 0 on N, we obtain p, = 0. O

5. Error Equations. For each element T € 7j,, denote by Qo and Qg the L?
projections onto [P, (T)]? and Pj,_1(T) respectively. Let Qp be the L? projection onto
Pi.(e). Then we can define two projections onto the finite element space V;, and Wy,
such that on each element T,

Qv ={Qov, Qpv = Qp(v1)t1 + Qu(va)ta}, Qng = {Qoq, Qvq}-

In addition, denote by Qy, the local L? projection onto [Py_1(T)]3. The projection
operators Qp, Qn and Qj have some useful properties as stated in the following
Lemma.

LEMMA 5.1. Let Qp = {Qo, Qp} and Qn = {Qo, Qs} be the projection operators
onto the finite element spaces Vi, and Wy, respectively. Then, we have

(5.1) Vux(Qpu) = Qp(Vxu) Yu € H(curl; Q)
and
(5.2) Vu(Qrg) = Qo(Va) Vg HY(Q).

Proof. Using (3.6)), the integration by parts, and the definition of Q; and Qy, we
have
(Vux(Qpu), w)r = (Qou, Vxw)r + ((Qpu) x n, W)sr
= (u, Vxw)r + {(uxn, w)gr
= (Vxu, w)r = (Qp(Vxu), w)r
for any w € [P,_1(T)]®. This implies that (5.1 holds true.
As to (5.2)), we use the definition of @), and the discrete gradient operator V,, to
obtain
(Vu(@np), v)T = —(Qop, V- V)1 +(Qvp, V- n)or
= 7(pa \E V)T + <p7 A\ n>6T
= (Vp, v)r = (Qo(Vp), v)r
for all v € [P,(T)]3, which verifies the desired relation (5.2)). O

Define two error functions as follows

(5.3) en, = {eo, e} = {Qou —ug, Qpu — w},
(5.4) en = {c0, v} = {Qop — Po, Qvp — s}
7



The rest of this section is to derive some equations that the above error functions
must satisfy. For simplicity of analysis, we assume that the coefficient v in is a
piecewise constant function with respect to the finite element partition 7y,.

LEMMA 5.2. Let (up;pp) be the WG finite element solution arising from
and @), and (ep;ep) be the error between the WG finite element solution and the L?
projection of the exact solution as defined in —. Then, the following equations

are satisfied

(5.5) a(en, v) =b(v, en) = pu(v) Vv E Vho,
(5.6) b(en, q) + salen, q) = buplq) Vg€ Wh,
where
(5.7) pu(v) = 51(Qpu, v) —Ili(u, v),
(58) d)u,p(Q) = SQ(thv q) + l2(u7 q)7
and
(5.9) hiu, v) = > ((I-Qu)Vxu, v(vy —vo) X n)yy
TeTh
(5.10) la(u, ¢) = Y (g0 — @, (u—Qou) n)or.
TET

Proof. Using , , and the integration by parts we have
(5.11) (VVux(Qpru), VyuXxv)p
= (vQp(Vxu), VyuXxv)r
= (vvg, VXQp(Vxu))r + (vvy x n, Qp(Vxu))or
= (vVxvy, Qn(Vxu))r + (v(vy — vo) x n, Qu(Vxu))ar
= (vVxu, Vxvo)r + (Qn(Vxu),v(vy — vo) X n) .

It follows from (5.2)) that

(5.12) (Vu(Qrp); vo)r = (QoVp, vo)r = (Vp, Vo).
Next, using the definition of V,, and Qg, we obtain
(5.13) (Qou, Vuq)r = —(q0, V- (Qou))7 + (g, Qou-n),p

= (Vao, u)7 — (90 — @, Qou-m)or.
Testing by vo with v = {vg, vp} € V), o gives
(5.14) (Vx(vVxu), vo) — (Vp, vo) = (f, vo).
It follows from the integration by parts that
(Vx(vVxu), vg) = Z (vVxu, Vxvo)r + Z (v(ve —vo) xn, Vxu)yp,
TETh TEeTh

where we use the fact that ZTGTh<Vb x n, vVxu)sr = 0. Using dj and the
equation above, we have

(5.15)  (Vx(¥Vxu), vo) = (WVux(Qpu), VuXv)y

+ Z (I —Qp)Vxu, v(vy, —vp) X n>8T'
TeTh
8



Substituting (5.12)) and (5.15]) into (5.14)) yields

(vax(Qhu)v vwxv)h - (vahp7 VO)h = (f, VO) - ll(V, ll).

Adding s1(Qpu, v) to both sides of the equation above gives

(5.16) a(Qpu, v) —b(v, Qnp) = (f, vo) + ou(V).

To derive a second equation, we test equation ([1.2)) by qo with ¢ = {qo, g} € Wi
and then use the integration by parts to obtain

(5.17) =Y (w, Vao)r+ > (u-n, go—a)or = (9, 9,

TeTh TeTh

where we have used the fact ) ;s (u-n, g)sr = 0. Combining (5.13) with (5.17)

gives
> (Qou, Vug)r = —(g, q0) + l2(u, q).
T€7-h

Adding s2(Qrp, ¢) to both sides of the equation above gives
(5.18) b(Qnu, q) + 52(Qnp, @) = —(9, @) + Pup(a)-

Finally, the differences of (5.16)) and (4.7)), (5.18) and (4.8]) yield the error equations
(5.5) and (5.6)), respectively. O

6. Preparation for Error Estimates. For v = {v¢, v} € V} 0, define ||v]|| as
follows

2 _
6.1)  IvIF=alv, v) = Y v[Vuxvlg+ > A7 I(vo = ve) Xl
TET TET,

It is clear that || - || defines merely a semi-norm for the linear space V}, . A norm can
be derived from the semi-norm ||v|| by adding two more terms given as follows

(6.2) Ivily = livil + (Z IV-V0|%> + Dk Hvo-nllZ |

TeTh ecgy

where [vg - n| is the jump of the function v at each edge/face in the normal direction.
The proof of Lemma can be employed to verify that || - ||, is indeed a norm in
Vh,0. For convenience, we also use the following notation:

1/2
(6.3) [Vl == ( > h7HI(vo — V) x nll?n) :

TeTh

The linear space Wy, can be equipped with the following norm

llally = lalo.n + Rl Vallon,

where

lqlon = E hllgo — |3
TeTh
9



and

(6.4) Vg

1
2
0h = ( E ||VQO||2T>

TeTh

for any q € Wh,.

The following Lemma provides some approximation estimates for the projections
Qn; Qp, and Qp.

LEMMA 6.1. Let Ty be a WG shape regular partition of Q, w € [H'TH(Q)]3,
pE Ht(Q), and 0 <t <k. Then, for 0 <s <1, we have

(6.5) 3 rE|lw - Qowl?2 < CRXEY w2,
T67-h

(6.6) 3 B3 Vxw — Qu(Vxw)|2 7 < Ch* |[wl2,,,
TETh

(6.7) S B0~ Qopll2 1 < ChY|pl2.
TETh

Since the mesh 7 is assumed to be very general, the proof of Lemma [6.1] is rather
technical and can be found in [16].

Let K be an element with e as a face. For any function g € H*(K), the following
trace inequality has been proved for arbitrary polyhedra K in [16].

(6.8) lgll? < € (hi'llgliE + hxlIVali%) -

In particular, if £ is a polynomial on K, then the standard inverse inequality can be
applied to yield

(6.9) €12 < Chit i€l

Using and Lemma we can prove the following result.
LEMMA 6.2. Let w € [H'TH(Q)]* and p € H'(Q) and v € V}, with 3 <t < k.
Then

(6.10) 151(Qrw, V)| + |li(w, v)| < CR||wlleq1|v]1n,
(6.11) 152(Qnp, Q)| + l2(w, q)| < Ch*(|[Wllex1 + lIplle) lalo,n,

where Iy (w,v) and lz(w,q) are defined in (5.9) and (5.10).
Proof. Using the definition of Qp, and (6.5, we have

[s1(Qrw, V)| = Z h_l((Qow — QywW) X1, (Vo —Vp) X D)gr

TETh

Z hil«QOW - W) X n, (Vo — Vb) X n>3T

TET

1/2
< (Z (h2|Qow — w7 + IIV(QoW—W)IQT)> VILn

TET
< ChH w41 [v]1,n-
10



Similarly, we have from and that

(v, W)= | Y (I = Qu)Vxw, v(vi — Vo) X n)yy
TeTh
1/2
< <Z hII(IQh)VXWII?)T> [V[1,n
TeTh

< O |[Wlle41 [Vl n-

This completes the proof of (6.10)).
As to (6.11]), note that

|52(Qnp, @) = | Y h{Qop — Qup, g0 — o
TeTh
< > hl{Qop —p, q — @)or]
TeTh

< Ch'|Ipll¢ lglo,n-

It follows from and (6.7) that

la(w, @)l = | > (g0~ @ (W~ Qow) m)or
TeTh
1/2 1/2
< < > hTHw - QowII%T> ( > hllgo - quI%T>
TeTh TeTh

< ChM|wlle41 |qlo,n-

Combining the above two estimates leads to the inequality (6.11)). This completes the
proof of the lemma. O

7. Error Estimates. The objective of this section is to establish some optimal
order error estimates for uy, and py, in certain discrete norms. We start with a modified
inf-sup condition commonly used for analyzing saddle point problem.

LEMMA 7.1. For any q = {qo, @} € Wh, there exist a v, = h*{Vqo,0} € Vi
such that

(7.1) b(vq, q) = B*|Vall§, — Clals s
and
(7.2) Ivell < ChlIVallo,n,

where C' is a constant independent of h.

Proof. For a given ¢ = {qo, g} € Wj, and v = {vo, vy} € V}, o, from the definition
of the discrete weak gradient we obtain

b(V,q) = Z (VOava)T

T€7—h

= Z ((vo 1, @) o7 — (V- Vo, q0)T)
TET

= Z ((vo, Vao)r + (Vo -1, g — q0) 57)
TETh

11



where we have used the usual integration by parts in the last equation. By choosing
v = 2h*Vqo and v, = 0 we arrive at

b(v,q) =2h* > (Vao, Vao)r +2h> Y (Vo 0, g5 — qo) -
TETh TETh

Now by the Cauchy-Schwarz inequality and the trace inequality we obtain

b(v,q) = 2h* > (Vao, Vao)r —2h* Y [Vao - nllarllas — qollor

TeTh TeTh
> 2h° Z (Vgo, Vao)r — Ch'?® Z IVaolrllas — qollor
TeTh TeTh
>h* Y (Vao, Vao)r — Ch Y llae — qoll3es
TETh TETh

which gives rise to the inequality ([7.1]). The boundedness estimate ([7.2) can be obtain
by computing the triple bar norm of v, directly. This completes the proof of the
lemma. O

The following is an error estimate for the WG finite element solutions.
THEOREM 7.2. Let (u;p) € [HH(Q))? x [H3(Q) N H™>{LH(Q)] with $ <t <k

and (up;pn) € Vi x Wy, be the solution of — and —@ respectively.
Then

(7.3) llenll + lenlo,n < CRE(Jullegr + llplle),
(7.4) hVenllon < Ch(Jluller1 + [Iplle)-

Proof. By letting v = ey, in (5.5)) and ¢ = €, in (5.6)) and adding the two resulting
equations, we have

(7.5) llenll” + lenld . = ulen) + dup(en).

The right-hand side of (7.5)) can be handled by using Lemma as follows. Using
(6.10) with w and v replaced by u and e, we obtain

(7.6) [pu(en)| < Ch' [l llen]]-

Similarly, using (6.11)) with w and ¢ replaced by u and e, we obtain

(7.7) |$up(en) < Ch'(Jlullerr + [Iplle) lenlo,n-
Substituting (7.6) and (7.7) into (7.5)) yields
(7.8) lenll” + lenld,n < ChE(ullesr + plle) (lenll + lenlo.n),

which implies the error estimate ([7.3).
Next we will bound ||Vep||o,n. It follows from (5.5) that

b(v, en) = alen, v) — pu(Vv) Vv € Vio.
12



From Lemma by choosing v = v, = h?{Vep,0} we come up with

W2 Venll§n < b(ve,sen)| + Clenld

< la(en, ve,)| + |ou(ve,)l + Clenls
+ Ch'Julleqaflve, Il + Clenls s
< C(Jlenll + Cr*[[ullt1)hlIVenllon + Clenls p

(7.9)
< llenll llve,

where we have used the estimate ([7.2)) in the last inequality. It follows from (7.9)) and
(7.3) that (7.4)) holds true. This completes the proof of the theorem. O

Recall that ||v|| is merely a semi-norm in the finite element space V}, 0. Thus,
the error estimate only provides a partial answer to the convergence of the WG
finite element method, particularly for the vector component uy,. The norm || - ||;, as
defined by , involves two additional terms. The following theorem shall provide
some estimates with respect to those additional terms.

THEOREM 7.3. Let (w;p) € [H™(Q)] x (Hg () 0 H™>th t}(Q)) with 3 <t <k
and (up;pp) € Vi x Wy be the solution of (-) (w and @ respectively.

Then, we have

Nl

(7.10) Y b7 leo n]lZ | < ChM([ullers + liplle),

ec&y)

Nl

(7.11) ( IV e0||2T> < Ch([[ulle+s + liplle)-

TETh

Proof. Using the error equation (5.6 we have

(7.12) blen, q) = dup(a) — s2(en, q)-

The definition of the weak gradient implies that

(7.13) blen,q) = (€0, Vwq) = Y (€01, g)or — (V- €0, qo)7)-
TeTh

By letting ¢ = ge, = {0,h " ![eo - n]} on the interior edges, we obtain

ben o) = 3 h e - n]|2.
6650
Thus,
S nYlleo - 2 = Gup(de,) — s2(ens dor ).

ec&p

It follows from (7.3]) that

(7.14) [s2(ens e, )| < lenlon 1ge,lo.n < Ch*([ullers + 1plle) Ige, lo.n:
and from (|6.11)
(7.15) |bup(den)] < Ch ([ullerr + lIplle) e lon-

13



Also, it is easy to see that

lgenldn = hllao = all3rme

TeTh
= Z h~Hleo - nfl3rqo
TETh
<C > hY[eo-n]|2.
ec&d

Combining the above four inequalities yields

2

(7.16) > Hleo-n]Z ] < Ch'([ullisa + lpllo),
ec&?

which verifies the estimate ((7.10]).
To derive (7.11)), we set ¢ = ge, = {—V - €9, 0} € W}, in ([7.13)) so that

(717) etheh Z ||v eOHT
TETh

Thus, it follows from (|7.12]) that

(7.18) Y IV -eollF = dup(de,) = s2(ens de,)-
TeTh
Substituting (7.14}) and (7.15)) into (7.18)) implies
(7.19) > IV-eolz < ChM(I[ullssr + lIplle) (e lo,p-
TeTh

It follows from the definition of |¢|o , and the trace inequality that

|9elon < (Z h|V~eo|§T> <C < > IIV-eo|I%> ;

TETh TETh

which, together with (7.19)), leads to the following estimate

( >V eoll%) < Ch'(ulle+1 + [1plle)-

TET
This completes the proof. O

To summarize, we have obtained the following error estimate for the WG finite

element solution arising from (4.7))-(4.8).
THEOREM 7.4. Under the assumptions of Theorem we have the following

error estimate for the WG finite element approximations:

(7.20) llenlly + llenlly < CR(J[ulle4r + lIplle)-

14



8. An Error Estimate in L2?. To derive an L2-error estimate for the WG
approximation of the vector component, we consider an auxiliary problem that seeks

(1; &) satisfying

Vx(vVxy) —VE=ey inQ,

V-¢=0 inQ,
(8.1) v=0 in
Y xn=0 ondf,
&E=0 onodN.

Assume that the problem (8.1)) has the [H!7%(Q)]? x H?*(Q)-regularity property in
the sense that the solution (¢;&) € (H'™5(Q))3 x H*(Q2) and the following a priori
estimate holds true:

(8.2) [¥ll+s + [1€]ls < Clleol,
where 0 < s < 1.

THEOREM 8.1. Let (w;p) € [H™T1(Q)]? x [HF(Q) N H™*>{LHQ)] and (up; pr) €
Vi x Wy, be the solutions of — and - respectively. Let % <r<k
and 0 < s < 1. Then,

(8.3) 1Qou — uo| < CA™*(Jlullr41 + [Ipllr)-

Proof. Testing the first equation of (8.1)) by e gives
[Qou — ug|*> = (eo, eg) = (Vx(¥Vxv), ey) — (VE, ).

Using (5.12) and (5.15) (with 1, £, e, in the place of u,p, v respectively), the above
equation becomes

1Qou —wgl* = (VVuxQuth, Vuxen)n — (€0, Vu(Qné))n + (¥, en).
Adding and subtracting s1(Qprt, €) to the equation above yields
1Qou — wol* = a(Qny, en) —blen, Qné) — pulen).
The error equation implies
blen, Qn&) = —s2(en, Qn) + dup(Qnf).

It now follows from the definition of Qq, V,, and the second equation of (8.1)) that

b(Qny, en) = (Qo¥, Vuwen)n = Z ({ep, Qo¥ -m)yp — (€0, V- (Qo¥))7)

TeTh
= Z (<€b — €p, Qow . n>8T + (VEQ, w)T)
TETh
= > ((es— €0, Qo m)yy — (€ — €0, ¥~ 1) y7p)
TETh
= l2(¢76h)7

15



where we have used the fact that .. (€, 1-n),p = 0. Using the equations above,
we have

1Qou — uol* = a(Qnp, en) = b(QnY, €n) — Gup(@nE) — pylen) + by c(en).
Using (5.5 and the equation above, we have

(8.4) Qou — ugl* = pu(Qrt)) — dup(Qné) — @y (en) + dy.c(en).

The four terms on the right-hand side of (8.4)) can be handled by the estimates
presented in Lemma [6.2] To this end, we use (6.10) and (6.11)) with ¢ = r to obtain

85)  [pu(Qnt) = dup(Qré)] < CA (lullrr + [lpllr) (1QRYILA + Q1€
Using the definition we have

0,) -

Quvli ) = > hHI(Qov — Qo) x n|3

TETh
(8.6) <3 hH(Qoy — ¥) x nf3r
TeTh
<Ch**|[Y]1 241

Similarly, we have from the definition of @y, and

|Qnélg ., = Z h|Qoé — Quéll3r

TeTh
(8.7) < Y Qg —¢ll3r
TEThH
< Ch*|[¢]3

Substituting and into (8.5) gives

[2u(Qnt) = Gup(Qné)l < CA™*(ullrtr + 1pllr) (1Wll+s + 11€]1s)

(8.8) .
< Ch " ([[ullrsr + M2l lleoll,

where the regularity estimate (8.2)) was used in the second equation.
Analogously, we have from (6.10) and (6.11]) with ¢ = s that

[pp(en) — dyelen)] < CR2([[9llsr1 + lI€]ls) (lenlrn + lenfo.n)
(8.9) < CP* (llenll + lenlo.n) lleoll
< Ch" " ([[ullsr + llpll-) lleoll,

where we have used the error estimate ([7.3]) and the regularity inequality (8.2)). Fi-
nally, substituting (8.8) and into (8.4)) yields the desired error estimate (8.3).
This completes the proof of the theorem. O

9. An Effective Implementation through Variable Reduction. The de-
gree of freedoms for the WG formulation — is associated with up, = {ug, up}
and pp, = {po,pp}. In this section, we will demonstrate how uy and pg can be elim-
inated from the system in order to obtain a global system that depends only on uy

16



and p,. With such a variable reduction, the number of unknowns of the WG method
is reduced significantly for an efficient practical implementation.

Let up, = {ug,up} € Vi, and pr, = {po,pr} € Wy be the solution of the WG
method —. Recall that (up; pp) satisfies up xn = Qp¢ on 9N and the following
equations:

(91) a(uha V) - b(V, ph) = (fv VO)? Vv= {V07 0} S Vh,07
(9.2 b(up, q) + s2(pn,q) = —(9,9), Y q={q, 0} € W,
and

(9.3) a(up, v) =0, Vv=A{0,vp} € Wo,
(94) b(Uh, q) + SQ(ph7q) = 07 v q= {Oa Qb} S Wh'

Denote by Vi (T) and Wy (T) the restrictions of V;, and W), on T
Vk(T) = {V = {Vo,Vb =t + ’Uztg} : V0|T € [Pk(T)P, V1,V € Pk(e), e C 8T}
and

Wi(T) ={q={q90,9},90 € Pe—1(T),qp € Py(e),e C OT}.

Since the testing functions v = {vq, 0} and ¢ = {qo, 0} are locally supported on each
element, then the system of equations (9.1)-(9.2)) is equivalent to the following system
of equations defined locally on each element T":

(9.5) a(up, v) =b(v, pr) = (f, vo), Vv ={vo, 0} € Vi(T),
(9.6) b(un, q) + s2(pn,q) = —(9,q0), YV q={q, 0} € Wi(T).

If the exact solution of u and p, were known on 9T, then the corresponding uy and
po can be obtained by solving and locally on each element. Therefore, the
key is to derive a system of equations that shall determine u and py.

For any given u, and p, on 0T, let us solve and to obtain ug and pg
on each element T'. For simplicity, we introduce the following notation

(97) Ug : = D(ubapb7f7 g)7
(98) Po = E(ubapbafa g)

Then the solution u; and p; of — can be written as up = {ug,up} =
{D(up,py, £, 9), up} and pr, = {po, po} = {E(wp, ps, £, 9), o }-

Let Di(uy,pp) = D(up,pp,0,0) and Do(f,g) = D(0,0,f,g). Similarly let
El(ubvpb) = E(U—b»Pb,OvO) and E2(fa g) = E(0,0,f,g) Since (1(', ')7 b(a ) and 82('7 )
are bilinear, then superposition implies

uo, Wp}; {po, ps})
D(ubapbu f7 9)7 Ub}; {E(ub7pb7 f;g)upb )
)

(unspn) = ({
{ }
{D(ubapbao,o)vub};{E(ubvpbvoao ,pb})
(
{

(
= (
= (
+ ({D(0,0,£,9),0}; {E£(0,0,f,9),0}

)
= ({D1(up, pp), up s {E1(up, pp), pp}) + ({D2(£, 9),0}; { E2(f, g),0}).
17



Substituting u, = {D(up, ps, f,9), wp} and pp, = {E(up, py. £, g), ps} into the sys-

tem (9.3))-(9.4) yields

(9.9) a({D1(up, pp), wp}, v) = Ci1(v),
(9.10) b({D1(ap,pv), wp}, q) + s2({E1(up, ), po}, 9) = C2(q),

for all v.={0, vy} € Vs 0 and ¢ = {0, q»} € W},. Here

G(v) = —a({D2(f, 9),0},v)
C2(q) = —b({D2(f, 9), 0}, q) — s2({ Ea(f, 9),0}, q).

Note that the system — is a square matrix problem with u, and p, as
unknowns, and this is the system of equations that u, and p, have to satisfy.

To summarize, our WG scheme (4.7)-(4.8) can be implemented as follows:
Step 1. Find u, and pp with up x n = Qp¢ and p, = 0 on I satisfying -.
Step 2. Recover ug and pg by ug = D(uy, pp, f, g) and pg = E(uy, pp, £, g) by solving

and locally on each element.

The system of equations 1} is known as a Schur complement of the

original WG finite element scheme —.

10. Numerical Results. Our numerical tests are conducted for the Maxwell
equations (L.I)~(L.4) on the unit cube © = (0,1)3. The first level grid consists of one
cube. Each grid is refined by subdividing a cube into eight half-sized cubes, to define
the next level grid. We apply the first order weak Galerkin finite element method; i.e.,
Vi, and W}, are defined in and with & = 1, respectively. Thus, the vector
component u is approximated by using piecewise linear functions on each cube and
its faces; the scalar component p is approximated by using constants on each cube
and linear function on its faces.

We compute four sets of solutions of (L.1)—(L.4), which are

y—=z
(10.1) u=| z—z
3z — 2y

Yz
(10.2) u= zx
3z — 2yx

) p=1.

eY*®

(10.3) u=[z/(z+1)|, p=e "V
e™

cos(mx) sin(7y) sin(mz)

(10.4) u = | sin(nz) cos(my) sin(mz) |,  p = sin(27z) sin(27y) sin(27z).
sin(mz) sin(7y) cos(mz)

Observe that the solution p in the first three test cases does not satisfy the homo-
geneous boundary condition . The corresponding WG scheme — needs to
be modified so that p, assumes the given non-homogeneous boundary value; namely,
the L? projection of the value of p on the boundary.

The first numerical test is used to check the correctness of the code, where the
exact solutions are linear and constant, respectively. As expected, the weak
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(0,0, 1.00039)

(0,0, 0.00203)

(0,0, 0.00875)

F1a. 10.1. The solution p in ((10.3)), and the errors (p — po) and (p — pp) on level 4, at z = 0.3.

TABLE 10.1
The errors, e, = Qpu — uy, in Hl-like norm || - ||;, en = Qurp — pr in L2-like norm | - ||y,
eo = Qou — ug in L? norm, and €g = Qop — po in L% norm, for (10.1) by k = 1 finite elements

D (3.

grid | [flenll, A" | lleally A" | lleollzz A" | lleollr= A"

1 [0.00000 0.0 [ 0.00000 0.0 | 0.00000 0.0 | 0.00000 0.0
2 [ 0.00000 0.0 [ 0.00000 0.0 | 0.00000 0.0 | 0.00000 0.0
3 [ 0.00000 0.0 [ 0.00000 0.0 | 0.00000 0.0 | 0.00000 0.0
4 ] 0.00000 0.0 | 0.00000 0.0 | 0.00000 0.0 | 0.00000 0.0

Galerkin finite element solutions are exact, up to computer accuracy. As shown in
Table all errors are zero.

In the second test , we choose some bilinear functions as the exact solution.
The numerical results are reported in Table It can be seen that the numerical
solution for the unknown function p is numerically the same as the exact solution.
Moreover, the order of convergence for u is half-order higher than what was proved
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TABLE 10.2
The errors, e, = Qpu — uy, in H-like norm |ley]l;, e0 = Qou — ug in L2 norm |leo]|,
€n = Qnp — pp, in L2-like norm |le |, and €0 = Qop — po in L2 norm |leo||, for by k=1
finite elements 7. And the order r as in O(h") of convergence.

grid | flenll, A" | lleollez A" | llenlly " | lleollz2 A"
1 [226e-08 - | 7.76e-09 - |0.0000 - |0.0000 -
2 | 5.15e-02 - | 9.46e-03 - [0.0000 - | 0.0000 -
3 | 22802 1.1 |214e03 2.1 |0.0000 - |0.0000 -
4 | 8.77e-03 1.4 | 4.15e04 2.4 |0.0000 - |0.0000 -
5 | 3.03e-03 15| 7.66e-05 2.4 |0.0000 - | 0.0000 -

in the theory. This superconvergence is probably caused by the special format of the
exact solution.

TABLE 10.3
The errors, ep, = Qpu — uy, in Hl-like norm |ley]l;, e0 = Qou — ug in L2 norm |leo]|,
€n, = Qup — pp, in L2-like norm llenllo, |HehH|07h, and eo = Qop — po in L% norm ||eo|, for by
k =1 finite elements 7‘ And the order r as in O(h") of convergence.

grid | lleall, A" | lleollzz A" | llenllo A" | llenllon A" | lleollze A"
1 [7.02¢1 - | 3321 - |656e-3 - |656e-3 - | 2.68¢-3 -
2 | 3.69-1 09872 1.9|734e-2 - |473e-3 0.5 | 2333 0.2
3 | 19%e-l 0.9 |210e2 21 |51le2 05| 1.09-3 2.1 | 4.73e-4 2.3
4 | 1.02e-1 0.9 | 510e-3 2.0 | 291e-2 0.8 | 2.67e-4 2.0 | 1.18e-4 2.0
5 | 5.05e-2 1.0 | 1.26e-3 2.0 | 1.55¢-2 0.9 | 6.59¢-5 2.0 | 2.95¢-5 2.0
6 |252-2 1.0|3.16e-4 2.0 |7.73¢-3 10| 1.65¢-5 2.0 | 7.39e-6 2.0

In the third test , the exact solution is chosen as a general function. The
numerical results for this test case is presented in Table[I0.3] confirming the theoretical
convergence estimates as derived in Theorems and

Table [10.3] contains additional information for the scalar approximation py; the
fourth column is the error for the scalar approximation measured at the center of
each face in a discrete L? fashion. More precisely, for each g, = {qo,qs} € W, the
semi-norm ||gn|l, ,, is defined as follows:

2
lanllg = D hllao — Tavll3rs
TeTh

where II is the average operator on each face. It can be seen that the convergence in
this discrete L? norm is of order O(h?), which is higher than the theoretical predic-
tion. For this purpose, we graph the solutions and errors in Figures and
We believe that some superconvergence is playing a role in the weak Galerkin finite
element method. This is left to interested readers for an investigation.

The forth test was conducted on another solution with general structure.
The goal of this test is to re-confirm the convergence results developed in earlier Sec-
tions. The numerical results are presented in Table The numerical performance
of the weak Galerkin finite element method is similar to the test case three.

In the rest of our numerical experiments, we considered a version of the finite
element scheme — for which no convergence theory was developed in the
present paper. More precisely, the WG method makes use of piecewise linear functions
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(0,0, 2.71828)

(0,0, 0.00863)

(1,1,-0.00434)

(0,0, 0.02018)

(1,1,-0.01454)

(0,0, 0.02018)

(1,1,-0.01454)

Fi1c. 10.2. The solution (u)3 (the third component) in (10.3), and the errors (u — ug)3, (u —
up)3,t, and (u—up)3.¢, (the two tangential component of the third component) on level 4, at z = 0.3.

for the vector component V}, but the scalar component is modified as follows:

W, = {w = {wo,wp} : {wo, wp}|r € Po(T) x Py(e),e C IT,wp =0 on 9N }.

In other words, the scalar variable is approximated by using piecewise constants on
both the interior and the boundary of each element. Again, it is not known if the
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TABLE 10.4
The errors, e, = Qpu — uy, in Hl-like norm |ley]l;, e0 = Qou — ug in L2 norm |leo]|,
€n = Qnp — pn in L?-like norm |lenlly; llenlly s, and €0 = Qop —po in L? norm ||eo, for by
k =1 finite elements 7. And the order v as in O(h") of convergence.

grid | flenll, A" | lleollzz 2" | llenllo A" | llenllon A" | lleollze A"
1 [ 854e0 - | 1.35¢0 - | 3.60e-1 - | 3.60e-1 - | 1.47e-1 -
2.27¢0 1.8 | 4.77e-1 1.5 | 2100 - | 2.080 - |[8.65e-1 -

9.86e-1 1.2 | 1.47e-1 1.7 | 5.17e-1 2.0 | 2.50e-1 3.1 | 1.78e-1 2.3
4.32e-1 1.1 | 3.86e-2 1.9 | 3.09e-1 0.8 | 4.53e-2 2.5 | 4.10e-2 2.1
1.97e-1 1.1 | 9.21e-3 2.0 | 1.71e-1 0.9 | 1.08e-2 2.0 | 1.06e-2 1.9
9.85e-2 1.0 | 2.26e-3 2.0 | 8.75e-2 1.0 | 2.69e-3 2.0 | 2.71e-3 2.0

S Tk W N

current theoretical result can be extended to this simple WG element, though the
numerical results show an excellent approximation to the exact solution. Table
contains the numerical results for the test case ((10.3)), and Table is for the test

case (|10.4)).

TaABLE 10.5
The errors, e, = Qpu — uy, in H-like norm, eg = Qou — ug in L2 norm, e, = Qup — pn, in
L2-like norm, and eg = Qop — po in L? norm, for by lower order WG finite elements. And
the order r as in O(h™) of convergence.

gid [Tell, 7 [Teolls o [Tl 7 [ Teollz 7
1 6.72e-1 - 3.24e-1 - 0.00e0 - 2.68e-3 -
2 3.66e-1 0.9 | 8.62e-2 1.9 | 5.73e-3 - 2.92e-3 -
3 1.94e-1 0.9 | 2.09¢-2 2.0 | 1.03e-3 2.5 | 6.16e-4 2.2
4 1.02e-2 0.9 | 5.07e-3 2.0 | 1.89e-4 2.5 | 1.12e-4 2.4
5 5.05e-2 1.0 | 1.26e-3 2.0 | 9.44e-5 2.0 | 2.71le-5 2.1
6 2.52e-2 1.0 | 3.14e-4 2.0 | 4.72e-5 2.0 | 6.78-6 2.0

TABLE 10.6
The errors, e, = Qpu — uy, in H-like norm, eg = Qou — ug in L2 norm, €, = Qup — pn, in
L2-like norm, and €9 = Qop — pPo in L? norm, for by lower order WG finite elements. And
the order r as in O(h") of convergence.

grid | [leall, A" | lleollz> A" | llenlly " | lleollz A"
1 [ 8540 - | 1.35¢0 - | 3.60e-1 - | 1.4Te-l -
2 | 2.2le0 1.9 | 427e-1 1.7 | 2080 - |857e1 -
3 | 1.07e0 1.1 |1.63e-1 1.4 | 199%-1 3.4 | 1231 2.8
4 | 4.35e-1 1.2 | 3.88e2 21| 4492 21| 2.7le2 22
5 | 1.96e-2 1.1 |9.19e-3 2.1 | 1.07e-2 2.1 | 7.23e-3 1.9
6 | 9.82-2 1.0|226e3 2.0 |26le3 2.0 | 1.85e-3 2.0
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