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Abstract

A simple scheme for incompressible, constant density flows is pre-
sented, which avoids odd-even decoupling for the Laplacian on a col-
located grids. Energy stability is implied by maintaining strict en-
ergy conservation. Momentum is conserved. Arbitrary order in space
and time can easily be obtained. The conservation properties hold on
transformed grids.

Keywords: Incompressible Flows Skew-Symmetric SchemesEnergy-
stable SchemesCollocated Grids High Order

1 Introduction
The odd-even decoupling is one of the central issues when simulating in-
compressible flows. It refers to the fact that the Laplace operator calcu-
lated from a discrete gradient and a discrete divergence operator decom-
poses into two Laplace operators living on super-grids, when central deriva-
tive operators are used. If, for example (in one dimension), the gradient
at grid position i is defined by (Gp)i = (pi+1 − pi−1)/(2∆x) and the di-
vergence by (Du)i = (ui+1 − ui−1)/(2∆x), the implied Laplace operator is
(DGp)i = (pi−2 − 2pi + pi+2)/(2∆h)2. Thus, it connects only every second
point on the grid. This decoupling leads to severe convergence problems.

The most simple cure are upwind schemes, where the derivative stencil
is chosen asymmetric in accordance with the flow direction. This leads to
high numerical dissipation especially when using low order derivatives. If this
is not acceptable, two strategies to circumvent this problem are commonly
followed. Either the usage of a staggered grids or the increasingly popular
the Rhie-Chow interpolation [11]. In the latter a small regularization term
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is added, which suppresses the decoupling. See [17] for a discussion of the
different methods.

Here a different approach is presented. It is based on the observation
that asymmetric spatial derivatives do not necessarily imply that the result-
ing scheme is violating the energy conservation. The discretization is ob-
tained by using the skew-symmetric form of the transport term [7, 15]. The
resulting approach is elegant due to its simplicity. The scheme presented
here is constructed analogous to a scheme for compressible flows [9]. Since in
compressible flows an equation of motion for the pressure can be formulated,
odd-even decoupling is a minor issue.

An alternative scheme which similarly builds on the skew-symmetric form,
but instead uses a special interpolation procedure to avoid decoupling on
collocated grids was recently proposed by [14].

A first version of the following scheme was presented in [8]. Here addi-
tionally high order time integration schemes, conservation on arbitrary grids
and simulations on transformed grids are included.

1.1 Skew-symmetric schemes

Skew-symmetric schemes are schemes which conserve the kinetic energy by
design. To illustrate the basic idea, consider an equation of motion for the
vector quantity u

∂tu = Au,

where A is a skew-symmetric matrix, meaning AT = −A. To change of the
norm or the kinetic energy can be derived as

uT∂tu =
1

2
∂tu

Tu

= −uTAu = 0. (1)

The last steps follows from z = uTAu = (uTATu) = −uTAu = −z, so that
z = 0. In other words quadratic forms of skew-symmetric matrices always
vanish, as the terms Ai,juiuj and Aj,iujui = −Ai,jujui cancel pairwise.

To utilize this concept for the numerical evaluation of the Navier-Stokes
equation, the momentum equation is discretized in such a way that the non-
linear transport term is skew-symmetric, directly implying the conservation
of the kinetic energy by this term. Numerical damping and the artificial
change of kinetic energy are basically different perspectives on the same phe-
nomenon. Thus a conserved kinetic energy can be seen as zero numerical
damping, or as an energy stable scheme. The physical damping of course re-
duces the kinetic energy. In reality it is converted to heat or internal energy,
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which is usually not accounted for in the description of incompressible flows,
because the change in temperature is typically very small.

In the following it will be shown that a skew-symmetric discretization
can easily be constructed even with asymmetrical, i.e. not skew-symmetric
derivatives. Thus it is possible to construct schemes without numerical damp-
ing with asymmetrical matrices. The asymmetrical form in turn allows to
avoid the odd-even decoupling on collocated grids. The discussion in this
work is restricted to the periodic case without boundaries.

2 Derivation of the Scheme
Starting point is the standard Navier-Stokes or momentum equation with
constant density % ≡ 1

∂tuα + ∂xβuβuα + ∂xαp = ν∆uα. (2)

Here, uα are the compontens of the velocity field, p is the pressure and ν
the kinematic viscosity. ∆ denotes the Laplace operator. Greek letters mark
the summation over space directions α, β = 1, 2, 3. Summing convention is
assumed. The Navier-Stokes equation is complemented by the continuity
equation or solenoidal condition

∂xαuα = 0, (3)

to describe incompressible flow. To satisfy this algebraic condition the pres-
sure has to be determined accordingly. The defining pressure Poisson equa-
tion is obtained by applying the solenoidal condition (3) on the momentum
equation (2), see below.

The Navier-Stokes equation can be rewritten with the help of the conti-
nuity equation as

∂tuα + uβ∂xβuα + ∂xαp = ν∆uα. (4)

Summing equations (2) and (4) leads to the skew-symmetric form of the
Navier Stokes equation:

∂tuα +
1

2

(
∂xβuβ ·+uβ∂xβ ·

)
uα + ∂xαp = ν∆uα (5)

The derivatives in in the parenthesis are understood to act on the velocity
to the right of it, which is denoted by a dot.

The discretization can be done by replacing the functions uα(x, y, z) and
p(x, y, z) by discrete values at (xi, yj, zk) = (i · ∆x, j · ∆y, k · ∆z), where
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equidistant spacing is assumed for now; and further by replacing the deriva-
tives in (3) and (5) by derivative matrices. Later two different derivatives
have to be utilized. In anticipation of these findings we insert the different
derivatives in accordance with the use of the gradient (Gα) or divergence(Dα).
The discrete equations are

Dαuα = 0, (6)

∂tuα +
1

2
(DβUβ + UβGβ)uα +Gαp = νLuα. (7)

The derivatives are assumed to have stencils only in the discretized direction,
as usual. They can be written as standard one dimensional matrices with
the help of the Kronecker product. In two dimensions the divergence would
be Dx ≡ D1 = I2⊗ d1 and Dy ≡ D2 = d2⊗ I1. Here, dα is a one dimensional
discretization of the divergence and INα is the unity matrix in the given di-
rection. All fields are sorted accordingly in one dimensional vectors. Capital
letters mark pointwise multiplication, which can be represented by a diago-
nal matrix with the corresponding field on the diagonal. The abbreviation
for the transport term

Du =
1

2
(DβUβ + UβGβ) (8)

will be used. The symmetry of the transport term is found to be

DuT =
1

2
(UβD

T
β +GT

βUβ) ≡ −Du, (9)

which is skew-symmetric, provided that

DT
α = −Gα (10)

It is further assumed that the stencil is the same for every grid point. The
kinetic energy is conserved; multiplying (7) by uTα gives

uTα∂tuα + uTαD
uuα + uTαGαp = νuTαLuα. (11)

The skew-symmetric transport term is zero by construction uTαDuuα = −uTαDuuα =
0. The pressure work is

uTαGαp = −pTDαuα = 0. (12)

It vanishes for incompressible flows due to the solenoidal condition. Thus,
the change of kinetic energy

1

2
∂tu

T
αuα = νuTαLuα (13)
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is given by the physical friction alone. This term is usually discretized in a
symmetric fashion and negative semi-definite, so that it can only reduce the
kinetic energy.

The pressure Poisson equation is derived by applying the divergence on
(7), yielding with the help of (6)

DαGαp = Dα (−Duuα + νLuα) (14)

We now come to the central point of this work. The restriction on the
derivatives (10) is sufficient to conserve energy. This restriction does not
imply that any of the derivatives has to be central. A decoupling of implied
Laplace operator ∆ = DαGα can simply be avoided by using asymmetric
matrixes. As an example the left side derivative for the divergence (Du)i =
(ui − ui−1)/∆x, and (Du)i = (ui − ui−1)/∆x for the gradient is valid and
leads obviously to the standard second derivative for the Laplacian (DGp)i =
(pi−1 − 2pi + pi+1)/(∆x)2. Higher order derivatives can be used, as long as
they are asymmetric. This discretization should be clearly distinguished
from an upwind scheme. First, as mentioned in the introduction, upwind
stencils are changing with the flow direction, which is not the case in the
present scheme. Secondly the asymmetrical stencil does not imply numerical
damping as derived before. While both terms in the transport (8) separately
do change the kinetic energy, the contributions exactly cancel in combination.

The conservation of momentum is less obvious, as (7) is not in divergence
form. It is checked by summing over (7), which is the discrete analog of the
integral. The sum is represented by a vector 1 where all components are one:

∂t1
Tuα +

1

2
1T (DβUβ + UβGβ)uα + 1TGαp = ν1TLuα. (15)

Since the stencil is assumed to be the same for every grid point, we trivially
have the telescoping sum property, i.e. the sum over the columns of the
derivatives vanish. Thus 1TDα = 1TGα = 1TL = 0 . The only remaining
term is

1TUβGβuα = uβGβuα = uTαG
T
βuβ, (16)

which reduces with (10) to the solenoidal equation (6) and is therefore zero.
Momentum is thus conserved

∂t1
Tuα = 0.
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3 Transformed Grids
The scheme can be extended to curvilinear grids. This is done in the same
manner as in [9, 10]. The main question is, if momentum and energy conser-
vation strictly hold, since both build here on the solenoidal condition, while
in the compressible case an extra energy equation is available. The con-
servation demands, that divergence of the metric terms vanishes. A proper
definition of the metric terms especially in three dimensions leads to strict
conservation of both terms.

The transformation is given as xα = xα(ξ1, ξ2, ξ3). Following [4], one can
define the local base as

eα = ∂ξα

 x
y
z

 , (17)

and obtain two equivalent forms of the Nabla operator

∇ϕ =
1

J

∑
α

∂ξαmαϕ =
1

J

∑
α

mα∂ξαϕ. (18)

The Jacobian is J = (e1×e2)·e3. Vector valued metric factors are introduced,
which are calculated as

mα = (eβ × eγ) α, β, γ cyclic. (19)

Since the components of (17) contain the derivatives in physical space, we
can use these two forms to discretize the gradient as

Dβ = D̄αMα,β (20)

and

Gβ = Mα,βḠα, (21)

where D̄β and Ḡβ are operators in the computational or ξ-space. As the
discretization is chosen to be equidistant, the same derivatives as used pre-
viously in the Cartesian case can be used in the computational space.

The discrete, transformed Navier-Stokes equation is

1

J
D̄βMα,βuα = 0, (22)

J∂tuα +
1

2

(
D̄γMβ,γUβ + UβMβ,γḠγ

)
uα +Mα,γḠγp = νL̃uα. (23)
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One can simplify the equation by defining effective convective velocities

ũβ = Mα,βuα (24)

to obtain

D̄βMα,βuα = 0 (25)
J∂tuα +Dũuα + Ḡxαp = νL̃uα. (26)

The factor J was dropped in the continuity equation. The transport term
has the same structure as on the Cartesian grid.

Dũ =
1

2

(
D̄γŨγ + ŨγḠγ

)
. (27)

and the pressure gradient is Ḡxα = Mα,γḠγ. The friction term can be dis-
cretized in the same way as the Laplacian of the pressure equation, see below.

The derivatives in computational space satisfy, as before, in physical
space,

D̄β = −ḠT
β , (28)

which is again the key for the energy conservation.
The pressure Poisson equation becomes

L̄ p = D̄β
Mα,βMα,γ

J
Ḡγ p = D̄βMα,β

[(
−Dũuα + νL̃uα

)
/J
]
.

A factor of J is canceled on both sides. A discrete approximation of the
Laplacian is thus L = 1/JL̄. The friction term in the source term should
not be omitted, as could be done in the continuous case. Due to the metric
factors the divergence operator does only approximately commute with the
Laplacian.

In two dimensions, which will be considered in the numerical examples,
we have

ũ1 = ũ = uyη − vxη (29)
ũ2 = ṽ = −uyξ + vxξ (30)

and the pressure gradient is

Ḡxp =
(

yηḠ1 − yξḠ2

)
p (31)

Ḡyp =
(
−xηḠ1 + xξḠ2

)
p. (32)
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In the following we derive the conservation properties. For the energy
conservation we have to multiply (23) with uα. The transport term is still
skew-symmetric, thus it drops out as before. Assuming a vanishing physical
friction ν = 0, we arrive at

∂t
(
uTαJuα

)
/2 = −uTαMα,γḠγp

= −pT ḠT
γMα,γuα

= pT D̄γMα,γuα = 0 (33)

by the help of continuity equation. A non-zero friction would create the extra
term

νuTαL̃uα = νuTαD̄β
Mα,βMα,γ

J
Ḡγuα

= −
(
Mα,βD̄βuα

)T 1

J

(
Mα,γḠγuα

)
(34)

which is due to its symmetry obviously negative semi-definit, if we assume
the same structure for the friction Laplacian as in the the pressure Poisson
equation.

The momentum conservation is checked by summing over (23), using the
telescoping sum property

∂t
(
1TJuα

)
= −1

2
uTβMβ,γḠγuα − 1TMα,γḠγp (35)

= +
1

2
uαD̄γMβ,γuβ + pT ḠT

γmα,γ

= −pT D̄γmα,γ. (36)

Thus, we have to evaluate the divergence of the metric factors.
In two dimensions the metric factors are m1 = (yη,−xη, 0) and m2 =
(−yξ, xξ, 0)T

D̄γmα,γ =

(
D̄ξyη − D̄ηyξ
−D̄ξxη + D̄ηxξ

)
, (37)

which is zero if the metric factors are calculated with the derivative of the
divergence:

yξ = D̄ξy yη = D̄ηy. (38)

If the metric factors would be calculated by the gradient energy conservation
would be only approximate.
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For the general three dimensional case we obtain

D̄T
γmα,γ =(
D̄ξ(yηzζ − yζzη) + D̄η(yζzξ − yξzζ) + D̄ζ(yξzη − yηzξ)

. . .

)
(39)

In the analytical case this can be shown to be zero by using the product rule
on all terms. As the product rule does not hold in the discrete, this form
would break the stric conservation of momentum. This problem is easily
circumvented by the nice trick of Thomas and Lombard [13]: The metric
factors above can analytically be rewritten as

yηzζ − yζzη = (yηz)ζ − (yζz)η

yζzξ − yξzζ = (yζz)ξ − (yξz)ζ

yξzη − yηzξ = (yξz)η − (yηz)ξ

If the discretization builds on this form the divergence of the metric van-
ishes for any discretization. This rewriting also improves the quality of the
simulation strongly, as reported in [16].

4 Time Stepping
To keep the strict conservation the time discretization has to respect the mo-
mentum and energy conservation. The implicit midpoint rule is an adequate,
second order choice [15]. This implicit midpoint rule belongs to the class of
Gauss collocation Runge-Kutta methods, which all conserve quadratic in-
variants. The general theory can be found in [6]. The fourth order rule is
defined by the Butcher table

1
2
−
√
3
6

1
4

1
4
−
√
3
6

1
2

+
√
3
6

1
4

+
√
3
6

1
4

1
2

1
2

.

In [1, 2] it is shown how to use this schemes for the skew-symmetric, com-
pressible Euler equations. For the incompressible case these schemes can
be used without adaptation. This was already reported by [12].Also higher
order Gauss collocation Runge-Kutta methods can be used, but might be
of little practical interest. The pressure has to be determined for each im-
plicit Runge-Kutta step. Splitting schemes do destroy the strict conservation.
However, splitting gives in our experience well working an stable schemes.
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For the sake of completeness we sketch the the prove of energy conservation.
The time stepping is

un+1
α = unα +

∆t

2
(k−α + k+α ) (40)

u−α = unα + ∆t
(

1

4
k−α +

(
1

4
− a

)
k+α

)
(41)

u+α = unα + ∆t
((

1

4
+ a

)
k−α +

1

4
k+α

)
(42)

where k±α = rhs(u±) is the right hand side of the momentum equation, i.e.
all terms but the time derivative and a =

√
3
6
. The kinetic energy at tn+1 is

calculated with (40)

(un+1
α )Tun+1

α = (unα)Tunα

+
∆t

2
(unα)T (k−α + k+α ) +

(∆t)2

4
(k−α + k+α )T (k−α + k+α )(43)

expressing unα in the term linear in ∆t second by (41) in front of k−α and by
(42) in front of k+α all quadratic terms cancel:

(un+1
α )Tun+1

α = (unα)Tunα +
∆t

2
((u−α )Tk−α + (u+α )Tk+α ). (44)

The term linear in ∆t vanishes as shown in the previous section, since the
combinations are evaluated at the same time. The momentum conservation
is right away obtained from summing (40). Of course, the pressure has to be
determined for each implicit Runge-Kutta step.

5 Numerical Example
We present two cases to prove the principle soundness of the approach. Both
cases are two dimensional and periodic. The first one is a vortex pair on
a transformed grid. The second case consists of three merging vortices on
an Cartesian grid. Third and fifth order stencils are used. The fifth order
divergence is given by the stencil (0, 3,−30,−20, 60,−15, 2)/60, the gradient
is obtained by transposing. Time stepping algorithms of second and fourth
order are used. The pressure equation can still be solved by a pivoted LU
decomposition. The start solution is made divergence-free as usual by an
initial Chorin projection step [3]. The implicit time stepping is solved by a
fix point iteration. This works well for moderate time steps, as reported in
[2].
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Figure 1: The rotation of a vortex pair on a strongly non-orthogonal grid,
level lines are separated by 0.4, where most inner line of the top vortex is
−6.9 and 6.9 for the lower vortex. The vortex pair is shown after traveling
through the full (periodic) domain. The vortex pair is only slightly influenced
by the the strong distortion, due the fifth order derivatives. The quality of
the most outer vortex lines is due to small gradients of ω strongly limited by
the resolution.

Figure 2: Left: The kinetic energy is reduced only by physical friction. Strict
conservation of kinetic energy if found for ν = 0. The relative change (inset)
is of the order of 10−15. Right: The divergence is numerically zero, the
momentum is conserved.
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5.1 Vortex pair on a transformed grid

The quality of the scheme on distorted grids is examined by the transport of
a vortex pair on a strongly distorted grid. The vortex pair is given by

ω = α
[
e−((x−x1)

2+(y−y1)2)/β2 − e−((x−x1)2+(y−y1)2)/β2
]

(45)

with x = (L/2, L/2), y = (0.4 · L, 0.6 · L). The amplitude α = 10 and
the width β = L/14. The reference size and the size of the computational
space is L = 2π. The transformed grid is given by x = ξ + k sin(ξ + η) and
y = η + k sin(ξ + η), with k = 0.2. The discretization is Nξ, Nη = 48, 49.
The spatial discretization error is of fifth order. The time integration is the
fourth order Gauss method, with ∆t = 4 · 10−3.

The vortices are allowed to travel once through the full domain, crossing
the lines of strong distortion. It is expected that higher order derivatives
reduce grid effects, as for a perfect derivative the grid transformation is an-
alytically exact. Due to the fifth order derivative we find a good behavior
despite this distortion. The conservation properties are shown in fig. 2.
Change of momentum and energy are zero within the numerical accuracy
zero for the frictionless case. Friction reduces the kinetic energy as expected.

5.2 Three vortices test case

In this test case two of three vortices are merging, see [5]. A periodic and
quadratic domain with a size of 2π is used. The vortices are given by ω =
rot(u) = ω0 +

∑
k α exp(r2k/β

2) with r2k = (x− xk)2 + (y − yk)2. The vortices
are located at xk = π(3/4, 5/4, 5/4) and yk = [1, 1, 1 + 1/(2

√
2)]π. Further

β = 1/π and α = π. From this the stream function is ∆Ψ = ω and finally
(u, v) = (−Ψy,Ψx). The Poisson-equation for the stream-function is only
solvable if integral condition

∑
ω =

∑
(−uy + vx) = 0 is fulfilled. This

determines ω0 ≈ −0.038. The time integration is the Gauss second order
scheme, i.e. the implicit midpoint rule, with ∆t = 2.5 · 10−3.

The level lines in figure 3 are chosen in the same manner as in [5]. Fine
structures emerge after short time in the vortex merging process. The com-
parison with the cited work is challenging, as it is a comparison with a spec-
tral scheme. However, we find very good agreement with figures presented
in that work.

6 Conclusion
A novel approach to avoid the odd-even decoupling in the simulation of in-
compressible flows is presented. It builds on the combination of asymmetric
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Figure 3: Three merging vortices at times t = 0, 5, 10, 15 and t = 20 starting
from upper left, upper right. The plots shows rot(u)−ωs, with ωs = −0.038.
The negative values are dashed contour lines from (−π,−π/100) and the
positive values are solid lines from (π/100, π). The maximal negative contour
line is −1.0577.
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derivatives which are found to be momentum and energy conserving if com-
bined appropriately. High order discretization order in space and time can be
utilized. The scheme works on Cartesian and transformed, structured grids.
Numerical simulations of two dimensional, periodic test configurations are
presented, where fifth order in space and fourth order in space was used.
Energy and momentum conservation was numerically verified.
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