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Preconditioning of a hybridized discontinuous Galerkin
finite element method for the Stokes equations

Sander Rhebergen - Garth N. Wells

Abstract We present optimal preconditioners for a recently introduced hybridized
discontinuous Galerkin finite element discretization of the Stokes equations. Typ-
ical of hybridized discontinuous Galerkin methods, the method has degrees-of-
freedom that can be eliminated locally (cell-wise), thereby significantly reducing
the size of the global problem. Although the linear system becomes more complex
to analyze after static condensation of these element degrees-of-freedom, the pres-
sure Schur complement of the original and reduced problem are the same. Using
this fact, we prove spectral equivalence of this Schur complement to two simple ma-
trices, which is then used to formulate optimal preconditioners for the statically
condensed problem. Numerical simulations in two and three spatial dimensions
demonstrate the good performance of the proposed preconditioners.

Keywords Stokes equations - preconditioning - hybridized methods - discontinu-
ous Galerkin - finite element methods

1 Introduction

Recently, many hybridized discontinuous Galerkin (HDG) methods have been in-
troduced for incompressible flows. For the Stokes problem these include ,, E, ],
and for the Oseen and Navier—Stokes problems we refer to ﬂﬂ, , , , ,, ]
We consider the method developed in ﬂﬁ] for the Navier—Stokes equations, but
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with tighter restrictions on the ‘facet’ function spaces. The method is appealing
in its simplicity and the fact that it can be formulated such that the approximate
velocity field is automatically pointwise divergence-free. However, the implementa-
tion in [15] does not yield a H(div)-conforming velocity field and, as consequence,
cannot be simultaneously locally mass conserving, locally momentum conserving
and energy stable. This issue was resolved in [23, [24], in which the method was
modified for the Stokes and Navier—Stokes equations such that the approximate ve-
locity fields are both pointwise divergence-free and H (div)-conforming. This leads
to a method that is locally mass conserving, momentum conserving, energy stable,
and pressure-robust [14], as shown numerically in [24]. For the method in [23, [24]
to be useful in practice, it is helpful if the discrete system arising from the method
can be solved efficiently by iterative methods. In this work we introduce and ana-
lyze new preconditioners for the method applied to the Stokes problem, and show
that optimal preconditioners can be constructed.

A feature of the HDG approach is static condensation; element degrees of
freedom can be eliminated locally from the linear system, thereby significantly re-
ducing the size of the global problem. There are different ways to apply static con-
densation to the HDG method of [23]. One may choose, for example, to eliminate
both the element velocity and element pressure degrees-of-freedom. In this paper,
however, we choose to eliminate only the element velocity degrees-of-freedom. In
terms of reducing the global problem size, the effect of eliminating the element
pressure degrees-of-freedom is minimal, whereas the reduction in global system
size when eliminating the element velocity degrees-of-freedom is substantial. We
do not consider elimination of the pressure degrees-of-freedom on cells as retaining
the cell pressure field will lead to a formulation on which standard multigrid meth-
ods may be applied in the construction of optimal preconditioners. This would not
be possible if cell pressure degrees-of-freedom are also eliminated from the original
system.

The linear system obtained after static condensation of the cell-wise velocity
degrees-of-freedom is more complex to analyze than the original linear system.
However, the element /facet pressure Schur complement remains unchanged. Using
boundedness and stability results of [23], and a suitable inf-sup condition, we prove
spectral equivalence between the element/facet pressure Schur complement and an
element /facet pressure mass matrix. This allows the general theory of Pestana and
Wathen [20] for preconditioners for saddle point problems to be applied, which we
use to develop two new preconditioners for the condensed HDG discretization of
the Stokes equations. Optimality of the preconditioners for the HDG problem is
proved, and numerical examples demonstrate very good performance.

The remainder of this paper is structured as follows. In section 2] we describe
the HDG method for the Stokes equations and discuss and prove boundedness and
stability results. These results are then used to develop and analyze preconditioners
for the condensed form of the HDG discretization in section [Bl We verify our
analysis by two- and three-dimensional numerical simulations in section [ and
provide conclusions in section
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2 Hybridizable discontinuous Galerkin method: formulation and analysis

We consider the Stokes system:

—Vu+Vp=7f in £, (1a)
V-u=0 in £, (1b)
u=20 on 942, (1c)

/dex:(), (1d)

where 2 ¢ R? is a polygonal (d = 2) or polyhedral (d = 3) domain, u: 2 — R? is
the velocity, p : 2 — R is the pressure, and f : 2 — R? is a prescribed body force.

2.1 Notation

To define the hybridizable discontinuous Galerkin method for the Stokes equations,
we introduce first a triangulation 7 := {K} of {2 consisting of non-overlapping cells.
Each cell K of the triangulation has a length measure hg, and on the boundary
of an element, 0K, the outward unit normal vector is denoted by n. Two adjacent
cells KT and K~ share an interior facet F, while a boundary facet is a facet of
OK that lies on 912. The set and union of all facets are denoted by F = {F'} and
I'°, respectively.
We will use the following finite element function spaces on (2:

Vi, = {vh e [LQ(Q)TI: v € [P(E)], VK € T}, o
Qn = {qh €L*(2): gy € Py (K), VK € 7'}7

and the following finite element spaces on I'°,

V, = {5h € [LQ(FO)}d: oy, € [Pk(F)]d VFeF, t,=0on arz},
3)
Qn = {QhGLQ(FO)i f?hGPk(F)VFG-F}7

where P, (D) denotes the set of polynomials of degree at most k on a domain D.
For convenience, we introduce the spaces Vi := Vj, x V,, Q} = Qp, x Qp, and
X7 = Vi x Q5. Function pairs in V} and Qj, will be denoted by boldface, e.g.,
Vi 1= (vn,0p) € Vi, and qp 2= (qn, qn) € Q}-

On an element K C R?, for scalar functions p,q € L?(K), we denote the stan-
dard inner-product by (p,q)x := fK pgdz, and we define (p,q)7 = > pcr (P QK-
For scalar functions p,q € L?(E), where E ¢ R, we define the inner-product

p,)E = prqu and (p,q)a7 = >k (P,q)aK. Similar inner-products hold for
vector-valued functions.
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We use various norms throughout, and which are defined now. On V;, and V}
we define, respectively, the following ‘discrete’ H'-norms:

2 2 —1 2
llonllDe = D IVonllze + Y ahitlvnllzx » (4)
KeT KeT
2 2 —1, = 2
Ivalls == > IVonllF + Y ahi o — vallpx » (5)
KeT KeT

where o > 0 is a constant. For @, € V},, we introduce the norm

=12 —1|[= 2
Ionll7 = > b [[on = mac(80) [ - (6)
KeTy,
where )
mK(ﬂh) = Up, ds. (7)
10K Jox
On Qj, and Qf, we define, respectively, ‘discrete’ L?-norms,
— 12 — 2 2 2 — 12
lanlly == > hrlanlde  and llanll; = lanls +llanl; - (8)
KeT

2.2 Weak formulation

The weak formulation for the Stokes problem in eq. () is given in [15, 23], and
d
reads: given f € [LQ(Q)} , find (up, pr) € Xj such that

ap(up, vi) + by (Pr, vi) = (vn, )+ Vv, € Vi, (9a)
bp(ap,up) =0 vay € Qh, (9b)

where
an(Wh,vy) = (Vwp, Vo) 7 + <ah71(wh —wp),vp — 6h>87’ (10a)

— (wy, — Wy, Onvp) g1 — (OnwWh, vy — Tp) o7 »
bu(an, vn) === (qn, V- vp) 7 + (0n - 1, Gn) o7 - (10b)
It is proven in [23, 2§] that o can be chosen sufficiently large to ensure stability.
The formulation is a hybridized method in the sense that the facet function
Pp acts as a Lagrange multiplier enforcing that the velocity field u; is H(div)-
conforming, and specifically lies in a Brezzi-Douglas—Marini (BDM) finite element
space [3].
The following results are from [23] and will be used in the analysis. For suffi-
ciently large «, the bilinear form ay(+,-) is coercive and bounded, i.e., there exist
constants ¢5 > 0 and ¢, > 0, independent of k, such that for all up,, v}, € Vi,

b
an(vi,vi) Z callvally  and  Jan(up, va)| < callunll,livall,. (1)
(see |23, Lemmas 4.2 and 4.3]) An immediate consequence of eq. ([T is:
b
callvally < an(va, va) < callvallz- (12)

From |23, Lemma 4.8 and Eq. 102], there exists a constant clg > 0, independent of
h, such that for all vj, € V;¥ and for all q;, € Qj,

[bn(an, va)| < ebllvall, llan]l,- (13)
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2.3 The inf-sup condition

We present in this section a proof of inf-sup stability that is simpler than that in
[23], and which better lends itself to the analysis of preconditioners.
The velocity—pressure coupling term in eq. (@) is

by (Phs Vi) = b1(Ph, Vi) + b2(Pr, Vi), (14)
where
b1(pn, Vi) === Y / ppV-vpdz  and  b2(pp,vh) Z/ v, -npp ds, (15)
KeT KeT

The main result of this section is stability of by, (-, ) : @}, x V3 — R, which we first
state and then prove after some intermediate results.

Lemma 1 (Stability of by) There exists a constant B > 0, independent of h, such
that for all q; € Qj,

bp(an, v,
Bollanll, < sup 2(de:vh)

16
SO vall, (16)

Satisfaction of the stability condition does rely on a suitable combination of func-
tion spaces, as chosen in eqgs. (@) and (3).
The following is a reduced version of [13, Theorem 3.1].

Theorem 1 Let U, Pi, and P> be reflexive Banach spaces, and let b1 : P; x U — R,
and by : Po x U — R be bilinear and continuous. Let

Zy, ={veU:bi(p;v) =0 Vp,e B} CU, i=12, (17)
then the following are equivalent:
1. There exists ¢ > 0 such that

b , U +b , U
sup L4 L220) (s +pall,)  (paipe) € P x P
=

2. There exists ¢ > 0 such that

b , U , U

sup b1(p1,v) >cllpillp, , p1 € P1 and sup ba(p2,v) > cllp2llp, » P2 € Pa.
VEZy, vl veU vy
Theorem [I] allows b; and bz in eq. (Id)) to be analyzed separately.

Lemma 2 (Stability of b1) Let VEPM be o Brezzi-Douglas—Marini (BDM) finite
element space [3]:

VIPPM(K) = {uy € [Py(K)]": op - m € L2(OK), on - nlp € PL(F) |,

(18)
VBDM . {vh € H(div; 2) : wplre € VEPM(K), VK € T}A
There exists a constant § > 0, independent of h, such that for all q5, € Qp,
b1(qn, v
Blanlly,o < sup limvi) (19)

VhEV}:BDM mvth
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Proof See [23, Lemma 4.4]. ]

Definition 1 (BDM lifting operator) Let LBPM : p (9K) — [Pk(K)]d be a
BDM local lifting of the normal trace defined via the BDM interpolant [3, Exam-
ple 2.5.1] with zero on the interior, which has the properties:

_ _ _ 1/2) = _
(LBDM%) ‘n=gq, and HLBDM%HK < ChK/ lgnllox Vq, € P(0K), (20)
where the inequality follows by a scaling argument.
It follows then by an inverse estimate that
2 2
[vePoMa| < e 2PMan | < chit a3 (21)
and by the trace inequality that
2 2
7 <o PP <l 2
|PPMa [, < enk @l < clanlbx (22)
which yields

Qy

[ BDM
hy

2 2
|vLPMa| + qhHaK < chiMlanl3x - (23)

Lemma 3 (Stability of by) There exists a constant 8 > 0, independent of h, such
that for all G, € Qy,

_ bo (G
Blanll, < sup 22@va) (24)
SO Tvall,

Proof Summing over all cells and by definition of the norm ||(-,-)|[, in eq. (@),
[@PPMa,0)]| <e > nPlanlon - (25)
KeT

Using the above, we have:

YKeT faK vp ngpds Y oger faK Ty ds

e Ivall, = @sovig, o),
o Zxerlallix
T Yker b Planlox (26)
> chl2 S anllox
KeT
> CCi/QHfIhHW
where ¢+ = hyin/hmax- m]

We can now prove the main stability result.

Proof (Proof of lemma [1l) Using theorem [ let b1(-,-) and ba(-,-) be defined as
in eq. (@5, let U = V¥, P, = Qp, and P> = Q). Furthermore, note that Z;,, =
VirBPM © v* The conditions in item[2lwere proven in lemmas@land[3, respectively.
By equivalence of items [Il and 2 we obtain

sup b1 (qh7 Vh) + b2(dh7 Vh)
vrEV |thH|v

from which eq. ([I6) follows. ]

> e (lanllo.0 +1ull,) (@ @) € Qnx Qny (27)
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2.4 Reduced problem

In practice, a reduced global problem is solved in which wu; is eliminated cell-
wise. We present the reduced problem in a variational setting here for later use in
constructing preconditioners. To formulate a reduced problem, we first introduce
local solvers.

Definition 2 (Local solver) On an element K, consider the ‘local’ bilinear and
linear forms:

ag (vp, wp) = (Vop, V) g —(@nvh, wh) g —(Vn, Onwp) g e +ah (vn, wh) o (28)
and
L (wp) = (s,wh) g — (Onwp, M) o + ahie (wp, ) i
+ (Vwp,mn) i — (wh - n,Th)gpe - (29)
The function vﬁ(mh, Th,Th,8) € V}, is such that its restriction to element K satisfies

d _ _
the local problem: given s € [LQ(Q)} and (mp, 7, 7h) € Vi X Qp X Qp
arc (vfwn) = Lic (wn) Vo, € V(K). (30)
where V(K) := [P, (K )]d the polynomial space in which the velocity is approxi-

mated on a cell.

We next state the weak formulation of the Stokes problem in which uy is
eliminated from eq. (@) by using the local solver to express the velocity field and the
velocity test function on cells, and phrasing the problem in terms of the pressure
trial /test function on cells and the interface functions.

Lemma 4 (Weak formulation of the reduced Stokes problem) Suppose (uy,, pp,)
d
Xy satisfy eq. @) and f € [LQ(.Q)} . The velocity field up, is the sum of the local so-
lutions (from definitionB) (ay, pp) = v (an,pn,Dh,0) and u£ = vF(0,0,0, f):
up, = u, + U(ip, pp)- (31)
Furthermore, (iy,pr) € Vi, X Qj, satisfies
By, ((tn,Ph,) » (Wh,an)) = Lp ((@n,an)) ¥ (0n,an) € Vi x QF, (32)

where
By, (s rn) s (wnyan)) = an ((l(ﬂhyrh%ﬂh) ; (l(wh7Qh)vwh))

+ by, (rh: (l(u_’h:Qh):@h)) + by (% (l(ﬁhyrh)ﬂh)) (33)

and

‘Ch((whmqh)) = (l(wh7qh)7f)T7 (34)
where 1(Tp,,vp,) := () +1(rp), and 1(Ty,) = vE (54, 0,0,0) and I(ry) := vE (0,75, 7, 0)
(by definition [2).
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Proof Equation (31 follows by eq. ([@al), linearity of the problem and definition [2]
(local solver).
We next prove eq. ([B2). Note that I(wy,,qy), restricted to the cell K, satisfies

a form of the local problem in eq. ([B0), and uﬁ, restricted to the cell K, satisfies a

form of the local problem. Combining the two local problems (the former with u£

in the test function slot, and the latter with I(wy,,qp) in the test function slot),
and summing over the cells in the triangulation,

— <8nU£7U7h>a + och_Kl <u£,u7h>6
= (f, l(wy, 7(V~f, ) +<f-,_> . (35
(f (w, qh))T Up,> dh Up -1, qh 3 (35)

The lifted function I(ay, py), restricted to the cell K, satisfies the local problem,
which with I(wy, qp) in the test function slot reads:
(Vi(an, pr), Vi(@n,an)) i = (Onl(@n, pr), Udn, an)) g
— (Onl(@p, ap), i, Pr) = )y pe + e (n, Pr) = i, Lok, dn)) o e
— (V- UWwn, an)spn) g + (U@, an) - 1P g = 0. (36)

Substituting eq. ([B1]) into eq. ([@), with v, = (0,wy,) in eq. (Qal),

(Onl(@n, Pr), 0n) o — ahy (I(in, pp) — Upy Op ) o = — <3nU£7 u7h>6T +ahy! <“£: wh>a7_7
(37a)
(qh7v : l(ah7ph))7’ - <l(ah7ph) "N, Qh>67— = - (qh7V : Uﬁ)T + <u£ "n, Ljh>aT‘
(37b)

Summing eq. [B36) over all cells and adding to the left-hand side of eq. ([37al), and
using eq. (33) to replace the right-hand side of eq. ([B7a), we have:

(Vi(an, pp), Vi(@n, an)) 7 — (Onl(in, pr), @n, an) — Bn ) oy
- <8’”l(ﬂ}h7qh)7l(ﬂh7ph) - ’ah>67—
+ ahl_(l <l(ﬂh7ph) — Up, l(whm qh) - ﬂ}h>a7’ - (V : l(wh7(]h)7ph)7—
+ <l(wh7 qh) . n7ﬁh>67 + (V : Uﬁ, Qh)T - <u£ - n, qh>aT = (f7 l(u_)}n qh))T : (38)
Equation ([32) follows after using eq. (B7H). o
By definition Bl consider I(7y,) := vF (v, 0,0,0) and I(ry,) := vE (0,73, 74,0). By

linearity, it follows that I(vp,ry,) = 1(9y,) + I(ry,). Note also

an (Lo, rh), o), ((Dh, an), @p)) = ap((L(TR), 0h), (@), 0 ))

G (Uh,0n)

+an((1(vn), o), ((an), wn)) + an((U(rn), 04), (@h, an), @r)),  (39)

where l(ﬁ)h) = U}IL‘(@h,O,O,O), l(qh) = v,f(O,qh,(jh,O) and l(lf)h,qh) = l(ﬂ)h) +
I(ap). The following result for ay(-,-) will be useful in analyzing preconditioners.
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Lemma 5 (Equivalence of norm induced by ay(-,-)) There exist positive con-
stants C1 and C2 independent of hi such that

Crllwpllf < an(wn,wp) < Collwyll; Vi, € Vi (40)

Proof From boundedness and coercivity of ap(-,-) (see eq. (I2)), for sufficiently
large «,

i | @n), @u)|I;, < @n(@n, @n) < ol U@n) @n)|[;- (41)
We therefore need to demonstrate the equivalence

clloplly, < ||(Wwn), @n)|, < czllnlly,- (42)

We first consider the lower bound in eq. (42). Note that

h 2@ —mac (@) e < P2\ @n = Un) || g + i’ [ W@n) — m (@) -
(43)
Defining
1
Mic(Uin)) = g [ tan) s (44)
then

h;/QHZ(a’h) - mK(wh)”aK
< h P |i@n) — M (Un)) || e + i || Mac (1n)) = msc (@) | ¢
= hi P ||(n) — Mic(U(@n))|| e + R |[mse (M (U(@n)) — @n) | o (45)
< hi 2 @) — Mc(Un)|| e + b2 | Mic (1in)) — n]| ¢
< 2h}1/2}|l(@h) — Mg (I(@p))]] 55 + hf(l/QHl(@h) — @p ||

where the second inequality is by [4, Eq. (10.6.11)]. By a trace inequality and a
(scaled) Friedrich’s inequality [4, Lemma 4.3.14],

2h;1/2||z(wh) — Mg (1)) || o < 205 ||1(@R) — Mg (1)) || < c||vz(wh)||K(.
46
Combining eqs. ([43)), (45) and (40),
i — e < ¢ (90 + 17 20 — ) - (47
The lower bound in eq. [@2) follows after squaring, applying Young’s inequality,
and summing over all cells.

We next consider the upper bound in eq. ([@2). By definition of I(wy) and
considering that my (wy,) is constant on a cell,

(Vi(@n), Vw) g — <8"5(U7h)7wh>aK — (U(wp,) - mK(@h)ﬁnwh>aK
+ ahy (W) = Mg (04), W) e = — (Onwn, Wy — mi (Bh)) 5
+ Oéhl_(l <wh7u7h — mK(’lT)h)>6K th S V(K), (48)
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Setting wy, = l(wy) — mg (wy,), then

[VU(@n)|[3 — 2 (Onl(@n), 1(p) — mc (@1))
+ahg! (W@y) — m (@y), W(@y) — muc(Th))y
= — (Onl(@p), @y — mpc (@) 5
+ ahy (I(@p,) — my (wy,), @y, — m(0n)) o (49)

which can be manipulated into
_ 12 N D - _ 2
| Vi(wn)|| % + 2 <8nl(wh),wh - wﬁ)>8K + ahy! | 1(p) — wh”aK
= (O, wn - mK(wh)>6K + kit (@ — mac (@n), @ — 1)) e - (50)

Considering the left-hand side of eq. (B0), by coercivity of ay(, ),

ex ([ Vi@l + ahi [1@n) — @l .
<|\VU@n)|[5, + 2 (Onl(@n), @y — Lwp)) e + bz |[1@n) —@p |5 - (51)
For the right-hand side of eq. (B0, by Cauchy—Schwarz and a trace inequality,

(Onl(wp), B — mg (Wh)) e + @b (Wp — mpc (D), D), — U@p) )
< h%2||8"l(wh)}|6K h%1/2||“7h - mK(wh)HaK

+ al/Qh;(l/QHwh - mK(wh)”aK al/Qh;/zHl(ﬂ’h) - whHaK
<\t e hi "l = msc ()

a2 = me (@) | 0 2R |1n) — |

< (IVe@n)ll e + > mi 2 ||u@n) = @n| o ) (o202 [ = s @) ) -
(52)

Combining eqs. (B0) to (52,
V@) ¢ + o 2hi 2 i) — ] < e 2R b — e (@n)| g - (53)

The upper bound in eq. ([42)) follows after squaring, application of Young’s inequal-
ity, and summing over all elements. a

3 Preconditioning

We present now the main results, namely preconditioners for the hybridized dis-
continuous Galerkin discretization of the Stokes equations. We consider first a
preconditioner for the full problem (no static condensation), and then the system
with the cell-wise velocity degrees-of-freedom eliminated locally. As mentioned in
the introduction, we do not consider the case where the cell-wise pressure degrees-
of-freedom are also eliminated locally as this complicates preconditioning and the
reduction in size of the global systems through eliminating the pressure is modest.
Preconditioning a system with both the velocity and pressure degrees-of-freedom
eliminated cell-wise is an interesting technical question.
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3.1 The full discrete Stokes problem

Let u € R™ be the vector of discrete velocity with respect to the basis for Vj,,
and p € N" = {q € R"|q # 1} be the vector of the discrete pressure with respect
to the basis for Q. Furthermore, let @ € R™ and p € R™ be the vectors of
discrete velocity and pressure associated with the spaces V}, and Qj,, respectively.
The discrete problem in eq. ([@) can be expressed as the system of linear equations:

{’ , L:= Lu
D Ly
and where A and B are the matrices obtained from the discretization of the bilinear

forms ay(-,-) and by(-,-), defined by eq. (I0). The matrices A and B are block
matrices:

A BT
B 0

U
P

L
0

u

= , P:= , (54)

}, with U :=

Auu Ay
Agu Aaa

._ — |Bpu0
A= and B:= By 0| (55)

where Ay, Aaw and Agy are the matrices obtained from the discretization of
ap((+,0),(-,0)), an((-,0),(0,-)) and ax((0,-),(0,-)), respectively, and Bp, and Bpy
are the matrices obtained from the discretization of by, ((, 0), (+,0)) and b, ((0, -), (-, 0)),
respectively.

We also introduce ‘cell’ and ‘facet’ pressure mass matrices, M and M, which
are obtained from the discretization of

(an-pn)7 = D | awpndz and (G, Bnpi= Y hK/ anpnds,  (56)
KeT 7K rer 7oK

respectively, and note that

lanle = a" Ma, l@ll; =" Ma. (57)
Defining M := bdiag(M, M) and Q := [¢* 7']7,
llanll? = Q" MQ = ¢" Mq +q" Ma. (58)

Lemma 6 (Spectral equivalence between the mass matrix and the Schur
complement) Let A and B be the matrices given in eq. (B3) and let M be defined as
in eq. (B8). Let Bp and clg be the constants given in lemmalll and eq. (I3)), respectively,
and let cg and ¢, be the constants given in eq. (I2)). The following holds:

b . Q'BAT'BTQ _ ¢

Vb T QTMQ T Ve
Proof Stability of by, (see lemma [I) and equivalence of a;, with ||-||, in eq. ([I2)
imply

(59)

Br_ sup br(dn; Vi) (60)

Ve a vREVY ah(Vth)l/Qm%mp.
v 1]7 n r 17
Letting V = [v 7 } , with v € R™ and 4 € R™ and Q = {q g } . with
g € N™ and g € R™ we can express eq. (60) in matrix form:

B o Q'BV
\/E < ngnl‘l/lﬁ)( (VTAV)1/2 (QTMQ)l/T

(61)
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which is equivalent to

TpA-15T
By < min Q B? = Q, (62)
Ve TR RQIMQ
(see |20, Section 3]), proving the lower bound in eq. (£9).
For the upper bound, from egs. (I2) and ([I3) note that:

b CZI; 1/2

o (an: vi)| < cillvallyllanll, < —Zan(va,vi)'Zllanll,- (63)

vea

The result follows after dividing both sides of eq. ([G3) by a (v, Vh)1/2H|QhH|p and
expressing in matrix form. a

Lemma [6] can be used to formulate a preconditioner for the discrete problem
in eq. (B4).

Lemma 7 (An optimal preconditioner for the full discrete Stokes problem)
Let A and B be the matrices given in eq. (B3)) and let M be defined as in eq. (B8). Let
R be an operator that is spectrally equivalent to A. For the preconditioned system

—1 I
i

there exist positive constants C1,C2,C3,Cy, independent of h, such that the negative
and positive eigenvalues of PT1A satisfy A € [C1,—C2] and X € [C3, C4], respectively.

-1
A BT

B 0

RO
oM

U
P

RO
oM

P AU =P 'F =

Proof By lemmal6l M is spectrally equivalent to the negative Schur complement
BA™'BT of A. Furthermore, since B is full rank (by the discrete inf-sup condition
lemma [I]) and since A is symmetric positive definite, the result follows by direct
application of |20, Theorem 5.2]. O

3.2 Preconditioners for the statically condensed Stokes problem

The ‘full’ system considered in section 3] is not the system we wish to solve
in practice. We wish to eliminate locally the cell-wise velocity degrees-of-freedom
via static condensation and precondition the resulting reduced system. We now
consider the elimination of u in eq. ([64) to obtain a linear system only for w, p
and p.

Separating the degrees-of-freedom associated with V;, from those associated
with the Lagrange multipliers, V}, x @}, we write eq. (54)) as

U Ly
Auu BT w| Lu . R .
e\ -] e e [5] w
D 0
and where
uu AﬁﬂOO
B:= |Bpu|, C:=| 0 00]. (66)

Bpu 0 00



Preconditioning of an HDG method for the Stokes problem 13

Note that Ay is a block diagonal matrix (one block per cell). Using u = Agd (Lu — BTU) ,

we eliminate u from eq. (B5). This results in a reduced system for U only,

ABT| |a L
Bcl|lr|~ el (67)
where A = —Agu Ayt AL, + Aaza and where
= _ | -BrudiuAgu ~ _ |~BouAuuBpu —BpuAuu Blu (68)
—BpuAgt AL’ —BpuAuy By —BpuAys Bl

The Schur complement of the block matrix in eq. (67) is given by § = —BA~!BT +
C. Tt is easy to show (by direct computation) that S = —BA~!BT | with A and B
the matrices given in eq. (BI). An immediate consequence of lemmal[@] therefore is
the following corollary.

Corollary 1 (Spectral equivalence between the mass matrix and the Schur
complement of the statically condensed linear system) Let A, B and C be
the matrices given in eq. [C0) and let M be defined as in eq. (B8)). Let Bp and cg be
the constants gien in, lemma [l and eq. (I3)), respectively, and let cg and c; be the
constants given in eq. (I2)). The following holds:

s, QT(BABT-C)o g
o S QTMQ A

This corollary can now be used to develop a preconditioner for the statically
condensed linear system in eq. (67]).

(69)

Theorem 2 (An optimal preconditioner for the statically condensed dis-
crete Stokes problem based on mass matrices) Let A and B be the matrices
given in eq. 1) and let M be defined as in eq. (B8). Let R be an operator that is
spectrally equivalent to A. Consider the preconditioned system

-1 -1

U
P

L
G

RO
oM

A BT
B C

RO
oM

(70)

There eist positive constants C1,C2,Cs, Cy, independent of h, such that the negative
and positive eigenvalues ofPXjA satisfy X € [—C1, —C2] and X € [Cs, C4], respectively.

Proof By corollary [[l M is spectrally equivalent to the Schur complement S§ =
—BA'BT 4+ C of A. Furthermore, the Schur complement is invertible. To see this,
note that S = —BA BT +C = —BA™'BT | where A and B are the matrices given
in eq. (BH). The operator A is symmetric positive definite, and B is full rank by
lemma[I] hence S is invertible. Since A is symmetric positive definite by lemma [5]
the result then follows by direct application of |20, Theorem 5.2]. O

The preconditioner in theorem [2] is constructed based on the fact that M is
spectrally equivalent to the Schur complement of the statically condensed linear
system, as described by corollary[Il In fact, M in eq. ({0) can be replaced by any
spectrally equivalent operator C, since C would then also be spectrally equivalent
to the Schur complement of the statically condensed linear system. A particularly
interesting choice for C is discussed in the following.
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Theorem 3 (An optimal preconditioner for the statically condensed dis-
crete Stokes problem based on element matrices) Let A, B and C be the ma-
trices given in eq. (1)) and let C be the nmegative block-diagonal of C':

BpuAui Bl 0

€= 0 BpuAwi BL,

(71)

Let R be an operator that is spectrally equivalent to A. Consider the preconditioned
system

-1

u
P

L
G

RO
0c¢C

A BT
B C

PPAU=FZ'F o | (72)

There eist positive constants C1,C2,Cs, Cy, independent of h, such that the negative
and positive eigenvalues ofP(?lA satisfy A € [-C1, —C2] and X € [Cs, C4], respectively.

Proof 1t suffices to prove that C and M are spectrally equivalent. By minor modifi-
cation of the proof of lemmal[f] by using the spectral equivalence of a}," (v, vs,) with
llvnllhe (see eq. (Im)) and the inf-sup conditions (see eqs. (1) and (78))), it can by
shown that BpuAuuB « and M are spectrally equivalent and that BpuAm}B and
M are spectrally equivalent. It follows that C and M are spectrally equivalent. O

3.3 Characterization of A

Theorems 2] and 3] define optimal preconditioners for the statically condensed dis-
crete Stokes problem provided we have an operator R that is spectrally equivalent
to A. To help in finding a suitable R, we first consider the properties of A. The op-
erator A is obtained from the discretization of ay, (i, vy,) in eq. (89). By lemmal5]
we know that A is spectrally equivalent to the norm |- |Hh As discussed, in for
example [16], |||, is a H'-like norm and the near-null space of A is spanned by
constant functions. This is a condition to successfully apply multigrid-type solvers
to A. This motivates the use of multigrid for the operator R that appears in the-
orems 2l and [3

3.4 Block symmetric Gauss—Seidel preconditioners

Theorems[2land Blintroduce two block-diagonal preconditioners. In practice, we see
that the rates of convergence of preconditioned iterative methods using the block
Jacobi-type preconditioners is typically improved upon by adding off-diagonal
blocks to the preconditioner. We therefore also consider block symmetric Gauss—
Seidel type preconditioners.

Let A be the system matrix defined in eq. (61), Pp the block-diagonal of A
and Pr, a strictly lower triangular block matrix such that

A=P,+Pp+PL. (73)

Furthermore, let Py; = bdiag(—AauAgt AL, + Aaa, —M, —M). The block symmet-
ric Gauss—Seidel type preconditioners we consider in section [ are:

P29 = (P, +Pp)P5 (PE +Pp), PRYS = (PL + Par) Pt (PE + Por). (74)
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In the numerical examples, the inverse of the first block of Pp and Py, will be
replaced by R™1.

4 Numerical example

We now verify numerically the performance of the preconditioners introduced in
theoremsPlandB] and the symmetric block Gauss—Seidel preconditioner in eq. (74]).
We use a preconditioned MINRES solver, with AMG (four multigrid V-cycles) for
the operator R~1. The inverse of the pressure mass-matrix M, and the spectrally
equivalent operator C, are also approximated by four AMG V-cycles. In both cases
one application, pre and post, of a Gauss—Seidel smoother is used. The MINRES it-
erations are terminated once the relative true residual reaches a tolerance of 1078.
We consider unstructured simplicial meshes and unstructured quadrilateral and
hexahedral meshes. For simplex cells, we use a quadratic polynomial approxima-
tion for uy, u;, and py, and a linear polynomial approximation for p;,. For meshes
with quadrilateral cells, we use a bi-quadratic polynomial approximation for wuy,
quadratic approximation of u; and pj, and a bilinear polynomial approximation
for p;,. For meshes with hexahedral cells, we use a tri-quadratic polynomial ap-
proximation for wuy, bi-quadratic approximation of w;, and p;, and a tri-linear
polynomial approximation for p;. The stabilization parameter is taken as o = 24
in 2D and a = 40 in 3D. The formulation has been implemented in MFEM [10]
with solver support from PETSc [1, 12]. We use classical algebraic multigrid via
the BoomerAMG library [12].

We consider lid-driven cavity flow in a square, 2 = [-1,1]2, and a cube,
N =0, 1]3. Dirichlet boundary conditions are imposed on 92. In two dimensions,
u=(1- z3, 0) on the boundary zo = 1 and the zero velocity vector on remain-
ing boundaries. In three dimensions we impose u = (1 — 71, (1 — 74)/10,0), with
7; = 2x; — 1, on the boundary x3 = 1 and the zero velocity vector on remaining
boundaries.

Table [ presents the iteration counts for MINRES to converge for different
levels of refinement on simplicial meshes, and table [2] presents the iteration counts
for the quadrilateral and hexahedral mesh cases. It is clear that the iteration count
does not grow with problem size in all cases. Note that the diagonal preconditioners
based on C, i.e., using only the blocks available from the system matrix A in
eq. ([67), outperform the preconditioners based on M consisting of the element
pressure mass-matrix M and the scaled facet pressure mass-matrix M. In the case
of the symmetric block Gauss-Seidel preconditioners, there is no gain in using C
over M.

We have observed that switching from left-preconditioned MINRES to right-
preconditioned GMRES can improve the iteration count substantially. For exam-
ple, in the case of the Iﬁ’g @S preconditioner for a three-dimensional simplicial grid
with 1789952 DOFs, the iteration count for right-preconditioned GMRES is only

37 (compared with 153 iterations for left-preconditioned MINRES).
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Two dimensions

DOFs [ Pym PGS [ Pe  P2C°
12012 136 73 94 89
47256 | 131 72 96 98
187440 | 134 69 96 102
746592 | 128 63 97 96

Three dimensions

DOFs [ Ppm  PSE° [ Pe  P2C°

30128 | 230 150 122 139
220504 | 259 159 145 151
1789952 | 258 138 166 153

Table 1: Iteration counts for preconditioned MINRES for the relative true residual
to reach a tolerance of 1078 for the lid-driven cavity problem in two and three
dimensions using unstructured simplicial meshes.

Two dimensions

DOFs [ P PRES [ Pe  PZE°
10956 | 109 56 84 179
43032 | 104 52 80 73
170544 | 104 47 80 68
679008 | 98 42 81 75

Three dimensions

DOFs [ P PRES [ Pe  PZE°
9152 | 130 79 88 82
66304 | 123 70 87 93

502784 | 114 57 85 178

Table 2: Iteration counts for preconditioned MINRES for the relative true residual
to reach a tolerance of 1078 for the lid-driven cavity problem in two and three
dimensions using unstructured quadrilateral and structured hexahedral meshes.

5 Conclusions

We have developed, analyzed and numerically tested two new block-diagonal pre-
conditioners for the statically condensed linear system for a hybridized discon-
tinuous Galerkin method for the Stokes equations. In particular, we proved and
showed numerically that the preconditioners are optimal in that preconditioned
systems can be solved to a specified tolerance in an iteration count that is in-
dependent of the problem size. This makes the preconditioner suitable for very
large systems, and especially for problems in which pointwise satisfaction of the
continuity equation is important since the considered method has this valuable
property. Discretizations of the Stokes problem using a hybridized discontinu-
ous Galerkin method permit static condensation; cell degrees-of-freedom can be
eliminated locally, resulting in significantly reduced number of globally coupled
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degrees-of-freedom. This does however complicate the analysis, and our analysis
addresses the form and structure of a condensed problem.

A Auxiliary results

We provide here some auxiliary results used in analyzing the preconditioners.
Defining aj™ (un,vp) := ap((un,0), (vn,0)), since [|vp |l 5o = ll(vn,0)|l,, a consequence of
eq. (@) is:
callonlipe < ai(wn,va) < chlllvnllpe- (75)
Applying [11, Proposition 10] to a single cell K, the following inf-sup condition holds:
(gn, V- vn)K

BBcllanllx < sup o= Vg, € Py (K), (76)
vnevi () llvrllpeir

where BE_ > 0 is a constant independent of h, V,(K) := [Pk(K)]d and |th|H2DG(K) =
(IVon|l% + ah}_(1||vh||gK. It follows that

qn, V - U)T
Boclanllg < sup WV 0T (1)
wev,  llvnllpg
where Bp¢ = ming e B . Since [|vr |l pg = (v, 0)l,, it is easy to see from eq. (Z6) that
3 - Yh "M qn)oT
Boclanl, < sup nimdnor (78)

vpEVY |th|HDG

where Spg > 0 is a constant independent of h.
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