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Unconditional convergence of a fast two-level linearized
algorithm for semilinear subdiffusion equations

Hong-lin Liao* Yonggui Yan! Jiwei Zhang?

Abstract

A fast two-level linearized scheme with unequal time-steps is constructed and analyzed
for an initial-boundary-value problem of semilinear subdiffusion equations. The two-level
fast L1 formula of the Caputo derivative is derived based on the sum-of-exponentials tech-
nique. The resulting fast algorithm is computationally efficient in long-time simulations
because it significantly reduces the computational cost O(MN?) and storage O(MN)
for the standard L1 formula to O(M N log N) and O(M log N), respectively, for M grid
points in space and N levels in time. The nonuniform time mesh would be graded to han-
dle the typical singularity of the solution near the time ¢ = 0, and Newton linearization
is used to approximate the nonlinearity term. Our analysis relies on three tools: a new
discrete fractional Gronwall inequality, a global consistency analysis and a discrete H>
energy method. A sharp error estimate reflecting the regularity of solution is established
without any restriction on the relative diameters of the temporal and spatial mesh sizes.
Numerical examples are provided to demonstrate the effectiveness of our approach and
the sharpness of error analysis.

Keywords: semilinear subdiffusion equation; two-level L1 formula; discrete fractional
Gronwall inequality; discrete H? energy method; unconditional convergence

1 Introduction

A two-level linearized method is considered to numerically solve the following semilinear
subdiffusion equation on a bounded domain

Diu=Au+ f(u) forxeQand0<t<T, (1.1a)
u=u’(x) forxecQandt=0, (1.1b)
u=0 forxecdand 0<t<T, (1.1c)
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where 0€ is the boundary of Q := (zy, 2, ) X (y;, yr), and the nonlinear function f(u) is smooth.
In (CIa) DY = GD§* denotes the Caputo fractional derivative of order a:

(Dfv)(t) == /0 wi—a(t —s)V'(s)ds, 0<a<l, (1.2)

where the weakly singular kernel wy_q(t — s) is defined by w,,(t) := t*~1/T'(u). It is easy to
verify wi, () = wy,—1(t) and fg wy(s)ds = wy41(t) for t > 0.

In any numerical methods for solving nonlinear fractional diffusion equations ([ Ial), a
key consideration is the singularity of the solution near the time t = 0, see [5[10,17,22]. For
example, under the assumption that the nonlinear function f is Lipschitz continuous and
the initial data u® € H%(Q) N HY(Q2), Jin et al. [5, Theorem 3.1] prove that problem (L))
has a unique solution u for which u € C ([0, T]; H*(Q) N H (), Difu € C ([0, T]; L*(Q))
and dyu € L*(2) with [|9u(t)]|12(q) < Cut*™! for 0 < t < T, where C,, > 0 is a constant
independent of ¢ but may depend on T'. Their analysis of numerical methods for solving (L.T])
is applicable to both the L1 scheme and backward Euler convolution quadrature on a uniform
time grid of diameter 7; a lagging linearized technique is used to handle the nonlinearity f(u),
and [5, Theorem 4.5] shows that the discrete solution is O(7%) convergent in L>(L?(2)).

This work may be considered as a continuation of [I5], in which a sharp error estimate for
the L1 formula on nonuniform meshes was obtained for linear subdiffusion-reaction equations
based on a discrete fractional Gronwall inequality and a global consistency analysis. In this
paper, we combine the L1 formula and the sum-of-exponentials (SOEs) technique to develop
a one-step fast difference algorithm for the nonlinear subdiffusion problem (II]) by using the
Newton’s linearization to approximate nonlinear term, and present the corresponding sharp
error estimate of the proposed scheme without any restriction on the relative diameters of
temporal and spatial mesh sizes.

It is known that the Caputo fractional derivative involves a convolution kernel. The
total number of operations required to evaluate the sum of L1 formula is proportional to
O(N?), and the active memory to O(N) with N representing the total time steps, which is
prohibitively expensive for the practically large-scale and long-time simulations. Recently, a
simple fast algorithm based on SOEs approximation is proposed to significantly reduce the
computational complexity to O(N log N) and O(log N) when the final time 7' > 1, see [4l[I1].
Another fast algorithm for the evaluation of the fractional derivative has been proposed in [1],
where the compression is carried out in the Laplace domain by solving the equivalent ODE
with some one-step A-stable scheme. In this paper, we develop a fast two-level L1 formula
by combining a nonuniform mesh suited to the initial singularity with a fast time-stepping
algorithm for the historical memory in (I.2]). This scheme would be also useful to develop
efficient parallel-in-time algorithms for time-fractional differential equations [20].

On the other hand, the nonlinearity of the problem also results in the difficulty for the
numerical analysis. To establish an error estimate of the two-level linearized scheme at
time t,,, it requires to prove the boundedness of the numerical solution at the previous time
levels via |[u" ! < C,. Traditionally it is done using mathematical induction and some
inverse estimate, namely,

[ loo <N loo + AU = " < U™ oo + Cuh™H (77 + B2).



This leads to that a time-space grid restriction 7 = O(h'/#) is required in the theoretical
analysis even though it is nonphysical and may be unnecessary in numerical simulations. In
this paper, we will extend the discrete H? method developed in [I2HI4] to prove uncondi-
tional convergence of our fully discrete solution without the restriction conditions of between
mesh sizes 7 and h comparing with the traditional method. The main idea of discrete H?
energy method is to separately treat the temporal and spatial truncation errors. This simple
implementation avoids some nonphysical time-space grid restrictions in the error analysis. A
related approach in a finite element setting are discussed in [7-9].

The convergence rate of L1 formula for the Caputo derivative is limited by the smoothness
of the solution. The analysis here is based on the following assumptions on the solution

[ull gy < Cus 18]l gagy < Cull +771) and [|Bypul| g2y < Cu(l +1772) (1.3)

for 0 <t < T, where o € (0,1) U (1,2) is a regularity parameter. To resolve the singularity
at t = 0, it is reasonable to use a nonuniform mesh that concentrates grid points near t = 0,
see [2LBLI5L19]. We make the following assumption on the time mesh:

AssG. Let v > 1 be a user-chosen parameter. There is a constant C,, > 0, independent of
k, such that 7, < C,7 min{l,t,lﬁ_l/ﬁ/} for 1 <k <N andty < Cytp—q for 2<k < N.

Since 71 = t1, AssG implies that 71 = O(77), while for those t; bounded away from ¢ = 0 one
has 7, = O(7). The parameter 7 controls the extent to which the grid points are concentrated
near t = 0: increasing v will decrease the time-step sizes near ¢ = 0 and so move mesh points
closer to t = 0. A simple example of a family of meshes satisfying AssG is the graded grid
try = T(k/N)7, which is discussed in [2I5,19]. Although nonuniform meshes are flexible
and reasonably convenient for practical implementation, they can significantly complicate
the numerical analysis of schemes, both with respect to stability and consistency. In this
paper, our analysis will rely on a generalized fractional Gronwall inequality [16], which would
be applicable for any discrete fractional derivatives having the discrete convolution form.

Throughout the paper, any subscripted C, such as C,,, C,, Co, C,, Cy and Cr, denotes a
generic positive constant, not necessarily the same at different occurrences, which is always
dependent on the given data and the solution but independent of the time-space grid steps.
The paper is organized as follows. Section 2] presents the two-level fast L1 formula and the
corresponding linearized fast scheme. The global consistency analysis of fast L1 formula
and the Newton’s linearization is presented in Section Bl A sharp error estimate for the
linearized fast scheme is proved in Section @l Two numerical examples in Section [l are given
to demonstrate the sharpness of our analysis.

2 A two-level fast method

We approximate the Caputo fractional derivative (L2]) on a (possibly nonuniform) time mesh
0=ty < - < tp_q1 <t < -+ <ty ="1T, with the time-step sizes 7. := t,, — tj_1 for
1 <k < N, the maximum time-step 7 = maxj<x<n 7% and the step size ratios py := 75 /Tk+1
for 1 <k < N — 1. In space we use a standard finite difference method on a tensor product
grid. Let M; and Ms be two positive integers. Set hy = (z, — x;)/My, ha = (yr — y1)/M>



and the maximum spatial length h = max{hi,ho}. Then the fully discrete spatial grid
QO = {xn, = (z; + ihy,y; + jhe) |0 < @ < M;p,0 < j < My} Set Q) = Qp N Q and the
boundary 99, = Qp, N 9. Given a grid function v = {v;;}, define

v = (vij +vi—15) /2, 0z 2V 1= (vij — vie1) /h1, 52 RORES ((5 Vil 5xvi_%7j)/h1.

2_57]

Difference operators v, 1 0y, 1 020y, 1k and 52212-]- can be defined analogously. The

ij—
second-order approx1mat10n of Av(mh) for x;, € Q, is Apvp, = (02 + 52)vh Let V), be the

space of grid functions, V), = {v = (vp) |vh =0 for x, € Z?Qh} For v,w € V), define

) cq, VhWh, the L? norm |jv|| = /(v,v), the H'
seminorm [|[Vv|| = /[|6;0]]? + [|6,v]?> and the maximum norm ||v]|e = maxg,cq, |vn|. For
any v € Vy, by [14, Lemmas 2.1, 2.2 and 2.5] there exists a constant Cg > 0 such that

thQh
the discrete inner product (v, w) = hihg >

[0l < CallVaull,  [IVavll < CallApvll, vl < CallAnv]. (2.1)

2.1 A fast variant of the L1 formula

On our nonuniform mesh, the standard L1 approximation of the Caputo derivative is

tr n
Z / wi—q(ty — 8)V,0 ds = Z ailn_)kVTvk , (2.2)
17k St k=1

where V,vF := vF — vF~1 and the convolution kernel a( n) . is defined by
No 1 [ 1
a, ) = — Wi—a(tn —s)ds = — [wo—a(tn — th—1) —wo—a(tn —tr)], 1< k< n. (2.3)
Tk Jty_q Tk

Lemma 2.1 For fized integer n > 2, the convolution kernel a p of @3) satisfies
(i) a;n_)k_l > wi_o(tn — tg) >a£:?k, 1<k<n—1;
(i) o™ —al™ > Loty —th) —wialtn —te1)], 1<k<n—L

Proof The integral mean-value theorem yields (i) directly; see [I5,22]. For any function
q € C?[ty—1,tx], let II1 g be the linear interpolant of ¢(¢) at tx_1 and tg. Let ITy yq := ¢—1II1 xq
be the error in this interpolant. For ¢(s) = w1 (t, — s) one has ¢”(s) = w_q_1(t, — 8) >0
for 0 < s < t,, so the Peano representation of the interpolation error [I5, Lemma 3.1] shows
that fti’il (ITy,1q) (s) ds < 0. Thus the definition Z3) of a,, )k yields

1 1 (L
afl"_k — Ewl_a(tn —tr) — Ewl_a(tn —tpo1) = — / (Hqu)(s) ds<0, 1<k<n-1
Tk Jt_4
Subtract this inequality from (i) to obtain (ii) immediately. |



As the L1 formula ([2.2) involves the solution at all previous time-levels, it is computa-
tionally inefficient to directly evaluate it when solving the fractional diffusion problem (ITI)
using time-stepping. We therefore use the SOEs approach of [4,[11.21] to develop a fast L1
formula. A basic result of the SOE approximation (see [4, Theorem 2.5] or [21, Lemma 2.2])
is the following:

Lemma 2.2 Given o € (0,1), an absolute tolerance error e < 1, a cut-off time At > 0 and
a final time T', there exists a positive integer Ny, positive quadrature nodes 0° and positive
weights w' (1 <L < N,) such that

q
‘wl_a(t) - sze—e%‘ <e VtelAt,T],

where the number N, of quadrature nodes satisfies

Nq:O<log <loglog +1OgAt) +1OgA (loglog +10gA1 )>

After that, we divide the fractional Caputo derivative (Dfv)(t,) of (L2) into a sum of
a local part (an integral over [t,_1,t,]) and a history part (an integral over [0,%,_1]), then
approximate v’ by linear interpolation in the local part (similar to the standard L1 method)
and use the SOE technique of Lemma 22 to approximate the kernel w;_, (¢ —s) in the history
part. It yields

(Dfu) (t,) & / ' wWi—qa(tn —8)

tn—1

n—1
d +/ Zwé —0(tn—s) u/(s)ds

Nq
= aén)VTu" + Z wee_gzmﬂé(tn_l), n>1,
=1
where H'(t),) := fotk e~ (t=)y/ (s) ds with H(tg) = 0 for 1 < £ < N, . To compute H*(t)
efficiently we apply linear interpolation in each cell [t;_1,tx], obtaining

tg
HE(ty) = e_‘gZTk?-Lé(tk_l) + / e_el(tk_s)u’(s) ds = e_‘gZT’“’HZ(tk_l) AV

th—1

where the positive coefficient is given by

pkt) = L /tk e =) ds kE>1,1<L<N,. (2.4)
Tk Jty,_4
In summary, we now have the two-level fast L1 formula
Nq
(Dfu)" := a((]n)VTu” + Z wge_elT"HZ(tn_l), n>1, (2.5a)
(=1

where H*(t),) satisfies H%(tg) = 0 and the recurrence relationship

Hi(ty) = e " H (t)_) + bFOV. b, k>1, 1<E<N,. (2.5b)



2.2 The two-level linearized scheme

Write U = u(xp, t,) for @) € Qp, 0 <n < N. Let u} be the discrete approximation of U}
Using the fast L1 formula (2.5)) and Newton linearization, we obtain a linearized scheme for
the problem (LI): find {ul'} € V}, such that

(Dfup)™ = Apup + ful ™) + f(uf HVeup, € Qp, 1< n < N; (2.6a)
u) =ul(xp,), ), € Q. (2.6b)
Note that, the Newton linearization of a general nonlinear function f = f(x,t,u) at t = t,

takes the form f(xp,tn,ul) & f(xp,tn, u) ) + f1(Th, tn, u) 1)V, ul . The scheme (20) is a
two-level procedure for computing {uj'}, since (Z6al) can be reformulated as

Nq

af) = A — f1up )| Veul = Agup 7+ fa ) = Y wle U H (1), (2.7)
/=1

Hi(ty) =e "™ H (ty_y) + 6OV, . 1< <N, (2.8)

Thus, once the solution {u}~*, Hf(t,—1)} at the previous time-level ¢, 1 is available, the
current solution {uj} can be found by ([2.1) with a fast matrix solver and the historic term
{H} (t,)} will be updated explicitly by the recurrence formula (2.5].

Remark 2.3 At each time level the scheme (26l requires O(MN,) storage and O(MNy)
operations, where M = My Ms is the total number of spatial grid points. Given a tolerance
error € = €g, by virtue of Lemma[2.2, the number of quadrature nodes Ny = O(log N) if the
final time T > 1. Hence our new method is computationally efficient since it computes the
final solution using in total O(M log N) storage and O(M N log N) operations.

2.3 Discrete fractional Gronwall inequality

Our analysis relies on a generalized discrete fractional Gronwall inequality [16], which is
applicable for any discrete fractional derivative having the discrete convolution form

(Do) = Y AW, (0% — o5, 1< <N, (2.9)
k=1

provided that A;"_) i and the time-steps 7, satisfy the following three assumptions:
Assl. The discrete kernel is monotone, that is, A](;L_)2 > Algn_)l >0for2<k<n<N.
Ass2. Thereis a constant w4 > 0 such that A;"_)k > % tf:q %ﬁ”_s) dsforl <k <n<N.

Ass3. There is a constant p > 0 such that the time-step ratios pp < p for 1 <k < N — 1.



The complementary discrete kernel P:i)k was introduced by Liao et al. [I5l[16]; it satisfies
the following identity

ZPﬁ")]Agj)kzl for1<k<n<N. (2.10)
=k

Rearranging this identity yields a recursive formula that defines Pr(ﬁ)k

R = 1/A80, P =174 S (A, - AP 1< <n-1 (210
k=j+1

From [16, Lemma 2.2] we see that P,(;i)k is well-defined and non-negative if the assumption
Assl holds true. Furthermore, if Ass2 holds true, then

Z < TAWIta(ty) for1<n<N. (2.12)

k

Recall that the Mittag-Leffler function E,(z) = > 72, m We state the following
(slightly simplified) version of [16] Theorem 3.2]. This result differs substantially from the
fractional Gronwall inequality of Jin et al. [B, Theorem 4] since it is valid on very general

nonuniform time meshes.

Theorem 2.4 Let Assl-Ass3 hold true. Suppose that the sequences (EP)N_,, (EMN_, are
nonnegative. Assume that \g and A1 are non-negative constants and the maximum step size
7 <1/ ¢/2max{1, p}ral(2 — a)(Xo + A1). If the nonnegative sequence (v¥)N_, satisfies

S A Vb < A" AT+ € 1€ for 1<n <N, (2.13)

then it holds that for 1 <n < N,

k
0 (k) ¢i '
V" < 2E,(2max{1, p}ma(Xo+ M1)t5) <v + 11%11?§n > Pk_jﬁ + T Awi4a(tn) 1I%agxn §%> (2.14)
‘7:
To facilitate our analysis, we now eliminate the historic term H*(t,) from the fast L1
formula (2.5a)) for (Dfu)". From the recurrence relationship (2.50), it is easy to see that

k
H(ty) =Y e G007 d k>1, 1< <N,
j=1

Inserting this in ([Z5al) and using the definition (2.4]), one obtains the alternative formula

tr q n
(Dfu)" = af” v u" +Z S wle ) as =3 AW, Vb, n>1, (2.15)
te—1 p=1 k=1



where the discrete convolution kernel A( n) ~;, is henceforth defined by

N,

n n 1 b -
A =gl A = — Swle?t)ds, 1<k<n-1,n>1  (216)

Tk Jty1 )

The formula (ZTI5]) takes the form of (29, and we now verify that our Afln_) . defined by
(210 satisfy Assl and Ass2, allowing us to apply Theorem 2 4land establish the convergence
of our computed solution. Part (I) of the next lemma ensures that Ass1 is valid, while part
(II) implies that Ass2 holds true with 74 = 3.

Lemma 2.5 If the tolerance error € of SOFE satisfies € < min {%wl_a(T),ozwg_a(l)}, then
the discrete convolutional kernel Ag:?k of [2I6) satisfies

DAY > A S0, 1<k<n—1; (1) AP =a” and A, > 2oV, 1<k <n—1,
k-1 k 0 0 n—k = 3
Proof The definition (23] and Lemma 2] (i) yield

af” — " > g — wisa(m) = Bws-a(m) = aws-a(l) 2 ¢,

where the step size 7, < 1 and our hypothesis on € are used. The definition (2.16]) and Lemma
(n)
0

2.2 imply that A(() n) _ g n) +€ > Ag ). Lemma B2 22 also shows that #¢, w’ > 0 for

¢ =1,...,Ng; the mean—value theorem now yields property (I). By Lemma 2] (i) and our

hypothesis on e we have € < 2wi_q(t, —ty_1) < la( ")  for 1 <k <n—1. Hence Lemma 2.2]

gives Agln_)k > ag?k —e> %a( ") for 1<k<n—1. The proof is complete. |

3 Global consistency error analysis

We now proceed with the consistency error analysis of our fast linearized method, and begin
with the consistency error of the standard L1 formula (D%u)" of (22]).

Lemma 3.1 For v € C?(0,T] with fOTt [v"(t)]ds < oo, one has

|(D§0) (ta) — (D20)"| < o’ G"+Z () —alP )G n>1,

n

where the L1 kernel ailn_)k is defined by (Z3) and G* = 2f (t —tg_q) [V"(t)] dt.

Proof From Taylor’s formula with integral remainder, the truncation error of the stan-
dard L1 formula at time t = t,, is (see [15, Lemma 3.3])

n

(Dfv)(ty,) — (D)™ = Z /tk wWi—a(tn — 8) <v'(s) - VT’Uk/Tk> ds

k=1"tk—1



n

_ /tk V(1) (@) () dt, n> 1, (3.1)

ke1 Y tk—1

where Q(t) = wa_q(t, —t) and we use the notation of the proof of Lemma 2.1l By the error
formula for linear interpolation [I5, Lemma 3.1], we have

. 173
(I 1 Q) (¢) = / et )Q" (y) dy, iy <t <ty 1<k<n,

th—1

where the Peano kernel x(t,y) = max{t —y,0} — t_i%(tk — y) satisfies

— S (g — 1) < xklt,y) <O for any £,y € (tp_1, ty).

Tk

Observing that for each fixed n > 1 the function @ is decreasing and Q" (t) = w_(t, —t) < 0,
we arrive at the interpolation error (Hlka) (t) >0 for 1 < k < n, with

(M1.2Q) (1) < Qlta—1) — (M1aQ) (1) = (t — to_1)al”,

g

(M1 1 Q) (t) < (th—1 — 1) Q"(t)dt < (t — th—1) [wi—altn — tk) — wi—a(tn — tp—1)]

tk—1
<2t — tk—l)( Szn)k 1 ain)k) te€ (tg—1,tr), 1<k<n—1,

where Lemma [Z] (ii) is used in the last inequality. Thus, (31)) yields

(D) (ta) — (D20)"| < / )] () ¢ dt+z / )] (IQ) (1)t

te—1
w [ = )y [
al / (t—tn_1) ‘v”(t)‘ dt + 2 Z (an_k_l - an_k) / (t —tr_1) W/(m dt,
tn—1 k=1 te—1
and the desired result follows from the definition of GF. |

Remark 3.2 Compared with the previous estimate in [15, Lemma 3.3/, Lemma[31] removes
the time-step ratios restriction pr < 1, which is an undesirable limitation on the mesh for the
problems that allow the rapid growth of the solution at the time far away from t = 0.

We now focus on the fast L1 method by taking the initial singularity into account. Here
and hereafter, we denote 7' = max{1,T} and £, = max{1,t,} for 1 <n < N.

Lemma 3.3 Assume that v € C2((0,T]) and that there exists a constant C,, > 0 such that
V)] < C1+t77h), O] <C1+177%), 0<t<T, (3.2)

where o € (0,1) U (1,2) is a parameter. Let YJ := (Dfv)(t;) — (D§v Y denote the local
consistency error of the fast L1 formula 2I8). Assume that the SOE tolerance error €
satisfies € < 2 min{wi—o(T),3cvwa—a(1)}. Then the global consistency error

n

(N) [~ G 1 o2 _2-
>R g st L) 63
]:



for 1 <n < N. Moreover, if the mesh satisfies AssG, then

n

(n) j Cy m1n{2 a,yo} e
;P W] < <SiaT + Ctntn L

1<n<N.
Proof The main difference between the fast L1 formula (2I5) and the standard L1
formula ([22) is that the convolution kernel is approximated by SOEs with an absolute tol-

erance error €. Thus, comparing the standard L1 formula (2Z2)) with the corresponding fast
L1 formula ([2I5), by Lemma 2.2 and the regularity assumption (3.2)) one has

‘V Uk| Na ¢
!(fou ‘ < Z wle =) _w ,(t; — s)‘ ds,
b1 =1
EZ/ (s)] ds < Cy(tj—1 +t7_1/0)e < C—fz j>1.
tp—1 " - o B
Lemma 2.2 implies that |A(n — agl_)k| <efor 1 <k <n-—1. Recalling that A( ") _ (n),
one has a(])k 1 §])k < Ay)k_ — Ay_)k + 2¢ for 1 < k < j — 1. Then Lemma [B.1] and the
regularlty assumption ([32) lead to
j-1 , j-1
(Do) (t)) — (D2o)| <APGT+ 37 (Y, — AP YGF 4 2¢ Y GF
k=1 k=1

I . . J—L
AP+ Y (D, = AP )6 vy [T afo)] at
k=1 k=1"Ytk—1

j—1

N ‘ . C, - .
<AYGI+ > (Ag']—)k—l - A§]3k)Gk + 7’59’2—167 j=1
=1
Now a triangle inequality gives
D)2 X (4 0) () C
T7] < AF'G7 + ; (A2 — A G + 7%‘2—1@ J=1 (3.4)

Multiplying the above inequality (B.4]) by P,gi)j and summing the index j from 1 to n, one
can exchange the order of summation and apply the definition (ZIT]) of P,gi)j to obtain

j—1

Z ]|T]‘ <ZP(” A(J G] ZP(”) Z k 1_A(J) )Gk_|_0 an)] '

.

7=1 j=2 k=1 ] =2
_chpm AV +ZGk 2”: PO(AD,_ A0 ) 4,2 gip(m_
j—k—1 j—k v n—lo. - n—j

= Jj=k+1 j=



n n—1
n k n k Cv alr
<DOPIATGE Y PN AY G+ i e, (3.5)
k=1 k=1

where the property (2.12]) with 74 = 3/2 is used in the last inequality. If the SOE approxi-
mation error € < £ min{wi—o(7), 3aws_a(1 )} Lemma 25 (IT) and Lemma[2ZT] (i) imply that
AW = ol = wy () /7, AR, > 268> 20, (1), — 1), and then

AP AR < (b — 1) 2<k<n< N,

Furthermore, the identical property (ZI0) for the complementary kernel P( )] gives
P™ AP <1 and ZP(” AP < ZP(” =

The regularity assumption (3.2) gives G* < C,7{ /o and G* < Ot "372 (2 < k < n). Thus
it follows from (B3] that

ZP \Tﬂ\<2G1+2ZP(” )Gk+£t°‘tn €
k=2

Tf a022a C o
SC”F Z tk—t)tklk +—t afy e
1 .
22— 2
<C< 1—a2@1§3{n(tk_t1) 17k a+;t3tn_1€>, I1<n<N.

The claimed estimate ([B.3)) is verified. In particular, if AssG holds, one has
22— 2 2— : B8
147220 L Oyt BB in (1, 4Py
SO (1) 700 < oy {0oCmelt 8y < k< N,

where 8 = min{2 — a,yo}. The final estimate follows since 77 < C,777 < C«/Tﬁ. i

Next lemma describes the global consistency error of Newton’s linearized approach, which
is smaller than that generated by the above L1 approximation. In addition, there is no error
in the linearized approximation if f = f(u) is a linear function.

Lemma 3.4 Assume that v € C([0,7]) N C?((0,T)) satisfies the regularity condition (3.2),
and the nonlinear function f = f(u) € C*(R). Denote v" = v(t,) and the local truncation
error R% = f(v™) — f(v™ 1) — f/ (v 1)V,0" such that the global consistency error

n
ZP,ET?]-‘R% < Gyt (7’1 +7'1”/0 ) + Cyto max (T +t20 2 ]2) 1<n<N.
— <<
Moreover, if the assumption AssG holds, one has

Z Q‘R | <Cy 2290} ax {1,779 /0?}, 1< n < N.

11



Proof Applying the formula of Taylor expansion with integral remainder, one has

. . 1 . .
R} = (VTU’)Q/ fr(W 4+ sV0l) (1 —s)ds, j>1.
0

Under the regularity conditions, one has |R}| Co( fttl [V ()] dt) < Cy (tE+ 187 /0?),
! 2 20— 2 2 -
R} < (/ V@) de) < Cu(2 +8277%72), 2< <N,
371

Note that, Lemma (IT) and the deﬁnition Z3) give Aék) = a(()k) = wo_o(Tk) /T, so the
identical property (I?:IIID shows P(n <1 /A < I'(2—a)7{*. Moreover, the bounded estimate
[Z12) with m4 = 2 gives > o nn] < 3witalty). Thus, it follows that

ZP(HJ‘R |< I‘Rf|+z j|R C’TﬂRfH—C’t mex |R ‘
7j=1

<Cyr{ (17 +7'10/0' ) + Cotor g (7]2 +t?C_rI2Tj2)a I<n<N.

If AssG holds, one has sz < C, 72 min{l,t§_2m} < C, P min{l,ti_wy}, and

— —2 _2— . —
t?c_r127'-2 <, 152-‘7 27 T; B Bmm{l,t]@ ﬁ/’y}
<C t20 min{2, 270}/7( k/tk)2—ﬁ7_5 < C,Fytzlax{072a—2/'y}7_67 2<j< N,

where 8 = min{2,2yo}. The second estimate follows since 727 < C,7277 < C,7P. i

4 Unconditional convergence

Assume that the time mesh fulfills Ass3 and AssG in the error analysis. We improve the
discrete H? energy method in [12HI4] to prove the unconditional convergence of discrete
solution to the two-level linearized scheme (2.6). In this section, Ky, 79, 71, 73, ho, €0 and
any numeric subscripted ¢, such as ¢y, ¢1, ¢o and so on, are fixed values, which are always
dependent on the given data and the solution, but independent of the time-space grid steps
and the inductive index k in the mathematical induction as well. To make our ideas more
clearly, four steps to obtain unconditional error estimate are listed in four subsections.

4.1 STEP 1: construction of coupled discrete system

We introduce a function w := Dfu— f(u) with the initial-boundary values w(zx,0) := Au’(x)
for x € Q and w(x,t) ;== —f(0) for & € Q. The problem ([Ial) can be formulated into

w=Dfu— f(u), £€Q, 0<t<T;
w=Au, xe€Q 0<t<T.

12



Let wy' be the numerical approximation of function W}' = w(xy, t,,) for ), € Q. As done in
subsection 2.2, one has an auxiliary discrete system: to seek {uj, w}j} such that

W = (DSu)” — Fi ™) = i)V, @€ O, 1< <N (4.1)
wy =Apup,  xp € Qp, 0<n <N
2 u(xp), x, € Uy up =0, xp € 0,1 <n<N.

Obviously, by eliminating the auxiliary function wj in above discrete system, one directly

arrives at the computational scheme (Z.0]). Alternately, the solution properties of two-level
linearized method (2Z.6]) can be studied via the auxiliary discrete system (.1])-(Z.3]).

4.2 STEP 2: reduction of coupled error system

Let ap = U} —u}, wy = W] —wy be the solution errors for x;, € Q;,. We now have an error
system with respect to the error function {w}} as

(Dfuh) —N”+§}Tf, whEQh,lgnéN; (4.4)
=Apup +np, xh €, 0<n < N;

33‘3

uh—O xp € QA =0, x, €0Q,1 <n <N,
where ;' and 7n;’ denote temporal and spatial truncation errors, respectively, and
Nit= ™ Vet + fUR™Y) = fluap ™) + (U = f'uy ™) V- Uy
= f(up = Vray + ! /01 F(sUp 4+ (1= s)up~") ds
+ay v, U /Olf”(sU,?—l + (1= s)upt)ds. (4.7)
Acting the difference operators A and D% on the equations ([A.4)-([45H]), respectively, gives

Ah’uN)Z = (D?Ahﬁh)n — Ah./\/}? + Ahfg, xp € Qp, 1 <n<N;
(D?’lf)h)n = (D?Ahﬁh)n + (D?T]h)n, Ty € Qh, 1<n<N.

By eliminating the term (D?‘Ah&h)" in the above two equations, one gets

(D?ﬁ) ) Ahwh + AhNh (D?T]h)n — Ahfirf Ty € Qh, 1< n<N; (48)

@) =m0, mp e Wp=0, x,€0U,1<n<N;

where the initial and boundary conditions are derived from the error system (Z.4])-(Z4]).

4.3 STEP 3: continuous analysis of truncation error

According to the first regularity condition in (IL3]), one has

7| < eth®, 0<n < N. (4.10)

13



Since the spatial error i)' is defined uniformly at the time ¢ = ¢,, (there is no temporal error
in the equation ([€2)), we can define a continuous function n,(t) for x;, = (z;,y;) € O,

2,1
ne(t) = % / [69(64)u(x2- — shi,y;,t) + O u(z; + shy, y;, )] (1 — )3 ds
0

2 1
+ @ / [8(4)u($z7 Yj — sho, t) + 8(4)u($lv yj + sha, t)] (1 o 8)3 ds,

6 0 Yy Yy

such that 7! = np,(t,). The second condition in (L) implies ||/ ()| < C,h?(1+t7~1). Hence,
applying the fast L1 formula ([2.I3]) and the equality (ZI0), one has

n J

c

Z Dll@gny | < 3B ST AP Vet = Z IV < Zian. (4.11)
j=1 k=1

Since the time truncation error &} in (4.4 is defined uniformly with respect to grid point

xy, € Qp, we can define a continuous function £"(x) = £ (x) + £F(x), where £}, £ denotes
the truncation errors of fast L1 formula and Newton’s linearized approach respectively,

€ = (Pftn) — (D0, € = (Fou))? [ 1" (ulta0) + 9 cu(ta)) (1~ ),
such that &' = " (x;,y;) for ), € Qy,. By the Taylor expansion formula, one has
An(&l),; = /01 (0067 (i = 51, y5) + Onabt (w1 + sh1, y5)] (1 — ) ds
+ /01 [0y &1 (i, y; — sha) + Oyy&T (zi, y; + she)] (1 —s)ds, 1< n<N.

Applying Lemma with the second and third regularity conditions in (L3]), we have

ZP,SZHA dll <

7=1

LTmiH{Q—%’YU} + ﬂtﬁt}%_le, 1<n<N.
—a) o
Similarly, one can write out an mtegral expression of Ay, (52) by using the Taylor expansion.

Assuming f € C*(R) and taking 7 < 7 = /o such that TW < 7% = o, we apply Lemma
B4 with the second regularity condition in (L3]) to find,

ZP(n]HA {jH < Cyr™M2299} 1ax{1, 77 /0?} < =% Cu {220} < <N
J=1 7
Thus, the triangle inequality leads to
ZP(’ZHA &l <o+ Qe TSnSN. (1)
, -« o
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4.4 STEP 4: error estimate by mathematical induction

For a positive constant Cp, let B(0,Cp) be a ball in the space of grid functions on €, such
that max { |||/, [|Vat|l, [|Ape||} < Cp for any grid function {1} € B(0,Cp). Always, we
need the following result to treat the nonlinear terms but leave the proof to Appendix A.

Lemma 4.1 Let F € C*(R) and a grid function {1} € B(0,Cy). Thus there is a constant
Cr > 0 dependent on Cy and Cq such that, |Ap [F()v]|| < Cr ||Apv] for any {vn} € Vy,.

Under the regularity assumption ([3) with UF = u(zy, ), we define a constant

1
R = 5 g, {10 920

For a smooth function F' € C%(R) and any grid function {v;} € V), we denote the maximum
value of Cr in Lemma [ as ¢y such that

|AL [F(w)v]|| < co||Apv||  for any grid function {wy} € B(0, Ky + 1). (4.13)

Let ¢5 be the maximum value of Cq to verify the embedding inequalities in (Z1]), and

20 .
ce = max{1, c5} Fo (3max{1, p}(2Ko + 3)coT®), ¢7 = 3c1 + L 3(2Ko + 3)coer T
o

Also let 75 =1/ {/3max{1, p}T(2 — ) (2K( + 3)co , and

valo(l —a) b 1 ) { o 1 }
— — = —— —wi_a(T), —a(1l)¢.
70 6escg 0 Beacr €0 = Iin Gecal2To 3w1 a(T),awr_q(1)

For the simplicity of presentation, denote

By = Eq(3max{1, p}(2Ko + 3)coty),
Th =

263 264

i — o 262 ~
meln{z @ } + (261 + 7t]3 + 3(2K0 + 3)6001t%> h2 +

7tgf,3_1e,
where 1 < k < N. We now apply the mathematical induction to prove that

|Apa¥|| < By T* +e1h? for 1 <k <N, (4.14)
if the time-space grids and the SOE approximation satisfies

T <min{m, 71,70}, h < hy, €< e (4.15)

Note that, the restrictions in ([I5) ensures the error function {a}} € B(0,1) for 1 < k < N.
Consider k = 1 firstly. Since @) = 0, {u2} € B(0, Ko) C B(0, Ky + 1) and the nonlinear
term (7)) gives N} = f/(u?)a; . For the function f € C3(R), the inequality (ZI3) implies

HAthH = ||Ap (f/(uo)ﬂl) | < COHAhleu < couwlu + coerh? (4.16)
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where the equation (43]) and the estimate (4I0) are used. Taking the inner product of the
equation (LX) (for n = 1) by W}, one gets

ATt @) < (AN BN + (D) — Ape,ab),

because the zero-valued boundary condition in (£J]) leads to <Ah ol ~1> 0. With the view
of Cauchy-Schwarz inequality and (416]), one has <VTw1 w > > leHVT(leu) and then

AV () <A+ 1DF)! = Ang! | < coll || + | (DFn)! — Ang! || + coeih®.

Setting 7 < 75 < 1/ {/3max{1,p}I'(2 — a)cy, we apply Theorem 2] (discrete fractional
Gronwall inequality) with ¢ = H(D;‘én)l — Ahng and & = cyc1h? to get

|6 <Ea(3max{1, p}eots) (2“770” + 2P(1)H (DFm)" = Apg!]| + Beocrwnsalti)h?)
263
o(1— a)

<E1< pmin{2-ayo} + 2c1 h2 t12h2 + 36061W1+a(t1)h2) < ElTl,

where the initial condition (@3] and the error estimates (EI0)-(ZI2) are used. Thus, the
equation (£5)) and the inequality (£I0]) yield the estimate ([@I4]) for k£ = 1,
larat|| < [l + [t < ExT" + erh?.

Assume that the error estimate (£I4]) holds for 1 < &k < n —1 (n > 2). Thus we apply
the embedding inequalities in (Z1]) to get

max{”ukH HVhﬂkH, HAh&kH} < max{l,cs)}(Eka + 01h2), 1<k<n—1.

Under the priori settings in (@I5), we have the error function {@f} € B(0,1), the discrete
solution {uf'} € B(0, Ko+1) for 1 < k < n—1, and the continuous solution {UF} € B(0, Ky) C
B(0, Ko+ 1). Then, for the function f € C*(R), one applies the inequality ([@I3) to find that

HA [ /(un ! V u ] H CoHAth—unH < COHAh{L"H +COHAh'L~Ln_1H,
HAh[un f(sUm i S)un—l)] | < col| Anam 1H
A [1V, 07 /(501 4 (1 — s )] || < ol A (@170 < 2e0 o] Avi ™=

where 0 < s < 1. From the expression (7)) of N™ and the triangle inequality, one has

HAh,/\/'”H < COHAhﬂ"H +2(Ky + 1)COHAhan_1H
< coll@™|| + 2(Ko + Deo|| @™ + (2Ko + 3)coerh?, (4.17)

where the equation (£3]) and the estimate ([ZI0]) are used.
Now, taking the inner product of ([.8) by @}, one gets

((D§D)", ™) < (ApN™,@0™) + (D))" — Apg™, "), (4.18)
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because the zero-valued boundary condition in (£9)) leads to <Ahu~)”,u~)”> < 0. Lemma
(I) says that the kernels Ailn_) i are decreasing, so the Cauchy-Schwarz inequality gives

n—1
(D), @) > AL [l |2 = S (AL, — AN ) e | — ALY, (120 )|a" |
k=1
n—1
= )| [ A§” 2| = (A, — AT o — A, )
k=1
=[la"|| Y AL, (") .

k=1

Thus with the help of Cauchy-Schwarz inequality and (@17, it follows from (ZI8]) that

S A ([0F ) < (AN + [[(Dg0)" = Ang™|
k=1

<eol|@™|| +2(Ko + Veo[[@" || + [[(DFm)" — Ang™ || + (2Ko + 3)cocih?

Setting the maximum time-step 7 < 75 = 1/ {/3max{1, p}I'(2 — a)(2Ky + 3)co, we apply
Theorem 2.4 with £ = H(D?n)" — Ap€"|| and & = (2K + 3)coc1h? to get

j .
il < B (211 2 3= P05 - 20+ 32+ el
S k=1

2c3 in{2—a.~o 2¢4 0
B S )
2¢9
+ En (201 + =242 + 3(2K0 + B)eociwnsalta) | h < T,

where the initial data (£9) and the three estimates (4I10)-({I2]) are used. Then the error
equation (L) with (@I0) imply that the claimed error estimate (£I4]) holds for k = n,

|ART"|| < E,T™ + c1h?.
The principle of induction and the third inequality in (21]) give the following result.
Theorem 4.2 Assume that the solution of nonlinear subdiffusion problem (L) with the
nonlinear function f € C*(R) fulfills the regularity assumption (L3) with o € (0,1) U (1,2).
If the SOE approzimation error € < €y and the mazimum step size T < min{r, 11,7},

the discrete solution of two-level linearized fast scheme (Z8), on the nonuniform time mesh
satisfying Ass3 and AssG, is unconditionally convergent,

HUk — ukH < L max{1, p} (Tmin{z_a’w} +h? 4+ e) , 1<k<N.
© " o(l—-a)
It achieves an optimal time accuracy of order O(7>~%) if v > max{1, (2 — a)/c}.
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5 Numerical experiments

Two numerical examples are reported here to support our theoretical analysis. The two-level
linearized scheme (Z.6]) runs for solving the fractional Fisher equation

Dy = Au+u(l —u) + g(x,t), (x,t) € (0,7)* x (0,17,
subject to zero-valued boundary data, with two different initial data and exterior forces:
e (Example 1) u’(x) = sinzsiny and g(x,t) = 0 such that no exact solution is available;
e (Example 2) g(x,t) is specified such that u(x,t) = ws(t)sinzsiny, 0 < o < 2.

Note that, Example 2 with the regularity parameter o is set to examine the sharpness of
predicted time accuracy on nonuniform meshes. Actually, our present theory also fits for the
semilinear problem with nonzero force g(x,t) € C(€ x [0,T1]).

a=04,y=1 N a=04,7y=3 |

[
T

E < S
$ af [ (/2,7/2) - $ | [—(/27/2)
= ——(7/4,7/2) - ——(7/4,7/2)
Lo | == (7/4,7/4) ol | (/4 m/4) R
---slope=a—1 - --slope=a — 1

-3t 1 L L L L L L L L L
5  -45 -4 -85 -3 -25 -2 -15 -1 05
logyo(t-1/2)

T4 12 10 s = 2
logyg(tn-1/2)

Figure 1: The log-log plot of difference quotient V., uj /7, versus the time for Example 1
( = 0.4) with two grading parameters v = 1 (left) and v = 3 (right).

logg | Veu" /7|
log,o [Viu" /7|

- --slope=a — 1

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
5 45 -4 35 -3 -25 -2 -15 -1 05
logyo(tn-1/2)

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 -9 -8 -7 -6 -5 -4 -3 -2 -
logyo(tn-1/2)

Figure 2: The log-log plot of difference quotient V., uj /7, versus the time for Example 1
(w = 0.8) with two grading parameters v = 1 (left) and v = 2 (right).

In our simulations, the spatial domain €2 is divided uniformly into M parts in each di-
rection (My = My = M) and the time interval [0,7] is divided into two parts [0, 7p] and
[Ty, T] with total Np subintervals. According to the suggestion in [I5], the graded mesh
tr = To (k/N)7 is applied in the cell [0, Tp] and the uniform mesh with time step size 7 > 7 is
used over the remainder interval. Given certain final time T’ and a proper number Np, here we
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would take Ty = min{1/v,T}, N = {ﬂi\[if’y,ﬂ such that 7 = 5;5{; > T+}V_Tfl >N~ > 7y
Always, the absolute tolerance error of SOE approximation is set to e = 10~!? such that the
two-level L1 formula (Z5al) is comparable with the L1 formula (Z2) in time accuracy.

In Example 1, we investigate the asymptotic behavior of solution near t = 0 and the
computational efficiency of the linearized method (2. Setting M = 100, T' = 1/v and
Np = 100, Figures depict, in log-log plot, the numerical behaviors of first-order difference
quotient V,u} /7, at three spatial points near the initial time for different fractional orders
and grading parameters. Observations suggest that log |us(x,t)| =~ Cy(x) + (a« — 1) logt as
t — 0, and the solution is weakly singular near the initial time. Compared with the uniform
grid, the graded mesh always concentrates much more points in the initial time layer and
provides better resolution for the initial singularity.

250 —8-L1 formula P
-~ slope=2

—©—fast L1 formula
-+- slope=1 -

N
T

log;,(cputime)

L L
3.3 34 3.5 3.6 3.7 3.8 3.9 4 4.1
10g10(NT)

Figure 3: The log-log plot of CPU time versus the total number Np of time levels for the
linearized method in solving Example 1 with two different formulas of Caputo derivative.

To see the effectiveness of our linearized method (2.6]), we also consider another linearized
method by replacing the two-level fast L1 formula (D?uh)" with the nonuniform L1 formula
(D%up,)™ defined in ([22)). Setting v = 0.5, v = 2, and M = 50, the two schemes are run for
Example 1 to the final time 7' = 50 with different total numbers Np. Figure[Blshows the CPU
time in seconds for both linearized procedures versus the total number Np of subintervals.
We observe that the proposed method has almost linear complexity in N7 and is much faster
than the direct scheme using traditional L1 formula.

Since the spatial error O(h?) is standard, the time accuracy due to the numerical approx-
imations of Caputo derivative and nonlinear reaction is examined in Example 2 with T' = 1.
The maximum norm error e(N, M) = max;<j<y HU(tl) —ut HOO To test the sharpness of our
error estimate, we consider three different scenarios, respectively, in Tables 5.1-5.3:

Table 5.1 : 0 =2 — « and v = 1 with fractional orders a = 0.4, 0.6 and 0.8.
Table 5.2 : a = 0.4 and ¢ = 0.4 with grid parameters v = 1, %%pt, Yopt and %%pt.
Table 5.3 : @ = 0.4 and 0 = 0.8 with grid parameters v = 1, %’yopt, Yopt and %’yopt.

Tables 5.1 lists the solution errors, for ¢ = 2 — «, on the gradually refined grids with the
coarsest grid of N = 50. Numerical data indicates that the optimal time order is of about
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Table 5.1  Numerical temporal accuracy for 0 =2 —a and vy =1
N a=04,0=16 a=0.6,0=14 a=0.80=12
e(N) Order e(N) Order e(N) Order

50 5.69e-04 - 1.14e-03 - 2.57e-03 -

100 1.57e-04 1.86 4.65e-04 1.30 1.23e-03 1.07

200 4.40e-05 1.84 1.88e-04 1.31 5.80e-04 1.08

400 1.45e-05 1.60 7.51e-05 1.32 2.71e-04 1.10

800 5.02e-06 1.53 2.98e-05 1.34 1.25e-04 1.12
min{vyo,2 — a} 1.60 1.40 1.20

O(7%7%), which dominates the spatial error O(h?). Always, we take M = N in Tables 5.1-5.3
such that e(N, M) =~ e(N). The experimental rate (listed as Order in tables) of convergence
is estimated by observing that e(N) ~ C,7° and then 8 ~ log, [e(N)/e(2N)].

Table 5.2 Numerical temporal accuracy for a = 0.4, 0 = 0.4 and ~yopy = 4
N vy=1 v=3 vy=4 vy=25
e(N)  Order e(N) Order e(N) Order e(N)  Order
50 5.47e-02 - 3.82¢-03 - 1.65e-03 - 1.32e-03 -
100 4.64e-02 024  1.68e-03 1.18 5.78e-04 152 4.60e-04  1.52
200 3.78¢-02  0.30  7.36e-04 1.19  1.99¢-04 1.54 1.58e-04 1.54
400 3.00e-02  0.33  3.21e-04 1.20 6.78¢-05 1.55 5.37¢-05  1.56
800 2.34e-02  0.36  1.40e-04 1.20 2.30e-05 1.56 1.81e-05  1.57
min{vyo,2 — a} 0.40 1.20 1.60 1.60
Table 5.3  Numerical temporal accuracy for a = 0.4, 0 = 0.8 and yopt = 2
N v=1 v=3/2 v =2 v=5/2
e(N)  Order e(N) Order e(N) Order e(N)  Order
50 3.46e-03 - 8.72e-04 - 5.80e-04 - 7.52e-04 -
100 2.20e-03  0.65 3.93e-04 1.15 1.39e-04 2.08 1.77e-04  2.08
200 1.34e-03  0.72  1.75e-04 1.17  3.80e-05 1.87 4.06e-05  2.13
400 7.95e-04  0.75  7.70e-05 1.18 1.32e-05 1.53 8.88e-06 2.19
600 5.83e-04  0.77  4.76e-05  1.19  7.06e-06 1.54  4.22e-06  1.55
800 4.67e-04  0.77  3.38e-05 1.19 4.52e-06 1.55  2.70e-06  1.55
min{vyo,2 — a} 0.80 1.20 1.60 1.60

Numerical results in Tables 5.2-5.3 (with @ = 0.4 and o < 2 — «) support the predicted
time accuracy in Theorem on the smoothly graded mesh t; = T'(k/N)7. In the case of a
uniform mesh (y = 1), the solution is accurate of order O(77), and the nonuniform meshes
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improve the numerical precision and convergence rate of solution evidently. The optimal time
accuracy O(727%) is observed when the grid parameter v > (2 — ) /0.
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A Proof of Lemma 4.1]

Proof Consider F'(¢) = 4 firstly. It is easy to check that, at point ), = (2;,y;) € Qp,

03 (ijvi) = bij (S3viz) + Oxt; 1 ; (5r”i—§,j) 01 (5wvz‘+l,j) + v (62¢4)
so that [|03(4v)|| < Co ([[oll + |6zv[| + [|67v]). Similarly, [|67 ()| < Co ([lv]| + [[6y0]l + |550]) -
Moreover, one has ||5 Sz ()|l < Co (||v]| + [[0zv]| + [|04v]| + [|6y0zv]]), due to the fact
5y5$(¢i—%,j—%vi—%7j—%) :wi—%,j—%(ayéxvi—%,j—l) +5y¢'— i (5 vz—%,] 1)

+ 5907/’1'—%,)'—% (5y”i—l G- ) (5 5w¢ 2)2}2—7,]—1 :

2

Noticing that ||Apv||* = [|620]|? + 2/|0.6,v]> + [620]|?, we apply the embedding inequalities
in (ZI) to obtain, also see [12, Lemma 2.2],

[An(o)| < Cu (vl + |An0]l) < Cr [ Ano]l,

where the constant Cr is dependent on Cy and Cq. For the general case F' € C%(R), one has

2 [F(vij)vij] = F(tij) (62vi5) + 0o F_1 ) (02 Vi1 )
+ 5J:F(1/}i+%,j)(5xvi+§7j) + vij [6mF(1/}Z])] .

The formula of Taylor expansion with integral remainder gives
0o ($;_1 ;) = (F(ij) = F(iz15)) /I = 0atd;_1 /01 F'(stij + (1= )ihi—15) ds
2F (i) = (020 F' (i) + (5951/12'—%,]')2 /01 F" (st + (1 = 8)i-1,5) (1 — ) ds
+ (5x1/1i+%,j)2 /01 F"(stij + (1 = 8)tig1,5) (1 — s)ds,
such that |6, F ()| < Cr and ||62F (1)|| < Cp . Therefore, simple calculations arrive at

167 [(E@)o)] | < Cr (loll + [zl + |670]]) -

By presenting similar arguments as those in the above simple case, it is straightforward to
get claimed estimate and complete the proof. |
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