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Abstract

We propose a hybridizable discontinuous Galerkin (HDG) finite element method to approx-
imate the solution of the time dependent drift-diffusion problem. This system involves a non-
linear convection diffusion equation for the electron concentration u coupled to a linear Poisson
problem for the the electric potential ¢. The non-linearity in this system is the product of the
V¢ with u. An improper choice of a numerical scheme can reduce the convergence rate. To
obtain optimal HDG error estimates for ¢, u and their gradients, we utilize two different HDG
schemes to discretize the nonlinear convection diffusion equation and the Poisson equation. We
prove optimal order error estimates for the semidiscrete problem. We also present numerical
experiments to support our theoretical results.

1 Introduction

Drift-diffusion equations play an important role in modeling the movement of charged particles

particularly in semiconductor physics ,|§|,,. Besides the applications to semicon-
ductors, these kinds of PDEs have many applications in the simulation of batteries , charged

particles in biology and physical chemistry .

We consider the following model time dependent drift-diffusion equation posed on a Lipschitz
polyhedral domain Q C R?%(d > 2): we seek to determine the unknown electron density u and the
electric potential ¢ that satisfy

u— Au+ V- (uVe) =0 in 2 x (0,77, (1.1a)
—eAp+u=0 in Q x (0,71, (1.1b)

U= gy on 90 x (0,71, (1.1c)

b =94 on 90 x (0,71, (1.1d)

u(-,0) = ug in Q, (1.1e)

where ¢ is a constant and typically small in real applications. In our analysis, we assume ¢ = O(1)
and have not analyzed the € dependence of the coefficients. This will be considered in future work.
We shall discuss the smoothness assumptions on g,, g4 and ug needed for our analysis later in
the paper. Applications of the drift-diffusion model often involve more complicated versions of
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the above model, for example including additional particle transport equations (for example, for
holes) and recombination terms. However the above system contains the principle difficulty from
the point of view of proving convergence: the term V - (uV¢).

Theoretical and numerical studies for this type of partial differential equation (PDE) have a
long history. For the theoretical analysis of the drift-diffusion system; see [5,/6,33,34}46,56] and
the references therein. Computational studies started in the 1960s [28,38] and many discretization
methods have been used for the drift-diffusion system in the past decades. For an extensive body
of literature devoted to this subject we refer to, e.g., the finite difference method [30,39,/50,55],
the finite volume method [3}4,11H13], the standard finite element method (FEM) [35,52}62], and
mixed FEM [36//40]. Furthermore, there are many new models in which the drift-diffusion equation
coupled with other PDEs; such as Stokes [41], Navier-Stokes [61] and Darcy flow [31]. However
these extensions are outside the scope of this paper.

The product of the gradient of the electric potential, V¢ with electron concentration v in
can cause a reduction in the convergence rate of the solution if the numerical schemes for the two
equations are not properly devised. In [62], they obtained an optimal convergence rate in H! norm
but a suboptimal in L? norm by the standard FEM. To overcome the convergence order reduction,
a new method was proposed to discretize the system ; mixed FEM for Poisson equation
and standard FEM for ,. This scheme provides optimal error estimates for v and ¢ in both
H! or H(div) as appropriate as well as in the L? norm. Very recently, the authors in [36] obtained
an optimal convergence rate by using mixed FEM for both and .

In the drift-diffusion model, typically, the magnitude of V¢ is huge (see [8]). Therefore, it is
natural to consider the discontinuous Galerkin (DG) method to discretize the system (1.1)). In [51],
alocal DG (LDG) method was used to study a 1D drift-diffsuion equation, they obtained an optimal
convergence rate by using an important relationship between the gradient and interface jump of the
numerical solution with the independent numerical solution of the gradient in the LDG methods;
see [64, Lemma 2.4] and |51, Lemma 4.3]. However, to the best of our knowledge, the inequality
in [64, Lemma 2.4] is not straightforward to extend to high dimensions.

Moreover, the number of degrees of freedom for the DG or LDG methods is much larger com-
pared to standard FEM; this is the main drawback of DG methods. Hybridizable discontinuous
Galerkin (HDG) methods were originally proposed in [24] to remedy this issue. The global sys-
tem of HDG methods only involve the degrees of freedom on the boundary face of the element.
Therefore, HDG methods have a significantly smaller number of degrees of freedom in the global
system compared to DG methods, LDG methods or mixed FEM. Moreover, HDG methods keep
the advantages of DG methods, which are suitable for the drift term if V¢ is large. For more
information of the HDG methods for convection diffusion problems; see, e.g., [16-18}|32,59].

There are many different HDG schemes, see for example [19-24,48]. Among all of these methods,
two are most popular, following standard terminology we call them are HDG; and HDG(A) in the
rest of the paper. The HDGj method uses polynomials of degree k to approximate the solution,
the flux, and the trace on the boundary face together with a positive stabilization parameter
is chosen to be O(1). The HDG(A) method uses polynomial degree k + 1 to approximate the
solution, polynomial degree k to approximate the flux and uses the so called Lehrenfeld-Schoberl
stabilization function, see [48, Remark 1.2.4]. These two methods were used to study the Poisson
equation in [26,49,57], the linear elasticity [21},58], the convection diffusion equation in [17}/18,59],
the Stokes equation in [25,[37] and the Navier-Stokes equation in [10,60].

The goal of this paper is to design an HDG scheme by the appropriate choice of HDG spaces
such that the overall scheme is optimally convergent and to prove semi-discrete optimal convergence
rates in d spatial dimensions (d = 2,3). The result is a new HDG scheme for the drift-diffusion
system with attractive convergence properties. We shall assume that a suitably regular solution of
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the drift-diffusion system exists. For existence theory, see for example the book of Markowich [53].

To develop our HDG method, we write the drift-diffusion system as a first order system by
introducing new variable ¢ and p such that ¢ + Vu = 0, p+ V¢ = 0. Then , becomes the
problem of finding (u, g, ¢, p) such that

qg+Vu=0 in Q x (0,77, (1.2a)

p+Vo=0 in Q x (0,77, (1.2b)
uw+V-q—V-(pu)=0 in Q x (0,77, (1.2c)
Vp+u=0 in Q x (0,77, (1.2d)

U= gy on 02 x (0,77, (1.2e)

b= ge on 02 x (0,77, (1.2f)

u(-,0) = up in Q. (1.2g)

We can now introduce our HDG formulation by first defining the mesh. Let 75, denote a collection
of disjoint simplexes K that partition 2 and let 97, be the set {0K : K € Tp}. Here h denotes the
maximum diameter of the simplices in 7;. Since we will need to use an inverse inequality in our
analysis, we assume that the mesh is shape regular and quasi-uniform.

We denote by &, the set of all faces in the mesh. Then we define the set of interior and boundary
faces (or edges when d = 2) denoted & and 5,? respectively. For each edge e we say e € &7 is an
interior face if the Lebesgue measure of e = K™ NOK ™~ for some pair of elements KT, K~ € T}, is
non-zero, similarly, e € 5,? is a boundary face if the Lebesgue measure of e = 0K N Jf2 is non-zero.
We set

(w7v)771 = Z (w7U)K7 <<ap>a7'h = Z <C7p>8K7

KeTy, KeTy

where (-,-)x denotes the L?(K) inner product and (-,-)yx denotes the L? inner product on K.
The HDG method uses discontinuous finite element spaces Qp, Vi, Vi, Sk, ¥, ¥}, that we shall
discuss shortly. Assuming these are given, the approximate the solution of the mixed weak problem

(.2) by the HDG method seeks (gn, un, @n) € Qn X Vi X Viy(gu) and (ph, dn, dn) € Shx s x U (gy)
satisfying

(@n,7r1)75, — (un, V- 7r1)75 + (Up, 1 - M)o7;, =0, (1.3a)
(Ph, m2)7, — (1, V - 7T2) 75, + (P8, T1 - MY57;, = 0, (1.3b)

for all (r1,72) € Qp X Sh, together with

(unt, w1)T5, — (@n, Vwi)T,, + (@h - 7, w1)o7, + (Prun, Vwi)7,
—(Ph - nup, w1)oT;, = 0, (1.3¢)
—(pn, Vwa) 7, + (Ph - My wa)a7;, + (up, wa)7, =0 (1.3d)

for all (w1, ws) € Vi x ¥p. The boundary fluxes must satisfy

(@n -, p)aT\00 =0, (1.3e)
(Dh -1, p2)am 00 = 0 (1.3f)

for all (pu1, p2) € Vi (0) x W,,(0). The numerical fluxes ), and pj, will be specified later.
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As in [10,51], we shall need the following energy estimate

—1/2 ~
IVunll7, + 1h (un — @) |3,

—-1/2 ~
< C (llanl3, + Iy (s — )37, ) (L4)

where H‘z is a L? projection define in (2.6). Inequality (T.4) cannot hold for the HDGj method
unless we take the stabilization function to be hl_(l. However, in this case we only have a suboptimal
convergence rate for the flux g. Hence we need to use the HDG(A) method to approximate the

equation ([1.1a), i.e., we choose

Q= {vp € [L*(D)? : vplx € [PHE)) VK € Ta},
Vi, := {vp € L*(Q) : 4|k € PPTUK), VK € Ty},
Vi(9) := {0n € L*(€n) : Bl € P*(€n), VE € En, Bhlgp = TT]g},

where P*(K) denotes the set of polynomials of degree at most k on the element K (similarly
P¥(&,) denotes the set of polynomials of degree at most k on the faces in the mesh). Moreover,
the numerical trace of the flux on 97}, is defined as

ah-n:qh-n+h;<1(ﬂguh—ﬂh), (1.5)

where Hg denotes L? projection onto P*(&;,) which can be done face by face.
To avoid a reduction in the convergence rate for the solution uy, the polynomial degree of the
space V}, for uy, and the space S}, for py, need to be the same, i.e.,

Sp = {vy, € [LXH()]4 2 vp|xc € [PPTHK)Y VK € Tp).

If we choose the HDG(A) method to discretize (|1.1b)) we would need to use polynomials of degree
k + 2 to approximate ¢, but in this case, we get a suboptimal convergence rate for ¢. Therefore,
we use HDGy 1 to discretize (1.1b)) and so choose

), .= {v, € L*(Q) : o] € PFY(K),VK € Tp},
Ui(g) = {0 € L*(&n) : Dnle € PMH(E),VE € &, Tnlgp = T419}-

and the numerical trace of the flux on 07}, is defined as

Pr-m=pp -1+ 7(dn — ), (1.6)

where 7 is a positive O(1) function and the initial condition uy,(0) will be specifically in
If needed, T can be chosen to provide upwind stabilization as in [59].

The organization of the paper is as follows. In we present our main results and some
useful projections. Then the proof of the main results is given in[Section 3| In|Section 4] we provide
some numerical experiments to support our theoretical results.

In this paper we denote by || - ||s,p the H*(D) Sobolev norm. As we have already done, bold
face quantities denote vectors. If s is not present, the L? norm is assumed so that, for example,

[wll7, = v/ (w, )7,
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2 Main result and preliminary material

In this section, we first present the main result in for the semidiscrete HDG formulation

(1.3). Next, we provide preliminary material in [Section 2.2} which are required for the analysis.
We use the standard notation W™P(D) for Sobolev spaces on D with norm || - ||;,p,p and

seminorm | - |m, p, D. We also write H™(D) instead of W™2(D), and we omit the index p in the
corresponding norms and seminorms. Moreover, we omit the index m when m = 0.
Throughout, we assume the data and the solution of (|I.1]) are smooth enough for our analysis.

2.1 Main result

The proof of our main error estimate relies on the use of duality arguments and requires sufficient
regularity for the solution of the corresponding problem. In particular:

Assumption 1. Let p € H'((0,T), W{°(£2)) denote a given vector function of position and time.
Let M > 0 such that for all time ¢t € (0,T)

M =V p(t)]

0,00 + 2[|9p(t)l0,00- (2.1)
If p=0, set M =0. Then, for © € L2(Q x (0,T)), let (¥, ®) be the solution of
TV =0 in Q,

MOP+V - +p- VO =0 in Q, (2.2)
=0 on 0f).

We assume the solution (¥, ®) has the following regularity
[Pz + 1@l 72(0) < Cregll®llT,- (2.3)

It is well known that the above regularity holds if the domain is convex, which is usually the case
in solar cell applications.

We can now state our main result for the HDG method.

Theorem 1. Assume that (2.3 hold and that the mesh is quasi-uniform. Let

(q,u) € H*((0,T), H*(Q)) x H*((0,T), H**(Q)),

(p,¢) € H((0,T), H*(Q)) x H*((0,T), H***(%))
solve (1.2]) and let (qp, un, Pr, Pn)€ Qn X Vi, X S X ¥y be the solution of the semi-discrete HDG
equations ([1.3)). Then we have

lu = upll7;, + 16 = Sl + P — Pally < OB

T
\/ | la=auli e < o,

Remark 1. The error estimates in are optimal for the variables q, u, p and ¢. Since
the global degrees of freedom are the numerical traces, then from the point of view of global degrees
of freedom, the error estimates for the variable u is superconvergent, which, to our knowledge, is
the first time this has been proved in the literature.

for all t € [0, 7], and
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2.2 Preliminary material

We first introduce the HDGy, projection operator Il (p, ¢) := (Ilyp, Iy ¢) defined in [26], where
ITyp and Il ¢ denote components of the projection of p and ¢ into Sy and ¥y, respectively. For
each element K € T, the projection is determined by the equations

(IMyp,7)x = (P, ")k, vr € [Py(K)), (2.4a)
(HW¢7 )K (¢a ) K, Vw € Pk( )v (24b)
(Myp-n+7llwo, ple = (-1 + 70, ft)e;, Y € Prya(e) (2.4c)

for all faces e of the simplex K. The approximation properties of the HDGy projection (2.4) are
given in the following result from [26]:

Lemma 1. Suppose k > 0, 7|px is nonnegative and 72 := max 7|gx > 0. Then the system ([2.4)
is uniquely solvable for IIyp and Iy ¢. Furthermore, there is a constant C independent of K and
7 such that

Ly+1
ITyp = pllxc < CRZ T pleyan + CRE 7516y, 11 (2.52)
z,,+1
ly+1
Mwé = ¢l < Chig[@le, 1,5 + C e |V - Ple, i (2.5b)

TK

for £, 04 in [0,k + 1]. Here T := max 7[yx\ .+, where e* is a face of K at which 7|y is maximum.

We next define the standard L? projections ILJ : [L*(Q)]Y — Qp, 119, : L*(Q) — Vj, and
9 : L2(&,) — Vi, which satisfy

(qualrl)K = (qarl)K> V,".1 € [Pk‘( )] ’
(I u, )k = (w,w1)k,  Ywr € Pryp1(K), (2.6)
<H2u7:u'1>6 - <u7 ,u1>e7 vlu'l € Pk(e)

In the analysis, we use the following classical results [15, Lemma 3.3]:

lg = MRqll7, < CL* Hallksro, v =17 quly < CHM2ufiio0, (2.7a)
3 _1
lu — T2y ullor, < CRE* 3 ullkrag,  [wlor, < CR72 wliz,, Yw € Vi (2.7b)
To shorten lengthy equations, we rewrite the HDG formulation in the following compact
form: find (gp,up,up) € Qp X Vi, X Vh(gu) and (ph,cbh,gbh) €S x \Ilh X \I/h(g¢) such that
(Oun, w1)7, + A (qns wn, Un; 1, W1, 1) + € (Phy Phs Un, Un; wi) = 0, (2.8a)
B(Ph, Ohs Pni T2, W2, pi2) + (up, wa)7;, =0, (2.8b)

for all (71, 7o, w1, wa, p1, p2) € Qn X Sp X Vi x ¥y, X Vh(O) X \T!h(O), where the HDG bilinear forms
A, # and the trilinear form % are defined by

‘d<qh7uh7ah;rlaw17ﬂl)
= (qn,m1)7, — (Un, V- r1)75 + (Un, T1 - M)a7;, + (V- @, w1)7; (2.8¢)
—{qn - m, o, + (g My, — Up), TMwy — m)or,
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for all (gn, un, @n, 71, w1, u1) € Qp X Vi, X Vi(gu) X Qn x Vi, x V3 (0),
B(Ph, S, 1 T2, w2, pi2)
= (pn,72)7, — (60, V - 72)75, + (dn, 72 - Moy, + (V- Pp,w2) 7T, (2.8d)
— (ph M, p2)o, + (T(dn — ), w2 — p2)o;
for all (Ph, G, Gh, 72, w2, t2) € Sy X Wy x Up(gg) x Sp x Vp, x Wy(0),
€ (P, P; un, Up; w1) = (pup, Vwi) g, — (P - nip, w1)aT, (2.8e)

for all (wp, Tn, w1, 1) € Vi X Va(gu) X Vi X Vi(0).
Next, we present basic properties of the operators ./ and 4.

Lemma 2. For any (g, up, Un, 71, w1, p1) € Qp X Vi, X Va(0) x Qp x Vi x V4(0) and (pp, dn, o,
’l"g,wg,,ug) € Sy x WUy, x \I’h(O) X Sp x Wy, x \I’h(O), we have

A (Qh, Up, Up; =1, w1, 1) = & (T1, W1, P15 —qh Un, Un),
B(DPh, Oy Gn; —T2, w2, 1) = B(ra, w2, h2; —Ph, O, Ph),
and
—1/2
A (G, un, Un; @n, un, Un) = lanll7. + by (M, — un)l37,

B(Dh, bh, Db Ph> Oy o) = Ipnl% + V7 (6 — én)l37, -

The proof of is straightforward, hence we omit it here.
The proof of the following two lemmas are found in [59, Lemma 3.2 | and |7, Equation (1.3)],
respectively .

Lemma 3. If (g, up, up) satisfies the equation (1.3a)), then we have
-1 1/2
IVunll, + llhg(un — @n)llo7, < C <HQhHTh + || (1w, — uh)HaTh) :

Lemma 4 (Piecewise Poincére-Friedrichs’ inequality). Let v, € H'(7y,), then we have

2
wa<crwmm+mmaﬁ+§]w“d(/mwﬁ ,

ec&y
where |e| denotes the measure of e.
By we immediately have the following lemma.
Lemma 5 (HDG Poincare inequality). If (v, 3) € Vi, X Vi (0), then we have

—-1/2
lenl, < € (I9wnl, + > 0wy = 30 137, ) -

Proof. By Uy, is zero on 0N and is single valued on interior faces. We have

—-1/2
lenl, < € (IFonl, + I *[ondl3,)

IVonl|Z + [[hg

( [[’Uh — Hgvh + Hgvh — 6h]] Ht%h)
—~1/2 —1/2
< C (I9onl, + 1k (on = o) i3, + > (v, — )37,

—1/2
Vel + I 2@, = 5 137, )
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3 Proof of [T'heorem 1.

To prove we follow a similar strategy to that in |14]. We first bound the error between
the solution of an HDG elliptic projection defined in and the solution of the system .
Then we bound the error between the solution of the HDG elliptic projection and the HDG
formulation and the error between the solution of the system and the solution of the
HDG formulation . A simple application of the triangle inequality then gives a bound on the
error between the solution of the HDG formulation and the system ([1.1)). First, we present
the HDG elliptic projection.

3.1 HDG elliptic projection and basic estimates

For t € [0,T), let (qrn, urn, urn) € Qpn X Vi X XA/h(gu) be the solution of

M (urh, wi), + & (Qrn, Wik, Urn; 1, w1, 1) + € (P, P; Urh, Urp; wr)

- (MU—Ut,wl)Th (31)

for all (ri,wy, 1) € Qp X Vi X XA/h(O) where M is a given constant such that 1’ holds.
Take the partial derivative of (3.1) with respect to t, hence, (Orqrp, Orurn,
o) € Qpn x Vi X Vi (9igy) is the solution of

M (Opurn, w1)7, + <7 (8¢qrn, Osturn, Ogtirn; 1, Wi, f11)
+ € (0up, Orp; urh, Urn; wi) + € (P, P; Opurn, Oirn; wi) (3.2)
= (Mut — Utt, wl)Th

for all (rl,wl,ul) €Qp XV x ‘7}1(0).

We choose the initial condition up(0) = u,(0) for the purposes of analysis. In fact, the initial
condition uy,(0) can be chosen to be the L? projection of ug, i.e., 17 ug.

The following result, gives the error between the solution of an HDG elliptic pro-

jection (3.1)) and the solution of the system (|1.1al) and the proofs are given in [Appendix A

Theorem 2. For any ¢t € [0,T], if the elliptic regularity inequality (2.3) holds and h is small
enough, then we have the following error estimates

lu = wrnllz, < CREP2|jullks2, (3.3a)
lg — anll, + > @Qugy, = Gm)llo7, < CHFHfullso. (3.3b)

In addition, we have
|0su — Ovurn |75 < Chk+2||8tqu+2. (3.3c)

3.2 Error equation between the HDG formulation (2.8) and the HDG elliptic
projection ({3.1).

To bound the error between the solution of the HDG elliptic projection (3.1)) and the system ([2.8al),
and the error between the solution of the HDG formulation (2.8b)) and the system ((1.1b]). We first

derive the error equation summarized in the next lemma. To simplify notation, we define
q __ . o~ ~
& = arn — ans = urn — un, &y = Urn — U,

E=Typ—pn, & =Tlwo—on, & =T10,16— .
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Lemma 6. For any (r1,wy, p1, 72, wa, u2) € Qn X Vi X YA/h(O) x Sy x U, x \T/h(O), we have the
following error equation

(8155]1—:71'01)7’;1 + %(fgug}—tvg}?a Tl,wlvﬂl)
= (875(th — u),wl)frh + M(u — th,wl)Th
- Cf(p’p’ g%a&}?vwl) - (g(p — Ph,D — I/)\ha Up, ah;wl)a (34&)
BEP €0 €019, wa, o) = (Typ — P, 12) 75, — (U — Up, wa) 75, (3.4b)

Proof. We first prove (3.4a)). Subtracting equation (2.8a]) from (3.1) and using the definition of <
and ¥ we get

M (ugp, w1)7, + o (€1, €8, &5 r1,wi, ) + € (D, D3 urh, Urp; wi)
— (Opun, w1)7;, — € (Ph> i3 Un, Un; w1)
= (Mu — ug, wi)7;,.
This gives
(O3t wi) 7, + (1, & 65l 71, w1, aa)
+ € (P, P; un, Un; w1) — € (Ph, Phs Win, Urp; w1)
= (Opurn, w1)T5, — (g, w1)7;, + M(u — urp, w1)7;,.
We note that the nonlinear operator € is linear for each variables, hence we have
G (P, P; Urh, Urh; W1) — € (Dh, Dh; Un, Un; w1)
= C(p, p; urn, Urp; w1) — € (P, P; up, Up; w1)
+ € (P, p; un, tn; w1) — € (P, Phs Un, Un; w1)
=C(p.p; & G wi) + € (P — Ph, P — Pi n, Un w1).
This implies
(Oh&pt, wn) s, + o (E8, & Ry, wi s )
= (O(urn — w),w1), + M(u— urp, wi)7,
—%(p.p; &, & wr) — C(P — Ph P — Pri un, Upswi).
Next, we prove . By the definition of £ in , we have
B(Myp, My ¢, 107, ¢ 72, wa, 12)
= (Myp,r2)7, — (Mo, V- ro) 7, + (716,72 - m)ar,
+ (V- Ilyp,wa)7;, — (Iyp - n, pa)or;,
+ (r(Mwo — T, 1), wa — p2)og, — (P - M, p12) 07,
By the definition of ITy and Iy in we get
BTy p, ¢, 11Y | ¢; 72, wa, f12)
= (Ilyp —p,72)7, + (P 72)75, — (&, V - T2)7;, + (&, 72 - M)or,,
+ (V- (Ilyp — p),wa)7;, + (V- p,w2)7, + ((p — vp) - n, po)or,
+ (r(w e — 117, 10), w2 — p2)or,
= B(p, ¢, ¢;r2, w2, u2) + (IMyp — p,r2) 75, + (V- (Lyp — p), w2)7;,
+((p = Tlyp) - n, p2)or;, + (r(Mwé — 1171 6), wa — pa)or,
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Since
(V- (Iyp — p),w2)7;, = ((Iyp — p) - n,wa)a7, — (IMyp — p, Vws)7,
= (Iyp — p) - m,w2)o7;,
We have
B My p, Ty ¢, 11}, 6572, w2, 112)

= B(p, ¢, ¢; 2, w2, p2) + (Ilyp — p,7r2) 75,
+{(p—Myp) - n, uz — wa)oy, + (T(Mwe — 1,1 6), w2 — pi2) o7, -

Using the analogue of [Equation (2.8b)|for the exact solution, and (2.4) we get

B(Myp, My ¢, Y1 b; 72, w2, p2) = (Myp — p,72) 75, — (U, w2)7;,-

Therefore, subtracting [Equation (2.8b)[ we have the following error equation

B(EP €0 €0: o, wa, p2) = (Tlyp — P, 72) 7, — (u — up, w2) T, -

O

3.2.1 [L? Error estimates for p and ¢.

Lemma 7. We have the following estimate

5 -
1EP15, + VT (@408 = D37, < lw = unll7 1€ 117
Proof. We take (ra,ws, ) = (€,&5, €7) in (3:45) to get
BER 6 ERi 60 60) = —(u— wn, )7, < llu = wnl7 17 17
On the other hand, by we have
IERIT + IV, — D3, < lu = unli7 1€ 117

O

If we directly apply to get the estimate of ||§Z’||Th, we will obtain only suboptimal
convergence rates. To obtain optimal rates we use the dual problem introduced in equation ([2.2))

with p =0 and M = 0 and assume the regularity estimate (2.3).
We follow the proof of to get the following lemma.

Lemma 8. Let (®, V) solve (2.2)) with p = 0 and M = 0 having data ©. Then for any (ry, we, p2) €
Sp x Uy x ¥,(0), we have the following equation

By @, My U, 17, V1o, wo, po) = (Ty @ — @, 72) 7, + (0, w2)7;,-

Using this lemma we can now estimate 52 in terms of v — uy and other consistency terms.

Lemma 9. For any ¢ € [0,7], if the elliptic regularity inequality (2.3) holds, then we have the
following error estimates

16717, < CR*|Thvp — p|7;, + Cllu — uallF;.

10



An HDG Method for Time-dependent Drift-Diffusion Model of Semiconductor Devices

Proof. Consider the dual problem (2.2) with p =0 and M =0 and © = ff. We take (rg, wa, u2) =
(~IIy @, Iy ¥, 117, | V) in [Equation (3.4b)| of Lemma 6| to get

BP0, 60: Ty @, Ty U, 11, W) = —(Typ — p, Ty ®)7; — (u — wp, )7, (3.5)
On the other hand, by and [§] we have
%’(ﬁﬁ’ﬁfaﬁf; ~TLy®, Iy O, 11, | )
= BTy ®, My ¥, 110, 0; —€P, 0 ¢0) (3.6)
= —(y® - @, )7, + €715
Comparing the above two equalities and gives

IE2)3 = My @ — ®,6P)7, — (Myp — p, Iy @) 7, — (u — up, &) 7,
= (IIy® - @,)7, — (Myp —p, Iy @ — @)7,
~ (Myp — p. ®)7, — (u—un. &),
= (Iy® - @,&})7, — (Myp —p, Iy @ — @),
+ (Iyp — p, V)7, — (u—up, )7,
=Iy® - ®,&)7, — (Iyp — p, Iy ® — @)7,
+ (Hyp — p, V(¥ = Ty ¥))7; — (u = wn, )7,

1
< CI?|\E I, + CR* [Ty — pl5, + Cllu —unlF; + 511615
By and the Cauchy-Schwarz inequality we obtain the result of the lemma:
€711, < CR2(ITTyp — plIF, + Cllu — unllF;-
L]

As a consequence of the above result, a simple application of the triangle inequality and
and [9] give the following bounds of [|¢ — ¢ |7, and [|p — x|l 7;:

Lemma 10. Let (p,¢) and (pp, ¢n) be the solution of (1.2)) and (L.3]), respectively. For any
t € [0,T7, if the elliptic regularity inequality (2.3)) holds, then we have the following error estimates

16 — dnll7, + P — Pallz < CLR2 + Cllu — |7,

where C; depends on the H**1(Q) norm of p at each time.

3.3 L? Error estimates for u.

Having the result of it remains to estimate u—wuy,. The fundamental estimate is contained
in the next lemma.

Lemma 11. If h small enough, then there exists t; € [0, 7] such that for all ¢ € [0,¢}] we have
t
u -1/2 u u
ekl + | (16505, + I g - €)1, ) dt < Cr+,

11
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Proof. We take (r1,wy,p1) = (§7, &) &)1) in (B4a) to get

(O, €7 + IE811% + [|hie > (Tek — )13
= (O¢(urn — ), &)1 + M(u —un, &),
— ((p = pr)un, V&)1, + (P — D1) - mp, & — §l?>(97—h (3.7)

— (P&, VT + (P &L Ear,
=: R+ Ry+ R3+ Ry + Rs + Rs.

We note that £(0) = up(0) — urp(0) = 0. Let t =0 in (3.7)) to get
~1/2
€8O, + 117" (261(0) — €7 (0) 137, = 0.

This implies 5}?(0) = £;/(0) = 0. Hence we have u,(0) = ur,(0). By we have
HHz—HU(O) - Uh(O)HTh HHO_HU(O) e 0)”72 < Chk+2
TI)u(0) — @ (0)l|o7, = ITIRu(0) — gk (0)|lo7, < CRFF3/2,

For h small enough these estimates imply that

(
)

|u(t) — g u(t)|| o) < 1/2 and [u(t) — H‘Zu(t)HLoo(gh) <1/2 for all t € [0,T]. (3.8)

Let M = max(; z)c[o,7]x [u(t, z)|, then the inverse inequality gives

[un (0| Lo () < Ch™ | TR 1u(0) — un(0)]|7;,
+ 11711 u(0) — u(0)|| Lo () + [[u(0) [ oo (@)
< ChFH2742 4 M 412,
[1(0) | v g,y < CRMZ~ 42| TTRu(0) — @ (0)]| 7,
+ [TIRu(0) — w(0)|| oo e, + [1u(0)]| Loo(e)
< CRFH242 4 M 412,

Also, since the error equation (3.4a)) is continuous with respect to the time ¢, then there exists
» € [0,T] such that for h small enough,

vl poe @) + unllpe(g,) < 2M + 2. (3.9)

By the Cauchy-Schwarz inequality, [[heorem 2| and [lemma 3| we get

Ry + Ry < ChF 2|17,
< On 4 2 (el + i A mges — D)3, ) -
For the term R3, by the Cauchy-Schwarz, [Lemma 10} [Lemma 5| and [Lemma 3| we get
Ry < Cllp — pull 7 IV I

1
< Clp = pull7; + SIIVELT,

1
< Ch2H 4 Oflu— Uhu%—h + 5 1VEIT

< one+ 4 Ol + & (IEfI, + I et — D)

12
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Also, applying again to obtain
Ry = {((p - Pn) - ntn, & — E)or,
< CIn @ — ) lom Ihg > (€ — €D)llor
< O+ Ol + 5 (16008, + I 12 — €D )
For the last two terms Rj5 + Rg, integration by parts to get
Rs + Rg = —(p&!, V&7, + (P n&ilL &or
= 3P (g — 0.6 — i — (VP&
< Sl 2126 — D)3, + IV - Blooeqo R 1B,

Sum the above estimates of {R;}%_; to get

U U —1/2 u m u
(O, € + 1215 + [|hig P (M2er — D)3y < CRPH 4 Cler|% .

Integrating both sides of (3.10)) on [0,¢;] we finally obtain

*

U [ th —1/2 u u
ekl + [ (N + I et — €Dz, )
t*
< Ch2k+4+c/h €13 dt.
0

The use of Gronwall’s inequality gives the desired result.

(3.10)

O

Lemma 12. For h small enough, the result in holds on the whole time interval [0, T].

Proof. Fix h* > 0 so that is true for all h < h*, and assume ¢} is the largest value for
which (3.9)) is true for all h < h*. Define the set A = {h € [0,h*] : t} # T}. If the result is not

true, then A is nonempty, inf{h : h € A} =0, and also
HuhHLoo(Q) + HﬁhHLoo(gh) =2M +2 forall h e A
However, by the inverse inequality and since holds, we have

unll Lo () + lnllze(e,) < CR2™¥? +2M +1 for all h € A.

(3.11)

Since C' does not depend on h, there exists hj < h* such that [|upl|zee(q) + [[Un Lo (s,) < 2M + 2
for all h € A such that h < hj. This contradicts (3.11)), and therefore ¢t; = T for all h small

enough.

O]

The above lemma, the triangle inequality, and complete the proof of

4 Numerical Results

In this section we present some numerical results in two spatial dimensions.

13
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Table 1: History of convergence for q; and wuy, for Example [I] under uniform mesh refinement.

h llg — qnllo.0 P — pnllo.o

Degree V2 Error Rate Error Rate
2=T 1 4.2730E-02 6.4843E-03

272 | 2.2386E-02 | 0.93 | 1.9113E-03 | 1.76

k=0 | 272 | 1.1265E-02 | 0.99 | 5.1822E-04 | 1.88

274 | 5.6455E-03 | 1.00 | 1.3592E-04 | 1.93

275 | 2.8248E-03 | 1.00 | 3.4881E-05 | 1.96
2=T 1 2.9547E-03 3.8888E-04

272 | 7.5335E-04 | 1.97 | 5.4882E-05 | 2.82

k=1 1|22 | 1.9796E-04 | 1.93 | 7.5341E-06 | 2.86

274 | 5.0451E-05 | 1.97 | 9.8858E-07 | 2.93

275 | 1.2748E-05 | 1.98 | 1.2705E-07 | 2.96

Table 2: History of convergence for p; and ¢j, for Example [I| under uniform mesh refinement.

h ||U—uh 0,0 ||¢>—¢h||0,§z

Degree V2 Error Rate Error Rate
2-T | 1.8339E-02 1.0205E-02

272 | 4.9503E-03 | 1.89 | 2.3408E-03 | 2.12

k=0 | 273 | 1.2423E-03 | 2.00 | 4.9774E-04 | 2.23

24 | 3.1156E-04 | 2.00 | 1.1131E-04 | 2.16

275 | 7.7965E-05 | 2.00 | 2.6001E-05 | 2.09
2-1 | 1.8339E-02 4.0894e-04

22 | 2.3140E-04 | 2.98 | 3.7700E-05 | 3.43

k=1 |22 | 2.9565E-05 | 2.97 | 4.6167E-06 | 3.03

2-4 | 3.7026E-06 | 3.00 | 5.3872E-07 | 3.01

275 | 4.6363E-07 | 3.00 | 6.6418E-08 | 3.02

Example 1. We begin with an example with an exact solution in order to illustrate the convergence
theory. The domain is the unit square = [0, 1] x [0, 1] C R? and homogeneous Dirichlet boundary
conditions are applied on the boundary. The source terms f;, fo and the initial condition are chosen
so that e = 0.1 and the exact solution u = cos(t)sin(z) cos(y) and ¢ = sin(t) cos(z)sin(y). The
second order backward differentiation formula (BDF2) is applied for the time discretization and for
the space discretization we choose polynomial degrees k = 0 or & = 1 (used in the definition of the
discrete spaces in Section .. The time step is chosen to be At = h when k = 0 and At = h3/2
when k£ = 1. We report the errors at the final time 7' = 1. The observed convergence rates match
our theory.

Next, we test an example without a convergence rate but that show the performance of the
HDG method. We take k = 0, the domain is also the unit square Q = [0,1] x [0,1] C R? and
partition into 20000 triangles, i.e., h = 1/2/100. BDF2 is applied for time discretization and the
time step At = 1/1000.

Example 2. This example has non-homogeneous Dirichlet data and demonstrates that our HDG
scheme can handle this case. We take ¢ = 1072 and the source terms f; = 0 and

Iy = —0.8 (0,0.5) x (1/2,1),
2T 0.8 else.

The Dirichlet boundary condition g, = 0.9,¢94 = 1.1 on {y = 0}, and g, = 0.1,g4 = —1.1 on
{y = 1,0 <z <0.25}. Elsewhere we impose homogeneous Neumann boundary conditions. Initial

14
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Figure 1: From left to right, from top to bottom are the contour plots of w;, at time: T =
0.01,0.4,0.7,1 for Example

condition uy = (1 + f2)/2. A similar example was studied in [3] by a finite volume method. We
plot the solutions uj, and ¢y, at different final time T'; see [Figures 1] and

5 Conclusion

In this work, we proposed an HDG method for the drift-diffusion equation. We proved optimal
semi-discrete error estimates for all variables; moreover, from the point view of degrees of freedom,
we obtained a superconvergent convergence rate for the variable u. As far as we are aware, this is
the first such result in the literature.

Clearly it would be desirable to prove convergence without the need to assume an inverse
assumption. Equally, it would be useful to prove fully discrete estimates using, for example BDF2
in time.

This is the first of a series of papers in which we develop efficient HDG methods for drift-
diffusion equation, including devising HDG methods when e approaches to zero. We have a great
interest in the numerical solution of steady state drift-diffusion equation, and we will explore this
problem in our future papers.
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Figure 2: From left to right, from top to bottom are the contour plots of ¢ at time: T =
0.01,0.4,0.7,1 for Example
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A Appendix

In this section we give a proof for (3.3a)) and (3.3b]). The proof of (3.3¢c) is similar and we do not
provide details.

A.1 Error equations
We start be deriving equations satisfied by standard projections (see (2.6))) of the exact solution.
Lemma 13. Let (g, u) be components of the solution of (1.2]), then we have
MR yu,wi) 7, + o (T2, 117w, TTu; vy, wy, ) + % (p, 3 TRy g, T wy )
— (Mu— g, w1)7, + (T3 — g) - m,w1 — o, + (P(TZ — ), Vo )7,
— (p-n(Iu — ), wi — p)or, + (hy' (M qu — u), Twy — ) o7, -
holds for all ('rl,wl,,ul) € Qp x Vp x ‘7h(0).

Proof. By the definition of & and % in (2.8¢)) and (2.8€)) respectively, the projections and integrating
by parts, we get

o (I} q, 074 u, sz T, W1, 1)
= ((IT}q — @) - n, w1 — 1)o7, + (V- q,w1)7,
+ (hz_(l (74w — u), {w; — H1)aTs,

where we have also used (|1.2a}). In addition,
€ (p, 3 10y u, Iw; wi) = (pII 4w, V)7, — (P nll{u, wi)oT
Hence, again using the projections, we have

M(Hz—i-lu’ wl)Th + ’Q{(H%qv Hz+1% H(ZU, ri,wr, Ml) + (g(p’ H%+1’LL, ng7 ’UJ1)
= (Mu,w1)7;, + ((II3q — q) - n, w1 — p1)a7;, + (V- q, w1)T,
+ (ht M u — w), Twr — pa)or, + (PILY 1 u, Vw7, — (P - nIlQu, wi) o, -

Since, using (1.2¢)), V- q = V - (pu) — u, then we have
(V : qawl)Th = _(uta wl)Th + <p : nu7w1>8771 - (pu, VU)Th
This implies that

M (TR, wi) 7, + o (T, TRy u, TMJus 7y, we, pn) + (03 TRy w, TTus we)
= (Mu — ug, w1)7, + ((II}q — @) - n, w1 — p)or, + (P u — u), V)7,
—(p - n(MJu —u), w1 — p1)o, + (hig (7w —w), Mwi — p1)or,-

and completes the proof of the lemma. O
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To simplify notation, we define
nf=T0q — qu,  np =T u—up, ) =0u— .

We then subtract the equation in from (3.1) to get the following lemma.

Lemma 14. Under the conditions of Lemma we have the error equation

M(ni,wi) g, + < (it il 1, w1, ) + € (p, ;i mis w1)
= ((ITyq — q) - n, w1 — p1)a7;, + (P(UR 1 u — u), V)T, (A.1)
— (p - n(MJu —u),wi)or, + (hg' (M u — ), Mw — 1)o7,

holds for all (r1, w1, p1) € Qu X Vi, x V4(0).

A.2 Main error estimate

We can now prove (3.3b)).

Lemma 15. For h small enough, we have the error estimates
—-1/2 ~
la = amllz, + i (Run, = @n)llor, < O uliso.

Proof. We take (11, w1, 1) = (nf,n¢,ni) in (AT). First

A A e
o (s mis s mi) = (2 l% + 1> (Mt — i) |37

Next,
Mg, m) 75 + € (02301 M4 M)
= M, m) T, + @, Voi)7, — (2 - nny,np)er,

1 1 _
= (M — SV P Nk )T, + §<p SN, M)oT, — (P M, M) oT;,

1 1 _ _
= (M — SV P N7, + §<p “n(ny — ), M5 — M) o,

M 1 5 _
> EHn}an - ngp |y = ni)ll37, — ChlpllocolVERF-

For h small enough, we obtain

Mgy, )73, + < (03 T M 13 > M) + € (P, P31l M )
1 —1/2 /110 m
> o (MU, + I 15, + W g = ni37 ) -

On the other hand,

M) g, + < (nfn, s nd ni, nib) + € (p, o ity it i)
= (II3q — q) - n,my, — np)o7, + (PR u —w), V)T,
— (p - n(Mu —u), 7 — nior, + (hig (M qu — w), 0 — i,
=: R + R2 + R3s + Ry.

18
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Next, we estimate {R;}%_; term by term. For the first term Ry, m gives

—1/2 u
Ry < O g (= i) o
—1/2 u
< gl (Il + i@ = i) o, )

For the term Ro, by [Lemma 5| and [Lemma 3| to get

Ry < CH P luli || Vil 7,
< O ulgs (Il + I (O — o, )
For the term R3, we use to get
Ry = (p- n(Iu —u),n} = 0})ar,
< CH* uliga b 0 = i) lo,
< C’hk+1|u|k+1 (||77£H7'h + th_(l/Q(H(l?U;f - 77}?)”67%) .
Moreover, for the last term we have
Ry < CHM i [ (g = i) o -

Use the Cauchy-Schwarz inequality for the above estimates of {R;}%;, we get

—1/2 /70 u k
gl + I (g — n)llom, < CHFMuliya.

Use of the triangle inequality and estimates (2.7al) and (2.7b]) completes the estimate. O

A.3 Duality arguments

To obtain a L? norm estimate of ||n}| 7, , we use the dual problem (2.2)) with corresponding a priori
estimate (2.3). To perform the error analysis, the main difficulty is to deal with the nonlinearity.
We define a new form ¢* which is related to the trilinear form %

C*(p, P; un, Up; w1) = —(Pup, Vw7, + (P - niy, w1)or, — (V- pup, wi)7;,- (A.2)

Next, we give a property of the operators ¥ and ¥*. We omit the proof since it is very
straightforward.

Lemma 16. For all (up, up, wi, p1) € Vi X 17h(0) x Vi, x l7h(0), we have

€ (p, p; up, Up; w1) + € (p, Py wi, pa; —up) = (P - n(up — Up), w1 — (11)a7;-
Similarly to we have the following lemma.

Lemma 17. Assuming M is chosen sufficiently large, let (®,¥) solve (2.2) then we have the
equation

M(H%H@:wl)ﬁ + JZ/(H%‘I@H%H‘I% HQ(I);Tl;wl,Nl) + CK*(]%P% %H@,HQ@; wl)
= (0,wn) + (T — ¥ )n,wy — p)or, + (hi (1141 ® — @), TMw; — jur)or,
— (p(I2 1@ — @), Vi), + (p- n(IIf® — @), wi)or,
— (V-p(IIf ;@ — @), w1)7;.

holds for all (71, wr, 1) € Qp X Vi, x Vi (0).
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With the above preparation we can now derive estimate (3.3al).

Theorem 3. Let u and uy, be the solutions of (1.2)) and (3.1]), respectively. If h is small enough,
then we have the error estimate

lw = unl|7;, < CHM2|Jufpsa.

Proof. We take (r1, w1, ) = (nif, —np, —172) and © = —n} in to get

— M(IR @, np) 7, + & (TR, 117, @, TIR®; i, —jt, —nf) + €% (p: 117, @, TIY®; —njp)
= =My, 111 @) 7, — «52{(7727%:77}1’ I, 11, @, Hkq’) + %*(p; k+1q’ka‘1)§ —np)
= —M(nj, 1171 ®) 7, — (T}g — @) - 0, 1171 @ — T®) o7, — (p(1741u — w), VIR, ®) 7,
+(p-n(Qu —w), 17, @ = TR®) o7, — (b (1174w — ), TIYTR & — TI7®) o1,
+ M, TI9, @) 7, + C (s iyt it 11741 @) + 6 (ps 17, ©, TI) ;5 1)

By we have
% (p, p; nhunhvﬂk-i-lq)) +€*(p,p; 11, @, T10®; —1p!) = (p - m(nf — ), 15, @ — [I7 D)y, .
This implies

— M(T @, )7, + o (TR, 117, @, TIR®; i, —pt, —njt) + € (p, p; T, @, TIR; —1jf)
= —((IT}q — q) - n, H%H(I’ - Hg@)aﬁ - (p(HZHu —u), ka+1(I))77L
+(p- n(u — u), 117, ® — @) o7, — (b (7, u — w), TIPTIR @ — TIY®) a7,
+(p- (g — 1), T, @ — TI®) o7,

On the other hand, we have

_M(Herl(I))n%)Th —{—;Z{(H%‘IHH 1(1) Haq) nhv nha nh) +<g (p7p7 1(1) Hkq) nh)
= —HW%H% — (I ¥ — ¥ )n,ny, —77h>6Th - (hK ( k+1‘b — ), Hknh - 77h>87h
+ (p(13,,® — @), Viit)7, — (p- n(II® — @), nf — ior, + (V- p(II7,, @ — @), 137,

Comparing the above two equations, we get

H?ﬁfll% =—(II}q-n—q- n,H%HCI) - Hg@an - <h}1(ﬂi+1u —u), Hg %+1‘1> - Hg@an
— (p(I}yu —w), VI 1 @) 7, + (P~ n(H‘zu —u), 7 P — Hg‘maTh

(p-n(n, 77h) 0+1q> - Hg@an

W -0 — - n,0; = ni)or, — (' (7@ — @), I — 3o,

p(I & — @), Vi) 7, — (p- (D — @), 5 — nj)or,

+ (V- p(Il; 1@ — @), m3)7,

+

—
+(
+(
35
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We estimate {S;}12; as follows (we omit some of the details):

Sy = (g n—q-n,® 1%, Doy, < ChF2q|p]|P]l2,
Sy = —<h2<1(HZ+1u - U)7Hz+1‘b - (I’>8Th < Chk+2‘“|k+2”¢‘|2a
S3 = —(p(Ily 1 u —u), VII; @)1, < ChF 2 | +0|®]1,
Si=(p- n(u —u), 1, ® — ®)or, < CHF*2Julisr| @,
S5 < Clla (= 0 lom hI®l1 < CRM2|uliso|®]y,

So < Chllhg > (nft — oi)llom 1% 1 < CRH2|1 @y,

Sv < Chllhid (= ) llom | @ll2 < CH*2Juliy2]|® ]2,

Ss < Ch(|® 2|V, < CHF 2| ®|aulisa,

Sy = —(p - n(TI® — &), nj — 1Yoz, < CH* D1 [ulpya,

Sio < Ch2(®|3lng 1 7;.-

Summing the above estimates, we get

k
1117, < Ch**2|lullisallnili 7 + Ch2|Ing 17,

Let h be small enough, we have

k
Inkll7: < CRE2|lullks.

A simple application of the triangle inequality finishes the proof. ]
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