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Abstract

We use the behavior of the L, norm of the solutions of linear hyperbolic equations with
discontinuous coefficient matrices as a surrogate to infer stability of discontinuous Galerkin
spectral element methods (DGSEM). Although the L norm is not bounded in terms of the
initial data for homogeneous and dissipative boundary conditions for such systems, the L,
norm is easier to work with than a norm that discounts growth due to the discontinuities. We
show that the DGSEM with an upwind numerical flux that satisfies the Rankine—Hugoniot
(or conservation) condition has the same energy bound as the partial differential equation
does in the L, norm, plus an added dissipation that depends on how much the approximate
solution fails to satisfy the Rankine-Hugoniot jump.
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1 Introduction

In wave propagation problems, it is natural to find interfaces where material properties like the
wave propagation speeds or density abruptly change. Examples include interfaces between
two dielectrics in electromagnetic wave propagation problems, or different rock layers in geo-
physics. At such interfaces the solutions can make discontinuous jumps, causing difficulties
for many numerical methods.

One of the key features of discontinuous Galerkin (DG) methods is that the discontinuous
approximation at element interfaces naturally allows jump discontinuities in the solution if
element boundaries are placed along them. Consequently, DG spectral element methods have
been used for over twenty years to solve problems with material discontinuities, both station-
ary [3,6,9,19] and moving [20]. Computations and theory in such works show that placing
the discontinuities at element boundaries leads to exponentially convergent approximations.

In a paper on discontinuous interface problems, La Cognata and Nordstrom [13] noted
that hyperbolic problems with discontinuous coefficients do not necessarily have their energy
bounded in terms of the initial data when measured in the L, norm, even with constant
coefficients and homogeneous and dissipative boundary conditions. Instead, the L, norm
can increase or decrease, depending on the relative size of the wave speeds on either side of
the discontinuity. The lack of a bound on the L, norm is not due to an instability in the usual
sense, but is due to the fact that conservation at the interface, and the resulting jump in the
solution, can increase the norm of the solution as a wave propagates across it. In an alternate
norm, however, one that discounts the effect of the jump, the energy is bounded.

Here we propose a procedure where we use the L, norm as a surrogate to infer stability
of discontinuous Galerkin spectral element methods (DGSEM) for the approximation of
hyperbolic equations with discontinuous coefficient matrices. The L, norm is easier to work
with since it does not require finding the discount factors, which are difficult to compute in
general configurations of elements and interfaces. We show that the DGSEM with an upwind
numerical flux that satisfies the Rankine—-Hugoniot (or conservation) condition behaves as
the partial differential equation (PDE) does in the L, norm, plus an added dissipation that
depends on how much the approximate solution fails to satisfy the Rankine—Hugoniot jump.

2 Linear Hyperbolic Systems with Discontinuous Coefficients

In this paper we establish the stability of a discontinuous Galerkin spectral element approx-
imation to linear hyperbolic systems of equations of the form

w4V, f=0, (1

where u is the state vector, and f is the vector of fluxes,
3
f=) Ajuf; =Au @
j=1

with coefficient matrices A ; and unit coordinate vectors X j. We assume throughout this paper
that the coefficient matrices are piecewise constant, with discontinuities marking what we
will refer to in this paper as material interfaces. To isolate the contribution of the disconti-
nuities, we choose the coefficient matrices constant between material interfaces to avoid the
complexity of possible exponential growth in the solution norm when the matrices vary over
the domain.
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Fig.1 Diagram of a domain £2
split by a material interface, I”

I

We examine the problem defined in a domain £2, as sketched in two space dimensions in
Fig. 1. It is sufficient to consider two domains with a single material interface, so the domain
is split into two subdomains £2; and §2 separated by an interface I". The external boundary
is I'p, along which we assume that proper, well-posed and dissipative boundary conditions
are applied.

Since the system is hyperbolic, there ex1sts a matrix of right eigenvectors, P, and a real
diagonal matrix, A, such that A = k- A = PAP~! for any nonzero space vector K =
kyX + kyy + k.2, where (%, §, 2) = (X1, X2, £3). We also assume that the matrices AJ are
simultaneously symmetrizable and that there exists a piecewise constant matrix S such that

s Q-1 _ s r
As=sT1A;s = (a)
As a concrete example of the system (1), we pose the linear acoustic wave system where

P 0 Sj1pc* 8j2pc? Sj3pc?
| u |8/ 0 0 0 o
u= v ) A] - 8]2/,0 O 0 0 ’ J = 1729 37 (3)
w 5j3/,0 0 0 0

and where p is the density of the medium, c is the sound speed, and §;; is the Kronecker delta.
The state vector can be viewed as representing pressure, p, and three velocity components,
u, v, w. The coefficient matrices are simultaneously symmetrizable by the matrix

c 0 0 0
o1 0 o0

5=10 0 1/p 0 “)
0 0 0 1/p

With jump discontinuities in the material parameters, p and c, the coefficient matrices and
symmetrizer have jump discontinuities.
‘We contrast the approximation of the system (1) with that of the approximation of systems
that can be written in the form R
Bu +V- (Bu) —0, 5)
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Fig.2 Exact, analytic p solution

of the one dimensional acoustic 1.0
wave equation for propagation of

a wave across a material interface

at x = 0. The solution is plotted o)

at three times showing the initial 0.5
incident wave (¢t = 0), the

interaction with the material

3o

B “ A

discontinuity (1 = 1.4), and the b S N
reflected and transmitted waves -2 —1 0 1 2
after the interaction (r = 2.6) x

where E > 0 is diagonal and discontinuous at material interfaces while B is continuous. The
system (3), for example, can be re-written in the form (5) with symmetric matrices

1/pc? 0 0 0 0 61 8j2 6j3
0 po0o0 s 0 0 0 o
E= 0 00| BT|s, 0 0 ol Jj=12,3 6)
0 00 p 53 0 0 0

For equations of the form (5), there is a natural norm,
iy = [ u"Euds, )
Q

in which the energy is bounded for homogeneous dissipative physical boundary conditions
and nonconservative interface conditions, with that energy satisfying

d 2

— [u||z <0. 8
7 llallz =< (®)
Stability of DG spectral approximations to equations in the form (5) has been shown specif-
ically, for instance, for Maxwell’s equations [6] and the elastic wave equations [19].

Remark 2.1 The system (1) cannot in general be rewritten in the form (5). That would require
that each A ; can be written as A ;= E'B j where E = ET > 0 and E contains all material
properties. A counter example is the frozen coefficient compressible Euler equations [1].

As noted in [13], systems of the form (1) with discontinuous coefficient matrices do not
necessarily have energy bounded by the initial data when measured in the L, norm, and we
present an example here to motivate the situation. Figure 2 shows the p component of the
analytic solution of acoustic wave reflection and transmission at a material boundary placed
at x = 0 at three times: The initial incident wave, when the wave is interacting with the
material discontinuity, and the reflected and transmitted waves after the interaction.

We plot the energy as a function of time, measured by the L, norm,

2
ul2, = / uud ©)

in Fig. 3. We see that the L, energy is bounded, and even though the L, energy estimate does
not show boundedness directly, energy is bounded in terms of the initial data in a norm that
discounts the jump [13]. Note that there is a slight downturn in the energy in Fig. 3 as ¢t — 3.
The energy does decrease to zero after that time as the waves propagate out of the domain.
To establish the stability of the discontinuous Galerkin spectral element approximation of
(1), we follow the roadmap presented in [16]. We first establish energy behavior of the PDE
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Fig.3 Exact Ly energy for the
solution of the one dimensional
acoustic wave equation for
propagation of a wave across a
material interface

0 0.5 1.0 1.5 2.0 2.5 3.0
t

system, and then follow an equivalent discrete path to establish an equivalent behavior for the
approximation. We begin with the study of the scalar one-dimensional advection problem,
since it is easy to follow the steps, and then a symmetric system in one space dimension.
Finally we use the symmetric system results to derive the energy bound for the general system
in Sect. 2.3.

2.1 Energy Dynamics of the Scalar Problem in One Space Dimension

To motivate (and simplify) the general formulation, we start with the scalar advection equation
with two domains as an introduction. Our discussion in this section restates that of [13], but
introduces our notation used in succeeding sections.

We derive the energy dynamics of the solution to the scalar advection initial-boundary-
value problem in the form (1)

u; +auy =0 x e[—1,1]
u(—1,1) =0
u(x, 0) = uo(x), (10)

where

a(x) = - (11)

ar,ag are constants, and ay 7# ag. The discussion that follows leads to the same types of
conclusions if the wave speeds are both negative. We are interested here in problems where
the domains couple and waves propagate from one side to the other. So we do not consider
a; > 0,agr < 0, where the domains decouple as energy is dissipated at the interface, or
ar < 0,ar > 0 where boundary conditions for both sides are required.

We split the problem into two: Left,

u;+aruy =0 x <0
u(—=1,1) =0, (12)

and Right

U +aguy =0 x>0
w(0%, 1) = u. (1), (13)
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where u, is the upwind specified interface condition chosen so that the Rankine—Hugoniot
(or conservation) condition
aru(0™, 1) = agu(r) (14)

is satisfied. Thus, for the scalar equation, u,(t) = Z—zu(O’, 1).
To find the energy equation, we multiply by the solution and integrate over the domains.
Define the L, energy norms

0 1
a2 =/ uldx, ||u||§=/ uldx. (15)
-1 0
Then 1d
50
iy + % ?(”, =0
2dt (16)
2 —
MH ||R+7u [y = 0.
Adding together and re-arranging,
1
EEII ull? —faLu( 1>+2{auﬂ(o—)—aRu2(0+)}+5aRu2<1>=0, (17)
where ||-]|2 = ||-||2 + ||-||2 . Applying the homogeneous boundary condition on the left,
1
Mu ull? + {aLu (07) = agu*(OH)} = —Zaru®(1) 0. (18)
When we apply the interface condition,
1d 2 1 2
5 377 Mlul <—§{aw (07) —aguz} = Q. (19)

The quantity Q will be used later in this paper to define stability.
Finally, we substitute the interface value for u,,

Ld e < M a0 - anor) 20)
2dt 2 | R Ru
and rearrange so that
LZL ar, 2 e
- — — 1l -— 07). 21
2dtllll 2{ aR}u( ) 2D

Equation (21) shows that the energy is dissipated by the interface only if ag > ar. Otherwise
the interface generates energy, as illustrated in Fig. 3.

In [13] it was shown that one can construct “discounted norms”, in which the energy is
bounded. If the second equation in (16) is multiplied by a constant . > 0, then the weighted
sum leads to

5%{||u||i+ac||u||%}s—%{1—%%}»!2(0*). (22)
Then defining the new norm with the «, discount factor, we have
iz, <o, 23)
provided that
we < R (24)
ar
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Remark 2.2 The weighted norm discounts the effect of the jump, with the result that viewed
in the discounted norm, the energy no longer appears to increase. O

Remark 2.3 The use of the discounted norm scales to multiple material interfaces and multiple
space dimensions by choosing ¢ to be the minimum over all the ratios of downwind to upwind
wave speed ratios. O

Remark 2.4 Alternatively, unlike the general case noted in Remark 2.1, the scalar equation
(10) can be recast to the form (5) by dividing by the wave speed. Let ¢ = 1/a > 0. Then

euy +u, =0. (25)

If the nonconservative boundary condition at the interface, u, = w0, 1) = u(0™, 1), is
used, then following the same procedure as (16)—(21),

a2 <o, (26)
2dt
where the weighted energy norm is given by
0 1
el 2 :/IELude+[) epu’dx. 27)

Using the norm (27), but with the conservative interface condition (14), the solution still has
a bound like (21), namely

1d ., 1 ar\*| 5.

—— <—=31—-|— 07). 28

Zdt”u”g_ 2! (aR) u=(07) (28)
So when the conservative interface condition is used, the weighted energy norm is also
bounded only when ay /ap < 1. O

The discounted norm is equivalent to the L, norm. In the discounted situation, where
o, < 1,

Wl = lull + ac llullg < lullf + lullg = lull?, (29)
and )
llull}, = o (a— lull7 + ||u||§) > o (|lullf + lullg) = acllull*. (30)
c
Therefore,
Ve llull < llully, < lull. 31)

Equivalence of the norms means that the L, norm is actually bounded in terms of the
initial data, even though the energy method does not show it directly through (21). From (23)
and (31),

Voo llu(T)I| < lu(T)lly, < lluolly, < Iluoll. (32)

Thus,
u(T)|] <

[uol (33)

c

for the constant coefficient problem.
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2.2 Energy Dynamics for Hyperbolic Systems in One Space Dimension

We now increase the complexity and extend the scalar one-dimensional analysis to the general
system (1) in one space dimension. We derive the energy equation for the one-dimensional
hyperbolic system

u +Aju x<0

(34)
uy + AR“}C X > 07

where the coefficient matrices are for now assumed to be symmetric. Under this assumption,
there is a matrix P such that A = PAP~! satisfying P~! = PT. For the moment, let us assume
that A has no zero eigenvalues. We also assume that the number of positive and negative
eigenvalues does not change across the interface. In other words, there is no eigenvalue that
changes sign at the jump. Depending on the sign change, boundary/interface conditions are
either lost or gained. More general conditions where the sign of the eigenvalues changes in
multi-physics applications are considered in [5]. Finally, we assume that appropriate boundary
and initial data are applied.

To find the interface condition at x = 0 for the system (34), we split the system into right
and left going waves. The characteristic variables for the system (34) are

_ply = wt
w=P u—[w_], (35)

where w™ is associated with the positive eigenvalues of A and w™ is associated with the
negative ones. They are chosen upwind at the interface according to

wh=wr w =w,, (36)
where here and in the following, the subscripts R and L correspond to the values at x = 0"
and x = 07, respectively.
The wf are computed so that the Rankine—Hugoniot condition

wi wi
Ajulo- = Apulp+ & P, AL |: E] =PrApg |: i] 37
W, Wr
is satisfied at the stationary interface. Let us write
AT 0 + [At 0 _ o o
A‘[o A—]’A_[o o] 4 =lo i | (38)
Then (37) can be written as
+ +
w -1 0 w 10
KA A FEH A R
Let us put the unknowns on the left, and the knowns on the right, giving
_[ o0 wi _[ o0 wi
S e R el B P S I

Equation (40) provides a system of equations for the unknowns.

The matrices on the left of (40) have a special structure since P is the matrix of right
eigenvectors and A is a diagonal matrix. Let n be the number of positive eigenvalues out of
a total of m. Then define

Mt =PAY =[Aip1 ... kapu 0...0] 41)
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and
M~ =PA™ =[0...0 Aug1 Pt - AmPm | (42)

where p is the eigenvector associated with the eigenvalue A ; and the eigenvalues are ordered
in decreasing order, largest to smallest with A ; > 0 for j < n. Then we can write (40) as

_ 0 + WI . _ 0 + Wz
ML |:W;j|_MR|: 0 —MR W; _ML 0 . (43)
Given the structure of the M* matrices, the equations can be combined to produce a single
system for the unknowns
wl wi
Mo ;| =[] “
where
Mg =M; —Mg. Mg, =M — M. (45)

Existence and uniqueness of the inflow characteristic vectors wi therefore depends on
the existence of the inverse of the matrix M; p. That matrix is comprised of eigenvectors
of the coefficient matrix evaluated on the left and eigenvectors evaluated on the right. On
the one hand, if the eigenvectors of the coefficient matrix do not change across the material
discontinuity, then, since the eigenvectors are independent, M }QML g 1s diagonal. As an
example, the eigenvectors of the acoustic wave system (3) are constant, being independent
of the material properties on either side. On the other hand, if the eigenvectors change across
the interface and the matrix M, IIQM g1 18 not diagonal, then the problem is ill-posed [5]. We
therefore require that the eigenvectors be preserved across the jumps so that lele exists,
M= MZ;MLR is diagonal, and

w el wzr _ wt
v =i [V ] =m[ . o

Remark 2.5 The Rankine—Hugoniot (conservation) condition (37) limits the form of the inter-
face condition significantly. If only boundedness is desired, more general coupling conditions
are allowed [5]. ]

Remark 2.6 One can see that the assumption that there are no zero eigenvalues is not a
restriction. If there are zero eigenvalues, then the associated characteristic variables w” are
multiplied by the zero matrix and have no contribution to the system. Therefore those quan-
tities can be eliminated, leaving (43) and what followed. The w" vector is determined by the
initial data. O

Going back to the original equations, (34), we compute the energy equation by multiplying
by the state and integrating over the domain, giving

d 1
S o luli? + ik} + PBT = == ful A u, - ufAgue], )
2.dt 2
where, now, ||u||?> = (u, u) and PBT represents the terms coming from the physical boundary
conditions on the left and right. Since we are only interested here in the interface conditions,
we will assume that the physical boundary conditions are well posed so that PBT > 0. In
that case,

1d
57 Iz + iz} < 0, 8)
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where
1 T T
=3 {uLALuL—uRARuR} (49)

is the interface contribution to the energy.

Following the steps in the scalar analysis, we now apply the interface boundary conditions
on Q. We decompose the system into characteristic variables. Then we use the fact that A is
symmetric, making P~! = P’ With this decomposition,

1
Q = —5 { ZALWL — wITQARWR}

(50)
1 T - - 1 - T -
=3 [wz Azrwz +w, ’TALW* ] + 3 {WI’TA;W: +wg ARWR] ,
taking into account the upwinding of the characteristic variables, (36).
We now gather the right-going and left-going wave contributions (c.f. (19)),
1 +vT - T 1T 1 _.T 11— - - T A— -
Q= -5 {WL Afwi —wl A;W:} T3 {WR' ARWgp =W, " AL W, }, 6D

and then use the fact that A~ < 0, to get the final form of the interface contribution, which
we write in terms of its characteristic components,

1 - _
0 (W, wWgR) = ) [wz’TAZWz — W:’TA;QW:]
1 —T | 7— _ T 75— —
—5 {WR |AR|WR—W*’ |AL}W*}. (52)

Equation (52) is the system version of the scalar interface condition seen in (19).

As in the scalar problem, one can construct a discounted norm ||-|| g for which the associ-
ated interface term Q p is non-positive and the discounted norm is bounded when the coupling
matrix, M, exists and is diagonal. For instance, one simple choice is to let

_‘u_,_ -

|
Il
av]
=

_ Pl (53)

L 7
where the entries with u® > 0 are counted according to the number of positive and negative
eigenvalues of A. Then multiplying the system on x > 0 by B from the left, defining the norm

1
[lal|g = <u, Eu)z, and following the same steps leading to (52), the interface contribution
to the energy is

1 - _
0p =3 [wiT Apwi = wtwi T Apwr ]
1 _ _ - _ —
_E{M wR’T|AR|wR—w*’T|AL|w*}. (54)

One then only needs to find ;" small enough and .~ large enough to ensure that Qg < 0,

in which case the new energy ,/||u| |2L + ||a] I% r 1s bounded in terms of the initial data. Since
the coupling matrix M is diagonal, let us split it as
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M* 0
MZ(O M‘) (55)

so that w;” = MTw} and w; = M~wp. Then O < 0if u* are chosen so that

Af —wt T AN > 0, 6
wo | Ag| =M AL M =0,

2.3 Extension to Non-symmetric Equations and an Arbitrary Domain

The results of the previous two sections extend to general geometries and non-symmetric
coefficient matrices. In preparation for the generalization of (52), we note that within each
subdomain the coefficient matrices are constant, and therefore we can re-write (1) in a split
form as

ut+%[V~(§u>+§«Vu}:0. (57)
We also define the inner product and norm over a subdomain D = §2; or 2y as
. v)p = /DuTvdx, ullp = (u ), (58)
so that
lallf = llullg, + lullg, - (59)

To form the energy, we take the inner product of (57) with the vector (§ -1 ) r S~ 'u, giving

(875 ), + 5(67) s v (Aw)),

1 —
+3( sw A va) <o, (60)

Let us define u® = S~'u to be the symmetric system state. Then since S is constant within
the subdomains and A* = S™'AS,

Zd,H 3 (o v (Bw)) 45 fw & vw) =0 ©1)

We then apply multidimensional integration by parts and symmetry to the divergence term

<us, V- (&‘u“)) = / uwtTAS . ru’ dS — <us,§S . Vus> , (62)
D aD D

where 7 is the outward normal at the boundary of D, and note that the volume term cancels
the third term in (61), leaving only the boundary integral,
1d 1 -
N _7/ uTAY - fut dS. (63)
2 dl 2 Job

Then over the domain £2,

1 s.T e = ¢
|| H — | o' (A°-n)u’dS
2dt e~ 2/& (* )
1 - 3 >
—5/ [up &y g — i Ay - g ) as, (64)
r
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where L/ R represent the states on either side of the interface with respect to the normal 7.
We can now get a bound for the multidimensional system similar to (48). The integrand
in the interface integral is identical to that in (47), with A < &L -7 and u < u’. Therefore,
if the boundary conditions along I}, are properly posed and dissipative,
1d

T ||u'Y||§2§/Fst. (65)

Therefore, Q is still given by (52), but now formulated in the new symmetrized variables.
Note that the norm defined by ||u5||2 = <(§_1)T S, u> is equivalent to the norm ||ul|

since (§’1)T§’l > 0.

2.4 Stability

In summary, for hyperbolic systems of the form (1), with discontinuities in the coefficient
matrices and homogeneous, dissipative boundary conditions, the L, norm of the solution
obeys (65). The integrand of the interface contribution, Q, is of the form (52), where the
characteristic variables are evaluated from the upwind side and satisfy the Rankine—Hugoniot
condition. It is not necessarily non-negative, depending on the relative wave speeds from
either side of the interface, so the L, norm of the solution is not bounded in general by the
initial data. An example of such behavior was shown in Fig. 3.

Although the L, norm (or, for that matter, weighted norms, see Remark 2.4) is not always
bounded in terms of the initial data, there exists an energy in a discounted norm that is bounded
in the usual way provided that the coupling matrix between the upwind and downwind states
is diagonal.

Thus, we have two views of stability at our disposal, which we will call direct and inferred:

— Direct Stability When the L, norm is bounded, we directly have L stability. This is
seen in scalar problems if ar /ag < 1 in (21). For the system, the equivalent is when
A;_L[ —MTTAFMT > 0and |[Agx| — M—T |A;| M~ > 0, as seen through (56) setting
ur=1.

— Inferred Stability Nonetheless, even if the L, norm is not directly bounded, we have
seen that one can construct a discounted norm in which it is, e.g. (23) for scalar problems
and for systems when (56) is satisfied. Stability in some discounted norm is therefore
inferred, or implicit, if Q is given by (52).

In general geometries it may not be easy to find the discounted norm in which the solution
is bounded. Finding the precise coefficients requires satisfying conditions like (56). When
multiple subdomains exist in multiple space dimensions, T'-type intersections between mate-
rials are possible. The discount factors must then take into account all subdomain boundaries
and be adjusted globally so that at each interface (56) is still satisfied. For these reasons, it
is easier to monitor the behavior (65) of the simpler L, norm as a surrogate to infer well-
posedness of the system. Further insights into how choosing the norm affects how the energy
is bounded or not can be found in [14].

Stability of a numerical approximation of a system follows that of the PDE, and so we
state the stability condition for the approximation as:
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Definition 2.1 A scheme approximating the discontinuous coefficient problem (1) is said to
have inferred stability if the discrete approximation of the standard L, norm is bounded as
in (65) and the approximation to the integrand, QO ~ Q, satisfies

On < OQ(Wr, Wp),

where W is the approximation of w.

3 The Discontinuous Galerkin Spectral Element Discretization

In this section, we briefly summarize the important discretization steps. For a detailed descrip-
tion and derivation of the scheme, we refer to e.g. [4,10,21].

The first step is to divide the computational domain into a mesh of non-overlapping,
possibly curved, hexahedral (quadrilateral in 2D) elements, {e'} lK: |- Bach hexahedron is

mapped from physical space to a reference space cube E = [—1, 113 with x = X! (E). To
retain spectral accuracy and exponential convergence in the presence of jump discontinuities,
we require element faces to be aligned with the material interface, I", so that polynomial
approximation is not made across the discontinuity.

From the mapping, we can compute the metric terms

a; = g?x i=1,2,3 J=a -(@xa); Ja =d;xax (,j, kecyclic. (66)
1
Note that we need to carefully evaluate the metric terms to get a discretely divergence-free
contravariant basis Ja', which is necessary to guarantee free-stream preservation of the
discretization [7] and stability of the volume terms [4,12].
The second step of the discetization process is to transform the problem (57) from physical
to reference space. In reference space, (57) becomes

1 (> — — =
Jllt+§{VE'(WTAU)J"A'SUIVE“}:O’ 67

where we collect the metric terms in the block matrix

Jafl Jalzl Ja?l
M= |Jall Jail Ja31|, (68)
Jal1 Jas1 Jajl

with the identity matrix, I, having the size as the state vector u.

The third step is the variational Galerkin formulation. We first approximate the solu-
tion with an interpolatory polynomial of degree N, and denote polynomial approximations
with capital letters u ~ U = IV (1), where IV denotes the interpolation operator. In the
spectral collocation framework, one typically uses a nodal basis for the interpolation. Fur-
thermore, for hexahedral/quadrilateral elements, we use a tensor-product of one-dimensional
nodal Lagrange basis functions spanned on the Legendre—Gauss—Lobatto nodes. The same
Eolygomial approximation is used for all quantities, e.g. for the contravariant flux function
f~F=1V’r).

To get the variational formulation, we multiply the transformed PDE (67) by polynomial
test functions @, which are linear combinations of the nodal basis functions. Then we integrate
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over the reference element E and use integration-by-parts to arrive at

(000.0), - L o )5, L (6 m5,0).0)

= —/wT {f— I (zmT AU)} A dS, (©9)

E

where 7 is the reference space outward pointing normal vector to the face E.

Finally, we replace the integration in (69) by quadrature and cubature rules, collocated
with the Legendre—Gauss—Lobatto interpolation. Note, that the Legendre—Gauss—Lobatto
nodes include the boundary nodes and hence surface and volume integration nodes partially
coincide with the interpolation ansatz and I" (-) can be dropped. Fuithermore, we introduce

the yet to be defined numerical flux function F} = F(U%, UR) ~ F - 77, which depends on
the two states UL R at the interface and approximates the normal flux through the interface.
Note that we assume the coefficients A are mostly constant, but when they jump, the mesh
is aligned so that an element interface is at the jump. Hence, the numerical flux function at
the coefficient jump interface depends not only on the solutions left and right, but also on the
coefficients left and right: F;; = F, (UL-R, ALRy,

Applying quadrature, we get the formal statement of the DGSEM,

1 — — 1 — —
Ju,, —7<§)J?TAU,V ) 7<A-EDTVU, >
(JUr, @) N > A 5¢N+27 sU.o)

T * 1
__ / o7 \Fy — JF, | a5, (70)

dE,N

where (-, <)y and [ represent the volume and surface quadratures, see [11]. The right
d9E.N
hand side of (70) is written in terms of the normal covariant fluxes and is equivalent to that

written in terms of the contravariant ones [21]. The resulting high-order semi-discretization
is integrated with a proper high-order accurate explicit Runge—Kutta time integrator, which
is stable under the typical CFL-type time step restriction.

4 Stability of the Discontinuous Galerkin Approximation
We establish the stability bound from the weak form of the equation, (70). We then follow the
path taken in Sect. 2 for the continuous problem to examine the discontinuous interface term:

We examine the scalar problem for insights, then the symmetric one-dimensional system,
and finally the general problem for the DGSEM approximation.

4.1 Discrete Stability Estimate
For a detailed derivation of the discrete stability estimate, which parallels the continuous

analysis, we refer to [4,21]. Here, we will only sketch some important intermediate steps.
To get the stability estimate, we replace the test function ¢ with the approximate solution
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polynomial and the symmetrizer matrices, writing ¢ = (§")T sTlu= (§’1)T U’ to get
1 — =d 1 — —
JUL Uy =+ 2 (ST SATU, Ve U) - (T Ve, (AN 1)
ULy =+ 3 (ST SATV. Ve U°) = s AUNEORWN
1 (71)
— / (US)T {Fr * 5F;} ds,
JE,N

where we define the symmetrized discrete flux F;, that uses the symmetric coefficient matrices

AS = =S~ 1A S. Using the fact that the symmetrizer matrix S commutes with the metric block
matrlx M (see e.g. [4,21]) we see that the volume terms cancel, leaving only surface terms,

UL, = - / )T {Fn _ %Fn} ds. )

JE,N
When we sum over all elements, inner surface terms appear twice (with different normal
vectors), whereas element surfaces that are at the physical domain boundary appear only once
and are denoted as physical boundary terms ( PBT). The interior element surface contributions
split into two parts: Surfaces that fall on the material interface I", and those across which

the coefficient matrices are the same, which we call smooth interface boundary terms, SIBT.
The sum over all elements can then be written as

3 ZII o= / M(U“)T]] Py — %[[(US)TF;H dS+ PBT + SIBT, (73,

I' N

written in terms of the jump operator, [[U]] = Ug — Uy. Assuming that the discrete physical
boundary terms are dissipative, the discrete L, norm satisfies

Zd,ZH oy = f{[[(US)T]] FZ’*—%[[(US)TF,S,H dS + SIBT, )
I',N

which mimics the continuous stability (65) if SIBT < 0.
We thus need a proper numerical flux function F};* to control discrete stability, i.e. to
guarantee that the integrand satisfies

1
on = [ By = S [W)TE] < 0We. Qe (75)
pointwise at each node on element faces along the discretization of I", and SIBT < 0.
The dissipativity of the SIBT for the upwind numerical flux has been shown elsewhere,

e.g. [8],[21]. Therefore, in the following we will assume SIBT < 0 and concern ourselves
only with the discontinuous interface terms.

4.2 Stability for the Scalar Problem

In the DG approximation, the Rankine—-Hugoniot condition and the inflow boundary condition
are enforced weakly with the upwind numerical flux

F*(Ur,Ugsar,ag) =arUg, (76)
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If summation by parts is applied again to the second term in (70), one gets the strong form
of the approximation, in which the integrand of the boundary term is [21]

F*—F =a,Up —arUg. 77

As the solution converges, this difference goes to zero, and the Rankine—Hugoniot condition
is satisfied. Furthermore,

F*— F =a, U, —agrUg = ag (a—LUL—UR), (78)
ar
so that when the approximation converges, the analytical inflow boundary condition, Ur =

‘a‘—; Uy is approached, as required, c.f. (14).
With (76), the interface contribution for the scalar problem is

1
Oy =WUgr—-Up)arLUg — E(aRUIZQ —a,U})
1 1
= UgarUp —a U} — EaRUI% + EaLUz (79)
1
= ) (aLUI% —2UgparUyg +aRU,%) .

Factoring the quadratic,

1
Oy = 5 (aLUz —2UgarUyL +GRU]2e)
1 UR ar UR 2
=——qUil1-224+ 2 (22
SaL L( 0 o (UL>) (80)

1 ~ R ar,
= ——ayU} — — .
2aL LQ(UL aR>

The quadratic Q(n; Z—;) is concave up and has a minimum when n* = ay, /ag, since

0 =242, =2 .. (81)
aj, aj,

When n* = ay /ag, the Rankine-Hugoniot condition is satisfied by the states on either side.
The value of that minimum is Q (p*; % =1- Z—;.

It then follows that the contribution to the energy in the numerical approximation matches
that of the PDE, (21), plus a dissipation term dependent on how much the Rankine—Hugoniot
condition is not satisfied by the approximate solution. If we define 8 = ay /ag, and note that

the minimum value of Q is 1 — 8, we can separate out that term giving
~ 1, 1,
Om:p)y=1-2n+-n"=>10-pH+UA-2n+2n)—10—-p)
B B
X (82)
= =P+ 201=p)

Re-writing the interface contribution in the final form of (82) will be a key step in showing
inferred stability of the approximation for the more complex case of a system of equations.
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When we substitute for n and $,

On =gt (1- %) - arUj = >
2

ar 2 UL ar

(83)

L (1= o2 - L pu Up)>

=——a - — ——(a —a .

SaL x L 2an RUR Lur
Let us compare: In the continuous case, we have (21), with
0 (u07), u(0h)) = S {1 - ﬂ} u*(07), (34)
2 aRr
whereas discretely,
1

O = Q WUe, Ur) = 35— (arUr — arUL)* < Q (UL, Ug) . (85)

Thus, according to the definition of stability, Definition 2.1, the DGSEM approximation of
the scalar problem with the upwind numerical flux has inferred stability.

Remark 4.1 The comparison between (84) and (85) shows explicitly what is interpreted as
stability. The first term in (85) can be positive or negative depending on ay, /ag, but matches
that of the PDE, (84). The approximation is therefore directly stable if a; /ag < 1, just like
the PDE. The second term is always non-positive and represents dissipation of the energy by
the approximation. O

Remark 4.2 For the scalar problem it is straightforward, as for the continuous problem, to
show energy boundedness in a discounted norm by scaling the downwind domain contri-
butions before summing over the elements. When the global sum (in this case, over two
elements) is formed, the parenthetical term in the second line of (80) becomes

- U a U 2
Ona, = (1 - 2acU—R N (—R) ) . (86)

L ap \UL

Like the original quantity, QO in (80), O N.a. 18 concave up, with minimum at the same point,
n*, with minimum value

Ona (1 £y =1 —a. 2L (87)

agR agr

SO ~ aL aL
ONe.(n; —=) =1 —ac—. (88)

ar ar

Since one can always show bounded energy in the new discounted norm by choosing «, to
match the analytical value for any (positive) wavespeeds, the condition (85) infers stability.
The amount of numerical dissipation in that norm depends on the particular choice of «,
however. O

4.3 Stability for the One-Dimensional Symmetric System

We now parallel Sect. 2.2 and extend the analysis to a symmetric PDE system in one space
dimension. For the system, the DG approximation has the interface contribution

oy = [UT]F - % [u"au]. (89)
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The upwind numerical flux is now

W+ W+
F*=A;P; |:W ] ARPR[WR]
*

W/ W
- 3] [¥]
with the equalities between the left and right representations arising by virtue of the Rankine—
Hugoniot condition. The key observation is that

(90)

wi A/
T * T
[u']F UPRAR[WR] ULPLAL[W* . 1)
But UT = (PW) = WTPT and for the symmetric system PP = [, so
w; wi
T *
[[U HF WRAR[WR] WLAL[WJ. (92)
Now,
w’ A Wi =WHTAtwr —w T | A7 | wo 93
LAL W; =L LYWL — "L | L| * 93)
and .
Wi T woT LA= | w=
WRAR[WR] Wit ARWE — Wil |Ag| W (94)
Therefore,

[UT]Fe = Wit Awt = Wil | A Wi = Wi T AfWE W AL | WE99)
Looking at the second jump term in (89),
UTAU = (PW)T PAW = W AW = WHT ATWT t W= T A-W—, (96)
S0
[[UTAU]] =WETAEWE + W T AW, =W T ATWH - Wi T AT W)
= Wi Apwy - wiT Apwi ©7)
—{ W 1Az We =W T A7 WL}
Therefore, forming Oy and gathering right and left going wave components,

_ _ I _ 1 .
+T 7+w+ +T 1+w+ +T 1+ywt +T 1+ywt
QN:{WR ARWE = WETATWE = W T AW+ oW ALWL}

B S R SN SN
+ {WL’T AL Wy = wyp! | AR| W + EWR‘T | AR Wg — EWL’T AL W
(98)
Terms cancel, leaving

1 . _ 1 _
On=-3 [WZ’TAsz —2WHTAFWH + EW;TA;W;}

(99)
1 _ . _ _ - S - _
) {WR’T | AR|Wg — 2w ! AL W+ EWL'T AL W } :
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Following (82), we now add and subtract terms to match the PDE form, which is

1 - _ 1 B _ - o
0=-3 [wiT Afwy —wiT Agwi| - 5 {wie” |4z w = w4 [wi ), oo

to write
+.T T %
wHTATWE - wi Ajgwj}
T 7wt +.T Tyt +.T 74wt
WL AEWE — oW ARWE + Wi T AW

31

sl (101)
= AW ARl Wy =W A7 Wi

-3 {W

NM—‘N\'—‘N\'—‘N\’—‘

ST Az WE —awp T A W+ W Az Wi
Now, let

T 5 +.T 7 +T 1
t= [WrT AW oW T ARwr + Wi T Apwi) o
- ST A W T i we o+ w—T | A= W

R = (W T A7 | Wy — 2w Az wWo +wi T A7 | wrl
Then

1

1 ] _
on =5 [WHTAf W] — Wi T Agwi | - S R*
2 (103)

2
1 _ e _ - _ 1
_ile’T|AR|WR _W*’T’AL‘W*}—ER ~

To show that the approximation is stable according to Definition 2.1, then, we just need
to show that R* > 0, since the other terms match those of the PDE. To do so, let Wt =

| AT|W=. Then
F=WHTWE —oWETWE + WETWE = (WS —Wh) >0 (104)
Similarly,
“= (W -W;) >0 (105)

Thus, the interface contribution matches that of the PDE plus an additional dissipation and
has inferred stability, satisfying Definition 2.1 with

On = =3 {WET A Wi - WET AW | = W AR | Wy = Wo T |AL| Wi | = 0Wi, Wa). (106)

4.4 Stability of the General Problem

As in the continuous problem, we use the analysis of the one-dimensional problem to imply
stability of the multidimensional one. As before, replace U <— U* and A <« Av 1. Then
Qy is given by (106), with the eigenvalues (and eigenvectors to construct the characteristic
variables) coming from &' -11. Therefore the approximation to the general multidimensional
problem is stable according to Definition 2.1.

Remark 4.3 The key features of the stability analysis are the use of summation by parts, and a
stable implementation of the boundary terms. As such, the analysis extends to other methods
that have the summation by parts property and allow discontinuities at subdomain interfaces,
such as summation by parts finite difference techniques, e.g. as used in [15,17,18].
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Table 1 Parameters for the plane

i i
wave reflection problem Parameter M o kK& pPL PR €L CR 1o

y

Value 4 v 05 V372 1 04 1 07 3

5 Example

As an example, we consider the scattering of a plane wave off a plane material interface,
approximating the system of equations (1) with the state vector and coefficient matrices (3)
reduced to two space dimensions. The problem has exact incident, transmitted and reflected
plane wave solutions of the form

u=ay (E-Z—w(t—ro)) , (107)

TR —

pc

where ¥ is a given wavefunction, a is the amplitude, k is the wavevector, w is the frequency.
For the incident wavevector e w ‘
K =2 (ki+r5), (108)
crL y

the reflected and transmitted wavevectors are

— w o o
o= (—k;x + k’yy)
3 (109)
-, w c N2, CR.,: .
[ —— 1—(—’*) (k’y) 4K
CR CrL CrL,
with amplitudes
r 1 —, . —.
= = = (k] K71 = preckl/IK'T)
(110)
@ L (prenkt ) - preskd 18
o = g \pLeiky PRCLKY ,
where N N
d = —prerky /IK"| + preckl /IK|. (111)
For the wavefunction, we choose the Gaussian
Y(s) = e /@), (112)

with 02 = —(MT)?/(41n(10™*)), M = 4 and period T = 27 /w.

We compute the problem on the square domain [—5, 5]% with 400 square elements and
the material interface at x = 0. The solution parameters are provided in Table 1.

The results are shown in Figs. 4 and 5. Figure 4 shows the contours of the p component
of the solution at time # = 5.0, which is near the time of the maximum L; energy, computed
with sixth order polynomials. Clearly seen is the jump discontinuity at the interface. The L,
energy is plotted as a function of time in Fig. 5, for polynomial degrees N = 2, 3 and 6.
Although the L, energy initially grows, it reaches a maximum around time ¢ = 4.5. Figure 5
shows that the computed energy converges from below to the exact as the polynomial order
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Fig.4 Computed p contours at
time ¢ = 5 for plane wave
scattering from a material
interface along the vertical center
of the domain

Fig.5 L, energy as a function of
time for scattering at a material
interface

[l

is increased. In fact, it converges exponentially with polynomial degree, as expected [2] for
a spectral element method. Also, as expected due to the additional dissipation at physical,
smooth and discontinuous interfaces, the computed energies fall below the exact curve and
are worst for low order approximations.

6 Conclusions

We have shown that the interface treatment of the discontinuous Galerkin spectral element
method with the upwind numerical flux is stable for hyperbolic systems with discontinuous
coefficient matrices when the eigenvectors are preserved across the interface. Examples
include systems like Maxwell’s equations, or acoustic and elastic wave equations. The new
feature of our approach was to show that the discrete Ly norm of the approximate solution
grows no faster than the same norm of the continuous solution. By matching the L, norm,
we avoid having to find the precise conditions for a discounted norm in which the energy is
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bounded in terms of the initial data (for homogenous and dissipative boundary conditions).
The numerical flux only weakly enforces the inflow boundary condition and the Rankine—
Hugoniot condition. Viewing stability in terms of the L, norm shows that the dissipation
introduced by the upwind numerical flux depends on the amount by which the approximate
solution fails to satisfy the Rankine—Hugoniot condition.
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