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ABSTRACT. We present a framework for Nesterov’s accelerated gradient flows in proba-
bility space to design efficient mean-field Markov chain Monte Carlo (MCMC) algorithms
for Bayesian inverse problems. Here four examples of information metrics are considered,
including Fisher-Rao metric, Wasserstein-2 metric, Kalman-Wasserstein metric and Stein
metric. For both Fisher-Rao and Wasserstein-2 metrics, we prove convergence proper-
ties of accelerated gradient flows. In implementations, we propose a sampling-efficient
discrete-time algorithm for Wasserstein-2, Kalman-Wasserstein and Stein accelerated
gradient flows with a restart technique. We also formulate a kernel bandwidth selection
method, which learns the gradient of logarithm of density from Brownian-motion sam-
ples. Numerical experiments, including Bayesian logistic regression and Bayesian neural
network, show the strength of the proposed methods compared with state-of-the-art
algorithms.

Keywords. Nesterov’s accelerated gradient method; Bayesian inverse problem; Optimal
transport; Information geometry

1. INTRODUCTION

Optimization problems in probability space, arising from Bayesian inference [Liu and
and inverse problems Stuart| (2010)), attract increasing attentions in machine
learning communities Liu et al| (2018)); Bernton| (2018]); [Wibisono (2019). One typical
example here is to draw samples from an intractable target distribution. Such sampling
problem is important in providing exploration in distribution of interest and quantify-
ing uncertainty among data. From an optimization viewpoint, this problem suffices to
minimize an objective functional, such as Kullback-Leibler (KL) divergence, which is to
measure the closeness between current density and the target distribution.

Gradient descent methods play essential roles in solving these optimization problems.
Here the gradient direction relies on the information metric in probability space. In
literature, two important metrics, such as Fisher-Rao metric and Wasserstein-2 (in short,
Wasserstein) metric, are of great interests [Lafferty| (1988); |Amari (1998)); Otto| (2001).
The information gradient direction in terms of density corresponds to the update rule
in a set of samples. This is known as sampling formulation or particle implementation
of gradient flow, which yields various sampling algorithms. For Fisher-Rao metric, its
gradient flow relates to birth-death dynamics, which is important in model selection and
modeling population games . The Fisher-Rao gradient, also known as natural
gradient, is also useful in designing fast and reliable algorithms in probability models
Amari (1998)); [Kingma and Bal (2014); Malago et al. (2013); Martens and Grosse| (2015).
For Wasserstein metric, the gradient flow of KL divergence is the Fokker-Planck equation
of overdamped Langevin dynamic. In sampling algorithms, the time discretization of

*wangyf18@stanford.edu
Jrwuchen@mailbox .sc.edu



2

overdamped Langevin dynamics yields the classical Langevin Markov chain Monte Carlo
(MCMC) method and the proximal Langevin algorithm [Bernton| (2018); Wibisono (2019)).
In recent years, various first-order sampling methods via generalized Wasserstein gradient
direction are proposed. For example, the Stein variational gradient descent [Liu and Wang
(2016) formulates kernelized interacting Langevin dynamics. The Kalman-Wasserstein
gradient, also known as ensemble Kalman sampling |Garbuno-Inigo et al.| (2019)), induces
covariance-preconditioned mean-field interacting Langevin dyanmics.

For classical optimization problems in Euclidean space, the Nesterov’s accelerated gra-
dient method Nesterov| (1983) is a wide-applied optimization method and it accelerates
gradient descent methods. The continuous-time limit of this method is known as the ac-
celerated gradient flow Su et al.|(2016). Natural questions arise: What is the accelerated
gradient flow in probability space under general information metrics? What is the corre-
sponding discrete-time sampling algorithm? For optimization problems on a Riemannian
manifold, accelerated gradient methods are studied in Liu et al. (2017)); |[Zhang and Sra
(2018). The probability space embedded with information metric can be viewed as a Rie-
mannian manifold, known as density manifold Lafferty (1988]). Several previous works
explore accelerated methods in this manifold under Wasserstein metric. An acceleration
framework of particle-based variational inference (ParVI) methods is proposed in|Liu et al.
(2018, 2019) based on manifold optimization. Taghvaei and Mehta Taghvaei and Mehta
(2019) introduce accelerated flows from an optimal control perspective. Similar dynamics
has been studied from a fluid dynamics viewpoint (Carrillo et al. (2019a)). Underdamped
Langevin dynamics is another way to accelerate on MCMC |Cheng et al.| (2017)); Ma et al.
(2019).

In this paper, we present a unified framework of accelerated gradient flows in probabil-
ity space embedded with information metrics, named Accelerated Information Gradient
(AIG) flows. From a transport-information-geometry perspective, we derive AIG flows by
damping Hamiltonian flows. Examples include Fisher-Rao metric, Wasserstein-2 metric,
Kalman-Wasserstein metric and Stein metric. In Gaussian families, we verify the exis-
tence of AIG flows. Here we show that the AIG flow corresponds to a well-posed ODE
system in the space of symmetric positive definite matrices. We rigorously prove the con-
vergence rate of AIG flows based on the geodesic convexity of the loss function under both
Fisher-Rao metric and Wasserstein metric. Besides, we handle two difficulties in numerical
implementations of AIG flows under Wasserstein metric for sampling. On the one hand,
as pointed out in Liu et al.|(2019); Taghvaei and Mehta/ (2019)), the logarithm of density
term (gradient of KL divergence) is difficult to approximate in particle formulations. We
propose a novel kernel selection method, whose bandwidth is learned by sampling from
Brownian motions. We call it the BM method. On the other hand, we notice that the AIG
flow can be a numerically stiff system, especially in high-dimensional sample spaces. This
is because the solution of AIG flows can be close to the boundary of the probability space.
To handle this issue, we propose an adaptive restart technique, which accelerates and
stabilizes the discrete-time algorithm. Numerical results in Bayesian Logistic regression
and Bayesian neural networks indicate the validity of the BM method and the acceleration
effects of proposed AIG flows.

This paper is organized as follows. Section [2 briefly reviews gradient flows and acceler-
ated gradient flows in Euclidean space. Then, the information metrics in probability space
and their corresponding gradient and Hamiltonian flows are introduced. In Section [3] we
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formulate AIG flows, under Fisher-Rao metric, Wasserstein metric, Kalman-Wasserstein
metric and Stein metric. We theoretically prove the convergence rate of AIG flows in
Section [l Section [5] presents the discrete-time algorithm for W-AIG flows, including the
BM method and the adaptive restart technique. Section [6] provides numerical experi-
ments. In supplementary materials, we also provide discrete-time algorithms for both

Kalman-Wasserstein AIG and Stein AIG flows.

2. REVIEWS

In this section, we review gradient flows and accelerated gradient flows in Euclidean
space. Then, we introduce the optimization problems in probability spaces, and review
several definitions of information metrics therein. Based on these metrics, we demonstrate
gradient and Hamiltonian flows in probability space. These formulations serve necessary
preparations for us to derive accelerated gradient flows in probability space. See detailed
analysis on metrics in probability space in |Amari et al.| (1987); Saha; (2019)); |Srivastava
and Klassen| (2016]).

2.1. Accelerated gradient flows in Euclidean space. Consider an optimization prob-
lem in Euclidean space:

min f(x

T€R" f( )’

where f(x) is a given convex function with L-Lipschitz continuous gradient. Here (-, -)
and || - || are the Euclidean inner product and norm in R™. The gradient descent method

has the update rule
Tr+1 =z — %V f(28),
where 73, > 0 is a step size. With the limit 7, — 0, the continuous-time limit of gradient
descent method is the gradient flow (GF)
iy = =V f(z4).
To accelerate the gradient descent method, Nesterov introduced an accelerated method
Nesterov] (1983):

X = Yh-1— Tk V(Yk-1),
Vi = Xk + ap(Xp — Xp—1).

Here o, depends on the convexity of f(z). If f(x) is S-strongly convex, then oy = g;ﬁ,
otherwise, aj = i—jr% Su et al| (2016]) show that the continuous-time limit of Nesterov’s

accelerated method satisfies an ODE, which is known as the accelerated gradient flow
(AGF):
I+ oqdy + Vf(z) =0. (1)
Here oy = 2+/B if f(x) is B-strongly convex; a; = 3/t for general convex f(x).
An important observation in Maddison et al. (2018) is that the accelerated gradient
flow can be formulated as a damped Hamiltonian flow:

.ft 0 0 1 VJ;HE(xhpt)
Dt apt =1 0] [V,H" (x4, py)
where z is the state variable and p is the momentum variable. The Hamiltonian func-

tion satisfies H¥(z,p) = @ + f(x), which consists of Euclidean kinetic function @
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and potential function f(z). In other words, one can formulate an accelerated gradient
flow by adding a linear momentum term into the Hamiltonian flow. Later on, we fol-
low this damped Hamiltonian perspective and derive related accelerated gradient flows in
probability space.

2.2. Metrics in probability space. In practice, machine learning problems, especially
Bayesian sampling problems, can be formulated as optimization problems in probability
space. In other words, consider

in E
i (p),

where 0 C R" is a region and the set of probability density is denoted by P(2) = {p €
F(Q): [opdr =1, p>0}. Here F(Q) represents the set of smooth functions on Q. In

practice, F(p) is often chosen as a divergence or metric functional between p and a target
density p* € P(Q).

In literature, it has been shown that various sampling algorithms correspond to gradient
flows of E(p), depending on the metrics in probability space. We brief review the definition
of metrics in probability space as follows.

Definition 1 (Metric in probability space). Denote the tangent space at p € P(QQ) by
T,P(Q) = {oc € F(Q): [odx =0.}. The cotangent space at p, T,P(2), can be treated
as the quotient space F(Q2)/R.A metric tensor G(p) : T,P(Q) — Ty P(2) is an invertible
mapping from T,P(Q) to TyP(Q). This metric tensor defines the metric (inner product)
on tangent space T,P(§2):

gp(O'l,O'Q) = /UlG(p)OQdJL‘ = /(I)lG(p)_ch)Qd.%’, 01,09 € TPP(Q)
where ®; is the solution to o; = G(p)~1®;, i = 1,2.

Along with a given metric, the probability space P(£2) can be viewed as an infinite-
dimensional Riemannian manifold, which is known as the density manifold Lafferty (1988).
We review four examples of metrics in P(€2): the Fisher-Rao metric from information
geometry, the Wasserstein metric from optimal transport, the Kalman-Wasserstein metric
from ensemble Kalman sampling and the Stein metric from Stein variational gradient
method. For simplicity, we denote E,[®] = [ ®pdz.

Example 1 (Fisher-Rao metric). The inverse of Fisher-Rao metric tensor is defined by
Gf(p) '@ =p (@ ~E,[Q]), @eT,P(Q).

Example 2 (Wasserstein metric). The inverse of Wasserstein metric tensor writes
GV(p) '@ =-V (pV®), ®eT;P(Q).

Example 3 (Kalman-Wasserstein metric, (Garbuno-Inigo et al| (2019)). The inverse of
metric tensor is defined by

GEV(p) ' = -V - (pCMp)VD), @ €T;P(Q).

Here A > 0 is a given regularization constant and C*(p) € R™ ™ follows

CAp) = /(ff: —m(p))(x —m(p)) pdx + M, m(p) = /wpdx.



5

Example 4 (Stein metric, |Liu/ (2017); Duncan et al.| (2019)). The inverse of Stein metric
tensor is defined by

65 1 0(0) =~V (o) [ K)oV, 20y ).
Here k(x,y) is a given positive kernel function.

2.3. Gradient flows and Hamiltonian flows in probability space. The gradient
flow for E(p) in (P(Q2), g,) takes the form

oF
_ —1
Orpr = —G(pt) i
5B

Here o is the L? first variation w.r.t. p;. For example, the Wasserstein gradient flow
writes

SF SF
Opr = — GV 1:v< v).
tPt (Pt) Sp; Pt 5pe

We then briefly review Hamiltonian flows in probability space. Given a metric G(p),
denote the density function p; as a state variable while function ®; as a momentum
variable. The Hamiltonian flow in probability space follows

o, [pt} 3 [O 1} %H(ﬂt,@t)
-10 %H(Pn@t)

with respect to the Hamiltonian in density space by
1 _
Hpe, 1) = 2/@0(01&) '®yda + E(py).

Similar to the Euclidean Hamiltonian function, the Hamiltonian functional in density
space consists of a kinetic energy % [ ®G(p)~'®dx and a potential energy E(p).

=0, (2)

3. ACCELERATED INFORMATION GRADIENT FLOW

We introduce the accelerated gradient flow in probability density space as follows. Let
a¢ > 0 be a scalar function of t. We add a damping term o;®; to the Hamiltonian flow

(2):
é
0 0 1] |55 H(pe: ®e)
o, |2 - bpe T — 0, 3
¢ [@t] + [at@] [—1 0] [(;(%t%(pt,@t) (3)
We call dynamics Accelerated Information Gradient (AIG) flow.

Proposition 1. The accelerated information gradient flow satisfies
Opr — Glpy) 1@y = 0,
16 _ 5E (AIG)
875@,5 + Oétq>t + 557/),5 (/ @tG(pt) lq)tddf) 57[)15 == O,
with initial values pili—o = po and ®¢|i=o = 0.
We give examples of AIG flows under several metrics, such as Fisher-Rao metric, Wasser-

stein metric, Kalman-Wasserstein metric and Stein metric. See detailed derivations in the
supplementary material.
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Example 5 (Fisher-Rao AIG flow).
Opr — (P — Ep, [P1]) pr = 0,
OF (F-AIG)

1
8t<I>t + Ozt‘I)t + *(I)tQ — Ept [(I)t]q)t + — = 0.
2 opt

Example 6 (Wasserstein AIG flow, Carrillo et al.| (2019a); Taghvaei and Mehta (2019)).
Oipt +V - (pt V) = 0,

1 oF W-AIG
8t<1>t+at<bt+f||V<I>tH2+— :0 ( )
2 opt
Example 7 (Kalman-Wasserstein AIG flow).
Aot + V- (CMp) V) = 0,
1
0Pt + 0u®i + 5 ((x —m(py))" By, (1) (z — m(py)) (KW-AIG)
ok
+ V@t(x)TC)‘(pt)Vq)t(x)) + 2= =0
opt
Here we denote B,(®) = [ VOV®T pdz.
Example 8 (Stein AIG flow).
upa) + 9. () [ Ko,y =0
(S-AIG)

O1y(x) + () + / VB, () TV )k, y)pr () dy + ﬁi(x) 0.

To design fast sampling algorithms, we need to reformulate the evolution of probability
in term of samples. In other words, PDEs in term of (p,®) is the Eulerian formulation
in fluid dynamics, while the particle formulation is the flow map equation, known as the
Lagrangian formulation. We present examples for W-AIG flow, KW-AIG flow and S-AIG
flow, which have particle formulations. We suppose that X; ~ p; and V; = V&, (X;) are
the position and the velocity of a particle at time .

Example 9 (Particle W-AIG flow). The particle dynamical system for the flow (W-AIG)

writes

Cclit‘(‘t = ‘/157

d 0F (4)
— = — — R .

dtVt alVpy =V (5Pt> (Xt)

Example 10 (Particle KW-AIG flow). The particle dynamical system for the flow (KW-AIG)
writes

dXy

% = CA(pt)V;U
PAY oF ®
d—tt =~V — EVV (X, —E[X{]) - V <5Pt> (X).

Here the expectation is taken over the particle system.



7

Example 11 (Particle S-AIG flow). The particle dynamical system for the flow (S-AIG))
writes

% :/k(Xt7y)V‘I)t(y)Pt(y)dy,
(6)
% = ol - /VtTV@(y)V:ck(Xt,y)pt(y)dy -V (gi) (Xy).

We notice that dynamics in examples [9] to [II] are mean-field dynamics. Here the mean-
field represents that the dynamics evolves its own probability density function in its path.
In addition, they are also mean field Markov process. Here the Markov property holds
in the sense that the update of dynamics only depends on the current time probability
density. Shortly, we will design a finite dimensional particle dynamical system to simulate
these proposed dynamics.

In later on algorithm and convergence analysis, the choice of oy is important. Similar
as the ones in Euclidean space, a; depends on the convexity of E(p) w.r.t. given metrics.

Definition 2 (Convexity in probability space). For a functional E(p) defined on the
probability space, we say that E(p) is B-strongly convex w.r.t. metric g, if there exists a
constant 8 > 0 such that for any p € P(Q) and any o € T,P(QQ), we have

gp(Hess E(p)o, o) > Bg,(0,0).

Here Hess is the Hessian operator w.r.t. g,. If B =0, we say that E(p) is convex w.r.t.
metric gp.

Again, if F(p) is S-strongly convex for 3 > 0, then ay = 21/B3; if E(p) is convex, then
¢y — 3/t
We can also formulate W-AIG flows in probability models. For instance, the W-AIG flow

in Gaussian families becomes an ODE system, which corresponds to updates of covariance
matrices.

Proposition 2 (W-AIG flows in Gaussian families). Suppose that pg, p* are Gaussian
distributions with zero means and their covariance matrices are Xy and ¥*. E(X) evaluates
the KL divergence from p to p*:

E(%) = % [tr(2(2*) 1) — logdet(S(2*) 1) — n] (7)

Let (34, S¢) be the solution to
S — 2(83 + 515) =0,
o= 25 S 2 (W-AIG-G)
St + OétSt + 2St + VZtE(Et) = 0,

with initial values 3¢|i—o = o and Stlt=o = 0. Here ¥y and Sy are symmetric matrices.
Then, for anyt > 0, ¥y is well-defined and stays positive definite. Furthermore, we denote

—n/2
o) = E o (—1xTz;1x) L Bu(@) = TS+ C(1),

\/det(Et) 2

where C(t) = —t + %fg log det(Xs(X*)~1)ds. Then, (pi, ®;) is the solution to (W-AIG)
with initial values pili—o = po and ®¢|i=g = 0.
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Remark 1. If the means of pg, p* are ug and p* instead of 0, the objective function turns

to be
B(S, 1) =5 [tr(S(2%) ™) ~ log det(S(5) ") — n]

5o )T () - )

It is separable in terms of u and o. For simplicity and clarity, we focus on the case with
ZET0 Means.

Remark 2. AIG flows can be formulated into general probability models, such as Gaussian
mixture models and generative models. We leave the systematic study of AIG flows in
models in future works.

4. CONVERGENCE RATE ANALYSIS ON AIG FLOWS

In this section, we prove the convergence rates of AIG flows under either the Wasserstein
metric or the Fisher-Rao metric. This validates the acceleration effect. The proof is
motivated by Lyapunov functions of Euclidean accelerated gradient flows in subsection

21
Theorem 1. Suppose that E(p) is [-strongly convex for > 0. The solution p; to

or with oy = 24/B satisfies
E(p:) < Coe VPt =0 (e*‘/’gt) .
If E(p) is convez, then the solution p; to (F-AIG)) or (W-AIG) with oy = 3/t satisfies
E(py) < Cpt™2 = 0O(t™2).
Here the constants Cy, Cy only depend on py.

Remark 3. For [-strongly convex E(p) under the Wasserstein metric, |Carrillo et al.
(2019d) study a compressed FEuler equation. They prove similar results with a constant
damping coefficient ay. For convexr E(p) under the Wasserstein metric, | Taghvaei and
Mehta (2019) prove similar results with a technical assumption.

Remark 4. Compared to underdamped Langevin dynamics, W-AIG has the accelerated
convergence rate guarantee compared to W-GF and it has a closer relation with the Fu-
clidean accelerated gradient flow.

Remark 5. The Fisher metric and the Wasserstein metric are two popular metrics to
consider in the probability space. Therefore, we focus on deriving the convergence analysis
for these two metrics. The convergence results for other general information metrics are
interesting problems for future studies.

In Euclidean case, the convergence rate of accelerated gradient flow is based on the con-
struction of Lyapunov functions. Namely, for S-strongly convex f(x), consider a Lyapunov
function:

e\/Bt * s 112 \/Bt *
£t) = — VB — &%) + gl |* + VP (f () — f ().
For general convex f(z), consider a Lyapunov function
1 Lot P i}
5(t>:§ (x—w )+§$t +Z(f($t)—f(95 )-
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Based on different assumptions on the convexity of f(z), we can prove that these Lyapunov
function are not increasing w.r.t. t. Hence, the convergence rates are obtained.

Remark 6. Our choices of the damping parameter oy are analogous to these in the Eu-
clidean case. In the Fuclidean case, the damped Hamiltonian system and the related Lya-
punov functions are derived from the Bregman Lagrangian introduced in |Wibisono et al.
(2016); |Wilson et al| (2016). For simplicity, we only focus on two specific choices of the
damping parameters oy, based on the convezity of the energy functional.

Following Lyapunov functions in Euclidean space, we provide a sketch of the proof for
Theorem 1. We first consider the case where E(p) is S-strongly convex for 8 > 0. Let T;
denote the optimal transport plan from p; to p*. Consider a Lyapunov function

ey ="5 [ |3 -+ o) i

+ P E(pr) — E(p)).
Here the —(T;(z) — =) term can be viewed as z; — 2* and V®,; can be viewed as ;.
Different from the Euclidean case, we introduce an important lemma in proving that £(t)
is non-increasing.
Lemma 1. Denote u; = Gt(Tt)_l oTy. Then,u; satisfies

V- (pt(ut - V(I)t)) =0.

(8)

We also have
0Ty (x) = —=VTi(x)u(x).

More importantly, we have

/ <V(Pt — Ug, VTtV(I)t> ptdl‘ Z 0,

/ (VO — uy, VT (x) (T (z) — x)) pr = 0.

We then demonstrate that £(t) is not increasing w.r.t. t.
Proposition 3. Suppose that E(p) satisfies Hess(B) for B > 0. p; is the solution to
(W-AIG) with oy = 2+/B. Then, E(t) defined in satisfies E(t) < 0. As a result,

E(p) < e VBte(t) < e VPtE(0) = O(e V).

Note that £(0) only depends on pg. This proves the first part of Theorem 1.

We now focus on the case where E(p) is convex. Similarly, we construct the following
Lyapunov function.
2

pt(x)dx

s

+(B(p) = B(p)).

Proposition 4. Suppose that E(p) satisfies Hess(0). py is the solution to (W-AIG) with
oy = 3/t. Then, E(t) defined in (9) satisfies E(t) < 0. As a result,

Blp) < 5E(1) < 5£(0) = O().
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Because £(0) only depends on pg, we complete the proof.

5. DISCRETE-TIME ALGORITHMS FOR AIG FLOWS

In this section, we present the discrete-time particle implementation of the flow (W-AIG))
based on the particle W-AIG flow . Similar discrete-time algorithms of (KW-AIG|) and
(S-AIG]) are provided in the supplementary material. Here we mainly introduce a kernel

bandwidth selection method and an adaptive restart technique to deal with difficulties in
numerical implementations.

A typical choice of E(p) for sampling is the KL divergence
Dic(pl") = [ plog Lo ~log 2.
where the target density p*(z) o exp(—f(z)) and Z = [exp(—f(z))dz. Then, is

equivalent to

dX, = Vidt,
{ (10)

d‘/% = _at‘/tdt — Vf(Xt)dt — VIOg pt(Xt)dt

Consider a particle system {Xé}i]\il and let V¢ = 0. In k-th iteration, the update rule
follows

{Xl?—&-l = Xj, + VTiVist | | (1)
Viigr = Vi = VT(V (X)) + &e(X)),

for i = 1,2...N. If E(p) is -strongly convex, then o = ;%, if E(p) is convex or
B is unknown, then o = llz—jr% Here & (x) is an approximation of Vlogpg(z). For a

general distribution, we use the kernel density estimation (KDE) Singh| (1977)), pr(x) =
+ Zf\il K(z,X}) to approximate py(z). Here K(x,y) is a positive kernel function. Then,
& writes
() — i Vel (@, X))
x)=Vlo )= —=. 12
E(z) g pr() SV K(e X)) (12)
A common choice of K(x,y) is a Gaussian kernel with the bandwidth h, K(z,y) =
(21ch)~"/2 exp (=[lz — y||?/(2R)). Such approximation can also be found in information-
theoretic learning Principe et al.| (2000) and independent component analysis (ICA) Deco
and Obradovic, (2012]).

There are two difficulties in the time discretization. For one thing, the bandwidth h
strongly affects the estimation of Vlog p;, so we propose the BM method to learn the
bandwidth from Brownian-motion samples. For another, the second equation in
is the Hamilton-Jacobi equation, which usually has strong stiffness. In numerical trials, we
observe that the densities from the particles may collapse in certain dimensions following
W-AIG flows, even for Gaussian target density. Therefore, we propose an adaptive restart
technique to deal with this problem.

Remark 7. Using symplectic integrators for the particle implementation of W-AIG could
help improve the performance. It is important to study the time-discretization of the
(damped) Hamiltonian flow in the future.
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5.1. Learn the bandwidth via Brownian motion. SVGD uses a median (MED)
method to choose the bandwidth, i.e.,

1 . .
_ . J2 N
= Spoar 1y edion (1126 - XEPHY-) (13)
Liu et al. [Liu et al| (2018) propose a Heat Equation (HE) method to adaptively adjust
bandwidth. Motivated by the HE method, we introduce the Brownian motion (BM)
method to adaptively learn the kernel bandwidth based on Brownian-motion samples
generated in each iteration.

Given the bandwidth h, {X ,ZC i]\il and a step size s, we can compute two particle systems:
Yi(h) = Xj — s&(x;h), Zj = Xi+V2sB', i=1,...N

where B’ is the standard Brownian motion. Denote the empirical distributions of {X ,i}fil,
{Yki ZNzl and {Z}~C ZNzl by px,py and pz. With n — oo, we shall have py = pz = ptli—s,
where p; satisfies Oypy = Apy = V - (pV log p) with initial value pli—o = px. With an
appropriate bandwidth h, we shall also have py = p¢|;—s. Hence, we consider the following
optimization problem

win MMD(dy 2) = [ [ (v () = p2@)h(w. 26w () - pz(dydz. (1)

where MMD (maximum mean discrepancy) evaluates the similarity between {Y¢}Y¥, and
{Zi}X |. Here, the kernel k(y, z) in MMD is chosen as a Gaussian kernel with bandwidth 1.
So we optimize using the bandwidth hg_q from the last iteration as the initialization.
For simplicity we denote

BM(hk‘—la {Xlzf}f\[:b 5)
as the minimizer of problem . It is the output of the BM method.

Remark 8. Besides KDE, there are other methods that approzimate the term V log p(x)
(compute &) via a kernel function, such as the blob method |Carrillo et al| (2019b) and
the diffusion map |Taghvaer and Mehta (2019). The BM method can also select the kernel
bandwidth for these methods.

5.2. Adaptive restart. To enhance the practical performance, we introduce an adaptive
restart technique, which shares the same idea of gradient restart in|O’donoghue and Candes
(2015); [Wang et al.| (2019b)) under the Euclidean case. Consider

N
ok == 3 (Vi VXD + (X)) (15)
i=1
which can be viewed as discrete-time approximation of

L OE

5pt) = —0E(pt)-

—gp, (0ipe, G" (pr)
If ¢ < 0, then we restart the algorithm with initial values X} = X,i and V§ = 0.
This essentially keeps 0;F(p;) negative along the trajectory. The overall algorithm is
summarized below.



12

Algorithm 1 Discrete-time particle implementation of W-AIG flow

Require: initial positions {X{}Y ,, step size 7, number of iteration L.
1: Set k=0, V§{=0,i=1,...N. Set the bandwidth hy by MED .
2: for(=1,2,...L do
3:  Compute h; based on BM method: h; = BM(h;_1, {X}}Y |, /7).
Calculate &, (X}) by with bandwidth h;.
Fori=1,2,... N, update Vki+1 and X,i_H by .
Compute ¢y by .
If pr <0, set X = X; and Vj =0 and k = 0; otherwise set k = k + 1.
end for

6. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments to demonstrate the effective-
ness of BM method, the acceleration effect of AIG flows, and the strength of adaptive
restart technique. Implementation details are provided in the supplementary material.

6.1. Toy examples. We first generate samples from a toy bi-modal distribution in (Rezende
and Mohamed, 2015)). We compare sampling algorithms based on gradient flows and ac-
celerated gradient flows under Wasserstein metric, Kalman-Wasserstein metric and Stein
metric. The number of particles follow N = 200. The initial distribution of the particle
system follows N ([0, 10]', I).

For the approximation of V log pi, we use a Gaussian kernel and the kernel bandwidth is
selected by the BM method. We apply the restart technique for discrete-time algorithms
of AIG flows. For W-GF, W-AIG, SVGD and S-AIG, we take the step size 7, = 0.1.
For KW-GF and KW-AIG, we set the regularization parameter A = 1 and the step size
7 = 0.02. We choose a smaller step size for the Kalman-Wasserstein metric because
the particle system may blow up for a larger step size. For SVGD and S-AIG, we use a
Gaussian kernel with fixed bandwidth 1. The step size of SVGD is adjusted by Adagrad.

From Figure(l] the convergence rate of the particle system depends on the metric. For a
fixed metric, samples generated by accelerated gradient flows always converge faster than
the ones generated by gradient flows.

6.2. Effect of BM method. We first investigate the validity of the BM method in
selecting the bandwidth. The target density p* is a toy bi-modal distribution (Rezende and
Mohamed, 2015). We compare two types of particle implementations of the Wasserstein
gradient flow over KL divergence:

Xi = X] —7Vf(X})+V2rBj,

Xip1 = Xj — 7(VF(XE) + & (X5)).
Here B! ~ N(0,1) is the standard Brownian motion and & is estimated via KDE. The
first method is known as the Langevin MCMC method and the second method is called

the ParVI method. For ParVI methods, the bandwidth A is selected by MED/HE/BM
respectively. The initial distribution of the particle system follows the standard Gaussian
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N(0,1). The objective density function follows
o (2) ocexp(~2(|le]| - 3)2)
x (exp(—2(a1 — 3)%) + exp(—2(z1 + 3)%)).
All methods run for 200 iterations using the same fixed step size 7 = 0.1.

Figure[I]shows the distribution of 200 samples based on different methods. Samples from
MCMC match the target distribution in a stochastic way; samples from MED collapse;
samples from HE align tidily around contour lines; samples from BM arrange neatly and
are closer to samples from MCMC. This indicates that the BM method makes the particle
system behave similar to MCMC, though in a deterministic way.

MCMC - MED | HE 7 BM

FIGURE 2. The effect of the BM method. Samples are plotted as blue

dots. Left to right: MCMC, MED, HE and BM. All methods are run for
200 iterations with the same initialization.

6.3. Bayesian logistic regression. We perform the standard Bayesian logistic regression
experiment on the Covertype dataset, following the same settings as|Liu and Wang| (2016)).
Our methods are compared with MCMC, SVGD Liu and Wang| (2016, WNAG [Liu et al.
(2018)) and WNes [Liu et al. (2019). SVGD is a gradient descent method based on the
Stein metric, which approximates W-GF, see (Liu et al., 2019, Theorem 2). WNAG and
WNes are two accelerated methods based on W-GF'.

We select the kernel bandwidth using either the MED method or the proposed BM
method. Figure[3lindicates that the BM method accelerates and stabilizes the performance
of GFs and AIGs. The performance of MCMC and WGF are similar and they achieve
the best log-likelihood. For a given metric, AIG flows have better test accuracy and test
log-likelihood in first 2000 iterations. W-AIG and KW-AIG achieve 75% test accuracy in
less than 500 iterations.

6.4. Bayesian neural network. We apply our proposed method on Bayesian neural
network over the UCI datasetsﬂ with the same setting as|Wang et al.|(2019a)). We compare
W-AIG, W-GF and SVGD. For all methods, we use N = 10 particles. The averaged
results over 20 independent trials are collected in Table |1f and We observe that on
most datasets, W-AIG has better test root-mean-square-error and test log-likelihood than
W-GF and SVGD. This indicates that W-AIG may have better generalization than W-GF
and SVGD.

3https://archive.ics.uci.edu/ml/datasets.php
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Ficure 3. Results on Bayesian logistic regression, averaged over 10 inde-
pendent trials. The shaded areas show the variance. Top: BM; Bottom:
MED. Left: Test accuracy; Right: Test log-likelihood.

Dataset AIG
Boston |2.87143 41¢-3
Combined4.067 19 2761
Concrete [4.44041 3461
Kin8nm |0.094 45 56c—6
Wine |[0.606+£1 40¢—5
Year 8.8764+3.71¢—4

WGF
3.07715.50¢—3
4.07713.85¢4
4.88311.93:-1
0.096+3.36c—5
0.61413 48. 4

8.8721281c-4

SVGD
2.77513 78¢—3
4.07012.02¢—4
4.88811.3901
0.09541.32¢—5
0.604 19 g9e 5
8.873+7.19¢—4

TABLE 1. Test root-mean-square-error (RMSE).

Dataset AIG WGF SVGD

Boston [—2.60911 34¢—4

—2.69449 83¢—4

—2.61141.36c—4

Combined|—2.8224 5 72¢_3

—2.82542.36¢—5

—2.82341.24¢—5

Concrete _2-884i8.84e—3_2-971i8,935—3 _2~978i6.05e—3

Kin8nm | 0.95116.43¢—4 | 0.9234337.—3 | 0.93241 43.3
Wine |—0.96111.08. 4 |—0.96113517.4/—0.95219 89c 5
Year | —3.654+1.00c—5 |—3.655+7.80c—6/—3.65211 28¢5

TABLE 2. Test log-likelihood.

7. CONCLUSION

In summary, we propose the framework of AIG flows by damping Hamiltonian flows
with respect to certain information metrics in probability space.In theory, we establish the
convergence rate of F-AIG and W-AIG flows. In algorithm, we propose particle formula-
tions for W-AIG flow, KW-AIG and S-AIG flows. Numerically, we propose discrete-time
algorithms and an adaptive restart technique to overcome numerical stiffness of AIG flows.
To efficiently approximate V log pr(z), we introduce a novel kernel selection method by
learning from Brownian-motion samples. Numerical experiments verify the acceleration
effect of AIG flows and the strength of adaptive restart.
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In future works, we intend to systematically explain the stiffness of AIG flows and effects
of adaptive restart. We shall apply our results to general information metrics, especially
for generalized Wasserstein metrics. We expect to study the related sampling efficient
optimization methods and discrete-time algorithms. We also plan to incorporate Hessian
operators in probability space [Wang and Li| (2020) in designing higher-order accelerated
algorithms. We shall compare these information metrics induced methods in terms of
both computational complexity and sampling efficiency. We expect that the proposed
accelerated algorithms will be useful in scientific computing of Bayesian inverse problems.
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In this appendix, we formulate detailed derivations of examples and proofs of proposi-
tions. We also design particle implementations of KW-AIG flows, S-AIG flows and provide
detailed implementations of experiments.

APPENDIX A. EULER-LAGRANGE EQUATION, HAMILTONIAN FLOWS AND AIG FLOWS

In this section, we review and derive Euler-Lagrange equation, Hamiltonian flows and
Euler-Lagrange formulation of AIG flows in probability space.

A.1. Derivation of the Euler-Lagrange equation. In this subsection, we derive the
Euler-Lagrange equation in probability space. For a given metric g, in probability space,
we can define a Lagrangian by

1

=9p:(Opt, Orpt) — E(pr).

L(pt, Oepr) = 5

Proposition 5. The Euler-Lagrange equation for this Lagrangian follows
oL oL
0, =—+C(1),
t <5(3tpt)> dpt )
where C(t) is a spatially-constant function.

Proof. For a fixed T > 0 and two given densities pg, pr, consider the variational problem

I(p) = 1nf{/ L(pt, Oppy)dt

pt|t 0= pO;Pt|t T = PT}

Let hy € F(Q) be the smooth perturbation function that satisfies [ hydz = 0,t € [0, 7]
and h¢li—o = h¢|i=7 = 0. Denote p§ = p; + €h;. Note that we have the Taylor expansion

Pt / L(pt, Orpy)dt

oL
+ 6/ / (5pt 8tpt) 8tht> dxdt + 0(6).
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From % 0 0, it follows that

————0Othy ) dzdt = 0.
/ /(5,0t 8tpt) ' t) !

Note that h¢|i—o = hi|t=r = 0. Perform integration by parts w.r.t. ¢ yields

/ / <5pt @pt)) hydadt = 0.

Because [ hydz = 0, the Euler-Lagrange equation holds with a spatially constant function
C(t). O

A.2. Derivation of Hamiltonian flow. In this subsection, we derive the Hamiltonian
flow in the probability space. Denote ®; = §L/§(0ip:) = G(pi)Oipe. Then, the Euler-
Lagrange equation can be formulated as a system of (p, ®y), i.e

Bipr — G(pr) ™ @y = 0,

16 . SE
8t®t + = 9 5 Dt (/ (I)tG(pt) @tdIE) + 57/),5 =0.

First, we give a useful identity. Given a metric tensor G(p) : T,P(Q2) — T,;P(Q2), we
have

/ 01G(p)oadzs = / G(p)oioada

—/CI>1G(,0)1<I>2dw = /G(p)1<131<132da;.
Here ®; = G(p) 'o1 and ®5 = G(p) 'o2. We then check that

5%% (/ 6t,0tG(Pt)8tptd:v> = _5%% (/ ‘I%G(Pt)_l‘btdx) : (17)

Let p; = p; + €h, where h € T, P(2). For all o € T, P, it follows
G(ps + €h) ' G(p; + €h)o = 0.
The first-order derivative w.r.t. € of the left hand side shall be 0, i.e.,
dG (pr)~" —1 (9G(pt)
——h |G G ————=-h|o=0.
(% o+ G0~ (25 h) o
Because d;p; = G(p)~'®;, applying yields

/8 <8G Pt h) 6tptd£17 = /@tG(pt)_l <8(;(ppt) . h) 8tptd:r
t

- /q»t (wggl : h) G(pt) Oy prda = —/cpt (e)(:g)ptt)—l : h) O, dz.

(16)

(18)

Based on basic calculations, we can compute that

- oG
/atPtG(pt)atptdx - /atptG(pt)atptdx = 6/3tﬂt < 8;7) 'h> Orprdz +o(e),  (19)
1
- /(DtG(ﬁt)1<btd:c + /@tG(pt)1¢tdac = —e/@t (aag;t) : h> Byda + ofe).
¢

(20)
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Combining , and yields . Hence, the Euler-Lagrange equation is equiva-
lent to

19 1y 194 oF
0@, — 10 /a Glo)d dgg)_:_(/cpc; 1<1>dx>—.
1 Py 25 < 0t G (pt)Orpr Spr 2 6ps tG(pt) t Spe

This equation combining with d;p; = G(p)~'®; recovers the Hamiltonian flow. In short,
the Euler-Lagrange equation is from the primal coordinates (p¢, d;p;) and the Hamiltonian
flow is from the dual coordinates (p;, ®;). Similar interpretations can be found in (Chow
et al., [2019).

A.3. The Euler-Lagrangian formulation of AIG flows. We can formulate the AIG
flow as a second-order equation of pq,

D? L 0F
ﬁpt + atOpr + G(pr) 57% =0.

Here D?/Dt? is the covariant derivative w.r.t. metric G(p). We can also explicitly write
2

D
DzPt 35

D? B 1 )
Dt =0upr — (0:G(pt) ") Opr + §G(Pt) 15771: (/ 3tPtG(Pt)3tPtd9€) :

APPENDIX B. DERIVATION OF EXAMPLES IN SECTION 3

In this section, we present examples of gradient flows, Hamiltonian flows and derive
particle dynamics examples in Section 3.

B.1. Examples of gradient flows. We first present several examples of gradient flows
w.r.t. different metrics.

Example 12 (Fisher-Rao gradient flow).

SE SF SF
Opr =—GF (p) ' — = — <— d)
: Dt (pt) 7 Pt 7 5Pt

Example 13 (Wasserstein gradient flow).
oF oF
Opr=—G"(p) ' — =V" — -
10t (pt) 3o v (PtV 5pt>

Example 14 (Kalman-Wasserstein gradient flow).

0F 0F
-1 A
— =V C VI{|— .
=7 (007 ()
Example 15 (Stein gradient flow).

_10F

Bipr = — G%(pr) 5o V- (pt(x)/k(xyy)pt(y)vy (gi) dy> :

Opr = — G (py)
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B.2. Examples of Hamiltonian flows. We next present several examples of Hamilton-
ian flows w.r.t. different metrics. The derivations simply follow from the definition of the
given information metric and the formulations given in Appendix

Example 16 (Fisher-Rao Hamiltonian flow). The Fisher-Rao Hamiltonian flow follows

Oips — pt (P — K, [®4]) = 0,
1 oF
0Py + 5 OF — By, [@)], + 5 =0
where the corresponding Hamiltonian is
1
HE (prs ®0) = 5 (B [97) — (B [2:])°) + E(pr).

The derivation comes from that

o
5/) /q)tG (Pt)q)tdﬂf

_(;;t (Em [®2] — (E,, [<I>t])2)

=07 — 2K, [,]P,.
Example 17 (Wasserstein Hamiltonian flow). The Wasserstein Hamiltonian flow writes

Oips +V - (piVPy) =0,

6E
0, P, + —||v<1>t||2 =0,

where the corresponding Hamiltonian is

HY (o1, @) = / V@2 prde + E(pr).

It is identical to the Wasserstein Hamiltonian flow introduced by Chow et al| (2019). The
derivation simply comes from that

o o
,G" @dx:</ vq>2d:c):vq> g
5 [ G (oo = £ ([ IVOEpds ) = (V0]

Example 18 (Kalman-Wasserstein Hamiltonian flow). The Kalman- Wasserstein Hamil-
tonian flow writes

Opr +V - (0:CMpr) V) = 0,
L. T B T
0:®y + 5 ( (& = mlpe))” Bp (o) (2 —m(pr)) + VP(2)" C(p) V() | + 5 =0,
where the corresponding Hamiltonian is
HEW (py, @) = /V‘I) CMpt)V®iprdz + E(py).

The derivation comes from that

)
&,GEW (p,)d
5Pt / (G () Bz

- < / V(ID?C’\(pt)Vd)tptda:>
opt

=z —m(pe))" By, (20)(x — m(pr)) + V()T CHp) VP4 ().
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Here we recall that B,,(®;) = f V@th) prdx.

Example 19 (Stein Hamiltonian flow). The Stein Hamiltonian flow writes
() =~V (ta) [ Ko n)on) Vi) ).

0Py (x /V<I>t V@t( Ve(z,y)pe(y)dy — — (),

where the corresponding Hamiltonian is

Hpr, @) = / / Vi (2)T VO, (y) k() pr (2)pe(y)dady + B(pr).

The derivation comes from that
0
5p

2 ([ vt vawia pons)

:5Pt
=2 / V@, (x)" Vi (y)k(z, y)pi(y)dy.

(PtGS(pt)q)thf

B.3. The derivation of Example 9 (Wasserstein metric) in Section 3. We start
with an identity. For a twice differentiable ®(x), we have

%VHV(I)\F = V20Vd = (VO - V)Vo. (21)
From (W-AIG), it follows that
Opr +V - (p V) = 0. (22)
This is the continuity equation of p;. Hence, on the particle level, X; shall follows
dX; = V&,(X,)dt.

Let V; = V®;(X;). Then, by the material derivative in fluid dynamics and (W-AIG), we
have
avi d

1 E
= <—atvq>t(Xt) - 7vqu>||2 - v?p) dt + (V® - V)VPdt
t
E E
- — atV<1>t(Xt)dt - V(S (Xt)d == —Oét‘/;fdt - V(S (Xt)d
dpt dpt

B.4. The derivations of Example 7 and 10 (Kalman-Wasserstein metric) in
Section 3. We first derive the Hamiltonian flow under the Kalman-Wasserstein metric.
We fist show that

) _
£ [ 268 ) 1 0de} = (@ - m(e) T B@) o - mlp)) + TV (23)
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From the definition of Kalman-Wasserstein metric, we have

/ GEV (p) 1ddx = / VoL CAp) Vo pdz

= <C)‘(p),/V<I)TV<I)pd$> = <C)\(P)aBp((I))>'

Let p = p+ €h, where h € T,P(§2). Then, we can compute that
(CMp+ eh), Byran(®)) = (C(p), By(@))
= (CNp+eh) = CX(p) By(®@)) + (CNp), Bpran(®) = By(®)).

We note that
CAp + €eh) — C(p)

— [ )~ mip) pds + ¢ [ @ = mlp)m(t) pds
/ (& — m(p))(& — m(p)Thdz + O(e2)
— [(@ = m(p))(z = m(p)Thds + O().

Byien(®) — B,(®) = ¢ / VOV dz.
Hence, we can derive
(CNp+eh). Byyan(®)) = (C(p), By(®) )
—¢ / h(VeVeT C(p)) dx + e/h {(z —m(p))(x —m(p))", B,(®)) dz + O(€).

This proves (23). Hence, the Hamiltonian flow under the Kalman-Wasserstein metric
follows

{31% + V- (pCMp ) VP;) = 0

1
P + 3 ((37 —m(pe)" By (®4)(x — m(py)) + V@t(x)TC’\(pt)V(I)t(x)> + oo 0.
(24)
Adding a linear damping term a;®; to the second equation in yields Example 7.

For Example 10, suppose that X; follows p; and V; = V®,(X;). Then, we shall have

d
— X, = Cp)V,
dt t = (Pt) ts
Note that V; = V®,(X;), we can establish that
d

Vi =0+ (CNp) VO - V)V (X

=VO®(X;) 4+ V2B (X;)C () VP (Xy).
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The last inequality can be established as follows. For i = 1,...,d, we have

d
(CMp) V- VIVi®i(Xy) = > (CHpr) V)V, Vi (X7)
7=1

d
Z CMp)V®y); = (V2N (pr) V).

According to the chain rule, we also have
V(V®i(2) Cp) V() = 2V2D4 () CA (py) V()
As a result, we can establish that

d
—Vi=—aVi— Bﬂt(q)t)(Xt — M(py)) — Vip B

dt (25)

= — a;V; —E[V,V"|(X; — E[X}]) — V6, E.

In summary, the KW-AIG flow in the particle formulation takes the form

B.5. The derivations of Example 8 and 11 (Stein metric) in Section 3. For an
objective function E(p), the Hamiltonian follows

H(p. @) = / / V()Y (y)k(z, y)pl(a)p(y)dady + E(p).

We note that

;p B / / vcb(m)TWD(y)k‘(:v,y)p(fv)p(y)d:ﬂdy] (z)
_ / Vo (2) Ve (y)k(z, y)p(y)dy.

Hence, the Hamiltonian flow writes

Oupn() =~V - (ptu) [ etV 2y >dy>

oE

(26)
e / Vy(2) TV, (y) (2, y)pr(y)dy — 2= (x).

Adding a linear damping term a;®; to the second equation in (26]) yields Example 8.

For Example 11, similarly, suppose that X; follows p; and V; = V®;(X;). Then, we
shall have

d

@t /"“(Xt»y)V@t(y)pt(y)dy.

We note that
v ( / v<1><x>Tv<1><y>k(x7y>p(y>dy)

=V?®(x) / Vo(y)k(x,y)p(y)dy + / Vo(2)"VO(y)Vok(z, y)p(y)dy.
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Hence, we have

V= 090,(3) + P00 [ ko)) V)
=~ 00 V(X0 — [ TRV X))y~ V (gf) (xX)
=i~ [ VIV VK o)y 7 (gf) (X0).

This derives Example 11.

APPENDIX C. WASSERSTEIN METRIC IN (GAUSSIAN FAMILIES

In this section, we first introduce the Wasserstein metric, gradient flows and Hamiltonian
flows in Gaussian families. Then, we validate the existence of (W-AIG) in Gaussian
families. Denote N} to the multivariate Gaussian densities with zero means. Namely, if
po, p* € N?, then we show that (W-AIG) has a solution (p;, ®;) and p; € NY.

Let P and S™ represent symmetric positive definite matrix and symmetric matrix with
size n x n respectively. Each p € N? is uniquely determined by its covariance matrix
¥ € P".The Wasserstein metric G (p) on P(R") induces the Wasserstein metric G ()
on P", which is also known as the Bures metric, see (Takatsu, [2008; |Modin, [2016; |Malago
et al., [2018). For ¥ € P", the tangent and cotangent space follow TxP" ~ T \P" ~ S,

Definition 3 (Wasserstein metric in Gaussian families). For ¥ € P", the metric tensor
GW (%) : S™ — S" is defined by

GV (2)7ls = 2(2S + SY).
The Wasserstein metric on S™ follows
g¥ (A1, Ag) = tr(A1G(2) Az) = 4tr(S1555),
where S; € S™ is the solution to
A =2(3S;+ S5%), i=1,2.
C.1. Gradient flows and Hamiltonian flows in Gaussian families. We derive the

Wasserstein gradient flow and the Wasserstein Hamiltonian flow in Gaussian families as
follows.

Proposition 6. The Wasserstein gradient flow in Gaussian families writes
¥ = —2(%Vyx, E(Z) + Vs, E(Z)%0).
Here Vs, is the standard matriz derivative.
The Wasserstein Hamiltonian flow satisfies
3 — 2(Si% 4 24Sy) = 0,
{&+2§+V&E@Q:Q
where Sy € S™. The corresponding Hamiltonian satisfies

HW(Et, St) = 2tr(StZtSt) + E(Et)
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The derivation of the gradient flow simply follows the definition of Wasserstein metric
in Gaussian families.

We then derive the Hamiltonian flow as follows. For A € S™, we define the linear
operator M4 : S — S™ by
MsB = AB+ BA, BeS"
It is easy to verify that if A € P™, then MZI is well-defined. For a flow ¥y € P", ¢t > 0,
we define the Lagrangian L(X;,%;) = %ggt(it, >) — E(%;). The corresponding Euler-

Lagrange equation writes
d dL  dL

dtdy, d¥’
Let Sp = $Mg 'Sy, ie., By = 2(55 + £¢S;). Then, it follows
ggt(ﬁt, Et) = 4tr(StEtSt) = 2tr((StZt -+ EtSt)St)

(28)

. 1 ..
=tr(208) = 5 tr(Se My, ).

This leads to % = %Miﬁlit = S,. For simplicity, we denote g = gs, (%, 3;). First, we
t
show that

dg 2
— —4 .
dx, St

Because Sy = %ngzt. Given Y, S; can be viewed as a continuous function of ;. For
any A € S”, define 14 = tr((Z:S; + SiX¢)A).

dla 08 dly | Ol

0=30s, = ax, 05, o,
a8

=_ZL(AD + 24 A) + (AS; + S A).
7%,

Here we view 0S7/0%; as a linear operator on S™. Let B = AY; + ¥, A, then A = ME_tIB.
%B—I—MgtMgtlB = 0 holds for all B € S™. Therefore, we have % = —MStME_tI. Hence,

dg 95 99 _ g

a%; 0%, 05 | 0%,
= — AMg, My, (S5 + £45y) + 457
= — 4Msg, Sy + 457 = —457.
As a result, the Euler-Lagrange equation is equivalent to

. d dL dL

Sp= = —— =25 —VE(%,). 29

= G = i = 25 VE() (29)
Combining (29) with Et = Sp2 + 245, renders the Hamiltonian flow in Gaussian families.

C.2. Proof of Proposition By adding a damping term «;.S;, we derive (W-AIG-G)),
i.e., the Wasserstein AIG flow in Gaussian families. We present the proof of Proposition
as follows. We first show that ¥; stays in P". Suppose that ¥; € P, for 0 <t < T. Define
Hy = H(X, St) = 2tr(S:2:S¢) + E(X;). We observe that (W-AIG-G) is equivalent to
OH,; . OH,;

St = —atSt —

Et:T&, 87&

(30)
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We show that H; is decreasing with respect to ¢.

dH, _ (0H,. OH,.
o " <ast S+ azt2t>
o, OH,\ OH, dH,
—tr | —L (= —
! (ast ( a5t az) T os ast>
= — o tr (Staaglt) = —2C¥t tI‘(St(ZtSt + StZt))
t

= — 40ét tI’(StEtSt) S 0.

For simplicity, we denote W* = (3*)~!. Let \; be the smallest eigenvalue of ¥;. Then,
log det (X W*) = log det W* 4 log det(X;) > log det W* 4 nlog A;. Therefore,

1
(log At +1) — B log det W™

=) 3

< - 5 [log det(X:W™*) + n]

<E(%;) < H(t) < H(0),
which yields that
2 1 .
At > exp <—H(O) —1— —logdet W ) . (31)
n n

This means that as long as »; € P, the smallest eigenvalue of >; has a positive lower
bound. If there exists T' > 0 such that ¥p ¢ P,. Because ¥ is continuous with respect
to t, there exists 77 < T, such that ¥; € P,, 0 <t <Tj and Ay, < exp(—2H(0)/n — 1),
which violates (31)).

We then reveal the relationship between (W-AIG) in P(R") and P". We observe that

aatdet(Et) = det(Zt) tI‘(Et_lijt),

d e e
aztlzfzt ymit,

Combining with Y = 2(3:Sy + S¢X4), we obtain

tI‘(Et_ISt) =2 tI‘(St + Z;IStEt) = 4tI'(St),
—Iy =1,y Ty—1 Toy—1,\ _ 1T
tr(zX; XX, x) =2tr(z" X, S+ x” SiX; Tx) = 4tr(S X Txx).

Therefore, it follows

o) =5 (dlt@)) det(Zpu(a) + 5 (a5 5 i)

1 )
=-5 tr(X; 1) pe(x) 4+ 2tr( S 2 aaT) py ()
= —2tr(Sy(I — X7 wxT)) pi ().
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Note that V&, (z) = 2S,x. Hence, we have

— V- (0 V) ——228 (pe(x)Sez);

n

=2 Z [pt(2)0;(Sex); + (Sew)i0ipi ()]

i=1
= —2pi(x) [tr(Sy) + (Sex)" (=27 )]
= — 2ps(x) tr(Sy (I — X7 wxT)) = Opy().
The first equation of (W-AIG) holds. Because 8;®;(z) = 27 S;z + C(t),
0uu(x) + auy(z) + 5| TR()
=21 Syx + oyat Sy + 207 S2x + C(t)
=— 2"V, B(S)z + C(t)

%xT(E — W+ C(1).

Note that p* is the Gaussian density with the covariance matrix ¥*. Because C(t) =
%log det(X,W*) — 1, we can compute

= =1 —1 * 1
500 og p¢(z) — log p* () +

1 1
=— §xT(Zt_1 — Wz — 5 log det(X, V") + 1
1 .
=— in(Efl —W*x —C(t)
1
= — (O P¢(z) + uPe(x) + §||V‘I’t($)ﬂ2)~
Therefore, the second equation of (W-AIG) holds. Because Y¢|;—g = X, St|t=0 = 0 and

C(0) = 0, we have pi|i—o = po and ®;|4—9 = 0. This completes the proof.

APPENDIX D. PROOF OF CONVERGENCE RATE UNDER WASSERSTEIN METRIC

In this section, we briefly review the Riemannian structure of probability space and
present proofs of propositions in Section 4 under Wasserstein metric.

D.1. A brief review on the geometric properties of the probability space. Sup-
pose that we have a metric g, in probability space P(£2). Given two probability densities
po, p1 € P(§2), we define the distance as follows

1
D(PO,P1)2 = 1£lf {/ 9ps (asﬁsyasﬁs)ds : ﬁs|s:0 = pOaﬁs|5:1 = ,01} .
s UJo

The minimizer pg of the above problem is defined as the geodesic curve connecting pq
and pi. An exponential map at pg € P(€2) is a mapping from the tangent space T}, P (2)
to P(§2). Namely, o € T,,P(£2) is mapped to a point p; € P(£2) such that there exists a
geodesic curve py satisfying ps|s—0 = po, Osps|s=0 = 0, and pg|s=1 = p1.
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D.2. The inverse of exponential map. In this subsection, we characterize the inverse
of exponential map in the probability space with the Wasserstein metric.

Proposition 7. Denote the geodesic curve y(s) that connects py and p* by v(s) = (sT; +
(1 — s)Id)#pi, s € [0,1]. Here 1d is the identity mapping from R™ to itself. Then,
057(8)|s=0 corresponds to a tangent vector =V - (p(x)(Ti(x) — x)) € T, P(£2).

For simplicity, we denote T = (sT; + (1 — s)Id)~!,s € [0,1]. Based on the theory of
optimal transport (Villani, 2003)), we can write the explicit formula of the geodesic curve
V(s) by

v(s) = TP #pe = det(VTY )pr o T
Through basic calculations, we can compute that
d

s

d
e ——g(sTt—k(l—s)Id)

=1Id —T;.
s=0

s=0

4 det(VTY)

d
< =— det(I + s(I — DTy) + o(s))

s=0 s=0

=tr(I — DT).
Therefore, we have
57(8)|s=o ()
—tr(f VIL)pu(z) + (Vou(z), z — ¢i(2))
V- (z = Ti(x))pe(x) + (Vi (x), © — Ty ()
Z—V%K)UK@—@%

which completes the proof.

D.3. The proof of Proposition 4 and 5. The main goal of this subsection is to prove
the Lyapunov function £(t) is non-increasing.

Preparations. We first give a better characterization of the optimal transport plan
T;. We can write Ty = VU, where W, is a strictly convex function, see (Villani, 2003).
This indicates that VT; is symmetric. We then introduce the following proposition.

Proposition 8. Suppose that E(p) satisfies Hess(j3) for f > 0. Let Ty(x) be the optimal
transport plan from p to p*, then

B 280 + [ (Ta) =950 ) pao+ ] [ 1)~ alPc

This is a direct result of S-displacement convexity of F(p) based on Proposition m
Lemma 2. Denote u; = 0;(T;) ™' o Ty. Then,u; satisfies
V- (pt(ut — V<I>t)) =0. (32)

We also have

8tTt(l’) = —VTt([L‘)Ut(l‘) (33)

Proof. Because (Ty) ™ #p* = py, let uy = 0,(T;) "L o Ty and X; = (T;) "' X, where Xy ~ p*.
This yields %Xt = ut(Xy). The distribution of X; follows p;. By the Euler’s equation, p;
shall follows

atpt + V- (ptut) =0.
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Combining this with the continuity equation yields .
Then, we formulate 0,T;(x) with u;. By the Taylor expansion,

Tivs(x) = Ti(x) + sOTi(z) + o(s).
Let y = (T;) " 'w. it follows
(Ters) ™ (@) =(T) " (2) + su((T) " (2)) + ols) =y + sur(y) + ofs).

Therefore, we have

0 = Tha(Tre) (&) —
=Tirs(y + sue(y) +o(s)) —
=T (y + sut(y)) + 80Ty (y + sue(y)) — = + o(s)
=T, (y) + sV (y)u(y) + sOTi(y) — x + o(s)
=s [VIi(y)u(y) + 0Ty (y)] + o(s).

We shall have VT (y)ut(y) + 0, Ti(y) = 0. Replacing y by x yields (33]). O
The following lemma illustrates two important properties of u; and 9;71;.

Lemma 3. For wu; satisfying , we have

/ (V‘I)t — U, VTth)t> ptdl' Z 0,

/ (VO; — uy, VT (z)(Ty(x) — ) pr = 0.

Proof. We first notice that u; — V®; is divergence-free in term of p;. From —VTiu; =
0Ty = VOV, we observe that —VTiu, is the gradient of 0;W;. Therefore,

/(Vq)t — Ug, VTtUt> Pt = — / (Ot\lft, V- (pt(Vq)t — ut))> =0.

Based on our previous characterization on the optimal transport plan T, VT; = V2, is
symmetric positive definite. This yields that

/ (VO; — uy, VIV P,;) prdx
:/ (VO — uy, VI;V ;) prda — / (VO — uy, VTyug) py
= / (VO — uy, VI (VP; — uy)) prdz > 0.
The last inequality utilizes that V1; is positie definite and p; is non-negative. Then, we

prove the equality in Lemma (3| Because VT}(z)(Ti(z) — z) = 1V (|| Ti(z) — z||* + Ty(z) —
|lz||?) is a gradient. Similarly, it follows

/ (VO — uy, VT (2)(Ty(x) — x)) pr = 0.
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Lemma |3 and the relationship (33]) gives

- / <8tTt, V(I)t> ptd$ = / <Ut, VEVCDQ ptda; S /(V@t, VEV(DQ ptdIE, (34)

/<8tTt,Tt($) — ) pdr = — / (VO,, VTi(x)(Ty(z) — x)) prde. (35)
Proof of Proposition 4. Based on the definition of the Wasserstein metric, we have

OE
8tE(pt) = — Tptv : (ptVti)t)d:Jc

Differentiating &(t) w.r.t. ¢ renders
E(t)e VP
=5 [ 0T Tiw) ~ ) s~ 5 [ i) — 2PV - (V)
- \/B/@Tt,vq)t)ptdx - \/B/m(x) — 2,0,V ®,) pdz
- \/B/m(x) —x,V¢t>V-(ptV<I>t)dac+/<V<I>t,5tV<I>t>ptdx
*%/IIV@IIQV(pN@%/?—EV(ptvqn)d;ﬂ
+ \/QB/||V<I>t||2ptdx - ﬁ/m(x) — 2, V() prda
+ @ / ITi(2) = 2l* pedze + /B(E(pe) — E(p)). (36)

For the part , Proposition [8 renders

VP [ i) — elPpde + VBEG)

SE (37)
< - \/B/ <Tt(x) - a:,V> prdx.
opt
We first compute the terms with the coefficient 3° in & (t)e_‘/Bt. We observe that
1
/<V(I)t, 815(1)15) ptde‘ - 5 / ||V(I)t||2v . (ptV<I>t)dx
oE
— 5—V . (ptV@t)ptdas
Pt
(38)

oE

1
:/ VO + ~V|| VP> + V-—,
2 dp

— 2/B / IV @] e,

V(I)t > ptde‘
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where the last equality uses (W-AIG) with ay = 24/B. Substituting and into the
expression of &(t)e™ VP! yields

EWe v <p [OTTw) — b puds 5 [ 1T(0) = 2PV - (27 @0) o
- ﬁ/ (Ty(z) — 2, V) ppdx — \/B/((?tTt,Vq)t>ptdx
- \/B/ (Ty(x) — x, 0,V ®y) prdx — \/B/ <Tt(x) - x,ngt> prdx
+ \/B/m(x) —2,V®) V- (p,V,)dax — ?"Q/B/Ncbt?ptdx.

(39)

Then, we deal with the terms with V - (p;V®;). We have the following two identities

/<Tt(CC) — T, V<I>t> V. (pth)t)dx

— / (V <n($) —x, V<I>t> ,Vq)t> ptdx

(40)
= — / <v©t7 V2(I)t(l')(Tt(l') — x) + (VTt — I)V(I)t> ptde
= — %/<Tt(1’> — CE,VHV(I)tHQ>ptd£B — / <V(I)t, VTth)t) ptd.%' + / ||V(I)t||2ptd$
~ 5 [ 11@) = oIV - (o0
_ / (VTi(2) — )(Ty(x) — x), V) prda (41)

:/ (Ty(z) — 2, VT,V ®y) prda — / (Ti(x) — x, V&) prde.

Hence, we can proceed to compute the terms with the coefficient //3. and
yields

- \/B/ <atTt7V(I)t> peda — \/B/ <Tt(x) —z,0VP; + Vgi> prdx
_ # / HV‘I)tHQPtdl‘ + \/B/ <Tt(a?) — x,Vth> V- (Ptvq)t)dl‘

- \/B/ (0:Ty + VT,V®;, V) prda — g / V|2 psda (42)
SE 1 )
VB [ {Ty(z) — 2,0,V + v, t VIV ) prda

<= (190 pde +28 [ Tiw) - 2, V00 pd
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Substituting and into gives
S(t)e_ﬁt + \/23/||V¢’t\|2ptda:
- 5/ (Ti(x) — 2, V) prdz + 2,6’/ (Ti(x) — x, V&) prdx
:,3/ <8tTt + VTtV@t, Tt(l') — 1‘> ptdZL' = 0,
where the last equality uses . In summary, we have

E(t)e VPt < —\/f / V@] ppda < 0.

Proof of Proposition 5. Differentiating £(t) w.r.t. t, we compute that

E(t)
1
= [01. 1)~ 5) o — 5 [ 17(0) — 2PV - (V@)
—/ o1, EV@ d:ﬂ—/ T(x)—mlvq) —|—E8V<I> dx
tta2 t )Pt t 9 t 2t t )Pt (43)
t t 1 t
+ / <Tt(x) —x, 2V(I)t> V- (ptVQ)t)dx + / <2V(I)t, §V‘I>t + 28tV<I>t> ptd.CU
1 [t 2 t2 [ 6F t
- 5 / H2V(I)t V- (ptVCI)t)dx - Z EV . (ptVCDt)dx + E(E(pt) - E(p*))

Because F(p) is Hess(0), Proposition |§] yields

B(p) = (o) — B(7) < - | <Tt<x> e, vgf> pud. (44)



34

Utilizing the inequality and substituting the expressions of terms involving 9;T;
and V- (psV®;) in with the expressions in and ([41]), we obtain

E(t) < — / (VO,, VTi(x)(Ty(z) — x)) prdx + / (Ty(x) — 2, VIV ;) prdx

t
- / (Tt(l‘) —x, V‘I)t> ptdl' + 5 / <V(I)t, VEv¢t> ptdﬂf

1

-5 / (Ti(z) — x, V) prdx — ;/ (VD Ty () — x) prdx

t t

— Z / <Tt(ZL‘) - x, VHV(I)t”2> ptdIL‘ — 5 / <V(I)t, VTtV(I)t> ,Otdl‘ (45)
t 9 t 5 t2

+ 5 qu)t” ptd.%' + Z HV(I)tH ptdl' + Z <V(I>t, BtVCI>t> ptdx

t2 ) t2 §E

Pt
t 0E

The expression of can be reformulated into

. 3 3t
E0 <5 [ (0@ -2V s+ 5 [ |70 Ppds

2
t 1 oFE

12 1 )
+ — [ {V®,0,VP, + -V|VP|? + V— ) prda.
4 2 (Spt

From (W-AIG) with oy = 3/t, we have the following equalities.

t2 1 OE 3t
— V(I)t,atV‘I)t + *V”V‘I)t”Q + V— ptd$ = —— / ||V¢)t||2ptdl‘,
4 2 Sp 4
t 1 oE 3
— 5 / <Tt(fﬂ) — T, 8tv(1)t + §V||V<I>t||2 + V6p> ptdI = 5 / <Tt(1') — T, V(I)t> ptdI
t

As a result, £(t) < 0. This completes the proof.

D.4. Comparison with the proof in Taghvaei and Mehtal (2019). The accelerated
flow in (Taghvaei and Mehtal |2019) is given by

— _eutBitry <5E> (Xy). (46)
Op,

— 0t

ax, av;
dt bt

Here the target distribution satisies poo(x) = p*(x) o exp(—f(x)). Suppose that we take
ar =logp—logt, By = plogt+logC and v, = plogt. Here we specify p =2 and C' = 1/4.
Then the accelerated flow recovers the particle formulation of W-AIG flows if we
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replace Y; by 2¢t73V;. The Lyapunov function in (Taghvaei and Mehtal 2019) follows

V() =3B [+ ¥ = T8 (X)) + €% (B (o) — B())

2
5% [+ 7= 7 0l + B - B )
2 2
= [ |- @@ -0+ fva)| ms+ S - 2.

The last equality is based on the fact that V; = V®,(X;) and T3 = T,’;’: is the optimal
transport plan from p; to p*. This indicates that the Lyapunov function in (Taghvaei
and Mehtal 2019)) is identical to ours. The technical assumption in (Taghvaei and Mehtay,
2019)) follows

[ _ * d *
0=E |(Xi+eY, 17 (X)) - =T (Xt)]

d

t
X, Vi =Ty X .
t+2Vt 3 t)> I

Tt(Xt)}

(
:(Xt + %W - Tt(Xt)> ((0eT) (Xy) + VTtVi)]
_ / <x _Ti(x) + %vg@), O,T, + vzwcbt> P

Based on 6;T; = —VTiu; and Lemma [3| we have
/ (x — Ti(x), 0T, + VIV Oy) prdx

— [ & = @) VE(V®, — w)) o = 0.

/ <V¢>t, atTt + VTtV<I>t> ptdilf
= / <V(I>t, V,I;‘/(V(I)t - Ut)> ptdac

= / <V(I)t — Uy, VTt(Vi't - Ut)> ptd.'lf 2 0.

As a result, we have

B d
F |:(Xt +e Y, — T;too (Xt)) . aTé’too (Xt)

:% / <V<I>t — U, VTt(Vq)t — ut)> ptdl‘ Z 0.

In 1-dimensional case, because V - (pt(us — V®;)) = 0 indicates that pi(uy — V&) = 0.
For pt(x) > 0, we have u(z) — V®;(x) = 0. So the technical assumption holds. In general
cases, although u; = 9(T})~! o T} satisfies V - (pi(us — V®;)) = 0, but this does not
necessary indicate that u; = V&;. Hence, E [(X; + e Y, — Tp=(Xy)) - £TH=(X,)] = 0
does not necessary hold except for 1-dimensional case.
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APPENDIX E. PROOF OF CONVERGENCE RATE UNDER FISHER-RAO METRIC

In this section, we present proofs of propositions in Section 4 under Fisher-Rao metric.

E.1. Geodesic curve under the Fisher-Rao metric. We first investigate on the ex-
plicit solution of geodesic curve under the Fisher-Rao metric in probability space. The
geodesic curve shall satisfy

8tpt - ((I)t - Ept [(I)t])pt =0,

1 (47)
0Py + 5@% —E,,[®]®; = 0.

with initial values p¢i—o = po and ®¢|;—p = ®¢. The Hamiltonian follows
1 2
Q(Ept [(I)?] - (Eﬂt [(I)t]) )

We reparametrize p; by p; = Rt2 with R; > 0 and f Rfda: = 1. Then,

H(p, @) =

1

OBy — 5 (P — B[ @) Ry = 0,
1

O ®y + 5@% — Ep2[®]®; = 0.

Proposition 9. The solution to with initial values pili=0 = po and P¢li—9 = Po
follows

R(z,t) = A(x)sin(Ht) + B(x) cos(Ht), (48)
where

A(z) = %Ro(w)(%(l’) —Egz[®0]), B(z) = Ro(), (49)

and

H= ;\/ER(Q) @2 — (ER?] [@0])2.

We also have [ Ridx =1 fort > 0.

Proof. We can compute that
20y Ry = (at@t ~2 / Ry®.8; Ryd — E g [a@t]> Ri+ 0pRy(®; — Epe[@4])
— (-39 + JEnle? + Exglode, ~ Eglo?) R
B 0@~ B[R + 5 Ru(®y — Egl®])?

— (- 5Enelof) + 5 (Erled)”) 7

In other words,

1 1
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We observe that %ER,% [®2]— %ER,? [®:]2 = H(ps, P;) is the Hamiltonian, which is invariant
along the geodesic curve. Denote

H =\ SH(pn ) = NERg @3] — (Epsl])

OuRy = —H’Ry,
which is a wave equation. We also notice that
Ri(z)li=0 = Ro(x), 9Ri()i=0 = Ro(z)(Po(z) — Epz[Po]).
Hence, R; is uniquely determined by
Ri(z) = A(z)sin(Ht) + B(x) cos(Ht),

where A(z) and B(z) are given in (49). Finally, we verify that [ R7dz = 1. Actually, we
can compute that

Then, we have

[ 2@ = (B ((@ola) - Erglaa])?) = 1
/BQ(x)dw = /R(Q)(l‘)dl‘ =1,

/ A(@)B(w)de = — B a0 (x) — Epal®o]] = 0.

2H
Hence,
/ Ry(x)*dx
—sinz(Ht)/AQ(x)dx—&—COSQ(Ht)/Bz(x)dx+2sin(Ht) cos(Ht)/A(x)B(ac)dx
=1.

O

Proposition 10. Suppose that po,p1 > 0, po # p1. Then, there exists a geodesic curve
p(t) with pili=o = po and pifi=1 = p1.

Proof. We denote Ry(x) = /po(x) and Ry(z) = /p1(z). We only need to solve A(x) and
H > 0 such that
Ry (z) = A(z)sin(H) + Ro(x) cos(H),
We shall have
/Rl(a:)Ro(:v)dx = cos(H),
which indicates H = cos™! ([ Ri(x)Ro(z)dz) € (0,7/2]. Hence, we have
_ Ri(z) — Ro(x) cos(H)

Alw) sin(H)

We can examine that

1 —2cos?*(H 2(H
/A2(m)dx: cos.(2)+cos( ):1‘
sin“(H)
On the other hand, we shall examine that
Ry(z) >0, te]|0,1].
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Indeed,
Ry(z) =A(z)sin(Ht) + Ro(z) cos(Ht)
:sin(Ht)(Rl(x) — Ro(x) cos(H)) + Ro(x) cos(Ht) sin(H)
sin(H)
:Si; - (sin(H)Ra () + (cos(H?) sin(H) — sin(Ht) cos(H)) Ro(x))
:SinH(sin(Ht)Rl(x) +sin(H (1 —t))Ro(z)) > 0.
Hence, pi(r) = R?(x) is the geodesic curve. O

A direct derivation is the Fisher-Rao distance between pg and p;. Namely, we can
recover ®g by

We note that H(p;, ®9) = 4H?. Hence, we have

1
(D" (po, p1))” = / AH?dt = 4H.
0
Remark 9. We note that the manifold (P (), G (p)) is homeomorphic to the manifold

(S1(Q),GE(R)), where ST(Q) = {R € F(Q): R> 0, [ R?dx = 1}. Here (S(Q),G%(R))
is the submanifold to 1L.2(Q) equiped with the standard Euclidean metric.

E.2. Convergence analysis. We consider accelerated Fisher-Rao gradient flows

atpt - ((I)t - Ept [cbt])pt =0,

1 oF 50
8t(bt + O[tq)t + *(I)? - Ept [q)t]q)t + — = 0. ( )
2 op
In the sense of R;, we have
1
O Ry — §(q>t — Eth [®])R: =0,
1 SE (51)
P + Py + ~D? — Epo [By] Py + — = 0.
2 i opt

Then, we prove the convergence results for S-strongly convex E(p). Here we take oy =
2+/B. Consider the Lyapunov function

VBt
e
5 /|<I’t — Ep[®] — /BT puder

+eVPH(B(py) — E(p")).

£(t) =

Here we define

Ty(z) = Sii{gt) R*(x) —]1;:((;) COS(Ht)’ H, = cos™! (/ Rt(x)R*(x)dx> _
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We can rewrite the Lyapunov function as

VBt
E(t) =5 [ (@~ Erp[@)’prda — \/FeV™' / (@1 — Ep[@4]) Tiprcl
VBt
+ 20 [ 12+ P (B(p) - B

Remark 10. Here it may be problematic if Ri(x) = 0 for some x. But in total,

/Tt2ptd$ == /(RtTt)2dl‘
1s well-defined.

From the definition of convexity in probability space, we derive the following proposition.

Proposition 11. The (-convexity of E(p) indicates that

. SE SE B[,
> o= = 2 :
E(p*) > E(p:) +/ <5Pt E,, [501&}) Tiprdz + 5 /Tt prdx

For simplicity, we define
F[¥] =0 — Eth[\I/].
We have
MﬂMh@Mﬁ@@m—/ﬁﬂ@@ﬂ:ﬂ@ﬂ—/ﬂﬂmmm

Before we perform computations, we establish several identities.

/ﬁmﬁmza

/ﬂmmwmﬁmz/ﬂmmmﬁmz/m%mmmp
Lemma 4. We have the following observations:

1
/ (0T Ful ] R2de + / Ty (i) 2R2dz > — / (Fi[®)))2 R2da, (52)
/@mnﬁm:_/n@ﬁm—;/ﬁﬁmmwn (53)

Proof. We note that
/ﬁﬁmzmﬁ

and

sin?(Hy)

* p—11\2 P2
/(]:t[R R ) thxzw

/ﬁﬁmzmmﬂ
We compute the derivatives as follows:

1
0 | RiR*dx = —
sin Hy t/ ! v

8th = — /RtR*.Ft[q)t]d.fC

2sin H;



T, = — ( / RtR*}"t[@t]da;) sin(Hy) — Hi cos(H:) (R*R;! — cos(H,))

sin H; sin?(H,;)
2H, 1, 1
——R* D] — = *Fi[®]d
+ sin(Ht) < 2R Rt .7:15[ t] 2/RtR ]:t[ t] SL’)
1 sin(Hy) — Hy cos(Hy) _1
=— R* Ry F[®4]d F:|R*R
sin H; (/ 171 ] x> sin?(H;) il ¢ ]
H,

" sin(Hy) <R*Rt_ R[®] + / RtR*ft[(I)t]dx>,

For the first inequality, we have

/ (0,T}) Fi[®¢) R2dix:

1 in(H, H (Hy)
= (/ R*R#"t[‘ﬁt}d:b) sin(H,) — H; cos(H, /]:t R*R; ' Fi[®) R} dx

sin(Hy) 2 (Hy)
H, N ,
 sin(Hy) /(R Ry Fy[®4]) Fo [ @] Ry d
i 2
- - U S ([ e imi
1 2H, o
B §sin(Ht) /R Ry lft[q)t]ft{q)t]thx
= Sm(Hts)i;Bfg;OS(Ht) < / <ft[‘1>t]>2R?dw> ( / (ft[R*Rtl])QRfd:n>
a ;sii(lzt) /(R*Rt_1 — cos(Hy))(Fi[®4])* Ridz
1 2H,
B isin(Ht) /COS(Ht)(]:t[‘I)t])QR?dx

B Sin(Ht)si;(I[?;OS(Ht) </(ft[<1>t])23t2d$> _ 1/Tt(ft[<1>t]) Ridx

_ Hycos(H,)
tCOS t /Rt Fi[®])2dx

SlIl

-3/ Ttm[ P Ride— [ (R0 REdo.
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The inequality is based on Cauchy inequality. For the second inequality, we have

/ (T TR de
o siant < / R*Rtft[‘bt]dﬂf) Sin(Ht;;gggos(Ht) / T,F|R*R; | R2da
7;&) / T;R*R; ' Fi[®| R?dx
—— Smlﬂt ( / R*Rtft[cbt]d:c> Sin(gts)i;( fé)ﬁ(ﬂt) / T2 R?dx
—isjﬁ;) / (R*Ry — cos(Hy)) T Fi[®d] R} dx — ;w / T, F1[®) R} dx
- % /Tt2]:t[q)t]Rt2d$ - w /th)thng:
- _ (Sin(Htli;(Ztt;OS(Ht) + H;?(i&it)) /th>thdm - = /Tt Fi|®)R}dx

/ T,®; R dx — 3 / TP Fi[®Ridx.

This completes the proof. O

Hence, we can compute that

e VPOE (1) :\/f / (Fe[®])*RYdz + / Fi[®,] (ft[a@t] - / R?]—'t[fbt]@tda:) R2da
- % / (Fi[®4))? Fy[®| R2dx — B / (D¢ — Epe (@) Tipedar
-8 / <]—“t[8t<I>t] - / Rf}}[@t]@tdw> T,R2dx
— /B / AT, F,[®:|R2dx — /B / (F[®4])?T, R?da
B\f

T?R?dx + 3 / KT TiR2dx + = 4 / T2 Fi[®| RZdx

+ \/B(E(Pt) —E(p")) + /ft[q’t]ft {(SE] Rida.

dpt

From Proposition [T1], we have

VBB - B + Y [12R00 <~ /5 [ 7|5 | T
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We first compute terms with coefficient 8°. We have

/ft (ft[atq’t] - /R?ft[(bt]q)tdl') Ridx

3 /(]:t[q)t}) ft[‘I)t]thx+/ft @] F, [gi

1 SE
— / Fi[®:)0,®: R2dx + 3 / (F¢[®4])2F: [ @) R2dx + / }'t[q)t]ngdx
t

] Rdx

= / Fi[®4] (\/Bcbt - %@? + Epe [0/]D; + ;}}[@t]?) RYdx
:/ft[cpt] (—ﬂ@t + %(ERg [@t])2> Rldx
=—2./8 / Fi[®;]®; R2da.

We then proceed to compute terms with coefficient 31/2.
\/f / (Fi[®])?R%dx — /B / (ft[atq>t} — / Rf]?t[@t]@tda:) T,RZdx
—2y/8 / Fi|®,)®R2dx — /B / O, T, F,[®;|R2dx: — /8 / (F[®))*Ti R2dx

- \/B/}'t [‘SE} Tippda

3
= f (‘Ft[q)t]) Rt dr — f/at@tﬂRt dx — f/attht (I)t]Rt dx

2
— \// [®¢]) :/}tha:—f/ —T,R%dx
—— V3 [t (a4 5+ (f[cbt])?) -3 [ (Fip R
_ /B / T[4 R2da — f (F[0:])2T, R2dz

gw/thptRf — \g/(}}[@])QRfdm.

The last inequality is based on Lemma {4 Finally, we compute terms with coefficient 5:

26 / T,®;R2dx — / Ty R2dx + B / KT Ty Ridx + g / T2F;[®]Ridx = 0.
In summary, we have
e VBE(t) < —/ (F¢[®4])*R?dx < 0.

For convex E(p), we let oy = 3/t. Consider

2 2
ew - | (—Tt i gcbt) Rpde + L (B(RY) ~ B(»")).
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We can compute that
. 1
Et) = / (0T TR} + / T2 F@Rdr — / T, R2dx

t t
-3 / Ty (0:®y) R2dx — 3 / (0:T}) @ R2da:

_ % / T(F[®])? R2dx + % / (Fi[®,])2 R2d

t2
L i (O[] Fi[®] Rde + / Fi[®4))} R2da

/ft |:(Spt:| 1@ R2dx + = ( (R%) — E(p%)).

Because E(p) is convex, we have
OFE
E(R?) - E(p*) < —/]-"t [5;)] T;R%dx.
t

From Lemma [ we have

. t
E(t) < — g/Tt<I>tRfd:1: — 2/Tt (0:®4) R2dx

! / T\(F[®/]) Rede + > / (Fi[®/])* R2da

4

t2 3
+ — 4 (@(I)t)]-"t[fbt}Rt dx + — ft q)t Rt dx

E E
- — 0 ft[q)t]th.’L‘ /ft |:5 :|EthSU
opt
3 1 oF
=— 2/Tt‘1>tR§d$ —3 /Tth2 <atq)t + i(ft[q)t])z + 5pt>

3t 0F

4+ — 4 (]:t[q)t]) Rt d.ZE —|— — ]:t (I)t 8t<1>t + = (ft[‘l>t]) + g d.ZE
t

=0.

The last equality utilize the fact that 9,®; + %(.7—"4‘1%])2 + % = —%Cbt.

APPENDIX F. DISCRETE-TIME ALGORITHM OF AIG FLOWS

In this section, we introduce the discrete-time algorithm for Kalman-Wasserstein AIG
flows and Stein AIG flows. Here E(p) is the KL divergence from p to p* o< exp(—f).

F.1. Discrete-time algorithm of KW-AIG flows. For KL divergence, the particle
formulation of KW-AIG flows writes
{dXt = C*(py) Vidt,

(54)
AV, = —aVidt — B[ViV,E)(Xy — E[Xy))dt — (f(Xe) + V1og py(Xy))dt.
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Consider a particle system {X{}Y  .In k-th iteration, the update rule follows: for i =
1,2,...N,

Xi1 = X+ VTCi Vi,
N

> ViHWHT

=1

Vi1 = arVie = VT (X — mi) = VTe(F(XR) + &(XR))-

Here & is an approximation of V log pr. and we denote

N N
1 , 1 . .
=1 =1

The choice of «y is similar to the discrete-time algorithm of W-AIG flows. If E(p) is
k=

1—y/ . . .
B-strongly convex, then ay = ; n \/2%:; if E(p) is convex or 3 is unknown, then « Ly

About the adaptive restart technique, the restarting criterion follows

N
o= =D ( OV, VA + (X)) ) (56)

i=1
The overall algorithm is summarized as follows.

Algorithm 2 Discrete-time particle implementation of KW-AIG flow

Require: initial positions {Xo} .\ |, step size 73, number of iteration L.
1: Set k=0, VO =0,i=1,...N. Set the bandwidth hg by MED.
2: forl=1,2,...L do
3:  Compute h; based on BM method: h; = BM(h;_ 1,{Xk}l LVT).
4:  Calculate & (X}) as an approximation of V log pi(X?).
5. Fori¢=1,2,... N, update V,j_H and Xli+1 by .
6:  Compute @i by .
7. If g <0, set X = X} and V§ = 0 and k = 0; otherwise set k = k + 1.
8: end for

F.2. Discrete-time algorithm for S-AIG flows. For KL divergence, the particle for-
mulation of S-AIG flows writes

%Xt /k(Xt,y)V‘I’t(y)Pt(y)dy,

d

9= —avi - / VIV, (y)V ok (Xe )i (y)dy — VF(X0) — Vog pr.

Consider a particle system {Xé}i]il. In k-th iteration, the update rule follows: for ¢ =
1,2,...N,

(57)

N
Xi = Z (X1, XDV,
j=1 (58)

N
. . 7' . .
Vin = oaVi = YOS O VIVah(XE XD) — VARV I + 6(XD)
7=1



45

Here & is an approximation of Vlog pi. The choice of ay is similar, depending on the
convexity of F(p) w.r.t. Stein metric.

About the adaptive restart technique, the restarting criterion follows

N N
o == D D k(X XE) (Vi VA + (X)) (59)
i=1 j=1

The overall algorithm is summarized as follows.

Algorithm 3 Discrete-time particle implementation of S-AIG flow

Require: initial positions {XJ}Y  step size 74, number of iteration L.
1: Set k=0, Vi =0,i=1,...N. Set the bandwidth ho by MED.
2: forl=1,2,...L do
3:  Compute hy based on BM method: h; = BM(hy_q, {X:}N |, /7).
Calculate & (X}) as an approximation of V log py(X}).
Fori=1,2,... N, update Vki+1 and X,iH by .
Compute ¢y, by (59).
If o, <0, set X§ = X} and Vf = 0 and k = 0; otherwise set k = k + 1.
end for

APPENDIX G. IMPLEMENTATION DETAILS IN THE NUMERICAL EXPERIMENTS

In this section, we provide extra numerical experiments and elaborate on the implemen-
tation details in the numerical experiments.

G.1. Details in Subsection 6.1. We follow the same setting as [Liu and Wang| (2016]),
which is also adopted by [Liu et al.| (2018, 2019)). The dataset is split into 80% for training
and 20% for testing. We use the stochastic gradient and the mini-batch size is taken as
100. For MCMC, the number of particles is N = 1000; for other methods, the number of
particles is N = 100. The BM method is not applied to SVGD in selecting the bandwidth.

The initial step sizes for the compared methods are given in Table |3 which are selected
by grid search over 1 x 10° with i = —3,—4,...,—9. (For SVGD, we use the initial step
size in (Liu and Wang, [2016).) The step size of SVGD is adjusted by Adagrad, which is
same as (Liu and Wang}, 2016). For WNAG and WRes, the step size is give by 7, = 79 /1%
for [ > 1. The parameters for WNAG and Wnes are identical to (Liu et al., [2018)) and (Liu
et al.,|2019). For other methods, the step size is multiplied by 0.9 every 100 iterations. For
methods under Kalman-Wasserstein metric, we require a smaller step size (around le-8)
to make the algorithm converge. For all discrete-time algorithms of AIGs, we apply the
restart technique. We record the cpu-time for each method in Table 4] The computational
cost of the BM method is much higher than the MED method because we need to evaluate
the MMD of two particle systems several times in optimizing the subproblem. We may
update the bandwidth using the BM method every 10 iterations to deal with the high
computation cost of the BM method. On the other hand, using the MED method for
bandwidth, the computational cost of S-AIG is much higher than other methods. This
results from the multiple times of computation of particle interacting in updating X,i and
Vi
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Method MCMC | WNAG | WNes | W-GF | W-AIG
Step size 7 le-5 le-6 le-5 le-5 le-6
Method KW-GF | KW-AIG | SVGD | S-AIG
Step size le-7 le-8 0.05 le-5

TABLE 3. Initial step sizes for compared algorithms in Bayesian logistic

regression.
Method | MCMC | WNAG | WNes | W-GF | W-AIG
BM 26.181 164.980 | 165.407 | 167.308 | 170.116
MED 27.200 7.585 7.688 7.501 7.719
Method | KW-GF | KW-AIG | SVGD | S-AIG
BM 168.711 | 173.670 7.193 | 200.016
MED 8.847 10.065 7.755 21.303

TABLE 4. Averaged cpu time(s) cost for algorithms in Bayesian logistic
regression.

G.2. Details in Subsection 6.2. We follow the setting of Bayesian neural network as
(Wang et al., 2019al). The kernel bandwidth is adjusted by the MED method. We list the
number of epochs and the batch size for each datasets in Table |5, For each dataset, we
use 90% of samples as the training set and 10% of samples as the test set. The step size of
SVGD is adjusted by Adagrad. For W-GF and W-AIG , the step size is multiplied by 0.64
every 1/10 of total epochs. We select the initial step size by grid search over {1,2,5} x 10
with ¢ = —3, —4, ..., —7 to ensure the best performance of compared methods. We list the
initial step sizes for each dataset in Table [6] For W-AIG, we apply the adaptive restart.

TABLE 5. Number of epochs and batch size in Bayesian neural network.

TABLE 6. Initial step sizes for compared methods in Bayesian neural net-

work.

Dataset Boston | Combined | Concrete
Epochs 50 500 500
Batch size 100 100 100
Dataset | Kin8nm Wine Year
Epochs 200 20 10
Batch size 100 100 1000

Dataset | Boston | Combined | Concrete
AIG 2e-5 2e-4 2e-5
WGF le-4 le-3 2e-5
SVGD 5e-4 5e-3 5e-4
Dataset | Kin8nm Wine Year
AIG 2e-5 5e-6 2e-7
WGF le-4 le-4 2e-6
SVGD 5e-3 2e-3 5e-3
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