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The operator-splitting method for Cahn-Hilliard
is stable

Dong Li *  Chaoyu Quan T

Abstract

We prove energy stability of a standard operator-splitting method for
the Cahn-Hilliard equation. We establish uniform bound of Sobolev norms
of the numerical solution and convergence of the splitting approximation.
This is the first unconditional energy stability result for the operator-
splitting method for the Cahn-Hilliard equation. Our analysis can be
extended to many other models.

1 Introduction

We consider numerical solutions of the Cahn-Hilliard ([2]) equation:

{atu = A(—vAu+ f(u)), (t,x) € (0,00) x O, (1.1)

where u = wu(t,x) is a real-valued function corresponding to the concentration
difference in a binary system. The parameter v > 0 is usually called the mobility
coefficient which is taken to a constant here for simplicity. The nonlinear term
f(u) is derived from a standard double well potential, namely:

1
flw) =v’ —u=F(u), Fu)=(—-1)"
Due to this specific choice of equal-well double potential, the minima of the

potential are located at u = +1 which corresponds different phases or states. The
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length scale of the transitional region is usual proportional to \/v. In this note
we take the spatial domain €2 in (L)) as the two-dimensional 27-periodic torus
T? = R?*/27Z* = [—7,7]*>. Our analysis extends to other physical dimensions
d < 3 but we choose the prototypical case d = 2 to simplify the presentation. For
simplicity we consider mean zero initial data, that is

/T2 uo(x)dx = 0. (1.2)

For smooth solutions, there is the mass conservation law

%M(t) — %/ u(t, z)dr = 0. (1.3)

It follows that u(t,-) has zero mean for all ¢ > 0. For the class of mean-zero
functions with suitable regularity, one can employ the operator |V|* for s < 0 as
the Fourier multiplier |k|® - 1540. The system (LI naturally arises as a gradient
flow of a Ginzburg-Landau type energy functional £(u) in H~!, namely

o0& o0&
8tu = < (%)7

5U‘H 1 (14)

where g—i‘ , % denote the standard variational derivatives in H~' and L?
H-1

respectively, and

S(U):/Q(%MVUP—FF(U)) d:c:/g(—V|Vu\2 1(u Y )d:c. (1.5)

For smooth solutions, the fundamental energy conservation law takes the form

)+ 11V 0l = L) + [ [V(-vdu+ f@)Fdo=0. (1)
It follows that
Eu(®)) < Euls)), Vi s (1.72)

IVt < \/gg(u(t)) < \@5(%), Vi > 0. (1.7h)

In particular, one obtains a priori H'-norm control of the solution for all ¢ > 0.
Since the scaling-critical space for CH is L? in 2D, the global wellposedness and
regularity for H'-initial data follows easily.

For 7 > 0, we let S, (7) = ™" be the exact solution operator to the linear
equation:

Ou = —vA%u. (1.8)



We define Sy(7) : w — wu as the solution operator to the following problem:

u—w

= A(w® — w). (1.9)

T

In yet other words,
u=Sy(r)w=w+ 7AW —w). (1.10)

This is one of the simplest discretization on the timer interval [0, 7] for the exact
problem

_ 3_ :
{@u-A(u u), t>0; (111)

u}t:O = w.

By using the operator-splitting, the solution of the original equation from time ¢
to time t + 7 is approximated as

u(t + 7, 2) ~ (SL(T)SN(T)u) (t,2). (1.12)

The main purpose of this note is establish stability of the above operator-
splitting algorithm. Prior to our work, there were very few rigorous results on the
analysis of the operator-splitting type algorithms for the Cahn-Hilliard equation
and similar models. In [24], Weng, Zhai and Feng considered a viscous Cahn-
Hilliard model of the form

(1 — )0 = A(—2Au + f(u) + adyu), (1.13)

where 0 < a < 1. They considered a fast explicit Strang splitting and estab-
lished stability and convergence under the assumption that A = ||Vu™™|?%,
B = ||u™™|% are bounded, and satisfy a technical condition 6A + 8 — 24B > 0
(see Theorem 1 on pp. 7 of [24]), where u™™ denotes the numerical solution. In
[23], Gidey and Reddy considered a convective Cahn-Hilliard model of the form

Ou —V - h(u) + €A% = A(f(u)), (1.14)

where h(u) = $(u?,u?). They considered operator-splitting of (II4) into hyper-
bolic part, nonlinear diffusion part and diffusion part respectively, and obtained
various conditional results concerning certain weak solutions. In [22], Cheng,
Kurganov, Qu and Tang considered the Strang splitting for the Cahn-Hilliard
equation and molecular beam epitaxy type models. Some conditional results
were given in [22] but rigorous analysis of energy stability has remained open.
The purpose of this note is to establish a new theoretical framework for the rig-
orous analysis of energy stability and higher-order Sobolev-norm stability for the
operator-splitting method applied to these difficult equations. Our first result
establishes uniform Sobolev control of the numerical solution for all time.



Theorem 1.1. Let v > 0 and consider the two-dimensional periodic torus T? =
[—m, 7|2, Assume the initial data u® € H*(T?) (ko > 1 is an integer) and has
mean zero. Let T > 0 and define

u"t = Sp(1)Sn(T)u", n > 0. (1.15)

There exists a constant T, > 0 depending only on ||u®||z and v, such that if
0 <7<y, then

sup [|u" || gro < Ay < 00, (1.16)
n>0

where A1 > 0 depends on (||u®]] gro, v, ko).

Remark 1.1. Similar statements also hold if we consider u™™ = Sy(7)Sp(7)u™.
Theorem 11l is a special case of Theorem[3.3 in Section 3.

Our second result establishes the convergence of the operator splitting ap-
proximation.

Theorem 1.2 (Convergence of the splitting approximation). Assume the initial
data u® € H®(T?) with mean zero. Let u™ be defined as in Theorem[IL 1. Let u be
the exact PDE solution to (ILI)) corresponding to initial data u®. Let 0 < 7 < T,
as in Theorem[L1. Then for any T > 0, we have

sup |lu" —u(nt, )| 22 < C -1, (1.17)

n>1,nt<T
where C' > 0 depends on (v, |[u°||gs, T).

Remark 1.2. The reqularity assumption on initial data can be lowered but we
shall not dwell on this issue here for simplicity of presentation. One can also work
out the convergence in higher Sobolev norms. We shall not pursue this issue here.

The rest of this note is organized as follows. In Section 2 we set up the
notation and collect some preliminary lemmas. In Section 3 we analyze in detail
the propagator Sp(7)Sy(7) and prove Theorem B2l Theorem [ follows as a
special case of Theorem In Section 4 we give the proof of Theorem [L.2.

2 Notation and preliminaries
For any two positive quantities X and Y, we shall write X <Y or Y 2 X if

X < CY for some constant C' > 0 whose precise value is unimportant. We shall
write X ~ Y if both X <Y and Y < X hold. We write X <, Y if the constant
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C' depends on some parameter ov. We shall write X = O(Y) if |X| < Y and
X =0,Y)if | X| <, Y.

We shall denote X < Y if X < ¢Y for some sufficiently small constant c.
The smallness of the constant ¢ is usually clear from the context. The notation
X > Y is similarly defined. Note that our use of < and > here is different from
the usual Vinogradov notation in number theory or asymptotic analysis.

For any z = (z1,---,74) € RY, we denote |z| = |z]y = /2?2 + -+ + 22, and
|20 = max;<j<q|z;|. Also occasionally we use the Japanese bracket notation:
(2) = (1+ o).

We denote by T? = [, 7]¢ = R?/27Z% the usual 27-periodic torus. For
1 < p < oo and any function f: € T? — R, we denote the Lebesgue LP-norm
of f as

[z crey = [ Fzocray = 1L 1lp-

If (a;);er is a sequence of complex numbers and [ is the index set, we denote the
discrete [P-norm as

a;l’] , 0<p<oo,
lallpuen = Na)lwey = (Z' / ) (2.)

jel
supjeg |a;l, p=o0.

For example, || f(F)lizn = (Shens 7). T £ = (fi- fu) Is & vector

valued function, we denote |f| = /> 7, [f;[% and [[f, = [[(3])%, ff)%Hp. We

use similar convention for the corresponding discrete [P norms for the vector-
valued case.
We use the following convention for the Fourier transform pair:

fby = [ f@yedn, pia) = ﬁZf(k) 22
and denote for 0 < s € R,
1 N ize = W llizeway = NIV Fllzmay ~ IEF S (R) iz ), (2.3a)
1 e = A IFIB A+ 1LF1Z ~ ICIED*F () e oy (2.3b)
Lemma 2.1. Let d < 3 and 3 > 0. Consider on the torus T? = [—m, 7]?,
K(z) = Fl (e MYy = e=F2%5, (2.4)



where dq is the periodic Dirac comb. Then for any 1 < p < oo,

1

d(ioL
KN iocrey < cap (1487075, (2:5)
where cqp, > 0 depends only on d and p. Define
K= F e M1, 40). (2.6)

Then

1

~ _d(l—1
1Koy < Eap 57073, (2.7)
where ¢qp > 0 depends only on d and p.

Remark 2.1. Define K, (z) = (21)7¢ [ e€e PEl'd¢. By the usual Poisson
summation formula, it is not difficult to check that

K(z) =Y K,(x+2xl). (2.8)

This identity will be used below without explicit mentioning. We note that a
formal proof of (2.8)) may proceed as follows.

(27T)_d Z e—ﬁ|k\4eik-x

keza
—2m) Y / Ko (y) e @y
kezd Y R?
= K, e — vy —27l)dy = K, 27ml).
[ Ful) 2 8t =y —2et)dy = 3 Ko+ 2m)
ez lezd

The above formal computation can be justified by the usual limiting process. We
omit the details.

Proof of Lemma[21. Define

1 ' 4

It is easy to check that |K;(z)] < (z)7'9 and K; € LL(R?) for d < 3. Now note
that for d < 3, if |x|s < m, then |z| < Vdr < /37, Thus if |I| > 400, then

|| < |x 4 27l| < 4rx]l|, V|z]e < .



It follows that for all 1 < p < oo and |I| > 400,

10875 (2 + 270)) | ooy S (B3] 1]) 710

Clearly then

| K| poeray < B2 Z [ K1 (875 (2 +270)) || 12 (2] <)

leZd

< BTN KB @ 2m) ]+ Y BT (BRI
|1|<400 |1]>400

5 6~ d(5- 4p)_|_1 (2.9)

Now we consider the estimate for K(z) = K(z) — ﬁ Obviously by using the

previous bound we have ||K|j; < ||K|l; + 1 < 1. Alternatively one can compute

g _d _1
1K | pyray S 141D B7H KB (@ + 27) | e ray S 1+ 1Kl 2y S 1.

l€zd

We bound the L? norm as

- o B
1K || 22 ey S JJe™PH li20kezy S B

da

8
Similarly,

~ o 4

||K||L;°(1rd) S e Bl ||l,1€(07skezd) S B

By using interpolation we then get the LP estimate. O

Lemma 2.2. Let d = 2 and v > 0. Let 7 > 0. Then for any g € L*(T?) with
zero mean, we have

—ur _1
le™ ™ glloo < Ca(v7) 5 lglls; (2.10)

For any g, € L3(T2), we have
IrAe™ ™ g1 [0 < Cor(vr) "5 lga - (2.11)

In the above C1 > 0, Cy > 0 are absolute constants.

Proof. Denote 3 = v1. The first inequality follows from Lemma 1] (see the
bound for K therein). For the second inequality denote

Ky = Ft (3327 (2.12)
3
We then have || Kpg| 112y S ||K5HI§ @)~ S 875, a
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Lemma 2.3. Let d > 1. If E, = [, 1(v? — 1)%dz, then

d 4

1 1
[ollpsray ST+ BT, [0* =] S EZ(1+ B, (2.13)

L3 (T4)
Proof. Obvious. For the second inequality, note that ||(v? — 1)v||§ < % -
L2llv]la- L
3 Analysis of the propagator Si(7)Sy(7)

In this section we analyze in detail the propagator Sp,(7)Sn (7). If u = Sp(7)Sn(T)w,
then

u=e A (w + 7AW — w)) (3.1)
Denote
E _i V—l TI/A2_1% 2 1 2 1)24 3.9
1(w) = [V~ (e Pwllp+ 7 (w—1)de. (3.2)
T T2

Theorem 3.1 (One-step energy stability). Suppose w has mean zero and Ei(w)
1s finite. We have

1 2v 3
Ey(u) — Ey(w) + (5 +1/ 7) lu — w5 < flu— w3 - 3 max{||ullZ,, [Jw|Z}.

(3.3)
Proof. Recall f(w)=w?—w. We rewrite ([B.1]) as
u—w eMu—u
" — A(f(w). (3.4
T T

Taking the L? inner product with (—=A)™(u —w) on both sides and applying
the identity b- (b — a) = (|b]* — |a]* + |b — a|?), we get

VI )3+ 5 (ITwl3 — 17wl + 1T (— w)3)
= (A(fw)), (~8) " (u—w)) (35)
where T' = |V|~1r72(e™4" — 1)2. Clearly

(A(f(w)), (=) u—w)) = =(f(w),u — w).



Introduce the auxiliary function g(s) = F(w—l—s(u w)), where F(z) = 1(z*—1).
By using the Taylor expansion g(1) = g(0 )+ fl "(s)(1 — s)ds, we get

F(u) =F(w) + f(w)(u—w) - §<u ~ vy

1
+(u— w)2/ F(w + s(u — w))(1 — s)ds, (3.6)
0
where f(z) = 2% and f'(z) = 322 for z € R. From this it is easy to see that
— (f(w), u —w)
1 3
<F(w) = F(u) = Sllu—=wl5 + [lu = wlz - 5 max{[lull%, [wlZ}- (3.7)
Thus
1 -1 2 1 o 1 2
Er(u) = Ex(w) + [V (u = w) [z + SIT(u = w)llz + 5 llu — w3
3
< = w3 - 5 max{|lullZ, [wlZ}- (3.8)
Now observe that for & # 0,
TlElt _ Tvlgl* 4
1 L 1 e —|—122—|—7‘1/|§| > 2_1/ (3.9)
gl 27fEl 27§ 27§ T
It follows that
1 _ 1 2v
—IVIT @ =)z + 51T (= w)lz 2 \/ —llu = wlj3. (3.10)
The desired inequality follows easily. O

Lemma 3.1. We have
]| so < €1+ (v7) 5 (1 + By (w)3) + ¢1 - 7(v7) S By (w)2 (1 4 Ey(w)7),  (3.11)
where ¢; > 0 is an absolute constant. Assume
[w]|co < ar(v7)75 + T (v7)"F, (3.12)
for some constants o, ag satisfying
a1 > ei(1+ Bi(w)i), ag > ¢ - Ey(w)
Define o, = max{ay, as}. If

(1+ Ey(w)3). (3.13)

N|=

_s
0<7<ec -min{a;® a1, (3.14)
where ¢ > 0 is a sufficiently small absolute constant, then

9



Proof. The bound (B3.I1]) follows from Lemma and Lemma To show
(B13), by Theorem Bl we only need to check the inequality

1 v 3 9 9
Z -~ > 7. ) ]
Sy 2 5 a2} (3.16)

It amounts to checking the inequalities

2 2
Zs aZ(vr)"a, 4/ s 0437'2(1/7')_%. (3.17)
T T

The result is obvious. O

N

The following lemma shows that the energy E;(w) is well-defined.

Lemma 3.2. Suppose u® € H'(T?) and has mean zero. Set w = Sg(7)Sn(T)u’.
Then

Ei(w) < V(1 4+ v+ v )+ 308
W]l < P ()75 (1 + v ([ + [[u0)30), (3.18)
w]|oo < e (vT) i

where c(()l) > 0, c(()z) > 0 are absolute constants.

Proof. First we note that

1
1@ =12 STl S 14wl (3.19)

Since w = SL(7)(u’+7A(f(u?))), it follows that (below f(u0) denotes the average
of f(u°) on T?)
lwlla S e+ 17 AV ]2 (£ ()]
S Nl + 17|V (F () = Fu0))] 4

3

S Nl + v (e + (12, (3.20)

Write w = Si(%)g, where g = S.(3)(u® + 7A(f(u))). By a similar estimate as
above, we have

gl S e[ + v~ ([ + 1wl 7). (3.21)
Clearly
1 , | _ oA
§(|V|_2(€TVA — Dw,w) = V(me, Vlg)
< vllgllzn- (3.22)

10



The desired bound on FE;(w) easily follows.
For the L*>-bound, we note that by Lemma 2.2]

_TyA2 _1 _1
lwlle = €72 gllw < (1) llglls S ()= lgllzrn. (3.23)
0

Theorem [Tl is a simplified version of the following Theorem.

Theorem 3.2. Suppose u® € H'(T?) and has mean zero. Define u' = Sp(7)Sn(7)u.
Then

El(ul) < c(()l)(l + v+ V_1)4(1 + ]|u0]|‘;§1)4;
[ut oo < e ()5 (1 4+ v D) (a1 + Ju0]30), (3.24)

where c(()l) > 0, c(()z) > 0 are absolute constants and we recall

| N PO 1
Ey(u) = IV e —1)2u1||izarz)+Z/T2((u1)2—1)2daf- (3.25)

Set

a= max{cl(l + By (uh)1), e By (uh)2 (14 Ey(uh)T), e (14 v ) ([l + ||u°||j’;p)},
(3.26)

where ¢y is the same absolute constant in (B.11]). Define the iterates
u" = Sy (1)Sy(T)u", n>1. (3.27)

Ifo<rt<rt,=c- 1rni1r1{a_8,of%}l/3 where ¢ > 0 is a sufficiently small absolute
constant, then it holds that

Ey(u"™) < By (u™), Vn > 1, (3.28)
sup ||u"]| oo < a(m‘)_% + cm‘(m‘)_%. (3.29)
n>0

Furthermore, if u® € H*(T?) for some integer ky > 2, then we also have the

uniform H* bound:

sup ||| greo (2 < By < 00, (3.30)

where By > 0 depends on (|u°| gro(12), v, ko).

11



Proof. The estimates of u' follows from Lemma The energy decay and L*
bound on u" follows from Lemma [B.] and an induction argument. For (3:30]), we
note that

u"tt = Sy, (7)Sn(T)u"
= Su(7)(u" + TA(f(u")))
= Sp(m)(Sp(r)u" " + TA(f(W" ™)) + 7SL(T)A(f (u"))

=S((n+ )7’ + 7 Z Sp((k+ D)7T)A(f(u™F)). (3.31)

k=0

The desired estimate then follows from the above using smoothing estimates (cf.
[17]). We omit the details. O

4 Proof of Theorem

In this section we complete the proof of Theorem For convenience we shall
set v = 1. Since u"™ = S7(7)Sy(7)u™, we have

un-i—l — e—TAQUn + TQ_TAQA(]C(U”)). (41)
We rewrite the above as

u = (1 TAYN) T (L TAYTA(f (") + (L TAY) T (42)

where
g" = (14 7A) (7" = (L4 742 4 o™ = (14 7A%) DA(f (™).
(4.3)
Lemma 4.1. For some absolute constant dy > 0, it holds that
lg"ll2 < dv7® - ([lu™ s + [l [[3)- (4.4)
Proof. Obvious. O
Rewrite (1.2)) as
Wt — _— . .
f:—Au + A(f(u"™)) + g™ (4.5)

Note that sup,,»q [|[u"||zs < 1. With the help of Lemma 4.1l the proof of Theorem
then follows from Proposition 4.1 of [13].

12
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